Archivum Mathematicum

Ho Chor Yin
Webster pseudo-torsion formulas of CR manifolds

Archivum Mathematicum, Vol. 59 (2023), No. 4, 351-367

Persistent URL: http://dml.cz/dmlcz/151792

Terms of use:

© Masaryk University, 2023

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/151792
http://dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 59 (2023), 351-367

WEBSTER PSEUDO-TORSION FORMULAS
OF CR MANIFOLDS

Ho CHOR YIN

ABSTRACT. In this article, we obtain a formula for Webster pseudo-torsion
for the link of an isolated singularity of a n-dimensional complex subvariety in
C"™*+1! and we present an alternative proof of the Li-Luk formula for Webster
pseudo-torsion for a real hypersurface in C**1.

1. INTRODUCTION

The complete local invariants in the pseudoconformal geometry of a nondegene-
rate C'R manifold M are defined on an SU(p + 1,q + 1)-bundle Y over M, which
generalizes the bundle of Q-frame as a real hyperquadric [1]. To reduce the struc-
ture group, Webster singles out a real nowhere vanishing one form 6 on M which
annihilates the C' R structure of M. A C R manifold M with such a choice 0 is called
a pseudohermitian manifold [6]. The contact form 6 is called a pseudohermitian
structure. The structure group of the Chern bundle Y is reduced to U(p, q). In
[6], Webster showed there is a natural connection in the bundle T*°M adapted
to 6. This connection can be extended to a connection to CT'M. To solve the
equivalence problem of pseudohermitian manifold, Webster derived the structure
equations for M, from which the Webster Ricci curvature and Webster torsion
tensor are defined. In [3], the author derived a formula for Webster pseudo-torsion
for a real hypersurface in C"*!. In this article, we derive a formula for Webster
pseudo-torsion for the link of an isolated singularity of a n-dimensional complex
subvariety in C"*! and we present an alternative proof of the Li-Luk formula, for
Webster pseudo-torsion for a real hypersurface in C**! [3]. The main idea of the
alternative proof is to describe the C'R structure using all Euclidean coordinates

2122 0, 2" (see (B9)). This new description of CR structure using all Euclidean
coordinates is originated in [4]. In other words, we dispense with distinguishing

one coordinate, say z"*1, such that % # 0, as is required in Chern-Moser and
subsequent works. The organization of this article is as follows. In Section [2| we
review pseudohermitian geometry following Webster and Tanaka. In Section

we derive a key identity for Webster pseudo-torsion computation in subsequent
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sections. In Section [4] we present the alternative proof of the Li-Luk formula for
Webster pseudo-torsion for a real hypersurface in C**1. In Section |5, we obtain an
explicit formula for Webster pseudo-torsion for the link of an isolated singularity of
a n-dimensional complex subvariety in C"*!. To the best knowledge of the author,
this formula obtained in Section [l is a new result.

2. PSEUDOHERMITIAN STRUCTURES

In this section, we collect the basic facts on pseudohermitian geometry. Let M
be a C' R manifold with structure bundle T*°M satisfying T°M NT10 = {0} and
[TOM, T OM] € T*OM. Let TO'M := T10. Set HM = Re (T"°M @ T%'M).
HM is a 2n dimensional subbundle of TM which carries a complex structure
J: HM — HM given by J(X + X) = i(X — X) for X € T*°M. Let E C TM*
denote the real line subbundle which annihilates H M. Assuming M is orientable,
E has a global nowhere vanishing section 6. A choice of such a 1-form 8 is called a

pseudohermitian structure on M. The Levi form of € is the Hermitian form Ly on
TM"™ defined by

Lo(V,W) = Lo(W,V) = —2id6(V AW) .

For a nondegenerate (resp. strongly pseudoconvex) C'R manifold, Ly is a nonde-
generate (resp. positive definite) Hermitian form for any choice of 6. The choice
of 6 determines a unique real vector field £ transverse to HM such that 6(¢) = 1,
&]df = 0. An admissible coframe on an open subset of M is a set of complex
(1,0)-forms {6*,...,0"} form basis for TM*"? and satisfies 0%(¢) = 0. Then we
have df = ih, 50" A P for some hermitian matrix of functions h,, - In [6], Webster
showed there is a natural connection in the bundle T%°M adapted to 6. This
connection can be extended to a connection to CT' M. Webster showed that there
are uniquely determined 1-forms w?, 7% on M satisfying

(1) 6 = i A 67,

(2) d9* =0° Nwg + O AT,

(3) wp +wEE_ =0, where wﬁa_ =wl,
(4) 7% = Ay, 07, where 7% =77,
with

(5) Aoy = Aya,

and

(6) Pos = 0o -

This connection is called Webster connection. The curvature of the Webster connec-
tion, expressed in terms of the coframe is,

Qf = dwg! —wg Aw) — i0° AT + 0P A 62,

(7) _ _
= Rﬂapgop AN 00 + Wgapap A 0 - Waﬂgoa A 9
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where

(8) Rgapz = Ropop = Ragzo
9) Rgzps = Ryaps

(10) Waps = Wapa

since by (@, Q5 = Q. By , , we have

dws —wi Aw? = —idg,07 NI® + Rag50” A 07 +idoy0° N OT

(11) _
+ Wﬁapap A6 — Wagyea NG .
We also put
Q°=dr® — P Awg
(12) ' e _
= Wapgep AN6G% — AWT,Y A6 + B@HU A 9,
where

Let (¢, X, Xz) be the dual frame to (6,60, 0%). Define an operator D locally by
(14) DX, =wlXz, D:T(H(M))—T(T*(M)® H(M)).

D defines a connection on H (M), see [6, p. 32]. We can define an hermitian metric
(, ) in the fibres of H(M) by

(15) (Xas Xp) =04

Next, we turn to a formulation of the Webster connection by N. Tanaka [5]. We
have T*'M = {X —iJX | X € HM} and using the decomposition CTM =
TYOM @ TO'M @ C¢, we extend J to CT'M with J¢ = 0. Then we have

(16) X =-X+0(X)¢, XeTM,.

For, let pr: CT'M — CHM be the natural projection. Any ¥ € CI'M can be
written as Y = pr(Y) + 0(Y )¢ Then J2Y = —pr(Y) = —Y +0(Y)&. We put

(17) Q=—db.
We define a tensor field on M by
(18) 9g(X,)Y)=Q(JX,Y).

Then g(X,Y) =gV, X), g(JX,JY) = g(X,Y) and g is positive definite on HM.
Recall T(X,Y) =VxY — Vy X — [X,Y].

Theorem 2.1 (N. Tanaka [5, p. 29]). There exists a unique affine connection
V:T(TM) - T(TM @ TM™)
on M such that
(1) The contact structure HM is parallel, i.e.,
(19) VxI(HM) CT(HM) forany X e T(TM).
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(2) The tensor field &, J, Q2 are all parallel, i.e., VE =VJ =VQ =0.
(1t follows that V8 = Vg =0.)

(3) The torsion T of V satisfies:
T(X7 Y) = _Q(X7 Y)§ )
TE,JY)=—JT(Y), X,YeHM,.

Let X, Y € I'(CHM). Denote by [X,Y ]y the CHM-component of [X,Y] in
the decomposition:

CTM = CHM & C® (TM/HM).

Also denote by [X,Y]1o (resp. by [X,Y]o1) the TM'? component (resp. the
TM10-component) of [X,Y]yas in the decomposition CHM = TM0 @ TMO1L.
V can be extended to a differential operator of I'(CTM) to I'(CTM) ® CTM* in
a natural manner. By (19), VJ =0 and T"°M = {X —iJX | X € HM}, we have

VxD(TM™?) c T(TM0),
VxI(TM%) c T(TM%Y), X eT(CTM).

Then we have

Proposition 2.2 ([5, p. 31]). The extension V: I'(CTM) — I'(CTM @ CTM*)
is given as follows. For X, Y € T(TM*"?),

(20) VxY = [X,Y]10,
(21)  VxYis given by QVxY,Z) = XQY,Z) - QY,Vz2)VZ € T(TM"?),
1
(22) V¥ =16,Y] = SJ([6, Y] = JI&Y]) = [€ Y]io-
VxY, VYY, Vg? are given by conjugations, and Vx§, V<&, V€ are all zero.
In the following, we shall identify V with Webster’s D. We have
~ (2) ~
Dy Xa = wd (X)X, @ a0 (X, X)X,
= —0"([Xa, X)) X, = [ X3, Xal1,0 = VYBXQ.
And we check that
—df(Dx, X, Xy) = —i0” NP (wy (Xp) Xo, X4) = —iw,] (Xp) = iw(Xp)
= Xg( — 107 A GE(XQ,YW)) + 07 N HF(XQ,T,Y”(XL;)YU)
= Xﬁ( — dG(Xa,Y,Y)) — (—df)(Xa, VYBX’Y) for all X, .

Hence, Dx, X, = Vx,X,. We also have

D§Xa = WJ(ﬁ)X’y _de’y(&Xa)X’y = g’y([&Xa])X’Y = [£7Xa]1,0 = ViXOC'
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Then we identify the torsion terms. We have
T(Xo, Xp) = Vx, X5 — Vg, Xo — [Xa, Xg]
= [meﬁ]o,l + [Xauyﬂ]l,o - [Xaayﬁ]

= —0([Xa, Xp])¢
= dG(chYﬁ)g
= i6,€ = —Q(Xa, X )&,
and
T(Xa,Xp) = (wg (Xa) —w (Xg) — 07 ([Xa, X5])) Xy
— (w7 (Xa) = w0 (Xp) + 67 (X0, X5))X, =0,
and

T(€, Xo) = VeXa — Vx, € — €, Xa]
— €, Xal10 — [€, Xa]
= —07([¢, Xo)) X — 0([€, Xa))E
= (07 Awf +0ATPYE X)X
= (X)X
= AupXs.

Finally, we identify the curvatures terms. We have

R(Y,2)X3 =VyVzXp —VzVyXs— Viy,7Xs

= (Yw(Z) + w] (2wl (V) = (Zw (V) + w] (V)w

—wf (V. Z)Xa =2 ((dof —w] Aw)(Y,2))Xa,

and

R(X,, X,)Xp = (—iAp,07 NOV)(X,, Xo)Xa
= —Z'Agfy(éz(s? — 5;5?))(&
= —i(AppXo — Apo X)),

R(XP,YU)XQ = RgapsXa,

R(X,, X)) X5 = (iA0ry0’ NN (X, X o) Xa
= iTM(5§5$ — 5555)Xa
= Z.((S,I@)Aacr - (SETM)X(X )

R(va §)Xﬁ = Wﬁapon ,

R(X,,6)Xp = —Wass Xa -

355
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3. A KEY IDENTITY FOR WEBSTER PSEUDO-TORSION COMPUTATION

In this section, we obtain a key identity for Webster pseudo-torsion compu-
tation in Section 5.

Let M be the boundary of a strongly pseudoconvex domain in C**!. Let r be a
smooth real-valued defining function of M i.e. M = {r = 0} and dr # 0. Throughout
this section, the range of indices are: 0 < 4,5,k--- <n+1,0< o, 8,v--- < n.

Coordinates for (C”Jrl will be given by (21, 22, . .., 2n+1). We will use the conventions:
r; = %, T = 823 5% - The CR structure is on M is given by

(23) VM = {X = xj% cdr(X) =a'r; =0}.

We define a 2n dimensional subbundle of T'M by

(24) CHM =T*°M ¢ T"'M where T®'M :=TWOM,

and HM := Re (T"°M & T%'M). HM carries a complex structure map

(25) J:HM — HM, J*=-Id,

and we denote its extension to CT'M by J,
(26) J: CHM — CHM, J? = —Id and J|p1.0p; = multiplication by i = v/—1.
Define a one form 6 on C**! by
(27) 0 = —i0r = —ir;dz’ .
On CTM, @ is a real one form annihilating T4°M @ T M,
(28) 0 =i0r =i0r = %(57‘ —or).
For X,Y € T'OM,
0([X,Y]) =0, 0(X,Y])=0,
and 0([X,Y]) = —df(X,Y) = —i0dr(X,Y).
For X, Y € TY9M, the Levi form is given by
(30) Lo(X,Y)=0(JX,Y]) = —df(JX,Y) = 00r(X,Y).

M is said to be strongly pseudoconvex if Lg(X,Y) is positive definite as a Hermitian
form on TH°M. In other words,

(29)

(31) N wj—7é0 wjrj:OérjijwE>0.
Note that the matrix % is not necessary invertible though is satisfied.
Example 3.1. The real hyperquadric in C? given by

M :={(z1,22) €C* | r(21,22) =0, r = 2171 — 2 2_ 22} which is s.p.c.
i

T1OM is spanned by -2 o + 207 -2 52, - We see that

7“1{ 7"15 o 1 0 . - 1 0 1 o
<7“21 7"22)_(0 O) while (1 212’1) (O 0 9z, =1
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Neither does s.p.c., imply the positive definiteness of T %> S We see from

Example 3.2. M := {(21,22) € C? | r(z1,22) =0, r = 1 + 2121 — 2272} which is
s.p.c.
T1OM is spanned by z; -2~ a + 7152 . We see that

r7 3\ _ (1 O g = (1 0 22\
() 2) e s )

Let & be the unique real vector field on M such that

(32) 0(¢) =1,
(33) £]do=0.
Let
5 — 0
(34) § Zf + & 77
We have
(35) 6(§) =1 means irgfg =1 or rjgj =1,
(36) £]df =0 means :Ejrj =0= :erngE =0.

Let TM = HM & R, we extend ,

(37) J:TM —-TM by J¢E=0.
Then, J as a G) tensor satisfies

(38) J2X = - X +0(X)¢

for all X € TM. With J as a (}) tensor, we regard g(X,Y) = —df(JX,Y)
Lo(X,Y) as (3) tensor on TM. Note that , for X,Y € TM, 6([JX,Y])
—df(JX,Y) since ([X,Y]) is not a tensor, for instance, we have 6([f¢,&])
O(E(£)€) = £(f). In the following, we write (X,Y) := g(X,Y). Choose Xi,..., X,
in TZ}’OM for some point p in M. Let

[ N

.0
39 X, =1l —
(39) o
satisfying
(40) R
(41) x{lr] TG = oL
Note that we use all Euclidean coordinates z,...,2"t! in the description of the

CR structure of M. In this way, we dispense with distinguishing one coordinate,
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say 2" *1, such that % = 0, as is required in Chern-Moser and subsequent works.
Our computation is therefore symmetric in all z!,..., z"*!. Write
u U’T s Um
Uy Uy Uint1
(42) J(u) : = (—1)"* det nr 7
Un+1 Up T 70 Upgpinyd
T TT s Tm
r1 T e
(43) P 1T 17T+1 ’
T'n4+1 rn+1T e TnJrlm
and
(44) <<€7§>> = gjrjﬁfk .
Then, we have
(45) —{(&.€))rj +irgzEh =0.
(40)

Proof of ({#5). (r;jdz?)(Xa) = air; = 0 and (rﬁggdzj)(Xa) = x{;rﬁfg =0 for
all o, implies that, since dr # 0, rjgfk = br; for some b. By contraction with &,
((&,€)) = bi. Thus, we obtain (4F]). Write

(46) a* = alak
Then
_ ik —
(47) rsa’t = 0.
Write
(48) Xpt1:= fji and 2, =¢.
823 n+1
Then
(49)
1 n+1 _ .. _ 1 n+1
Ty o I 11 Tin¥1 1 i)
1 n+1 - ... JE— 1
Tpt1 0 Tpgd P11 T il R i
1
1

{(£:€))
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Write
1
y% ylﬂrl I% x?*l
Uhi1 o Ynid Thyr o T
T (s —iry
13
(50) = :
y}H-l U Ypg1 a4l
Then
(51)
N Tt xt ai zp - @t
: : »
Tng1l  °°° Tnaindl zly ot Thyr o Tnig
1
yr - y?+1 . - x?ﬂ
1 n+1 1 ' n'+1
Yn+1 7 Ynna (€, n+1 o Tpn
vyl gl (&N ay
Ynt1 T Y <<f§>>y:§ﬁ Ty xﬁi}
(- (M o O
\ ' 1 1
—(1—((¢, £>>)yﬁiiw%+1 e 1=(1- <<f75>>)9211$211
T+ (1= ((&8)))img" - (1= ((&86)))ir gt
(1= ((&E)))irnm& - 14 (1= ((&E)))irnq"
i.e.

rageba] = 6]+ (1 ((&,€)))irg .
By (46), (@3),
ra(a® + €Ty = 67 + (1 ((&,€)))irig’ .
By ([@5),
rapat —i{(€,€))rig? = 6 +ir —i((€,€))rE .

(52) —irgd + riEan =

i
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By @3), @), @D, (2,
(53)

O —((&,€))  —igh o —igntL
1 ™I i [y i€l a'l e alntl
_ =1.
Padl Tpr 0 TparmrT igntl  gntll L gnFindd
O

4. AN ALTERNATIVE PROOF OF THE LI-LUK FORMULA FOR WEBSTER
PSEUDO-TORSION FOR A REAL HYPERSURFACE IN C"*!

This section gives an alternative proof of the Li-Luk formula for Webster
pseudo-torsion (for definition, see ) for a strongly pseudoconvex pseudohermitian
hypersurface in C**!. For the convenience of readers and fixing notations, we recall
some facts and definitions in the beginning. We will also use some definitions
and results in Section [2] Let M be a strongly pseudoconvex pseudohermitian
hypersurface given by M = {z € C"*! | r = 0}, where r is a real valued defining
function for M and r is C? in a neighborhood of M. Let TM be the tangent bundle
on M and let HM :=TM NiT M, the holomorphic tangent bundle on M. As in
the previous sections, we fix the real one form 6 be a pseudohermitian structure
on M. Let 6%,...,0™,01,....0" be a local admissible coframe for M, 1 < o, 8 < n.
As before we use the convention 6% := 0. Webster shows that there are uniquely
determined 1-forms w?, 7% on M satisfying

(54) dg =i N7,

(55) o™ =0 nwg + 0 AT,

(56) wl+wf =0,

(57) T = Ay, 07,

(58) Agy = Ay

Let &, X1,...,X,,X1,...,X, be the dual frame satisfying

(59) 0(&) =1, do(,)=i0"NOT(E,-)=0.
And we have

(60) —id0(Xo, X5) =07 N0 (Xa, Xg) = 05

The Levi form Ly on TM*Y is defined by Lg(-,) := —id §(-,~). Hence,
(61) Lo(Xa, X5) = 85 = (Xa, Xp) .-

Covariant differentiation is given by

(62) VX, =wlXs, VXa=wlXs, VE=0.

We also have

(63) Vi Xo = Xa, Xalraro,
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and Vy_ X, is defined by

(64) <VXWXQ,X5> =X (Xo, Xg) — (Xas VYWXB%
‘We have
(65) VeXo =€ Xalrpro.

The torsion tensor is defined by T'(X,Y) := VxY -Vy X —[X,Y] for X, Y € CTM.
We have

(66) T(Xa,Yg) = 1638,
(67) T(Xa; X5) =0,
(68) T(f, Xa) = Aagy,g .

The Webster pseudo-torsion is defined as [3],
(69) Tor(z)(U,V) = i(AaBﬁo‘Uﬁ — Agpuo?),

where U = u/ %, V= vj - € H,M and z € M. We will use following notations.
J

(70) J(r) = —

T T‘k‘
)

(71) H(r) = (r;z).
We shall prove the following theorem.

Theorem 4.1 (|3]). Let M be a C* strongly pseudoconvex hypersurface in C"T1.
Let r be a defining function for M which is C? in a neigborhood of M. Consider
the pseudohermitian structure defined by 0 = —idr on M. Then for any U =

Ujaz ,V:vja%j € H.M and z € M, we have
ulvk
(72) Tor(z)(U,V) = 2Re (J(r) (N — det H(r)) rlk> ,
where
N | o
73 N j Z r. — _
i Z i 929

We will need some preliminaries to prove this theorem. First, by , we have

(74)  1=7r(—{(&€)) +ri(—i€") + ra(=i&) + - + rpar (—i€" ).
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Expanding —J(r) by the 1st column, we have

(75)
r= r—
1 1
™1 Tin¥1 ro— r nt
r TE ] . 11 1n+1
=r - . . + -
’I“J Tjg
"1 n+1n+1 r _ r
n+11 n+ln+1
TT rn—i—l
7T r—
11 1n+1
+ ( 1)n+1 41 ] '
n+11 Fhtint1
Hence, by (74)), , we have
r 7l det H(r)
(76) - {(&,8) = : =
oo J(r)
7"] Tj%
and
(77)
X rT rn-{-l
i (-1)/ ™1 LS
Sl r.o r——
LA j1 Jn+1
Ty Tk n+1T Tnt1nt1
(1) 1 Tinri "1 T2 Tt
= ) Tl Ty Fmyi | — 72| T Iz rinr
nt11 LR Tnr11 Tnt12 LA P
™1 It
n
+(=)"rog7 | T Tint1
TnJrlT rn+1n+1
ntl gy )k+1 mnTo | T
Z 5 Tk -
"1 | LSS P

Proof of Theorem [4.11
Step 1. We first find a relation between the torsion tensor 7" and the Webster
torsion Tor. Let U = u“X,,V = v X5 € THOM. We have

Tor(U, V) = Tor(u® X, v* X5)

= 2Re(idap)
= 2Re(i(T(&, Xa), Xp))uv”
= 2R6(2<W v’ X5))
= 2Re(i(T(€,U),V)).
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Step 2. We compute

T(&,U)=VeU - Vy& —[€,U]
= [, Ulpropn — [€, U]

—[&, Ulroan
.0 — 0
— | 2 _—
¢ 027 +¢& 6;7[] T0,1 01
— 0
79 - U J)—.
(79) U8) =

We check that (UEJ) € THOM as follows. Using U = u/ 3 =, we have
N =
(UfJ)rjf— U(firj) §JU7"]. = —u rkng =0.

Step 8. Let U = uj%, V= Uk% such that ujrj =0, vFr, = 0. Using , ,

we have
d d
Tor(U,V) = 2Re <(U§J) = kw>)

—0¢8 9 0
_ 1 k
=2Re (1 <u o 55" 5% >>

(80) = 2Re

Hence, we have
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5. A FORMULA FOR WEBSTER PSEUDO-TORSION FOR ON THE LINK OF AN
ISOLATED SINGULARITY OF A n-DIMENSIONAL COMPLEX SUBVARIETY IN Cnt!

In this section we derive a formula for the Webster pseudo-torsion on the link
of an isolated singularity of a n-dimensional complex subvariety in C"t!. Let
M :={f =0} n{r = 0} where r is a defining function of the sphere of radius
€, centered at the origin and f is a holomorphic function away from the origin,
we assume that Of A dr # 0 along M. Then M is a strongly pseudoconvex CR
manifold of real hypersurface type, of dimension 2n — 1. We will use the result in
the last section to find an explicit formula for Webster torsion of M. The key idea
is to express the components of the characteristic vector field £ in terms of the
derivatives of f and r.

Let NV := {z € C"T!|f = 0} where f(0) =0, 9f =0, 9f #0. Let S := {2 €
C" e = 212 4+ 222 + -+ - + |2"TY? — e = 0} for some € > 0. Let M := N NS,
we assume Of A dr # 0 along M. The complexified tangent bundles for S and M
are denoted by CT'S and CT M respectively. Let the pseudohermitian structure of
S be given by 6 = i0r = —iOr on CT'S. Then, the pseudohermitian structure of M
is given by 0|y. We will denote 6|5 by 6. Throughout this section the ranges of
indicesare : 1 <A, B,---<n+1,1<jk---<n, 1<a,F,---<n—1, and we
will use the summation convention. Let 8,0%, 8% be a local basis of CTM* such
that df = i0% A 6°. Let £, X, Xg be the dual basis. We may write

_a 0 0
(81) £§=¢ aZA+£A37A,
)
(82) Xy = a:éaz—A .
We have
(83) El0=1=¢"ry =1,
(84) EJof =0=¢4fa=0,
(85) Xa]0 =0,
(86) Xo]O0f =0,
(87) Xo]0° =45,
(88) €0’ =0,
(89) €]do =0,
and

(90) df = irZdeZ AdzB = iézdeZ AdzB = ideA A dz? .
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Hence, we have

(91) wirz =0,
(93) Ar5 568 =0 = 24t = 0.

We consider as a system of linear equations in unknowns £*. The matrix (z4)
has rank n — 1. So has only 2 independent solutions. On the other hand the

matrix [ 1! Fot1 ) g rank 2. Hence, we may write
Tt g

(94) ¢t =afa +bry,

for a, b € C. Contracting with €4, using (83). we obtain ||€]|? = —ib
where [|£]|? := £4¢4. Hence,

(95) b=l
Contracting with f4, we obtain 0 = afij + brgfa. So,
(96) o — _brzfa .
fefe
B3"H!L Gﬂm, G!I,\Ne have
. T*foiA .
(97) SA — _ZHngBii _’_2”5”27,2.
fefe
Contracting with 74, using ,
r=fsfpr
(%8) i = ragh = g (-TEEIRTD )
fefc

We solve for ||£]|? in and using (97)), we obtain

. _Tngfj .
gA _ ! ( f?fc +TA>

r=fBfpTD o
fofe D'b
(- )
cfc
(99) S Fere 7))
z fifpz _
fefe

Now, we are ready to show:

Theorem 5.1. Let N := {z € C"*! | f = 0} where f(0) = 0,0f = 0,0f # 0.
Let S :={z € C"™ | r = |22+ [22> + - + [2" "> — e = 0} for some € > 0.
Let M :=N'NS, we assume Of Adr # 0 along M. Consider the pseudohermitian
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structure defined by @ = —i0r on M. Then for any U = ur L vV =yB2

Oz’
and z € M, we have

A
(100) Tor(z)(U,V) = 2Re (zuB 798 )
9B
where
; zefefa
€A:Z< fcfe +ZA>
zpfpfpoy '
fofe

Proof of Theorem [5.1l

Step 1. We first find a relation between the torsion tensor 7" and the Webster
torsion Tor. Let U = u*X,,V = P Xg € THOM. By computation similar to (78)),
we have

(101) Tor(U, V) = 2Re(i(T(£,U), V)).
Step 2. By computation similar to , we have

— 0
102 T U) = (Ué)—.
(102) (€.0) = e =

We check that (U£4) 087 € T*OM as follows. Using U = uAaziA7 we have

(UM fa =UEr fa) — €T (fa) = 0.
Step 3. Let U = u4 j,V—v %Suchthatu ra = 0,utfs = 0,044 =

0,v4f4 = 0. Using (10]] , we have

Tor(U,V)—2Re( <(U’5A>@8’ Aaf >>

506 9 40
_QRG( < 823 6207 8ZA>>

O

Example 5.2. Let f = (23)2— 2122 Let M := {f = 0} n{[2}|>+|2>+|23]*> = 1}.
We may see that the the codimension 3 real hypersurface M is spherical as follows.
Using the map F given by

2l =— —(z —iz?),
V2
z~2:— 2t 4+i2?),

23 =23
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the C' R manifold M, given by
(2’1)2 + (22)2 + (23)2 — 07
|Zl|2 + |22|2 + |ZS|2 =1
is mapped to o ~
22122 — (23)2 =0,
B 122+ |2 = 1.
Together with the map ¢: S — M; given by
¢ —n* i +n") 20
(Can)'_) ( \/i 9 \/i 7% = (Z1722723)
where S% := {(¢,n) € C? : [¢|? + |n]?> — 1 = 0}. ¢ is well defined, holomorphic, onto.
By [2], My is CR diffeomorphic to S3/G where G = {I, —I}, so that M is locally

biholomorphic to S2. Hence, M is locally biholomorphic to S2. Then z? fg = 0.
By (100) Tor(z)(U,V) =0, Vz € M.
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