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KYBERNETIKA — VOLUME 59 (2023), NUMBER 5, PAGES 768-790

A CHARACTERIZATION OF UNINORMS ON BOUNDED
LATTICES VIA CLOSURE AND INTERIOR OPERATORS

GUL DENIZ CAYLI

Uninorms on bounded lattices have been recently a remarkable field of inquiry. In the
present study, we introduce two novel construction approaches for uninorms on bounded lattices
with a neutral element, where some necessary and sufficient conditions are required. These
constructions exploit a t-norm and a closure operator, or a t-conorm and an interior operator
on a bounded lattice. Some illustrative examples are also included to help comprehend the
newly added classes of uninorms.

Keywords: bounded lattice, closure operator, uninorm, interior operator, T-norm, T-
conorm
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1. INTRODUCTION

Triangular norms (t-norms, for short) and triangular conorms (t-conorms, for short) were
introduced by Menger [41] in 1942 and Schweizer and Sklar [46] in 1961, respectively, in
the framework of probabilistic metric spaces. T-norms and t-conorms perform as natu-
ral extensions of logical connectives, namely conjunction, and disjunction, respectively,
in fuzzy set theory and fuzzy logic. Therefore, these operators have been extensively
used in many various branches of science, such as fuzzy set theory, fuzzy logic, fuzzy
systems modeling, decision-making, probabilistic metric spaces, approximate reasoning,
and information aggregation [3}, 25}, 26}, B3] 37, 38 [39] [47].

Uninorms on the unit interval [0, 1], as aggregation functions simultaneously gener-
alizing t-norms and t-conorms, were introduced by Yager and Rybalov [50] in 1996 and
studied comprehensively by Fodor et al. [30] in 1997. Since then, they have been widely
involved in several research areas, such as neural networks [4], fuzzy system modeling
[48] [49] [51], decision-making [52], fuzzy mathematical morphology, image processing [31],
fuzzy logic, and in general [42]. Uninorms allow their neutral element to lie anywhere
in the unit interval instead of point 1 (which is the case of t-norms) or point 0 (which
is the case of t-conorms). There are abundant investigations concerning uninorms (e. g.,
[18, 19, 20, 23, 24]).

Since bounded lattices are more general structures than the unit interval, the gener-
alization of binary aggregation operators from the real unit interval to bounded lattices
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becomes a rather hot topic. The definition of uninorms from the real unit interval to
bounded lattices was straightforwardly generalized by Karagal and Mesiar [36] in 2015.
They also identified the smallest and largest uninorms on bounded lattices. Hitherto,
these operators on bounded lattices have caught intensive attention, notably several
construction approaches have been presented in the literature. Bodjanova and Kalina
[6, [7] described the structure of uninorms derived from both t-norms and t-conorms
on bounded lattices. Subsequently, Cayh et al. [I5] introduced two methods for ob-
taining internal and locally internal uninorms on bounded lattices based on only one of
the t-norm and the t-conorm. Moreover, Cayli [I0] examined the structure of idempo-
tent uninorms on bounded lattices with a neutral element. Dan et al. [I6], and Dan
and Hu [I7] proposed further characterizations of uninorms on bounded lattices. We
can also find some other related constructions of uninorms on bounded lattices (e.g.,
[2, 18, 9], 12, 28], [32] 34, [44] 53]).

In a general topology, letting the set K # () and p (K) be the set of all subsets of
K, if amap int : p (K) = p (K) (resp. cl : p(K) — p(K)) is idempotent, isotone and
contractive (resp. expansive), then it is said to be an interior (resp. closure) operator on
p (K). Both these maps can be applied for generating topologies on K [27]. In especial,
from the set of all interior (closure) operators on g (K) to one of all topologies on K, a
one-to-one correspondence exists. That is to say that the interior (closure) operator on
p (K) can be generated by any topology on K. Notably, interior (closure) operators on
a lattice (p (K), C) can be described when the set intersection and union are meet and
join, respectively. Thence, the interior (resp. closure) operator on p (K) to a lattice L
was generalized by Everett [29], where the condition int (K) = K (resp. cl (0) = 0) is
removed.

By using closure and interior operators on bounded lattices, the generation ap-
proaches of uninorms were improved by Ouyang and Zhang [43]. In particular, their
constructions encompass, as a special case, those introduced in [36]. In this case, one
can consider whether new classes of uninorms on bounded lattices with a neutral element
are constructed by interior and closure operators. Motivated by this consideration, in
the present study, we characterize two new classes of uninorms on bounded lattices via
closure and interior operators. Characterization examinations are important working ar-
eas since they present the necessary structures for uninorms on bounded lattices. More
precisely, we primarily introduce a new method for yielding uninorms on a bounded
lattice L with the neutral element e € L\{Op, 11} utilizing a t-norm on [0p,e]? and a
closure operator L. Next, based on a t-conorm on [e, 1L]2 and an interior operator L, we
propose a dual construction of uninorms on L. Moreover, we investigate the relationship
between our methods and the ones described in [0, 14, 53]. We also demonstrate that
the tools in the present paper are different from the approaches in [9] 14, [43] 53]. Ac-
cordingly, it is worth noting that the characterization of uninorms on bounded lattices
via closure and interior operators contributes to enriching and analyzing the classes of
uninorms on bounded lattices.

The remainder of this paper is organized as follows: In Section 2, we provide some
basic definitions and properties related to uninorms on bounded lattices. In Section 3,
we develop two methods for yielding uninorms on a bounded lattice I with a neutral
element e € L\{0, 11}, where some necessary and sufficient conditions are required.
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]?, or a

These constructions exploit an interior operator on L and a t-conorm on [e, 1],
closure operator on L and a t-norm on [0, 6]2 . Furthermore, we present some illustrative
examples in order to emphasize the differences between our methods and the existing

ones. In the final section, some conclusions of our discussion are listed.

2. PRELIMINARIES

In this section, we recall some basic concepts and results related to bounded lattices (for
more information, see, e. g., [5]) and uninorms on them.

A poset (L, <) is a nonempty set L equipped with an order relation < (i. e., a reflexive,
antisymmetric and transitive binary relation). For a,b € L, the notation a < b means
that @ < b and a # b. The notation a || b implies that a and b are incomparable, i.e.,
neither a < b nor b < a. I, denotes the set of all elements incomparable with a, i.e.,
I, ={u €L :ulla}. An element a of a subset P of L is called a smallest (resp. greatest)
element of P if x > a (resp. x < a) for all x € P. L is called bounded if it has a greatest
(also known as top) element and a smallest (also known as bottom) element.

An element a of a poset (L, <) with the bottom element Or, is an atom if Op, < a
and there is no element v in L such that 0 < u < @ (i.e., a is a minimal element in L
obtained by excluding 0p,). The concept of coatom is defined dually.

A lattice (L, <) is a poset such that any two elements a and b have a greatest lower
bound (called meet or infimum), denoted by a A b, as well as a smallest upper bound
(called join or supremum), denoted by a V b. In this paper, unless otherwise stated, L
denotes a bounded lattice (IL, <, A, V) with a top element 1j, and a bottom element Of,.

For a,b € L with a < b, the subinterval [a,b] of L is defined such that

[a,b) ={u€eL:a<u<b}.

The subintervals [a, b], ]a,b], and ]a, b of L can be defined similarly. ([a,b], <, A, V) is a
bounded lattice with the top element b and the bottom element a.

Definition 2.1. (Cayl et al. [15], Karagal and Mesiar [36]) A function U :L xL — L

is said to be a uninorm if, for any a, b, c € L, the following conditions are fulfilled:
(i) U(b,a) = U(a,b) (commutativity);
(ii) If b < a, then U(b,c) < U(a,c) (increasingness);
(iii) U, U(a,c)) =U(U(b,a),c) (associativity);
)

(iv) There is an element e € L, called a neutral element, such that U(b, e) = b (neutral
element).

In particular, a uninorm U is a t-norm T (resp. t-conorm S) if e = 1, (resp. e = 0f)
(for more information about t-norms and t-conorms, see, e. g., [II 1T} 13}, B5] 40} [45]).

Example 2.2. (i) The largest t-norm is 7" on [a,b]? defined such that T/ (x,y) =
x Ay for all z,y € [a,b], while the smallest one 7" on [a,b]? takes the value of
r Ay if b € {z,y} and a otherwise. Thus, we obtain that 7" < T < T" for any
t-norm T on [a, b]%.
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(i) The smallest t-conorm is SV on [a,b]? defined such that SV (z,y) = z V y for all
x,7y € [a,b], while the largest one S on [a, b]? takes the value of zVy if a € {z,y}
and b otherwise. Thus, we obtain that S¥ < .S < SW for any t-conorm S on [a, b]z.

Proposition 2.3. (Karagal and Mesiar [36]) Let U be a uninorm on L with a neutral
element e € L\{Op, 11.}. Then, the following statements hold:

(i) U | [0p,e])?: [0n,€]? — [Op, €] is a t-norm.

(i) U | [e,1L]? : [e, 1L])? — [e, 1] is a t-conorm.

Definition 2.4. (Drossos [2I], Drossos and Navara [22], Everett [29]) A function ¢l :
L — L is said to be a closure operator if, for any a,b € L, the following conditions are
fulfilled:

(i) Expansion: b < cl(b).
(ii) Preservation of join: cl(a V b) = cl(a) V cl(b).
(iii) Idempotence: ¢l (cl(b)) = cl(b).

By (i), the case (iii) is equivalent to ¢l (cl(b)) < cl(b). Additionally, (ii) implies to
(i1)" : cl(a) < c(b) if a < b. Observe that Birkhoff [5] defines a closure operator by (i),
(ii)" and (iii).

Definition 2.5. (Drossos [21], Drossos and Navara [22], Everett [29]) A function int :

L — L is said to be an interior operator if, for any a,b € L, the following conditions are
fulfilled:

(i) Contraction: int(b) < b.
(ii

) Preservation of meet: int(a A b) = int(a) A int(d).
(iii) Idempotence: int (int(b)) = int(b).
ii

By (i), the case (iii) is equivalent to int(b) < int (int(b)). Additionally, (ii) implies
to (ii)’ : int(a) < int(b) if a < b. Observe that Birkhoff [5] defines an interior operator
by (i), (ii)" and (iii).

In the following, we recall the construction methods for uninorms on bounded lattices
introduced by [9), 14}, 53].

Theorem 2.6. (Cayl [9], Theorem 8) Let e € L\{Op, 11}, T : [Or,€e]> — [OL, €] be a
t-norm, and S : [e, 11]? — [e, 11] be a t-conorm. Then the function U : L? — L, given
by the formula , is a uninorm on L with a neutral element e iff z < y for all x < e
and y € L.

T (a,b) if (a,b) € [0, €]?,
aAb if (a,b) € [Op, e[ x [, UT, x [Or, €]
U (a b) _ . @] [OL,e[ X [6, 1]14} @] [e, 11L] X [OL,B[, (1)
' b if (a,b) € {e} x L,
a if (a,b) € I, x {e},
S(aVebVe) otherwise.
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Theorem 2.7. (Zhao and Wu [53], Proposition 3.5) Let e € L\{Op, 11}, T : [0, €]> —
[OL, €] be a t-norm, and ¢! : L — L be a closure operator. If ¢l (p) V cl (q) € 1. for all
p,q €1, or cl(p) Vel(q) €le, 1) for all p,q € I, then the function U : L? — L, given
by the formula 7 is a uninorm on L with a neutral element e iff z < y for all x < e
and y € L.

T<a’a b) if (aab) € [O]Lae}za
Ab if (a,b) € [Op, e[ X [, UL, x [Op, €]
@ U [OL, e[ X [e, 11) U [e, 10] x [OL, e[,
Ua,b)=< b if (a,b) € {e} x (I Ule, 1)), (2)
a if (a,b) € (I, Ule, 1)) x {e},
c(a) Vel (b) if (a,b) €l x I,
1L otherwise.

Theorem 2.8. (Zhao and Wu [53], Proposition 3.6) Let e € L\{Op, 1.}, T : [0, €]* —
[0, €] be a t-norm, S : [e,11]*> — [e, 1] be a t-conorm, and ¢l : L — L be a closure
operator. If p || ¢ for all p € I, and q € [e, 1], then the function U : L? — L, given by
the formula 7 is a uninorm on IL with a neutral element e iff z < y for all x < e and
y € L.

T (a,b) if (a,b) € [0y, €],
S (a,b) if (a,b) € [e, 11]?,
1L if (a, b) S ]6, 1]L] x I, Ul x ]6, ]-]L] R
Ua,b)=1< b if (a,b) € {e} x L, (3)
a if (a,b) € I, x {e},
c(a) Vel (b) if (a,b) €l x I,
alNb otherwise.

Theorem 2.9. (Cayh [14], Theorem 3.1) Let e € L\{Or, 11}, T : [0, ¢]> — [0, €] be a
t-norm, and ¢l : . — IL be a closure operator. Then the function U : L? — L, given by
the formula , is a uninorm on I with a neutral element e iff x < y for all z < e and
y € L.

T (a,b) if (a,b) € [0, €],
Wb if (a,b) [6 [O]L[,e[[x ]Ie]U]Ie[ X [O]L,e[[ [
U (O, e| x [e, 1] U e, 1] x [Op, ¢,
Ula.b) =14 if(,0) € {e} x LU LD, @)
a if (a,b) € (I, Ule, 11]) x {e},
cl(a) Vel (b) otherwise.

Theorem 2.10. (Cayli [I4], Theorem 3.4) Let e € L\{Op, 1L}, T : [OL,€]*> — [OL, €] be
a t-norm, S : [e,11]?> — [e, 11] be a t-conorm, and ¢l : . — L be a closure operator. If
p<gqforallpel,q€lelL], and ¢ (p) Vel (q) € I for all p,q € L., then the function
U : L% — L, given by the formula , is a uninorm on L with a neutral element e iff
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x<yforall z <eandyel.

T (a,b) if (a,b) € [0y, €],
S (a,b) if (a,b) € [e, 1),
Wb if (a,b) [6 [O]L,[ [>[< ]IeL]J]Ie[x [Onj,e[[ [
U |0 e, 1| Ule, 1] x [Op, €],
Ul(a,b) = b f (a,b) € {e} x I, (5)
a if (a,b) € I, x {e},
c(a)Vel(b) if (a,b) el x I,
aVb otherwise.

3. CONSTRUCTION APPROACHES FOR UNINORMS

In this section, we introduce in Theorem a novel method for getting the family of
uninorm U(r ¢y on a bounded lattice . with a neutral element e. The uninorm U ¢
is derived from a t-norm T on [0, e]? and a closure operator ¢l on L. In addition, we
propose in Theorem a different method to obtain the family of uninorm Ug ;¢ on
L with a neutral element e. This construction is based on the existence of a t-conorm S
on [e,11]? and an interior operator int on L.

Theorem 3.1. Let e € L\{Op, 1.} and T : [0, e]> — [OL, €] be a t-norm. The function
Uir,ey : L x L — L, given by the formula @, is a uninorm on L with a neutral element
e for every closure operator ¢l : L - L iff f >ganddV f € I,U{1.} forall d, f € L.
and g € [Op, e].

T (a,b) if (a,b) € [0L,€]?,
1L if (a,b) €le, 1),
cd(a)vel () if (a,b) €le, 1] x [, UL, x ]e, 1]
U(T,cl) (a, b) = aVb if (G,, b) el x He, (6)
a if (a,b) € (I Ule,1L]) x {e},
b if (a,b) € {e} x (I U [e, 1L])
alNb otherwise.

Proof. Necessity. Let the function Uz ) be a uninorm on L with a neutral element
e. We first demonstrate that f > g for all f € I, g € [0, e[. Suppose that there exist
the elements f € I, g € |0L, e[ such that f | g. Then we have that

Uer,ety(9, Uiy (f, 1)) = Uiz ety (9, el (f) Vel (1)) = Uir,ey (9, 1) = g A 1L = g,
and
Uer,etyUer,eny(9, £), 1) = Uy (9 A fL1L) =g A fAIL =g A f,

which contradicts the associativity property of Uir ). Consequently, f > g for all
f € Hea g S [Oﬂne['
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Now, we verify that dV f € I, U {11} for all d, f € I.. Suppose that there exist the
elements d, f € I, such that e < dV f < 1. Then, for the closure operator ¢/ : L — L
given by ¢l () = z for all x € L, we get that

U(T,cl) (d \ fa U(T,cl)(d7 f)) = U(T,cl)(d \ f7 dv f) =1,
and

U,y Ua,ey(@V f,d), ) =Urey(cl(dV f)Vel(d), f)=Ureylc(dVf),f)
=Uey(dV [, f)=cl(dV f)vel(f)=c(dV f)=dVf,

which contradicts the associativity property of Uip ). Consequently, dV f € I, U {1L}
for all d, f € L.

Sufficiency. Let f > gand dV f € I, U{lL} for all d, f € I, and g € [Op,e€].
We verify that Ur ) is a uninorm on L with a neutral element e. Clearly, U ) is
commutative and e is a neutral element of U . Therefore, it remains to verify the
increasingness and associativity of U ). Increasingness: We prove that, for all a,b,c €
L, Ur,ay(a,c) < Uepey (b, c) if a < b. If ¢ = e, then Upy(a,c¢) = Uiray(a,e) = a <
b= Uy (b,e) = Uy (b, ). If (a,b) € [On, e[> U {e}* Ule, 11)° UT2, the increasingness
holds. So, we consider all remaining possible cases.

1. Let a € [0, ¢].
1.1. b=e and c € [0, €],

Urr,ey(a,c) =T(a,¢) < ¢ = U eyle,¢) = Uu,a (b c).
12. b=eand c€ e, 1] UL,
Ur,ay(a,c) =anc<c=Ura(e,c) =Urebc).
1.3. bele, 1L ]UT, and ¢ € [0, €],
Utr,eny(a,c) = T(a,c) <bAc=Ury(b,c).
1.4. b,c € le, 1],
Uireny(a,c) =aNe <1y = Urpe(bc).
1.5. (bel. and c € e, 1)) or (b € Je, 1] and ¢ € L),
Uireny(a,c) =ane<cl(b)Vel(c) = Urey(b,c).

1.6. b,c € 1,
Utryeny(a,c) =aNe<bVe=Urge(bc).

2. Let a=e and b € Je, 11).
2.1. ce [0p, e[,

U(T,cl) (CL, C) = U(T,cl) (63 C) =c=bAc= U(T,cl)(b7 C)'
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2.2. c€le, 1z,

U(T,cl)(av C) = U(T,cl)(ea C) =c< 1= U(T,cl) (bv C)'
2.3. cel,

U(T,cl) (a7 C) = U(T,cl) (67 C) =c<d (b) Vel (C) = U(T,cl) (ba C)'

3. Let a € I, and b € Je, 11].

3.1. c€ [0, €],
Uirey(a,c) =aNc<bAe=Urpe(bc).
3.2. c€ ]6, I]L],
Ur,eny(a,c) = cl(a) Vel (¢) < 1L = Ugr,ay (b, ¢).
3.3. cel,

Uir,eny(a,c) =aVe<cl(b)Vel(c) = Urey(b,c).

775

Associativity: We prove that Ui oy (a, Ur,ay (b, ¢)) = Uty (Ur,ery(a,b), c) for all
a,b,c € L. The associativity holds if e € {a, b, c}. So, we consider all remaining possible

cases.
1. Let a € [0, €].
1.1. b,c € [Op, €],

U(T,cl) (a, U(T,cl) (b, C)) = U(T,cl) (a, T(b, C)) =T (a, T(b, C))
(T(a7 b)a C) = U(T,cl) (T a, b)a C)
= Ur,ety(Ucr,eny(a,b), ).

1.2. b€ [0y, e[ and ¢ € Je, 11) UT,,
Ucr,ey(a, Uerery(b,¢)) = Ugrery (a,b A c) = Up oy (a,b) = T(a,b)

=T(a,b) ANc=Ur,a)(T(a,b),c)
= U(T,cl) (U(T,cl) (CL, b)7 C)'

1.3. bele, 1] U, and ¢ € [0y, €],
U(T,cl)(a7 U(T,cl) (bv C)) = U(T,cl) (CL, bA C) = U(T,cl) (a7 C) = T(a7 C)

=Ur,ay (a,¢) = Uir,ey (@ A b, €)
= Ur,ety(Ucr,ery (@, b), ¢).

1.4. byc €le, 11],
Uir,eny(a, Uy (b,¢))  =Urey (a,1L) =anNlp=a=aAc

= U, (a,¢) = U, (@A b,c)
= Ucr,ety(Uer,eny (@, ), ¢).

1.5. (bel, and c € Je, 1)) or (b € Je,11] and ¢ € L),

U,ety(@, Uy (b ¢)) = U, (a,cl (b) Vel (c)) = a N (cl(b) Vel (c))
=a=aANc=Ureu(a,c)=Ureq (aNbc)
= Ur,cty)(Ucr,ey(a, ), ).
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1.6. b,c e L,
=Urra)(@a,bVe)=an(bVe)=a
:a/\CZU(T,cl) (a ) U(Tcl) (a/\b C)

U(T,cl) (a7 U(T,cl) (ba C))
U(T,cl) (U(T,cl) (a’ b)

2. Let a € Je, 1] U L.

2.1. b,c € [0y, €],

=Ur,a)(a, T (b,c)) =a AT (b,c)
:T(bvc):U(Tcl)(, ) U(Tpl (a/\b C)
= Uer,ety(Ur, ey (a, D), €).

Ur,eny(a, Uep,ery (b, c))

2.2. be 0L, e and c € Je, 1] UL,

= U,y (a,bAc) = Uiy (a,b) =a N
=b=bAc=Ur,)(b,c) =Ure (aNbc)
= U(T,cl)(U(T,cl) ((l, b)7 C)'

U(T,cl) (aa U(T,cl) (b7 C))

3. Let a € Je, 1p).

3.1. bele, 1] and ¢ € [0, €],

=Ur,ey (a,bAc) = Uiy (a,c) =aNc
=c=1LNc=Upga (1L, c)

= U(T,cl) (U(T,cl) (a7 b)7 C)'

U(T,cl) (av U(T,cl) (b7 C))

3.2. bel, and c € [0, €],

Uir,eny(a, Uepery(b,¢)) = Ureny (a,bA¢) = Uiy (a,¢) =aNc=c
= (cl(a) Vel (b)) Ne= U, (cl(a) Vel (b),c)

U(T cl) (U(T,cl) (G/, b)a C).

3.3. b,c € e, 1],

=Uir,ay (a, 1) = 11,

U(T,cl) (aa U(T,cl) (b7 C))
=Ur)(1L, ¢) = Uir,ety(Uir,eny (a, b), €).

3.4.bele, 1) and c € L,
= U(T,cl) (CL, cl (b) Vel (C)) =1L

=c (IJL) Vel (C) = U(T,cl)(llln C)
= Ur,ety(Ucr,ery (@, b), ¢).

U(T,cl) (CL, U(T,cl) (ba C))

3.5. bel, and c € Je, 11],

=Ur,a (a,cl (b) Vel (c) =1L
= U(T,cl) (Cl (a) Vel (b) ) C)

= U(T,cl) (U(T,cl)(aa b)a C)'

U(T,cl) (a7 U(T,cl) (ba C))
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3.6. b,c el

Urery (@, Uty (b)) = U,y (a,bV c)
U(T,cl) (CL, l]L) ifbVve= 1L7
cd(a)vel(bve) ifbVveel,,

_ 1L ifbve=1g,
"l d(avbve) ifbveel,,
=d(aVvbVc)

Uir,ery(cl (a) Vel (b) ,c)
= U(T,cl) (U(T,cl) (aa b)7 C).

4. Let a € I..
4.1. b €le,11] and ¢ € [0, €],

Uir,eny(a, Uepery(b,¢)) = Ureny (a,bAc) = Uiy (a,¢) =aNc=c
= (cl(a) Vel (b)) Ne= U, (cl(a) Vel (b),c)
= Ui,y (Ur,ey(a, b)), c).

4.2. b,c € e, 1],

U(T,cl) (aa U(T,cl)(bv C)) = U(T,cl) (av 1]L) =d (a’) Vol (]-]L)
=1L = Ug,eny(cl (a) Vel (b))
= U(T,cl) (U(T,cl) (0’7 b)7 C).

4.3. bele, 1] and ¢ € 1,

U(T,cl) (a, U(T,cl)(ba c) = U(T,cl) (a,cl (b) Vel (c)) =cl(a)Vcl(b)Vecl(c)
= U(T,cl)(CZ (a’) Vel (b) 7C)
= U(T,cl) (U(T,cl) (CL, b)a C)-

5. Let a,b € L.
5.1. c€ [Op, €[,

U(T7cl) (a7 U(T,cl) (ba C)) = U(T,cl) (CL, bA C) = U(T,cl) (av C) =alc
=c=(aVb)ANc=Ura(aVb,c)
= Ur,ety(Ucr,ery(a, b), ¢).

5.2. c€le, 1],
U(T,cl) (a7 U(T,cl) (ba C)) = U(T,cl) (CL, cl (b) Vol (C))
=c(aVbVc)
]-]L lf aV b = ].L,

cd(avbve) ifavbel,,
U(T,cl) <1L,C) ifavVb= 1]14,
cd(avb)Vvel(e) ifavbel,
e U(T,cl) (aVb,c)
= U(T,cl) (U(T,cl) (a7 b)a C)'
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5.3. ce 1,
Ur,ey (@, Uy (b)) = Ui,y (a,bV c)

o U(T,cl) (a, 1]L) ifbve= 1]L7
"l aVvbVe ifoveel,
_Jd@ve1y) iftbVe=1g,
"l aVvbVe ifoveel,
. 1L ifove=1p,
1l avbVve ifbveel,,

and

UreyUeey(a,b),c) =Um,ea(aVb,e)
Uiy (1L, ) ifavb=1g,

aVbVece ifavbel,
_J d@u)ve(e) ifaVb=1g,
"l avbVe ifavbel,,
1L ifavb=1g,

aVbve ifavbel,

implying that Uir o) (a, Ur,en (b, c)) = Uir,ety(Ucr,eny(a,b), c).
Therefore, Uiz .y is an associative, commutative, and increasing function on L with
a neutral element e. Accordingly, U(r ¢ is a uninorm on L. (|

Remark 3.2. Notice that the uninorm Uz o) : L x L. — L in Theorem [3.1] can be also
defined such that

T (a,b) if (a,b) € [OL,€]?,
1L if (a,b) €le,11)?,
a if (a,b) € [(()]L7 e[[x I EJ [OL{, e}[ x [e, 1p]
_ U (T Ule,11)) x {e},
Utr.an (a,b) = . if (a,b) €I, x [oL,eI[Lu [e, 1] % [OL, €]

U{e} x (le Ule, 1L]),

aVb if (a,b) € I, x L,

cd(a)vel () if (a,b) €l x]e, 1] U]e, 1] x L.

Remark 3.3. From Remark the structure of the uninorm Uip ) : L x L — L is
illustrated in Figure

If we take in Theorem the t-norm 7 : [0y, €]®> — [OL, €] stated by T = T", we
define the corresponding uninorm as the following structure:

Corollary 3.4. Let e € L\{O, 1p}. The function Uy : L x L — L, given by the
formula , is a uninorm on L with a neutral element e for every closure operator
cd:L—->Liff f>ganddV fel.U{lp} foralld, f €1, and g € [0, €].

1y, if (aa b) € ]6, IL]2 )
cd(a)vel(b) if (a,b) €le, 1] x I, UL, x ]e, 1],
_ ) avd if (a,b) € I x L,
Ueny (a,b) = a if (a,b) € (HGXU e, 1]) x {e}, @
b if (a,b) € {e} x (I Ule, 1)),

alb otherwise.
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blle a cl(a) v cl(b) avh
1o
a 1L cl(a) V cl(b)
€
T(a, b) b b
OL e 1L alle

Fig. 1. Uninorm U o) : L X L — L in Theorem

If we allow in Theorem to be an atom of the element e € L\{0r, 1.}, we define
the corresponding uninorm as the following structure:

Corollary 3.5. Let e € L\{Op, 1L} be an atom. The function U ¢ : L x L. — L, given
by the formula , is a uninorm on LL with a neutral element e for every closure operator
d:L—oLiffdv fel.u{ly} for all d, f € L.

1y

cl(a) Vel (b)
aVb

a

b

OL

U(e,cl) (a7 b) =

Remark 3.6. Let e € L\{0g, 1.}, S

: le,1.]* = [e, 1] be a t-conorm and ¢/ :

i
i

f
f
if
f
f

)

(
(a,
(
(

S
SRR

i

S

(a,b
otherwise.

L - L

be a closure operator. We introduce in Theorem a new construction approach for
uninorms on bounded lattices. To be more precise,

(1) If (av b) € ]6, ]-]L]Q

for U(a,b) the value of S(aVe,bVe). On the other hand, when (a,b) €

Ule, 1] x T UL, x Je, 1] UT2, the method in [9, Theorem 8] puts

]6,1]1‘}2

(resp. (a,b) € I2) our construction puts for Uir ) (a, b) the value of 1r, (resp. aVb).

Moreover, in our construction Ur ) (a,b) = cl (a) V ¢l (b) for (a,b)

S ](:’, 1]L] x I, U

I. x Je,11] . However, both constructions coincide in the remaining domains;

If (a,b)

€ Je,1.]> UT2, the method in [I4, Theorem 3.1] puts for U(a,b) the value
of ¢l (a) Vel (b). On the other hand, when (a,b) €
construction puts for Up,)(a,b) the value of 1p, (resp.

le,1L]* (resp. (a,b) € I2) our
a V b). However, both

constructions coincide in the remaining domains;
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(iii) If (a,b) € Je,1L]* (resp. (a,b) € Je,11] x I, U I, X Je,1.]), the method in [14
Theorem 3.4] puts for U(a,b) the value of S (a,b) (resp. a V b). Furthermore, in
[14, Theorem 3.4] U(a,b) = cl (a) V cl (b) for (a,b) € I2. On the other hand, when
(a,b) € le,1.]? (resp. (a,b) € Je, 1] x I, U, x ]e, 1]) our construction puts for
Ucr,ery (@, b) the value of 1p, (resp. cl(a) V cl (b)). Moreover, in our construction
Ur,en(a, b) = a Vb for (a,b) € I2. However, both constructions coincide in the
remaining domains;

(iv) If (a,b) € I2 (resp. (a,b) € Je,11])* Ule, 11] x I, UL x Je, 1.]), the method in [53)
Proposition 3.5] puts for U(a,b) the value of ¢l (a) V ¢l (b) (resp. 1p). On the other
hand, when (a, b) € I? (resp. (a,b) € Je, 1] x I, U, x ]e, 11]) our construction puts
for U(r e1y(a, b) the value of aVb (resp. cl (a)Vcl (b)). Moreover, in our construction
Ucr,ery(a,b) = 1, for (a,b) € Je, 1]L]Q. However, both constructions coincide in the
remaining domains.

Remark 3.7. Let e € L\{Og, 11}. If we define the closure operator ¢l : . — L such
that cl(x) = x for all « € L, then the following statements hold:

(i) the uninorm Uz ¢ in Theorem coincides with the uninorm in [I4], Theorem
3.1], where e is a coatom;

(ii) the uninorm Uy in Theorem coincides with the uninorm in [I4], Theorem
3.4], where the t-conorm S : [e, 1.]Z — [e, 1] is S = SW;

(iii) the uninorm Up ;) in Theorem coincides with the uninorm in [53, Proposition
3.5], where by || by for all by € [e, 1L[, ba € L;

(iv) the uninorm Uz ;) in Theorem coincides with the uninorm in [53, Proposition
3.6], where by || b for all by € [e, 1], by € L., and the t-conorm S : [e, 11.]2 — [e, 1]
is § =SV,

It should be pointed out that the uninorm constructed by the method in Theorem
3.1 does not have to coincide with those introduced in [9, Theorem 8], [I4, Theorems 3.1
and 3.4], and [53] Propositions 3.5 and 3.6]. In the following examples, we demonstrate
this observation.

Example 3.8. Consider the lattice Ly = {0y, ,u,v,y, z,7, e, 1, } characterized by Hasse
diagram in Figure

Define the closure operator ¢/ : Ly — L; such that cl(z) = = for all z € Ly. By
using the construction approach in Theorem the uninorm U} (Tel) Ly xLy =Ly is
given as in Table I Clearly, U(T oy (mr) = 1]L1, U(T a) (ryu) =7 and UTcl) (y,2) = z.
On the other hand, the uninorms U' and U? constructed by [14, Theorem 3.1] and [53]
Proposition 3.5], respectively, satisfy that U (r,r) = r and U? (r,u) = 1y,. Moreover,
the uninorm U? in [9, Theorem 8] satisfies that U?® (y,2) = 1r,. Hence, U(lT’Cl) differs
from the uninorms U, U? and U? on L;.
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\r
N
e

Fig. 2. The lattice L.

y/z
\u

/NN

1y,
v
O,

U(1T7cl) O, e U v Y z r 1,
O, [ O [Op, | O, | Ory | O, | Opy | O, | O,
e O, e U v Y z 1p,

U O, | u U v Y z 1,

v O, | v v v z z r | 1p,

y O |y |y |z |y | 2z |l |l

z O, z z Z z z | 1, | 1o,

r OIL1 T T r IIL1 1]141 1L1 1L1
I, [ Oy (1o (1o, | 1o, | 1o, [ 1o, | 1o, | 1o,

Tab. 1. Uninorm U(lT,cl) on Lj.

Example 3.9. Consider the lattice Ly = {0,,s,m,n,e, 11, } characterized by Hasse
diagram in Figure

Define the closure operator ¢l : Ly — Ly such that ¢l(Op,) = cl(s) = s, cl(n) =
cl(m) = m and cl(e) = cl(1y,) = 1L,. By virtue of the construction approach in Theorem
the uninorm U(2T’Cl) : Lo x Lo — Lo is given as in Tablewhen considering the t-norm
T" : [OL,,e]® = [OL,,€]. Clearly, U(2T7cl) (n,n) = n. On the other hand, the uninorms U*
and U® constructed by [14, Theorem 3.4] and [53, Proposition 3.6], respectively, satisfy
that U* (n,n) = U® (n,n) = m. Hence, U(QT’Cl) differs from the uninorms U* and U® on
Lo.

Remark 3.10. Notice that the uninorm Uz oy in Theorem @ coincides with the t-
conorm S" on [e, 1L]2. However, U(r ;) does not have to coincide with another t-conorm

except SV on [e, lm}z. To demonstrate this observation, considering the lattice IL; in
Figure we define the closure operator ¢l : L1 — L such that ¢l(x) = 1y, for all z € L;.
Assume that the uninorm Uy o) | [e, 1p,]° is the t-conorm SV : [e,1,]° — [e,11,]. By
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Fig. 3. The lattice Lo.

U(QT’ oy | O | 8 n | m e | 1,
O, O, | Oy, | Ony | Ony, | On, | Or,
s OL, s s s s s

n O, s n m n | 1p,

m O, s m | m | m | 1,

e Op, s n m e | 1,

1]L2 O]L2 S 1]L2 1]1-42 1]L2 1]L2

Tab. 2. Uninorm U(QT,CZ) on Lo.

applying the construction approach in Theorem |3.1] we obtain
Uirery (u,r) = cl(u) Vel (r) =1, >r= SY(r,r) = Utr,ery (1,7)

for u € I, and r > e with u < r. It contradicts the increasingness property of U(T’C%.
Therefore, U(r, ;) does not have to coincide with any t-conorm except the t-conorm S

2
on [e, 1r,]

We suggest in Theorem a dual construction method for uninorms on bounded
lattices. Namely, based on a t-conorm S on [e, 11]? and an interior operator int on L,
we define the family of uninorm Ujg ;,¢) on L with a neutral element e.

Theorem 3.11. Let e € L\{Op,11} and S : [e,11]* — [e, 1] be a t-conorm. The
function U(g in) : L XL — L, given by the formula @[), is a uninorm on L with a neutral
element e for every interior operator int : L — L iff f < h and d A f € I, U {0} for all
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d,f €le, h€le,1].

S (a,b) if (a,b) € [e, 1%,
0L if (a,b) € [0, e[*,
int (a) ANint (b) if (a,b) € I, x [Op,e[ U [OL, e[ x L,
Uts,int) (a,0) = ¢ aAb if (a,b) € 1. x L, (9)

a if (a,b) € (I U[Ow,€]) x {e},
b if (a,b) € {e} x (I, U [0, €]),
aVb otherwise.

Proof. It is similar to that of Theorem 3.1l O

Remark 3.12. Notice that the uninorm U(g ;,) : L x L — L in Theorem can be
also defined such that

S (a,b) if (a,b) € [e, 11]%,
0L if (a,b) € [0L,e[*,
u if (a,b) €le, 1] x I, Ule, 1p] x [0, €]

U (I, U [0, e]) x {e},
b if (a,b) €1, x e, 11,] U [0, €] x ]e, 11]
U{e} x (I U [0, €]),
anb if (a,b) € I x L,
int (a) Nint (b) if (a,b) € I x [OL, e[ U [0, e x L.

Us,int) (a,b) =

Remark 3.13. From Remark the structure of the uninorm Ug i) : L X L — L
is illustrated in Figure

If we take in Theorem the t-conorm S : [e,11]% — [e, 11] given by S = SV, we
define the corresponding uninorm as the following structure:

Corollary 3.14. Let e € L\{0Or, 1p.}. The function Uy : L x L. — L, given by the
formula , is a uninorm on L with a neutral element e for every interior operator
int:L—-Liff f<handdA fel.u{0L} foralld, fel, hele1].

0L if (a,b) € [0L, €[,
int (a) Aint (b) if (a,b) € I, x [Op, e[ U [OL, e[ X L,
' _ ) aAb if (a,b) € I, x L,
Utins) (a,0) = a if (a,b) € T U[OL,€]) x {e}, (10)
b if (a,b) € {e} x (I, U[Op,€]),
aVb otherwise.

If we allow in Theorem to be a coatom of the element e € L\{0y, 1.}, we define
the corresponding uninorm as the following structure:
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blle |int(a) A int(b) a anb
1
b S(a,b) b
€
oL a int(a) A int(b)
OL e 1L alle

Fig. 4. Uninorm U(s in¢) : L X L = L in Theorem

Corollary 3.15. Let e € L\{Or, 1L} be a coatom. The function U jns) : L x L — L,
given by the formula , is a uninorm on L with a neutral element e for every interior
operator int : L - Liff dA f € I, U {0} for all d, f € L.

0L if (a,b) € [0L, e[,
int (a) Aint (b) if (a,b) € I x [OL,e[U [OL, e[ x L,
' ) aAb if (a,b) € I x L,
Viewnn (D)= it b€ (U0, x ), an
b if (a,b) € {e} x (I, U[Op,€]),
1L otherw1se.

Remark 3.16. Let e € L\{Oz, 11}, T : [0r,¢]® — [0, €] be a t-norm and int : L — L
be an interior operator. We suggest in Theorem [3.11] a new construction approach for
uninorms on bounded lattices. To be more precise,

(i) If (a,b) € [OL, e[2U [0, e[ x T UL, x [0, e[ UT2, the method in [9, Theorem 11] puts
for U(a,b) the value of T (a Ae,bAe). On the other hand, when (a,b) € [0, ¢[*
(resp. (a,b) € I2) our construction puts for U(s,int)(a, ) the value of O, (resp.
a A b). Moreover, in our construction Ug ins)(a,b) = int (a) A int (b) for (a,b) €
[OL, e[ x I, UL x [Op,e]. However, both constructions coincide in the remaining
domains;

(i) If (a,b) € [0p, e[> UI2, the method in [I4, Theorem 3.10] puts for U(a, b) the value
of int (a) A int (b). On the other hand, when (a,b) € [0, e[* (resp. (a,b) € I2)
our construction puts for Ug int)(a,b) the value of Op, (resp. a Ab). However, both
constructions coincide in the remaining domains;
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(iii) If (a,b) € [0, e[> (resp. (a,b) € [Op,e[ x I, UT, x [Op,e[), the method in [14]
Theorem 3.12] puts for Ul(a,b) the value of T (a,b) (resp. a Ab). Furthermore, in
[14, Theorem 3.12] U(a,b) = int (a) A int (b) for (a,b) € I2. On the other hand,
when (a,b) € [0, e[* (resp. (a,b) € [0, e[xI.UI. X [0, e[) our construction puts for
U(s,int)(a, b) the value of O (resp. int (a) Aint (b)). Moreover, in our construction
Us,int)(a,b) = a A'b for (a,b) € 2. However, both constructions coincide in the
remaining domains;

(iv) If (a,b) € I2 (resp. (a,b) € [Op,e[> U [OL, e x I, UL, x [0L, €[), the method in [53,
Corollary 4.2] puts for U(a, b) the value of int (a) Aint (b) (resp. Op). On the other
hand, when (a,b) € 12 (vesp. (a,b) € [Op,e[ x I, UT, x [Op,e[) our construction
puts for U ins (a,b) the value of a A b (resp. int (a) A int (b)). Moreover, in our

construction Ug in)(a,b) = Op for (a,b) € [0, e[ . However, both constructions
coincide in the remaining domains.

Remark 3.17. Let e € L\{OL, 1.}. If we define the interior operator int : L — L such
that int(z) = z for all z € L, then the following statements hold:

(i) the uninorm Ug, ;) in Theorem coincides with the uninorm in [I4, Theorem
3.10], where e is an atom;

(ii) the uninorm Ug,ns) in Theorem coincides with the uninorm in [I4, Theorem
3.12], where the t-norm 7T : [0y, e[Z — [Op,e] is T =T";

(iii) the uninorm U(gn¢) in Theorem coincides with the uninorm in [53 Corollary
4.2], where ¢; || ¢o for all ¢; €]0r, €], c2 € Iy;

(iv) the uninorm Ug,;y,+) in Theorem coincides with the uninorm in [53] Corollary
4.4], where ¢y || ¢ for all ¢; €10, €], ca € L. and the t-norm T : [0, e]?> — [Or, €]
isT=TW

Similarly to Examples and we can show that the uninorm obtained via the

approach in Theorem does not have to coincide with the ones introduced by [9]
Theorem 11], [I4] Theorems 3.10 and 3.12], and [53], Corollaries 4.2 and 4.4].

Remark 3.18. Let e € L\{Op, 1.}, ¢l : L — L be a closure operator, and int : L — L
be an interior operator. The uninorms obtained by the methods in Theorems and
do not have to coincide with those introduced by [43, Theorems 4.1 and 5.1]. That
is to say

(i) the uninorm Uz, ¢y in Theoremsatisﬁes that Ui,y (O, 1) = Op and Ugq oy (1L, ) =
1y for any x € I;

(ii) the uninorm Ug ;ns in Theorem satisfies that Ug ins) (OL,1L) = 1o and
Us,int) (OL, 2) = O, for any x € I,;
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(iii) the uninorm U in [43] Theorem 4.1] satisfies that U (0p,1p) = 1p and U (O, x) = =
for any x € I;

(iv) the uninorm U in [43] Theorem 5.1] satisfies that U (Op, 11.) = Op and U (11, z) = =
for any z € L.

Remark 3.19. Notice that the uninorm U(g s in Theorem coincides with the
t-norm T% on [0y, 6]2. However, Ug int) does not have to coincide with another t-norm

except TW on [0, 6]2. To illustrate this fact, take the lattice Ly = {O,, &, s,n, e, 1p,}
depicted by Hasse diagram in Figure [l We define the interior operator int : Ly — L3
such that int(0p,) = Op,, int(e) = int(s) = int(k) = k, int(n) = n and int(1ly,) = 1.
Assume that the uninorm Ug, ;ns) | [OL,,€]? is the t-norm 7" : [0r,,¢]> — [OL,, €] given
as in Table Bl

n/1L3\6
N
|
k

Fig. 5. The lattice Ls.

T’ 0]L3 k S

0z, | O, | O, | O, | Or,
k O, | Oy | O, k
S 0]L3 O]L3 S
e | O, | K s

Tab. 3. T-norm 7" on [0r, €]*.

By applying the construction approach in Theorem [3.11] we obtain
Us,int) (U(S,mt) (s,s) ,n) = Us,int) (T' (s,5),n) = Us,int) (8,n) = int(s) Nint(n) = k,
and

U(S',int) (Sa U(Sﬂ'nt) (Sa n)) = U(S,int) (37 znt(s) A Znt(n)) = U(S,int) (S, k) =T (Sa k) = OILga
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which contradicts the associativity property of U(g int). Therefore, Ug, ins) does not have
to coincide with any t-norm except the t-norm 7% on [0g,, ¢]°.

4. CONCLUSION

This paper characterized two new families of uninorms on bounded lattices by virtue of
the closure and interior operators. We introduced two novel methods to obtain uninorms
on a bounded lattice L with a neutral element e € L\{Op, 1.}, where some necessary
and sufficient conditions are required. It should be noted that our methods are derived
from a t-norm on [0p,€]® and a closure operator on L, or a t-conorm on [e,1;]* and
an interior operator on L. Subsequently, some specific examples were included to help
comprehend the newly added classes of uninorms. Furthermore, we investigate how our
approaches compare with some methods outlined in [9, 14} [53]. We also demonstrate
that our construction approaches do not have to coincide with the known ones.
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