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Abstract. We investigate the uniqueness problem of entire functions that share two
polynomials with their kth derivatives and obtain some results which improve and generalize
the recent result due to Lii and Yi (2011). Also, we exhibit some examples to show that
the conditions of our results are the best possible.
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1. INTRODUCTION, DEFINITIONS AND MAIN RESULTS

Let .#(C) be the family of non-constant functions which are meromorphic in C,
whereas &(C) denotes the family of non-constant entire functions. On the other
hand, we denote by .#7(C) and &7 (C) the families of transcendental meromorphic
and entire functions, respectively. In the paper for f € .#(C) we shall use the
standard notations of Nevanlinna’s value distribution theory such as T'(r, f), m(r, f),
N(r, f), N(r,f), S(r, f), ... (see, e.g., [2], [11]). Throughout the paper we denote
by o(f) the order of f € .#(C). Let f € .#(C). A meromorphic function a is said
to be a small function of f if T'(r,a) = S(r, f).

Let k € N and a € C. We use N (r,1/(f —a)) to denote the counting function of
0-points of f—a with multiplicity greater than or equal to k, whereas N(k(r, 1/(f—a))
is its reduced counting function.

Let f,g € #(C) and @ be a polynomial or a finite complex number. If g—Q =0
whenever f — @Q = 0, we write f = Q@ = g = Q. If f = Q = g = @Q and
g=Q = f =@, we then write f = Q & g = @ and we say that f and g share
Q IM. If f — @ and g — @ have the same zeros with the same multiplicities, we write
f=Q = g=Q and we say that f and g share Q CM.
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Let f € &(C). We know that f can be expressed by the power series f(z) =

a,z". We denote

3
507

u(r, f) = m§§{|anzn|} and  v(r, f) = sup{n: |an|[r" = pu(r, f)}.
|z|=r

Clearly, for a polynomial P(2) = a,2" + an_12""1 + ...+ ag, an, # 0 we have
wu(r, P) =lay|r™ and v(r,P)=n

for all r sufficiently large. In the general case, |a,|r™ < p(r, f) for all n > 0 and
lan|r™ < p(r, ) for all n > v(r, f).

Here it is enough to recall that (see [10]):

(1) p(r, f) is strictly increasing for all r sufficiently large, continuous and tends
to oo as r — 00;

(2) v(r, f) is increasing, piecewise constant, right-continuous and also tends to oo
as r — oo;

(3) v(r, F) = O(logr) if o(f) < oo.

Rubel and Yang (see [9]) considered the uniqueness of an entire function when
it shares two values CM with its first derivative. In 1977, the authors proved the
following well-known theorem.

Theorem A ([9]). Let a,b € C such that b # a and let f € &C). If f =a =
fl=aand f=b=f' =b, then f = [

Mues and Steinmetz (see [8]) have generalized Theorem A in view of relaxing the
sharing values from CM to IM and obtained the following result.

Theorem B ([8]). Let a,b € C such that b # a and let f € &(C). If f = a &
fl=aand f=b< f' =b, then f = f'.

Since then, shared value problems, especially the case of f and f’ sharing two
values, have undergone various extensions and improvements (see [11]).

In 2006, Li and Yi in [5] improved Theorem A with the idea of “partially” sharing
values. In the following, we recall their result.

Theorem C ([5]). Let a,b € C such that b # a,0 and let f € &(C). If f =a =
f'=aand f =b<= f' =b, then one of the following cases must occur:

1 f=r,
(2) f(z) =cexp((b/(b—a))z)+ a, where c € C\ {0}.
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Since b # a, one may assume that b # 0 in Theorem A. So Theorem C improves
Theorem A with the idea of “partially” sharing values.

In 2009, Lii et al. (see [6]) generalized Theorem C with the idea of sharing poly-
nomials. They proved the following result.

Theorem D ([6]). Let Q1 and Q2 (# 0) be two distinct polynomials and let
fe€&r(C) If f=0Q1= f =Q1 and f = Q2 = f' = Qo, then one of the following
cases must occur:

1 f=r,
(2) f(2) = Qi(2) + Aexp(Az) and (A — 1)Q2 = AQ1 — Q}, where A, X\ € C\ {0}
such that \ # 1.

In 2011, Lii and Yi in [7] asked the following question.

Question A. What will happen if the first derivative f’ in Theorem D is
replaced by the general derivative f(*)?

By considering the above question, Lii and Yi obtained the following result, which
is an improvement of Theorem D.

Theorem E ([7]). Let Q1 and Q2 (# 0) be two distinct polynomials, k € N and
let f € & (C). If

(i) all the zeros of f — ()1 have multiplicity at least k,
(i) f=Q1=f® =Qand f =Q2 = fP) =Q,

then one of the following cases must occur:

(1) 1=,
(2) f(z) =Q1(2)+ Aexp(Az) and (p—1)Q2 = Q1 — ng), where A, A\, u € C\ {0}
such that \F = j # 1.

Remark 1.1. If a is a Picard exceptional value of f, then one can easily con-
clude that the zeros of f — a have multiplicity oco. Therefore, Theorem E holds even
when f — @1 has no zeros. But it is to be noted that if f — @)1 has a zero at 2z,
say, then the multiplicity of zp must be at least k. On the other hand, if we add the
condition that f — ()1 has at least one zero in Theorem E, then conclusion (2) does

not occur.
We now explain the notion of weighted sharing of values as introduced in [3].

Definition 1.1 ([3]). Let ¥ € NU {0} U{oo}. For a € CU {oco} we denote by
Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted m
times if m < k and k+ 1 times if m > k. If Ex(a; f) = Ex(a; g), we say that f and g
share a with weight k.
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We write f and g share (a, k) to mean that f and g share a with weight k. Also
we note that f and g share a IM or CM if and only if f and g share (a,0) or (a, o),
respectively.

After considering Theorem E, one may ask whether the conclusion of Theorem E
remains valid if the hypothesis “f = Qy = f*) = Q5" is replaced by “f — Q2 and
f*) —Q, share (0,1)”? In the paper, we give an affirmative answer to this question
by proving the following result.

Theorem 1.1. Let Q; and Q3 (# 0) be two distinct polynomials, k € N and let

f € &r(C). Suppose

(i) all the zeros of f — Q1 have multiplicity at least k,

(i) f=Q1= f® =Q, and f — Qs and f*) — Q, share (0,1).
Now one of the following cases must occur:

(1) f= o,

(2) if deg(Q1) < deg(Q2), then f(z) = Q1(z) + P(z) exp(Az), where P is a nonzero

polynomial, A\ € C\ {0} such that \* =1 and

QY = Q1 _ -~ (k) i PO
D Ql1 Q2 ;(Z)/\k P
(3) if deg(Q1) = deg(Q2) and Zlgrolle(z)/Qg(z) # 1, then f(z) = Qi(z) +
P(z)exp(Az), where P is a nonzero polynomial, A € C \ {0} such that
N = lim (Q1Y(2) = Q2(2))/(@Q1(2) — Qa(2)) and
(k)

k kzP()
7(021 =\ +Z<)>\ ,

(4) if deg(Q1) = deg(Q2) and lim Qi(2)/@a(2) = 1, then | = Qi + Pexp(Q),
where P is a nonzero polynomial and () is a non-constant polynomial such that
kdeg(Q') = deg(Q}" — Q2) — deg(Q1 — Q2) and

QY - Q2 _ (Pexp(@)™)
Q1 — Q2 Pexp(Q)

(1.2)

(1.3)

We now make the following observations on the conclusions of Theorem 1.1:

(1) If deg(Q1) > deg(Q2), then we deduce immediately from Theorem 1.1 that
f = f®). It is to be noted that deg(Q;) = —oco if Q1 = 0.

(2) If @1 = 0, then since Q2 # 0, we must have deg(@Q1) < deg(Q2). Thereby
from (1.1) we observe that P is a nonzero constant. In this case, we must have
f(2) = cexp(\z), where ¢ € C\ {0} and \* = 1, which implies that f = f*).
Consequently, from Theorem 1.1 we solely have f = f(*),
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(3) If we assume that f — @7 has no zeros and deg(Q1) < deg(Q2), then P is a
nonzero constant and so from (1.1) we deduce that @1 = 0. In this case, we also
have f(z) = cexp(\z), where ¢ € C\ {0} and \* = 1 and so f = f*). Consequently,
from Theorem 1.1 we solely have f = f(¥).

(4) If we assume that f — @1 has no zeros, deg(Q1) = deg(Q2) and ZILIEO Q1(2)/
Q2(z) # 1, then P is a nonzero constant and so from (1.2) we deduce that
A =1)Q2 = N Q1 — (lk), where \* # 1. Therefore, we have f(z) = Q1(2)+cexp(Az)
and (A\F —1)Q2 = \FQ1 — ng), where ¢, A € C \ {0} such that \* # 1.

(5) If we assume that f — Q1 has no zeros, deg(Q1) = deg(Q2) and zan;O Q1(z)/
Q2(2) = 1, then P is a nonzero constant and so from (1.3) we deduce that
(@1 = @2)/(Q1 = Qo) = (exp(@)™M/ ex(Q).

(6) If Q1. Q2 € C\ {0}, then (Q1) — Q2)/(Q1 — Q2) € C\ {0} and lim Q1(2)/
Q2(2) # 1. Now from (1.2) we conclude that \* = ( gk) —Q2)/(Q1— Q2) and P is
a nonzero constant. Therefore we have f(z) = Q1(2) + cexp(\z) and (\¥ —1)Q2 =
NQ1, where ¢, A € C\ {0} such that \* # 1.

(7) If Q2 € C\ {0}, then from Theorem 1.1 one can easily deduce that @Q; € C.

(8) If f — @1 has infinitely many zeros, then from Theorem 1.1 we solely have
f=r®.

Remark 1.2. The following example shows that conclusion (2) in Theorem 1.1
cannot be deleted.

Example 1.1. Let f(z) = 1— (1/e —1)(z + 1) + zexp(2), k = 1, Q1(z) =
1—-(1/e—=1)(z+1) and Q2(2) =1 — (1/e — 1)(z + 1) — (1/e — 1)2® + z. Then
deg(Q1) < deg(Q2) and f(z)—Q1(z) = zexp(z) has only one zero at z = 0. It is easy
to derive that z = 0 is also a zero of f/ — @1, which implies that f = Q1 = f' = Q1.
We also have

f(2) = Qa2(2) = z(exp(z) + (1/e — 1)z — 1),

f'(2) = Qa2(2) = (= + 1)(exp(2) + (1/e — 1)z — 1).
Clearly, f — Q2 and f’ — Q2 share 0 CM except for the zero of z(z + 1) and
(Q1 — Q2)/(Q1 — Q2) = Q', where P(z) = z and Q(2) = 2.

Remark 1.3. The following example shows that conclusion (3) in Theorem 1.1
cannot be deleted.

Example 1.2. Let f(z) = sexp(32) + 2, k = 1, Q1(2) = z and Qa(z) =
2 — z. Clearly, deg(Q1) = deg(Q2) and lim Q1(2)/Q2(z) = —1. Also we see that
zZ—00
fz)=@Q1(2) = %exp(%z) has no zero and so f = Q1 = f' = Q1. Note that

f(z) = Qa2(2) = %(exp(%z) +4z — 4) and f'(2) — Qa(z) = i(exp(%z) +4z — 4).
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Clearly, f — Q2 and f' — Q2 share 0 CM and (Q] — Q2)/(Q1 — Q2) = Q’, where
P(z) = § and Q(z) = 3z.

Remark 1.4. The following example shows that conclusion (4) in Theorem 1.1
cannot be deleted.
Example 1.3. Let f(z) = exp(3(z — 1)?) + 2%, k = 1, Q1 = 2% and Q2(z) =
22 + 2. Clearly, deg(Q1) = deg(Q2) and li_>m Q1(2)/Q2(z) = 1. Also we see that
z (o)
f(2) — Q1(z) = exp(3(z — 1)?) has no zero and so f = Q1 = f' = Q1. Note that

1)~ @al2) = exp B2

_1)2
—: and f(5) - Qals) = (= - D (exp B ),
Clearly, f—Q2 and f'—Q2 share 0 CM except for z = 1 and (Q]—Q2)/(Q1—Q2) = @',
where P(z) =1 and Q(z) = 3(z — 1)2.

Remark 1.5. The following examples show that conditions “f = @1 =
f*) = Q,” and “all the zeros of f — @, have multiplicity at least k” in Theo-
rem 1.1 are sharp.

Example 1.4. Let f(z) = 1exp(22) 4+ 22, k = 2, Q1(2) = 1 and Q2(z) = 2.
Note that f(2) — Q1(z) = Texp(2z) + 3z — 1, f"(2) — Q1(2) = exp(2z) — 1 and so
f — Q1 has only simple zeros and f = Q1 #% f” = Q1. On the other hand, we have

F(2) ~ Qafz) = 3lexp(2) —2) and f(2) ~ Qal2) = exp(22) 2

and so f—(Q2 and f”—Q4 share 0 CM, but f does not satisfy any case of Theorem 1.1.

Example 1.5. Let f(z) =z +2exp(32), k=1, Q1(2) =1 and Q2(2) =2 — 2.
Then f — ()1 has simple zeros and f’ — Q1 has no zeros and so f = Q1 % f' = Q1.
On the other hand, we have

f(z) = Qa2(z) = 2(exp(%z) +2z- 1) and f'(2) — Q1(z) = exp (%z) +z-1

and so f — Q2 and f/ — Q5 share 0 CM, f does not satisfy any case of Theorem 1.1.

Remark 1.6. The following example shows that Theorem 1.1 does not hold
when f € .#7(C).

Example 1.6. Let f(z) = z/(1 —exp(—=2)), k =1, Q1(2) = 0 and Q2(z) = 1.
Clearly, f — Q1 has no zero and so f = Q1 = f' = Q1. Note that

z—1+exp(—=2)
(1 —exp(—2))*

Clearly, f—Q2 and f'—Q2 share 0 CM, but f does not satisfy any case of Theorem 1.1.

f(z) = Q2(2) = %ij?i(z_)z) and f'(z) — Q2(z) = —exp(—2)

92



If one of the polynomials Q; and Q2 is a constant, then we immediately obtain
the following result.

Corollary 1.1. Let Q1 and Q2 (£ 0) be two distinct polynomials such that one
of them is a constant, k € N and let f € &r(C). If
(i) all the zeros of f — ()1 have multiplicity at least k,
(i) f=Q1 = f® =Q, and f — Q2 and f¥) — Q4 share (0, 1),
then one of the following cases must occur:
(1) f=®,
(2) f(z) = Q1+ Aexp()\z), where A, A € C\ {0} such that \¥ = Q2/(Q2 — Q1) and
both Q1 and ()2 are constants.

2. AUXILIARY LEMMAS
In this section, we present some lemmas which will be needed in the sequel.

Lemma 2.1 ([7], Theorem 1.3). Let f € .#(C) such that N(r, f) = O(logr).

Suppose that « = Q1 exp(Q) and f = Q2exp(Q), where @1, Q2 (Z Q1) and Q are
three polynomials. If for k € N, all the zeros of f — o have multiplicities at least k,

f=a=f® =qand f =< f*¥ =g, then o(f) < .

Lemma 2.2 ([4], Corollary 2.3.4). Let f € .#71(C) and k € N. If o(f) < oo, then

m(r, #) =O(logr) asr — oo.

Lemma 2.3 ([2], Lemma 3.5). Let F' be meromorphic in a domain D and n € N.
Then
Fn)
=
where f = F'/F, a,, = 2n(n—1)(n—2), b, = tn(n—1)(n —2)(n — 3) and P,_3(f)
is a differential polynomial with constant coefficients, which vanishes identically for
n < 3 and has degree n — 3 when n > 3.

n
e+

% P72+ anf T 4 b f" S+ Pass(f),

Lemma 2.4 ([4], Theorem 3.2). Let f € &r(C). Then there exists a set E C
(1, 00) with finite logarithmic measure; we choose z satisfying |z| = r ¢ [0,1]UE and
|f(z)| = M(r, f), such that

f(j)(z)
f(2)

— (V(Zf)>j(1 +0(1)) forjeN.
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3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. Set

LA = ™)
(f —Q)(f = Q2)’

where L(f) = (Q1 — Q3)(f — Q1) — (Q1 — Q2)(f' — Q1) = (@1 — @3)(f — Q2) —
(Q1 — Q2)(f" — @%). If possible, suppose L(f) = 0. Then we have

[-Q) _ Q1@

f=Q1  Qi1—Q2
On integration we have f— Q1 = d(Q1—Q2), where d € C, i.e., f = Q1+d(Q1—Q2).
This shows that f is a polynomial, which is impossible as f € & (C). Hence L(f) # 0.

We now divide the proof considering the following two possible cases.
Case 1. Suppose ® # 0. Then f # f(*). Now from (3.1), we have

(3.1) o =

(k)
(3:2) ¢ = o)) i Q- (Ql fL_(ng — Qe fL—(ng) (1 - fT)
/ / ! ! k
- (=2t a) (1 - %)

Therefore, applying Lemma 2.1, we deduce that o(f) < oco. Consequently, from
Lemma 2.2 and (3.2), we conclude that m(r, ®) = O(logr) as r — occ.

Next we want to prove that ® has no poles. For this let zy be a zero of f — @1
of multiplicity po. Since f = Q1 = f*) = @y, it follows that zy must be a zero of
f®) —Qy of multiplicity go. Clearly, 2 is a zero of L(f) and f — f*) of multiplicities
po — 1 and to = min{po, g0} (= 1), respectively, and so from (3.1) we have

(3.3) B(2) = O((2 — z)'oh).

This shows that ® is holomorphic at zg.

Let z; be a zero of f — Qy of multiplicity p;. Since f — Q2 and f*) — Q, share
(0,1), it follows that z; is also a zero of f(*) — Qy of multiplicity ¢;. Then in some
neighbourhood of z; we get by Taylor’s expansion

£(2) — Qa(2)
FP(z) = Qa(2)

a‘pl(’z_zl)pl +a’p1+1(z_zl)pl+1+"'a ap, #07
q1

by (2 — 20) 1 + gy 11(2 — 20)2 T ... by, #0.
Clearly,
f'(2) = Q4(2) = prap, (z — 21)P 7' + (p1 4+ Dag,41(z — 21)" + ...
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Note that

ap, (2 — 21)P* + ... if p1 < q,
f(z)—f(k)(z): —bg(z—21)0 — ... if p1 > q1,
(Gp, —bp )z —2z1)Pr + ... ifpr=aq.

Clearly, from (3.1) we get
(3.4) O(z) = O((z —21)" ),

where ¢t; > min{p;,¢1} > 1. Now from (3.4) it follows that ® is holomorphic at z;.
Consequently, ® has no poles, i.e., N(r,®) = 0 and so T'(r, ®) = m(r,®) = O(logr)
as r — oo. This means that ® is a polynomial.

If 21 is a zero of f — @ and f*) — Q, of multiplicities p; (> 2) and ¢ (> 2),
respectively, then from (3.1) and (3.4) we see that z5 is a zero of ®. Since T'(r, d) =
O(logr), it follows that

(3.5) N(r,Qa; f |> 2) = O(logr) and N(r,Qa; f*) |> 2) = O(logr) as r — occ.

Consequently, f — Qo and f*) — @, have finitely many multiple zeros. Let

f® —Q,

oa=—>=
[ = Q2

Clearly, a # 0. Since f — Q2 and f*) — Q, share (0,1) and f — Q2, f*) — Q- have

finitely many multiple zeros, we deduce that « has finitely many zeros and poles.

Therefore, by Hadamard’s factorization theorem, we can assume that o = exp(7y),

where § (£ 0) is a rational function and + is a polynomial. Hence

- Q

(3.6) = Q; = Bexp(y).

Now we want to prove that v is a constant. If not, suppose deg(y) > 1. Then
from (3.6) we have

W =Quff . LW/ Qulf

where log h is the principle branch of the logarithm. Therefore, we have

g L IR/ 1) - Qa(2)/f(2)
(3.7) [7(2)| = |log 30 =0,/ (o) :
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Since f € &p(C), it follows that M(r,f) — oo as r — oo, where M(r, f) =

|mlax [f(z)]. Again we let
zZ|=r

(3.8) M(r, f) = |f(z)], where z, = re'’ and 0 € [0,2n).

Now from (3.8) and Lemma 2.4, there exists a subset E C (1,00) with finite
logarithmic measure such that for a point z. = re' (§ € [0,2xn)) satisfying |z, =
r ¢ FE and M(r, f) = |f(2:)|, we have

FB(z) vl )Nk
(3.9) 5 7( - )(1+0(1)) as 1 — 0.

Since f € &r(C) and M (r, f) increases faster than M (r, Q2), it follows from (3.8) that

Q2(z) < lim M(r,Qa(z))
f(zr) |~ re0 M(r, f(2))

Also, we know that if o(f) < oo, then

=0.

(3.10) lim ‘

r—00

(3.11) logv(r, f) = O(log ).

Therefore, from (3.7)-(3.11) we conclude that |y(z,)| = O(logr) for |z,| = r € E,
which is impossible. Hence, v is a constant. Without loss of generality we as-
sume that

(3.12) B —Qa=B(f —Qa), ie., fF=8f+(1-75)Qo.

Since f # f*), from (3.12) we conclude that 3 # 1.

Next we want to prove that f — @1 has only finitely many zeros. Let zg be a zero
of f — Q1 such that 8(z) # 0,00. Then f(z0) = Q1(20). Since f = Q1 = f* = Qy,
it follows that f*)(z9) = Q1(20). Putting zy into (3.12), we get Q1(20) = Q2(20)-
Since @1 # @2, it follows that zg is a zero of ()1 — Q2. Therefore

N, 1/(f — Q1)) < N(r,1/(Q1 — Q2)) + N(r,1/8) + N(r, B) = O(log ),

ie., N(r,1/(f — Q1)) = O(logr) as 7 — co. This shows that f — Q; has only finitely
many zeros.

We now consider the following two possible sub-cases.

Sub-case 1.1. Suppose o(f) < 1. Then clearly, f # Q1 and o(f — Q1) < 1. Since
f — @1 is an entire function having finitely many zeros, by Hadamard’s factoriza-
tion theorem we may assume that f — )1 = P, where P is a nonzero polynomial.
Therefore, f = Q1 + P, which is a contradiction as f € &p(C).
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Sub-case 1.2. Suppose o(f) = 1. Since f — ()1 has only finitely many zeros, by
Hadamard’s factorization theorem, we can express f = Q1 + Pexp(Q), where P is a
nonzero polynomial and @) is a non-constant polynomial. Clearly, deg(Q) = o(f) > 1.
Now differentiating k-times, we get

1% = Q1 + (P@)* + P) exp(Q),
where P is a polynomial such that deg(Py) < deg(P(Q’)*). Putting them into (3.12),

we get

(P(Q)* + P1 — BP)exp(Q) = BQ1 — Q) + (1 - $)Q2,
which implies that

(3.13) P(Q"* + P = BP,
(3.14) Q" = 8Q1 + (1 - Q2.
We now consider the following three possible sub-cases.

Sub-case 1.2.1. Suppose deg(Q1) > deg(Q2). Then clearly, deg(Q1 — Q2) >
deg(Q; (k) — @2). Now from (3.13) and (3.14) we deduce that

QY —Q: _ (Pexp(@)™
Q1 — Q2 Pexp(Q)

Let FF = (Pexp(Q))'/(Pexp(Q)). Then F = Q' + P’'/P and so by Lemma 2.3, we
have

(3.15)

/

Pep@) (g DY (@4 D),

Pexp(Q)
where P;_1(Q' + P’/P) is a differential polynomial with constant coeflicients of
degree at most k — 1 in Q' + P'/P.

Now from (3.15) and (3.16) we obtain

c;) 5222 = (Q’ + %’)k + PH(Q’ + %’).

Letting |z| — oo, from (3.17) we see that kdeg(Q’) =0, i.e., @ € C. We claim that
Q' = 0. If not, suppose that Q' = c € C\ {0}. Note that

(3.16)

(3.17)

(Pexp(Q k ’LP()
(3.18) 7]3 op(0 b+ Z
and so from (3.15) we have
k .
AV -0 _ (k) o PO
3.19 =c"+ e .
(3.19) Q1 — Q2 ; i P
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Letting |z| — oo, we arrive at a contradiction from (3.19). Hence Q' = 0 and
so Q € C. Thus, it follows from f = Q1 + Pexp(Q) that f is a polynomial, a
contradiction.

Sub-case 1.2.2. Suppose deg(Q1) < deg(Q2). Then clearly deg(@Q1 — Q2) =
deg( (lk) — @)2) and so from (3.17) we have

(k) -Q J2N p
1 / 4
(3.20) 1+ =—0—7> Q1 05 (Q+P) + P 1(Q+P)
Note that deg(Q; (k) — Q1) < deg(Q1 — Q2). Letting |z| — oo, from (3.20) we see that
kdeg(Q') = 0, i.e., @ € C. Since f € &r(C), it follows that Q' € C\ {0}. Again
from (3.16) and (3.19), we have

(k) k (i)
- , kN i P
(321) A D [

This shows that (Q’)* =1 and

k

(k) (1)
Ql _ k / IcfiP
Ql Q2 Z (Z) @) P’

i=1

which implies that deg(P) > 1if Q1 # 0. Let Q' = ). Clearly, \* = 1. In this case,
we have f(z) = Q1(2) + P(z) exp(\z), where P is a nonzero polynomial, A € C\ {0}

such that \¥ =1 and
AV -q i <k> i PO
Q1 - Qo i P

i=1

Sub-case 1.2.3. Suppose deg(Q1) = deg(Q2). In this sub-case, we consider two
possibilities: (1) 1im (Ql( )/Q2(2)) # 1 and (2) Zli}l{.lo(Ql(Z)/QQ(Z)) =1
Flrst we assume that 1i>m (Q1(2)/Q2(2)) # 1. Then clearly, deg(Q1 — Q2) =
deg( —Q2). Let -
(k)
- Qp (2) — Q2(2)
A e
Then from (3.17) we have
™ — Q1+ (1= 1)Qo '

(322) AL ~(@'+ %)k + Poa (@ + %),

where deg(Q" — 1Q1 + (1 — 1)Q2) < deg(Q1 — Qo).
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Now letting |z| — oo, from (3.22) we conclude that (Q")* = u. Let Q' = \. Clearly,
A¢ = 1. In this case, we have f(z) = Q1(2) + P(z)exp(\z), where P is a nonzero
polynomial, A € C\ {0} such that \* = lim (@ (2) = Q2(2))/(Q1(2) — Qa(2)) and

Z—r 00

(k)

-Q L
Q1 2/\k+2()>\’“

Next we assume that lim @Q1(2)/Q2(z) = 1. Then clearly, deg(Q1 — Q2) <
Z—00

deg(Q; (k) — @2). Now letting |z| — oo, from (3.17) we conclude that kdeg(Q’) =
deg(Q; (k) — Q2) — deg(Q1 — Q2) and so deg(Q) > 2. In this case, we have f =
Q1+ Pexp(Q), where P is a nonzero polynomial and () is a non-constant polyno-
mial such that k deg(Q’) = deg(Q; (k) —Q2) — deg(@Q1 — Q2) and

P

QY —Q: _ (Pexp(@)™
Q1 — Q2 Pexp(Q) '

which is immediately obtained from (3.13) and (3.14).
Case 2. Suppose ® = 0. Since L(f) # 0, it follows that f = f().
This completes the proof. O

Proof of Corollary 1.1. 'We prove Corollary 1.1 with the line of proof of Theo-
rem 1.1 with some necessary modifications. Here we use the same auxiliary function ®
given by (3.1). Note that if ® = 0, then since L(f) # 0, we have f = f*). Next we
suppose that ® # 0 and so f # f(*).

Now we divide the proof considering the following two possible cases.

Case 1. Suppose @)1 € C. Then by the given condition, we must have Q3 € C\ {0}
and so deg(Q;) > deg(Q2). Then by Theorem 1.1, we have f = f*), which is a
contradiction.

Case 2. Suppose )1 € C. Then one of the conclusions of Theorem 1.1 must hold
except conclusion (1).

We now consider the following two sub-cases.

Sub-case 2.1. Suppose Q2 ¢ C. Clearly, deg(Q1) < deg(Q2) and so conclusion (2)
of Theorem 1.1 must hold. Therefore, we have f(z) = Q1(z)+ P(z) exp(Az), where P
is a nonzero polynomial, A € C\ {0} such that \*¥ = 1 and

(k) k (4)
Q1 —Q1 _ -y E\ ki P
(3.23) Ql Q= <Z>>\ P

First we suppose that @; = 0. Then from (3.23) we deduce that P is a nonzero
constant. Consequently, we have f(z) = Aexp(A\z), where A € C\ {0} and \* = 1,
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which implies that f = f*), a contradiction. Next we suppose that Q; € C\ {0}.
Therefore, from (3.23) we have

Ql o i k kiiP(i)
Qz—le<i>>\ P

i=1

ie.,

k
Py (k) R
3.24 A 7 S "\ M= pli),
( ) Q2 — @1 ; g
which implies that deg(Q2) = 1 and deg(P) > 1.

We now want to prove that P has only one zero. If possible, suppose that P has at

least two zeros. For the sake of simplicity we assume that P(z) = a(z—2z1)™ (2 —22)",
where a € C\ {0}.

Since f(z) = Q1+ P(z)exp(Az) and all the zeros of f — Q1 have multiplicity at
least k, it follows that m > k and n > k. Also from (3.24), without loss of generality
we may assume that Q1/(Q2(2) — Q1) = (¢ — z1)/b, where b € C\ {0}. Note that

PO (2) = a(z = 21)" (2 = 22)" i(2),

where ¢; is a polynomial such that deg(¢;) = ¢ and ¢;(z;) #0fori =1,2,...,k and
j=1,2. Now from (3.24) we see that

(3.25) b(z—21)" (2 — 22)" Z ( ))\k z—21)" (2 — 22)" il2).

Cancelling the term (z — 22)" % from both sides of (3.25), we get

b(z — 21)" "z — 20)* XZ: ( ))\’“ 2= 21)" 2 — 22) " 0i(2),

which again implies that ¢ (22) = 0, a contradiction. Therefore, P just has one zero,
say z1 and we may assume that P(z) = a(z — z1)"™, where m > k. Again from (3.24)
we see that

(3.26) b(z — 21)™ ﬁ: ( )Ak Uz — 21)™ by (2),

=1

where 1); is a polynomial such that deg(v;) = ¢ and ¥;(z1) #0 for i = 1,2,..., k.
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If & > 2, then by simple calculation, one can easily arrive at a contradiction
from (3.26). Hence, the only possibility is that & = 1. Therefore, P(z) = a(z — z1)™,
where m > 1.

Consequently, from (3.24) we have Q1/(Q2 — Q1) = P'/P = m/(z — z1),
ie, Qa(z) = Qi(z — z1)/m + Q1. On the other hand, we have f(z) = Q1 +
a(z — z1)™exp(z). Also, since k = 1, by the given condition, we have f = Q; =
' = Q1. Note that f'(2) = a(z — 21)™ (2 — 21 + m) exp(2).

Since f(z1) = Q1, it follows that f/(z1) = Q1. Therefore, we conclude that m = 1
and aexp(z1) = Q1. Also we see that

f(2)=Q2(2) = (z—21)(aexp(2) —Q1) and f'(2) —Q2(2) = (2—21+1)(aexp(Az) —Q1).
Since f — Q2 and f/ — Q2 share (0,1), it follows that z = z; — 1 must be a zero of
f(z) = Q2(z) and so
aexp(z1 — 1) = Qu,
i.e., aexp(z1)exp(—1) = @1, ie, Qrexp(—1) = Qq, ie., exp(—1) =1,
which is impossible.
Sub-case 2.2. Suppose Q2 € C\ {0}. Then clearly, we have
AV - @
Q1—Q2 Q1—Q2
If Q1 = 0, then obviously deg(Q1) < deg(Q2). Therefore, from (3.23) we conclude
that P is a nonzero constant. In this case, we must have f = f*) which is a

e C\ {0}.

contradiction.

If Q1 € C\ {0}, then obviously deg(Q1) = deg(Q2). Since Q1 # Q2, it follows
that Zli}r{.lo(Ql(Z)/QQ(Z)) # 1. Then conclusion (3) of Theorem 1.1 must occur.
Consequently, from (1.2) we deduce that P is a nonzero constant and \* = Qo/
(Q2 — Q1). Therefore, in this case, we have f(z) = Q1 + Aexp(Az), where A, \ €
C\ {0} such that \*¥ = Q2/(Q2 — Q1). This completes the proof. O

4. AN APPLICATION FOR BRUCK CONJECTURE

What can be the relationship between f and f’ if f € &(C) shares only one value
CM with its first derivative f’?

In 1996, Briick (see [1]) first discussed the possible relationship between f and f
when f € &(C) and its derivative f’ share only one finite value CM. In this direction,
a still open and interesting problem is the following conjecture proposed by Briick.
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Conjecture A ([1]). Let f € &(C) such that g2(f) ¢ NU {oo}, where g2(f) is
the hyper-order of f. If f and f’ share a € C CM, then f' —a = ¢(f — a), where
ce C\{0}.

Though the conjecture is not settled in its full generality, it gives rise to a long
course of research on the uniqueness of entire and meromorphic functions sharing
a single value with its derivatives. Specially, it was observed by Yang and Zhang
in [12] that Briick’s conjecture holds if instead of an entire function one considers its
suitable power. They proved the following theorem.

Theorem F ([12]). Let f € &(C) and n € N such that n > 7. Suppose that f™
and (f™) share 1 CM, then f™ = (f™) and f(z) = cexp(z/n), where c € C\ {0}.

In 2010, Zhang and Yang (see [13]) improved and generalised Theorem F by con-
sidering higher order derivatives and by lowering the power of the entire function.

Theorem G ([13]). Let f € &(C) and k,n € N such that n > k+ 1. If f™ and
(f™)*) share 1 CM, then f* = (f*)*) and f(z) = cexp(Az/n), where ¢, A € C\ {0}
and \F = 1.

In 2011, Lii and Yi (see [7]) replaced the sharing value 1 by sharing a polynomial
in Theorem G and obtained the following result.

Theorem H ([7]). Let f € &r(C), k,n € N such thatn > k+ 1 and let Q Z 0
be a polynomial. If f* — Q and (f")*) — Q share 0 CM, then the conclusion of
Theorem G holds.

Naturally, one may ask whether the conclusion of Theorem H still holds if f™* —Q
and (f*)*) — @ share (0,1). In the following we give an affirmative answer.

Theorem 4.1. Let f € & (C), k,n € N such that n > k+ 1 and let Q # 0 be a
polynomial. If f™—Q and (f")(k) — @ share (0,1), then the conclusion of Theorem G
holds.

Proof. Let us take @1 = 0 and Q2 = . By the given condition, we see that
f* — Qo and (f*)*) — Qy share (0,1) and f* = Q1 = (f*)*® = Q;. Note that
if ® = 0, then since L(f") # 0, we have f* = (f")*) and so the conclusion of
Theorem G holds. Next we suppose that ® # 0 and so ™ # (f)*).

Now we consider the following two possible cases.

Case 1. Suppose Q € C\ {0}. Clearly, deg(Q1) < deg(Q2) and so conclusion (2)
of theorem must hold. Thereby from (1.1) we observe that P is a nonzero constant.
Consequently, we must have f"(z) = cexp(\z), where ¢ € C\ {0} and A\¥ = 1, which
implies that f™ = (f”)(k), a contradiction.
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Case 2. Suppose ) € C. Here we see that f™ — Q1 = f™ has zeros of multiplicities
at least k + 1. Therefore, from Corollary 1.1 we conclude that f* = (f™)*, a
contradiction. This completes the proof. O

5. CONCLUDING REMARK

Keeping other conditions intact, can the sharing condition in Theorem 1.1 be
relaxed to (0,0) so that the conclusions remain the same?
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