
Kybernetika

Fan Zhou; Yanjun Shen; Zebin Wu
Non-fragile observers design for nonlinear systems with unknown Lipschitz constant

Kybernetika, Vol. 60 (2024), No. 4, 475–491

Persistent URL: http://dml.cz/dmlcz/152615

Terms of use:
© Institute of Information Theory and Automation AS CR, 2024

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://dml.cz

http://dml.cz/dmlcz/152615
http://dml.cz
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NON-FRAGILE OBSERVERS DESIGN FOR NONLINEAR
SYSTEMS WITH UNKNOWN LIPSCHITZ CONSTANT

Fan Zhou, Yanjun Shen, Zebin Wu

In this paper, the problem of globally asymptotically stable non-fragile observer design
is investigated for nonlinear systems with unknown Lipschitz constant. Firstly, a definition
of globally asymptotically stable non-fragile observer is given for nonlinear systems. Then,
an observer function of output is derived by an output filter, and a dynamic high-gain is
constructed to deal with unknown Lipschitz constant. Even the observer gains contain diverse
large disturbances, the observer errors are proven to converge to the origin based on Lyapunov
stability theorem and a matrix inequality. Finally, an experimental simulation is provided to
confirm the validity of the proposed method.
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1. INTRODUCTION

Since the concept of nonlinear system observer was first proposed in [27], numerous
outcomes have been achieved [7, 10, 17]. In the area of observer design, one of the most
difficult problems is how to deal with the nonlinear terms. Researchers often assume
that the nonlinear terms satisfy the Lipschitz condition. But only few papers have
discussed the observer design problem of nonlinear systems with unknown Lipschitz
constant [12, 15, 23]. In addition, the unknown Lipschitz constant considered in the
literature [23] required to meet some constraints. These observer design methods are all
based on LMI (linear matrix inequality) technology.

The application of observer in secure communication has also been studied in [25,
18]. Its principle is to use the state observer to design a receiving system synchronized
with the chaotic system, and modulate a digital signal to a certain parameter of the
transmission system. At the receiving terminal, the signal is demodulated by using the
synchronization error. Moreover, secure communication was also achieved by designing
electronic circuits in [22].

It is reported that there often exist observer gain drifts in some industrial applications
because of round-off errors in calculation or sensor devices aging [29]. Since a design
method of non-fragile observers was firstly proposed in [14], more and more scholars be-
gin to explore the observer design problem in the presence of observer gain disturbances.
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For example, the authors in [29] introduced the following uncertainty linear system

ẋ(t) = (A+D1∆(t)E)x(t) + ω1(t),
y(t) = (C +D2∆(t)E)x(t) + ω2(t),

where ∆(t) is a time-varying matrix of uncertain parameters and ω1(t), ω2(t) are two
zero mean white Gaussian noises. An observer was constructed as

ξ̇(t) = Aξ(t) + (G+∆G)y(t),

where G and ∆G denote the observer gain and the gain drift, respectively. Despite the
gain drift ∆G is uncertain due to round-off error and sensor devices aging reasons, the
estimation value ξ(t) is still available. Based on an LMI optimization method, a non-
fragile observer for nonlinear systems was proposed in [11]. By introducing adaptive
technology, the authors in [13] designed an adaptive non-fragile observer. For switch-
ing systems, the H∞ non-fragile observers were studied in [30]. For discrete switching
systems, the non-fragile observers were also researched in [28]. However, all the above
results are obtained based on the LMI technology.

Although the LMI conditions can be easily tested by computer. However, if the solv-
able conditions of LMI are not satisfied, the design methods will be failure. Therefore,
for nonlinear systems with unknown Lipschitz constants, it is very important to find
other methods to design non-fragile observers.

In [1, 2, 3, 8, 9, 20], the high-gain observer design method was proposed for nonlinear
systems. The introduced high-gain enables that the observer errors are exponentially
convergent. Moreover, the high-gain observers are always achievable. However, there
is a blank area to design high-gain observers for nonlinear systems with unknown Lip-
schitz constant. Although the dynamic high-gain technique is investigated to deal with
unknown Lipschitz constant in controller design [19, 21], it is worth of a further study
on how to handle the unknown Lipschitz constant in observer design.

In this paper, the problem of non-fragile high-gain observer design is investigated for
nonlinear systems with unknown Lipschitz constant. Based on a matrix inequality and a
monotone non-decreasing dynamic gain, it is proven that the observer errors are globally
asymptotically stable even if there are distinct large disturbances in the observer gains.
The paper is structured as follows: Section 2 presents the problem formulation and
some important lemmas. The design process of the non-fragile observers is presented
for a class of lower triangular nonlinear systems in Section 3. In Section 4, a simulation
example demonstrates the effectiveness of the designed method. Section 5 provides a
conclusion to the full text.

2. PROBLEM FORMULATION AND PRELIMINARIES

2.1. Problem description

Consider the following nonlinear system

ẋ(t) = A0x(t) +B0u(t) + f0(x),
y(t) = C0x(t),

(1)
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where A0 =


0 1 · · · 0
...

...
. . .

...
0 0 · · · 1
0 0 · · · 0

, B0 =
(
0 0 · · · 1

)T
, C0 =

(
1 0 · · · 0

)
.

x(t) and y(t) are the state variable and output variable, respectively. The nonlinear
function vector f0(x) = (f1(x

ι
1), f2(x

ι
2), . . . , fn(x

ι
n))

T ∈ Rn, where fi(xιi) ∈ R is acon-
tinuous nonlinear function, and xιi = (x1, . . . , xi)

T .
The following assumption is imposed on the nonlinear system (1).

Assumption 2.1. The nonlinear function vector fi(x
ι
i) satisfies the following condition

|fi(xιi)− fi(x̂
ι
i)| ≤ ϱ(|x1(t)− x̂1(t)|+ · · ·+ |xi(t)− x̂i(t)|), i = 1, . . . , n,

where ϱ > 0 is an unknown constant.

Remark 2.2. In order to explain the rationality of Assumption 2.1, introduce the fol-
lowing Duffing oscillator [5], ẋ1(t) = x2(t),

ẋ2(t) = −a0x1(t)− c0x2(t) + x31(t) + u(t),
y(t) = x1(t),

(2)

where u(t) = sin t+
√
2. According to [5], if we select a0 = c0 = 5, then the system (2)

exists periodic solutions. However, the authors don’t provide a specific expression of the
periodic solutions or a boundary of the periodic solutions. That is, the nonlinear term
x31(t) satisfies the Lipschitz condition with an unknown Lipschitz constant.

We need the following definition.

Definition 2.3. (Jeong et al. [14]) For nonlinear system (1), construct an observer
as,

˙̂x(t) = A0x̂(t) +B0u(t) + Ω0 ·∆Ω0φ(y, ŷ) + f(x̂),
ŷ(t) = C0x̂(t),

(3)

where φ(y, ŷ) is an observer function, Ω0 = diag{g1, . . . , gn} is the observer gain, ∆Ω0 =
(∆g1, . . . ,∆gn)

T is unknown multiplicative disturbance arising by electronic components
aging or round-off errors in calculation [29].

If there exists two constants gmax and gmin that satisfy gmin < ∆gi < gmax, i = 1, . . . n,
∀x(t0) ∈ Rn and x̂(t0) ∈ Rn, we have

limt→∞(xi(t)− x̂i(t)) = 0, i = 1, . . . n. (4)

Then the system (3) is a globally asymptotically stable non-fragile observer of nonlinear
system (1).

Remark 2.4. There are various design methods for the observer function φ(y, ŷ) in (3).
For example, we can directly select φ(y, ŷ) = y− ŷ to build nonlinear robust observer [4].
In [6], the observer function is selected as φi(y, ŷ) = Li(y − ŷ) (L is the high-gain
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parameter) to establish the high-gain observer. A dynamic high-gain observer is designed
by selecting φi(y, ŷ) = Li(t)(y − ŷ) (L(t) is the dynamic high-gain function) in [19]. In
order to design a finite-time observer, one can choose φi(y, ŷ) = |y − ŷ|αisign(y − ŷ)
(αi ∈ (0, 1)) [26]. In this article, we investigate that how to select the appropriate
observer function φ(y, ŷ) to design globally asymptotically stable non-fragile high-gain
observer for the nonlinear system (1).

Remark 2.5. In order for demonstrating the observer gain sensitivity, introduce the
following nonlinear system as an example,

ẋ = A∗x+B∗u+ F ∗(x),
y = C∗x,

where A∗ =


0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

, B∗ =


0
0
0
0
1

, F ∗(x) =


0
0
2x4
9x5 + cos(x4)
x5 sin(x5)


and C∗ =

(
1 0 0 0 0

)
.

Design an observer for the nonlinear system,

˙̂x = A∗x̂+B∗u+ F ∗(x̂) + κC∗(x− x̂)
ŷ = C∗x̂,

where the observer gain κ = (53.6 241.6 320.6 13.1 34.6)T .
Next, by letting e = x− x̂, the error system becomes,

ė = Aκe+ F ∗(e),

where Aκ = A∗ − κC∗ and F ∗(e) = F ∗(x) − F ∗(x̂). Assumethe initial state (x1, x2,
x3, x4, x5) = (3, 1, 2, 3, 2) and (x̂1, x̂2, x̂3, x̂4, x̂5) = (−4, −1, 2, 1, 1), and the
simulation results are shown in Fig. 1. Obviously, the simulation result shows the error
system is stable.

However, if there exists a small disturbance ∆ = (0.1 0.1 0.1 0.1 0.1)T in the observer
gain, then the new error system ϖ = x− x̂ becomes,

ϖ̇ = A∆κϖ + F ∗(ϖ),

where A∆κ = A∗− (κ+∆)C∗ and F ∗(ϖ) = F ∗(x)−F ∗(x̂). The simulation is presented

in Fig. 2. It reveals the error system is unstable. Moreover, we have ∥∆∥
∥κ∥ = 0.00075301,

which indicates the error system is very fragile with respect to the observer gain distur-
bance.
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Fig. 1. The trajectories of the estimation error e.
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Fig. 2. The trajectories of the estimation error ϖ.
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Remark 2.6. Due to the augmented system (7) does not preserve the strict triangular
form, it is necessary to figure out whether the augmented system (7) is observable. The
observable matrix can be calculated as

C1

C1A1

...
C1A

n−1
1

 =


1 0 · · · 0

L(t)κ0 1 · · · 0
...

...
...

...
Ln(t)κn0 Ln−1(t)κn−1

0 · · · 1

 .

Obviously, the rank of the observable matrix is n + 1. Therefore, the augmented sys-
tem (7) is observable.

Our aim is to design a globally asymptotically stable non-fragile high-gain observer
for the nonlinear system (7). That is, the designed observer gains κ1, . . . , κn are negative
and have unknown observer gain disturbances θi(t), i = 1, . . . , n, which are continuous
and satisfy the following conditions

0 < θmin
i ≤ 1,

1 ≤ θmax
i < +∞,

θmin
i ≤ θi(t) ≤ θmax

i ,
(5)

where θmin
i and θmax

i are some positive constants.

Remark 2.7. Normally, the observer gain disturbances ∆gi, i = 1, . . . n have additive
form and multiplicative form. The additive form is able to transform to the multiplicative
form by the transformation gi + ∆gi = gi(1 + 1

gi
∆gi). The multiplicative form is also

able to transform to the additive form by the transformation gi∆gi = gi + gi(∆gi − 1).
We are going to consider the multiplicative form in this paper.

2.2. Important lemmas

Lemma 2.8. Barbalat’s lemma [24]: For t ≥ t0 (t0 ∈ R+), if Φ(t) is uniformly contin-

uous and
∫ t
t0
Φ(t) dt is bounded when t→ ∞, then

lim
t→+∞

Φ(t) = 0.

For the convenience of presentation, the definitions of some parameters are provided
for later use.

1) Choose the positive constants bj , j = 2, . . . , n+ 1, such that,

(n2Πjk=2b
2
kmax{(ηmax

i − ηmin
i−1)

2, (ηmax
i−1 − ηmin

i )2})(α1(·) + α2(·) + α3(·)) < 1,
j = 2, . . . , n+ 1,

where
0 < ηmin

i ≤ 1,
1 ≤ ηmax

i < +∞,
ηmax
1 = ηmin

1 = 1,
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and

α1(·) = (β2(·)
b2

+ 2β3(·)b2)2 max{(ηmax
n − 1)2, (1− ηmin

n )2},
α2(·) = 2

∑n+1
i=3 (Π

i
k=3b

2
k(
β2(·)
b2

+ 2βi(·)b2)2 max{(ηmax
i − ηmin

i−1)
2, (ηmax

i−1 − ηmin
i )2}),

α3(·) = 8
∑n+1
i=3 (Π

i
k=2b

2
k(βi(·)− βi+1(·))2 max{(ηmax

i − 1)2, (1− ηmin
i )2}),

where βi(bi+1, . . . , bn+1) =
biai−1

2k0ai
, i = 1, . . . , n+1 satisfies βn+1(·) = 1 and βn+2(·) = 0.

2) The positive constants aj , j = 1, . . . , n+ 1, can be calculated by,

an = 2an+1

bn+1
k0,

ai−1 = 2ai
bi

(k0 +
iai

2ai+1
bi+1 +

iai
2ai+1bi+1

+ 1
2

∑n
j=i((

bj+2aj+1

aj+2
+

jbj+1aj
aj+1

)Πj+1
k=i+1b

2
k)),

i = 2, . . . , n,

where an+2 = 1, bn+2 = 0, k0 and an+1 are arbitrary positive constants.

3) The gains ki, i = 1, . . . , n+ 1, can be calculated by,

k1 = −b2 a1a2 − a1
2b2a2

− α0k0,

ki =
a1
ai
(ai−1

a1
biki−1 +

ai−1

ai
biΠ

i
k=2bk −

ai
ai+1

Πik=2bk), i = 2, . . . , n+ 1.

4) Let

A2 =


k1 1 0 · · · 0

k2η2(t) 0 1 · · · 0
...

...
...

...
...

knηn(t) 0 0 · · · 1
kn+1ηn+1(t) 0 0 · · · 0

 ,

and

P0 =


a1 0 0 · · · 0 0

−b2a1 a2 0 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · an 0
0 0 0 · · · −bn+1an an+1

 ,

where ηmin
i ≤ ηi(t) ≤ ηmax

i .
The positive definite matrix Γ(η(t)) is produced by

Γ1,1(η(t)) = α0k0,

Γ1,i(η(t)) = Γi,1(η(t)) = (1− ηi(t))(
ai−1

ai
biΠ

i
k=2bk −

ai
ai+1

Πi+1
k=2bk)

+(ηi(t)− ηi−1(t))(
a1

2b2a2
Πik=2bk +

ai−1

ai
biΠ

i
k=2bk),

Γi,i(η(t)) = k0,

Γi,j(η(t)) = 0, i ̸= j, i = 2, . . . , n+ 1, j = 2, . . . , n+ 1,
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where Γi,j(η(t)) means the ith line and the jth column element of the matrix Γ(η(t)).

From [16], for the matrices A2, P0 and Γ(η(t)) defined above, the following lemma
can be indicated.

Lemma 2.9. (Koo and Choi [16]) There exists a positive constant λ0 satisfying

AT2 P + PA2 = −PT0 Γ(η(t))P0 ≤ −λ0I,

where P = PT0 P0.

For the positive definite matrix P , the following result can be obtained.

Lemma 2.10. For the matrix Q =


σ 0 0 · · · 0
0 1 + σ 0 · · · 0
...

...
...

...
...

0 0 0 · · · n+ σ

, where σ denotes

apositive constant. There exists a positive constant σ̄ such that when σ̄ < σ, the
following matrix inequality holds,

PQ+QP > 0.

P r o o f . For the system ξ̇ = Qξ, introduce the transformation ψ = P0ξ. Then,

ψ̇1 = σψ,

ψ̇i = −biai−1(i− 2 + σ)(ψi−1

ai−1
+ 1

ai−1

∑i−2
j=1 ψjΠ

i−1
k=j+1bk)

+ai(i− 1 + σ)(ψi

ai
+ 1

ai

∑i−1
j=1 ψjΠ

i
k=j+1bk),

= (i− 1 + σ)ψi − (i− 2 + σ)
∑i−1
j=1 ψjΠ

i
k=j+1bk + (i− 1 + σ)

∑i−1
j=1 ψjΠ

i
k=j+1bk,

= (i− 1 + σ)ψi +
∑i−1
j=1 ψjΠ

i
k=j+1bk, i = 2, . . . , n+ 1.

Thus, there exists a positive real σ̄ such that when σ > σ̄, the following inequality
holds. ∑n+1

i=1 ψiψ̇i =
∑n+1
i=1 (i− 1 + σ)ψ2

i +
∑n+1
i=1 ψi

∑i−1
j=1 ψjΠ

i
k=j+1bk

≥
∑n+1
i=1 (σ − σ̄)ψ2

i > 0.

Therefore,
n+1∑
i=1

ψiψ̇i =
1
2
d(ψTψ)
dt = 1

2ξ
T (QP + PQ)ξ > 0.

The proof is completed. □
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3. THE NON-FRAGILE OBSERVER DESIGN

Consider the following transformation,

˙̄x0(t) = L(t)κ0x̄0(t) + y(t), (6)

where L(t) is a time-varying function to be designed and κ0 is a negative constant. Thus,
the nonlinear system (1) can be augmented as,

˙̄x(t) = A1x̄(t) +B1u(t) + f(x̄),
ȳ(t) = C1x̄(t),

(7)

where x̄(t) =
(
x̄0, x1, . . . , xn

)T
, A1 =

(
L(t)κ0 C0

0n×1 A0

)
; B1 =

(
01×1

B0

)
,

C1 =
(
C0 01×1

)
and f(x̄) =

(
01×1

f0(x)

)
.

Then, the problem of non-fragile observer design for the nonlinear system (1) is trans-
formed into observer design for the augmented nonlinear system (7) with multiplicative
gain disturbances. The specific form is as follows.

˙̄̂x(t) = A1 ˆ̄x(t) +B1u(t) + Ω(ȳ(t)− ˆ̄x0(t)) + f(ˆ̄x),
ˆ̄y(t) = C1 ˆ̄x(t),

(8)

where ˆ̄x(t) and ˆ̄y(t) are the estimation value of x̄(t) and ȳ(t), respectively.

Ω =


0

−L2(t)κ1θ1(t)
...

−Ln+1(t)κnθn(t)

, L(t) is the dynamic high-gain.

κi = kn+1−i, (i = 0, . . . , n + 1) are the observer gains and θi(t) = ηn+1−i(t), (i =
1, . . . , n) are the observer gain disturbances. Note that θi(t), i = 1, . . . , n, are contin-
uous functions and satisfy

0 < θmin
i ≤ 1,

1 ≤ θmax
i < +∞,

θmin
i ≤ θi(t) ≤ θmax

i ,
(9)

where θmin
i and θmax

i are positive constants. The dynamic high-gain L(t) is selected as,

L̇(t) = (
ȳ(t)− ˆ̄x0(t)

Lσ(t)
)2, L(t0) = 1. (10)

The dynamic high-gain L(t) has the following property.

Proposition 3.1. If Assumption 2.1 holds, then the dynamic high-gain L(t) defined in
(10) is bounded for all t ∈ [0, +∞).

P r o o f .
Consider the following coordinates transformation,

ζi(t) =
x̄i(t)−ˆ̄xi(t)
Li+σ(t) , i = 0, . . . , n. (11)
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Therefore, from (7), (8), (11), we can deduce

ζ̇0(t) = L(t)κ0ζ0(t) + L(t)ζ1(t)− σ L̇(t)L(t)ζ0(t),

ζ̇i(t) = L(t)θi(t)κiζ0(t) + L(t)ζi+1(t) +
1

Li+σ(t) (fi(x
ι
i)− fi(x̂

ι
i))− (σ + i) L̇(t)L(t)ζi(t),

i = 1, . . . , n− 1,

ζ̇n(t) = L(t)θn(t)κnζ0(t) +
1

Ln+σ(t) (fn(x
ι
n)− fn(x̂

ι
n))− (σ + n) L̇(t)L(t)ζn(t),

(12)
By representing (12) in compact form, it becomes

ζ̇(t) = L(t)Aζ(t) + f̃(˜̄x)− L̇(t)
L(t)Qζ(t), (13)

where A =


κ0 1 0 · · · 0

κ1θ1(t) 0 1 · · · 0
...

...
...

...
...

κnθn(t) 0 0 · · · 0

, f̃(t, ˜̄x) =


0

1
L1+σ(t) (f1(x

ι
1)− f1(x̂

ι
1))

...
1

Ln+σ(t) (fn(x
ι
n)− fn(x̂

ι
n))

 and

Q =


σ 0 0 · · · 0
0 1 + σ 0 · · · 0
...

...
...

...
...

0 0 0 · · · n+ σ

.

Construct the Lyapunov function V1(t) = ζT (t)Pζ(t), and calculate it’s derivative
along the error system (13). Then, from Lemma 2.9 and Lemma 2.10, it becomes

V̇1(t) = L(t)ζT (t)(ATP + PA)ζ(t) + 2ζT (t)P f̃(˜̄x)− L̇(t)
L(t)ζ

T (t)(PQ+QP )ζ(t)

≤ −L(t)λ0∥ζ(t)∥2 + 2ζT (t)P f̃(˜̄x).
(14)

From Assumption 2.1, it follows that

2ζT (t)P f̃(˜̄x) ≤ ∥ζ(t)∥2 + n2ϱ2∥P∥2∥ζ(t)∥2. (15)

Substituting (15) into (14) yields

V̇1(t) ≤ −(L(t)λ0 − 1− n2ϱ2∥P∥2)∥ζ(t)∥2. (16)

Now, we prove the boundedness of L(t) on [0, tf ) by contradiction. Assume that L(t)
is not bounded on the interval [0, tf ). Then,

lim
t→tf

supL(t) = +∞. (17)

Note that L(t) is a monotone nondecreasing function. Then from (17), there exists
t1 > 0 such that L(t)λ0 − 1− n2ϱ2∥P∥2 > 1, ∀t ∈ [t1, tf ).

Thus, from the differential inequality (16), we can infer that

V̇1(t) ≤ −∥ζ(t)∥2, ∀t ∈ [t1, tf ).
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From (10), it follows that

L̇(t) = (
ȳ(t)− ˆ̄x0(t)

Lσ(t)
)2 ≤ ∥ζ0(t)∥2 ≤ ∥ζ(t)∥2. (18)

Therefore, from (17) and (18), the following conclusion can be drawn

+∞ = L(tf )− L(t1) =
∫ tf
t1
L̇(t) dt ≤

∫ tf
t1

∥ζ(t)∥2 dt ≤ V1(∥ζ(t1)∥),

which is impossible. It reveals the dynamic gain L(t) is bounded on [t1, tf ) and lim
t→tf

L(t)

is finite. The proof is completed. □

Now, we give our main results.

Theorem 3.2. For the nonlinear system (1), if the observer gain disturbances θi(t) sat-
isfy (9), then the system (6) – (8) is a globally asymptotically stable non-fragile observer
of the nonlinear system (1), that is, ∀xi(t0) ∈ R and x̂i(t0) ∈ R,

lim
t→∞

(xi(t)− x̂i(t)) = 0, i = 1, . . . n.

P r o o f . Since lim
t→tf

L(t) is finite, there exists a constant L̄ such that

L̄ > max{n
2ϱ2∥P∥2 + 1 + 2∥P∥

λ0
, L(t)}.

Introduce the coordinates transformation as follows,

zi(t) =
x̄i(t)− ˆ̄xi(t)

L̄i
, i = 0, . . . , n.

Thus, the error system becomes

ż(t) = L̄Az(t) + g̃(˜̄x) + L̄Ω1(t)z0(t)− L̄Ω2(t)z0(t),

where g̃(˜̄x) =


0

1

L̄
(f1(x

ι
1)− f1(x̂

ι
1))

...
1

L̄n
(fn(x

ι
n)− fn(x̂

ι
n))

, Ω1(t) =



L(t)

L̄
κ0

L2(t)

L̄2
κ1θ1(t)

...
Ln+1(t)

L̄n+1
κnθn(t)


and

Ω2(t) =


κ0

κ1θ1(t)
...

κnθn(t)

.

Design the Lyapunov function V2(t) = zT (t)Pz(t). It is easy to find out
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V̇2(t) = L̄zT (t)(ATP + PA)z(t) + 2zT (t)P g̃(˜̄x)
+2L̄zT (t)PΩ1(t)z0(t)− 2L̄zT (t)PΩ2(t)z0(t).

(19)

By Assumption 2.1 and Lemma 2.9, it follows that

2zT (t)P g̃(˜̄x) ≤ ∥z(t)∥2 + n2ϱ2∥P∥2∥z(t)∥2
2L̄zT (t)PΩ1(t)z0(t) ≤ ∥P∥∥z(t)∥2 + L̄2∥Ω1(t)∥2z20(t)
−2L̄zT (t)PΩ2(t)z0(t) ≤ ∥P∥∥z(t)∥2 + L̄2∥Ω2(t)∥2z20(t)

(20)

Substituting (20) into (19) yields

V̇2(t) ≤ −L̄λ0∥z(t)∥2 + ∥z(t)∥2 + n2ϱ2∥P∥2∥z(t)∥2
+2∥P∥∥z(t)∥2 + L̄2∥Ω1(t)∥2z20(t) + L̄2∥Ω2(t)∥2z20(t)

≤ −c0∥z(t)∥2 + 2L̄2+2σΩ̄2L̇(t),

(21)

where c0 = L̄λ0 − 1− n2ϱ2∥P∥2 − 2∥P∥ > 0 and Ω̄ ≥ ∥Ω2(t)∥ ≥ ∥Ω1(t)∥.
Let λP is the minimum eigenvalue of matrix P , then

λp∥z(t)∥2 − zT (0)Pz(0) ≤ −c0
∫ t
t0
∥z(t)∥2 dt+ 2L̄3+2σΩ̄2L(t).

Since L(t) is bounded on [t0, tf ), we can imply

∥z(t)∥2 ≤ zT (0)Pz(0) + 2L̄3+2σΩ̄2L(t)

λp
, (22)

and
c0

∫ t
t0
∥z(t)∥2 dt ≤ zT (0)Pz(0) + 2L̄3+2σΩ̄2L(t). (23)

Obviously, from (22) and (23), ∥z(t)∥ is bounded on [0, tf ) and
∫ t
t0
∥z(t)∥ dt ≤ +∞.

By Lemma 2.8, we can conclude that lim
t→+∞

∥z(t)∥ = 0, which completes the proof. □

4. EXPERIMENTAL SIMULATIONS

In order to demonstrate the performance of the non-fragile observer, an experimental
simulation is given in this section.

For the Duffing oscillator (2) mentioned in [5], by inserting an output filter, it becomes
˙̄x0(t) = x̄1(t) + L(t)κ0x̄0(t),
˙̄x1(t) = x̄2(t),
˙̄x2(t) = −5x̄1(t)− 5x̄2(t) + x̄31(t) + u(t),
ȳ(t) = x̄0(t).

(24)

A globally asymptotically stable non-fragile observer can be designed as,

˙̄̂x0(t) = ˆ̄x1(t) + L(t)κ0 ˆ̄x0(t),
˙̄̂x1(t) = ˆ̄x2(t)− L2(t)κ1θ1(t)(ȳ(t)− ˆ̄x0(t)),
˙̄̂x2(t) = −5ˆ̄x1(t)− 5ˆ̄x2(t) + ˆ̄x31(t) + u(t)− L3(t)κ2θ2(t)(ȳ(t)− ˆ̄x0(t)),

L̇(t) = (
ȳ(t)− ˆ̄x0(t)

L(t)
)2,

ˆ̄y(t) = ˆ̄x0(t).

(25)
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Choose the initial states as x̄(0) = (3, −15, 18)T , ˆ̄x(0) = (0, 0, 0)T and select
b2 = 1, b3 = 0.8, a3 = k0 = 1. By Lemma 2, the observer gain vector can be obtained
as κ = (−25, −185, −319). Let θ1(t) = 1.1 + 0.2 sin t, θ2(t) = 0.9 + 0.5 cos t. The
simulation results are shown in Fig. 3.
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Fig. 3. The trajectories of the estimation errors.
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Fig. 4. The trajectory of the dynamic high-gain L(t).



488 F. ZHOU, Y. SHEN, Z. WU

Fig. 4 shows the trajectory of the dynamic high-gain parameter L(t). Obviously,
the observer errors asymptotically converge to the origin and the dynamic high-gain is
bounded.

In order to demonstrate the superiority of the non-fragile observer, we assume the
Lipschitz constant is known. Then, plot a comparison figure with both the non-fragile
observer and the following normal high-gain observer,


˙̄̂x0(t) = ˆ̄x1(t) + Lˆ̄x0(t),
˙̄̂x1(t) = ˆ̄x2(t)− L2θ1(t)(ȳ(t)− ˆ̄x0(t)),
˙̄̂x2(t) = −5ˆ̄x1(t)− 5ˆ̄x2(t) + ˆ̄x31(t) + u(t)− L3θ2(t)(ȳ(t)− ˆ̄x0(t)),
ˆ̄y(t) = ˆ̄x0(t),

(26)

where L = 10 and other parameters keep fixed. Fig. 5 illustrates that our observer
design method has better performance.

0 1 2 3 4 5 6 7 8 9 10

time(s)

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

e
s
ti
m

a
ti
o

n
 e

rr
o

rs

e
0
 of the non-fragile high-gain observer

e
0
 of the normal high-gain observer

0 1 2 3 4 5 6 7 8 9 10

time(s)

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

e
s
ti
m

a
ti
o

n
 e

rr
o

rs

e
1
 of the non-fragile high-gain observer

e
1
 of the normal high-gain observer

0 1 2 3 4 5 6 7 8 9 10

time(s)

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

e
s
ti
m

a
ti
o

n
 e

rr
o

rs

e
2
 of the non-fragile high-gain observer

e
2
 of the normal high-gain observer

Fig. 5. The comparison between the non-fragile observer and the

normal high-gain observer.
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5. CONCLUSION

In this paper, we proposed a globally asymptotically stable non-fragile observer for non-
linear systems with unknown Lipschitz constant. The observer errors was proven to
converge to the origin asymptotically. In the future, it is interesting to investigate glob-
ally asymptotically stable non-fragile observers for nonlinear systems with measurement
noise.
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