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QUANTISED sl;-DIFFERENTIAL ALGEBRAS

ANDREY KRUTOV AND PAVLE PANDZIC

ABSTRACT. We propose a definition of a quantised slp-differential algebra
and show that the quantised exterior algebra (defined by Berenstein and
Zwicknagl) and the quantised Clifford algebra (defined by the authors) of sly
are natural examples of such algebras.

1. INTRODUCTION

Let g be a Lie algebra. H. Cartan introduced the notion of g-differential algebras
as a generalisation of algebras of differential forms on manifolds with g-action, [} [9].
Later g-differential algebras appeared in the study of equivariant cohomology [2, [14],
in Chern—Weil theory [3] [24], and in relation to (algebraic) Dirac operators and
Vogan’s conjecture [2, [16) [I7].

We develop a new approach to quantisation of the notion of g-differential algebras
which assumes that the quantum exterior algebra of g has classical dimension. This
is different from previous attempts to generalise the notion of g-differential algebras
to the setting of quantum groups and noncommutative geometry; for example,
see [4 0] 25]. Some of these works start with a bicovariant calculus on a quantum
group, which usually does not have classical dimension. This is in particular the
case for Uy(sly), see [26], see also [18] for the general case. Other works assume the
setting of triangular Hopf algebras which is not applicable to the setting of Uy (sls)
since it is only quasitriangular, see [12].

In this paper we propose a definition of quantised sly-differential algebras based
on the 3-dimensional quantised adjoint U,(slz)-module and give first examples,
certain quantised Clifford and exterior algebras. The advantage of our approach
is that we start with the quantum exterior algebra defined by Berenstein and
Zwicknagl [6] of the classical dimension instead of a bicovariant calculus. We use
the coboundary structure on the category of Uy (slz)-modules, see [I1]. (As it was
shown in [I5] such coboundary structure is related to the category of crystals.)

The paper is organised as follows. In §2] we recall necessary facts about the
Drinfeld-Jimbo quantum group Uy, (sl2), the quantised adjoint representation and
its quantum exterior algebra. In §3] we recall the definition of the g-deformed
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Clifford algebra of sly introduced in [2I] and define Lie derivatives, contraction
operators and the differential on it. We show that the defined operations enjoy
many features of their classical counterparts, in particular, Cartan’s magic formula
holds for them. In §4] we propose a definition of a quantised sly-differential algebra
and show that the quantised exterior and Clifford algebras of sl are examples of
such algebras.

2. PRELIMINARIES

2.1. g-differential algebras. Let g be a complex Lie algebra. Let A[£] be the
Grassmann algebra with one generator ¢, and let d := 9¢ € Der A[{] be the
derivation with respect to £. Set g:=g® A[(] € Cd. Then g=g_1 & go B g1 is a
Z-graded Lie superalgebra where

/g\flzg®£a ﬁ():g®]-7 ,g\lz(Cd

Forzeg let L, :=2®1€ gy, ty :=2®E € g_1. The non-zero bracket relations
in g are defined as

(1) [Lac7 Ly] = lzy]> [Lm, Ly] = L[Ly] s [Lm, d] =L, for all T,y Eg.

2.1.1. Digression: semisimple Lie superalgebras. Assume that g is simple.
Let A(n) denote the Grassmann algebra with n generators &1, ..., &,. Then A(n)
has a natural Z-grading given by deg&; = 1. Let vect(0|n) := Der A(n). Clearly,
vect(0|n) is a Z-graded Lie superalgebra where degd;, = —1. Let vect(0|n)_;
denotes the homogeneous component of degree —1. As it was shown in [10], any
semisimple Lie superalgebra is the direct sum of the following summands

§® A(n) € v,

where s is a simple Lie superalgebra, s C § C Ders, and v C vect(0|n) is such that
the projection v — vect(0|n)_; is onto. In our case (for g) we have that n = 1,
v = Spanc(0¢), § =5 = g.

2.2. g-differential spaces and algebras. A g-differential space is a superspace V,
together with a g-module structure p: g — End(V). A g-differential algebra is
a superalgebra A, equipped with a structure of g-differential space such that
p(x) € Der A for all z € g. Observe that if A is a g-differential algebra then the
contraction operators ¢ define a g-equivariant representation of U(g_1) = Ag on A,
where U(g_1) is the universal enveloping algebra of the Lie superalgebra g_;. The
idea of a g-differential algebra is due to H. Cartan [8] [9]. We follow the terminology
and notation from [24].

2.2.1. Example. Take A = Ag*, equipped with the coadjoint action of g denoted
by L, forz € g. Forzr € gand f e g" = /\19* define the contraction operator by
tzf = f(z). The odd map ¢, is extended to Ag* by the super Leibniz rule. Let
eq be a basis of g and f, be the corresponding dual basis in g*. The Lie algebra
differential on Ag* may be written as

dr=5 Y faole.,



QUANTISED sl;-DIFFERENTIAL ALGEBRAS 353

with f, acting by the exterior multiplication. Then Ag* is a g-differential algebra.
One can show that H(Ag*,da) = (Ag*)?.

2.2.2. Example. Suppose that g has a nondegenerate invariant symmetric bilinear
form B (for example, see review in [7]), used to identify g = g*. Let Cl(g) be the
Clifford algebra of g with respect to B defined by

Cl(g) =T(g)/ (z@y+y®x—2B(x,y) | v,y €g) .

Let z; be an orthonormal basis of g, then the Chevalley map (or quantisation)
gcr: A\(g) — Cl(g) is defined by

Zig Noo N Ziy o 2 2y (and 1 — 1),

where 1 <4y < --- < i < dimg. Set

dim g
1 3 \g
1=-1 bz;lB([za,zb],zc)za/\zb/\zce (ANg)?.

alr) =—- B(z, (24, 2] )2a2p forx €g.
a,b=1
The map « extends to an algebra homomorphism a: U(g) — Cl(g).
The Clifford algebra Cl(g) is a filtered g-differential algebra with differential,
Lie derivatives and contractions given as

1
dar = lga(),~Ja, Lo =la(@), "o, w =3z, o, forzeg,
where [—, —|c1 denotes the supercommutator in Cl(g). The quantisation map gc :

Ag — Cl(g) intertwines the Lie derivatives and contractions, but does not intertwine
the differential. The cohomology of (Cl(g),d¢y) is trivial in all filtration degrees
(except if g is abelian, in which case dg; = 0); for example, see [24, §7.1].

2.3. Uq4(slz). Fix a nonzero ¢ € C which is not a root of unity. The quantised
enveloping algebra U, (sly) is the associative algebra with unit generated by the
elements E, F, K, and K~! subject to the relations

KE=¢°EK, KF=q?FK, KK '=K'K=1, EF-FE= I;_f_ll .
A Hopf algebra structure on Uy (slz) is given by
AE=E®K+1®E, AF=F@l+K '9F, AK=K®K,
AK'=K'9K' S(E)=-EK' S(F)=-KF, SK')=K,
S(K)=K™', &[E)=¢F)=0, eK)=¢K =1,
where A is the coproduct, S is the antipode, and ¢ is the counit. In what follows
we use Sweedler notation for the coproduct Az = 1) ® ().

Let h be a Cartan subalgebra of sla, P C h* be the weight lattice of sly, and
P+ be the sublattice of dominant weights generated by the fundamental weight 7.
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The category of finite dimensional type 1 modules over U, (sl2) is equivalent to the
category of finite dimensional sly modules; for example, see [13, §5.8] or [19] §3].
For A € P, we denote the corresponding type 1 finite dimensional U, (sl3)-module
with highest weight A by V).

Let sl,(2) denote the vector subspace of U,(sly) spanned by the elements

X=E, Z=q *EF - FE, Y = KF.

The space sl (2) is closed with respect to the left adjoint action of U, (slz) on itself
defined by

ad,y = Zx(l)yS(x(g)) for x,y € Uy(sly).

It is easy to see that as a U,(sly)-module, sl,(2) is isomorphic to the quantised
adjoint representation Vs, of sly. In what follows we will use notation sl,(2) to
emphasise that elements X, Z, and Y belong to s(,(2) C U,(slz). In the case when
Var is treated as an abstract Uy (slz)-module and in the case when we will construct
quantum exterior and Clifford algebras, we will use the following notation for basis
elements in Va,:

UQZX, UQZZ, U_QZY.

2.4. Normalised braiding. The following construction is due to Drinfeld [IT].
Let C be a braided monoidal category linear over C[[h]] and assume that the
braiding satisfies ow,v o ov,w = idygw +O(k). Then the map

~ —1/2
UV,WZUV,WO(UW,VOUV,W) / )

is called a normalised braiding and defines a coboundary structure on C in the
sense of [I1]. For details see [I3 Exercise 8.3.25 on p. 202]. In particular, we have
that 62 = id.

The category of type one finite-dimensional U, (sl2)-module is a braided monoidal
category where the braiding o is given by the universal R-matrix; see [I3] §8.3] for
details. The R-matrix braiding o satisfies the above condition. In what follows we
denote by & the corresponding normalised braiding.

2.5. Quantum exterior algebras. Following [6] define the quantum exterior
algebra A o Vor of Vo, as

AVor = T(Var) /(v @ w +&(v @ w) | v,w € Var)

The algebra A q‘/Qﬂ- is generated by wvs, vg, v_o subject to the following relations

vo Avg =0, V_oANv_2=0,
vg Av2 = —q 2va Avp, v_g Avg = —q *vg Av_z,
_ (-4 _
Uo/\’l)o—ig’l}g/\vfg, V_9 NV = —U3 NV_9o.
q

We note that A ,V2r 1s a Z-graded super algebra in the braided monoidal category of
type 1 finite-dimensional U, (sls)-modules. The Zy-grading corresponding to a super
algebra structure is given by setting p(ve) = p(vo) = p(v_2) = 1, where p(v) € Zg =
{0, 1} denotes the parity of the element v. The algebra A Va is (super)commutative



QUANTISED sl;-DIFFERENTIAL ALGEBRAS 355

with respect to normalised braiding, i.e. v A w = (—1)PP() A 05 (v @ w) for all
parity homogeneous v,w € A quﬂ—.

3. MOTIVATING EXAMPLE: Cl,(slz)

Fix a non-zero constant ¢ € C[q, ¢~ !]. First recall from [21], §2.7] that V5, admits
a nondegenerate Uy (sly)-invariant bilinear form given by

(v2,v_2) = c, (vo,v0) = ¢ (1 + ¢°)c, (v_g,v2) = cq 2.

Note that the form (-, -) is symmetric with respect to the normalised braiding &,
ie, (-,-) = (-,-) 0 5. The ¢-deformed Clifford algebra of sl; was defined in [2T], §3]
as filtered deformation of A Var by the bilinear form (-, -):

Cly(sly) =T (Var) /(v @ w+ (v Q@ w) — 2(v,w) | v,w € Var),

As it was shown in [21, Lemma 3.3], the algebra Cl,(sly) is generated by va, vg,
v_o satisfying the following relations

VoV = 0, V_2U_9 = 07
—2 -2
VoV2 = — (¢ V200, V-2V = — (¢ VoVU-2,
1— q4 q2 + 1 q2 + 1
VoUy = Tvgv,g + cl, V_9Vy = — UgU_g + 7 cl.

It is easy to see that Cl,(sly) is a filtered super algebra in the (braided) monoidal
category of Uy(slz)-modules. We note that Cl,(sls) is a filtered Uy(slz)-module
where the elements of U,(sl2) act by operators of degree 0.

The quantum exterior algebra /\ oV2r and the g-deformed Clifford algebra Cl, (slo)
can be considered as results of the deformation quantisation of the classical exterior
algebra A\sly. The corresponding Poisson structures on Asly are studied in [I.

3.1. &-commutators. For z,y € Cl,(sl2) homogeneous with respect to parity set

[z,y]s := (mcn, - (—1)p(m)p(y)m01q o 5) (r®vy),

where mcj, denotes the multiplication map in Clg(sl2). The map [—, —]5 is extended
to Cl,(slz) by linearity. By construction [—, =] is U, (sl2)-equivariant since it is
composed from equivariant maps.

3.1.1. Lemma. The bracket [—,—|5 is 6-skew-symmetric:
[wa :U']& = _(_1)1)(0.1)1)(;1«)[_7 _]& © 5—("‘} ® /L) fOT w, 1€ Clq(ﬁ[Z);

and has the filtration degree —1.

Proof. The G-skew-symmetricity follows form the definition of [—, —]s. Since
Cly(sl2) is a filtered deformation of the §-supercommutative algebra A Vor, it
follows from the definition that the bracket [—, —|5 has the filtration degree —1. O
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3.2. The a and 3 maps and Lie derivatives. The quantum moment map (in
the sense of [23]) is the algebra map oy : Ug(sly) — Cly(slz) defined in [21) §3.7]. It
is given on generators by

q q

ay(F) = ————=—v919, ay(F) =— VoV_2,

q( ) (1 +q2)c 2Y0 q( ) (1 +q2) ov—2

3 3
9 —9q -1 -1 q —
K)= ———vv_ K)=- -
QQ( ) (1 + q2)cv2v 2+¢q ) aq( ) (1 + q2) VaU_2 +q
Since o, is an algebra map it follows that
1 q
ag(2) = “V2U-2 = 1, ag(Y) = —mvov,g.

As it was shown in [2I, Lemma 3.7.1] the inner U,(slz)-action defined by ay
coincides with the natural one:

Thw= Zaq(l’(l))waq(S(z(g))) for x € Uy(sla), w € Cly(sls),

where z >w denotes the Ug(sly)-action on Cly(slz).
Following the classical situation we define Lie derivatives on Cly(sl2) with respect
to elements of U,(slz) by

Lyw:=zp>w for x € Uy(sly), w € Cl,(slz).

Classically, the map « defined the (adjoint) action of g by taking the (su-
per)commutator; see Example This is no longer true in the quantum case for
&-commutators. Define a linear map Gy : sl,(2) — Cly(slz) by

1+ g2 1 2
- +qq 0g(X),  By(Y) = f]q oY), B(2)=—

The definition of 3, is motivated by the following lemma.

B(X)

3.2.1. Proposition. The 3,-map defines the quantum Hamiltonian with respect
to the &-commutator for the action of elements of sl,(2) C U,(sly) on Cly(sls).
Namely, we have that

Lyw = [B4(2),w]s for x € 514(2), w € Cly(sls).
Proof. For X € s(,(2) and vy € Cly(sl2), we have that

1 1
[6q(X), 02]5 = — %UQ’UO'UQ + %UQ'UQ'UO = EUQ'UQUO =0=Xnp>uwvy.
The computations for other elements of sl,(2) and Cl,(slz) are analogous. O

3.2.2. Remark. One can check that 3, defines a morphism of “quantum brackets”
in the following sense: [54(x), B4(y)]s = B4(ads y) for all z,y € sl,(2). Moreover, it
follows from Lemma that ado & = —ad on sly(2).
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3.3. Differential. Recall from [21] §3.4] that the element

Yq = (cvg + v2ugu_g) € Cl((f’)(slg)

S 2c2

squares to a scalar. Therefore, we can define a differential on Cl,(slz) by

da,wg = Vg, Ws = Yqw — (—l)p(“’)w’yq, w € Cly(sls).

3.3.1. Proposition. We have that

(1) dei, @ = 2B4(x) for x € 5l4(2);

(2) the differential dcy, is Uq(sla)-equivariant.
Proof. (1) We have that

1
da,v2 = — @(vg(cvo + vaugv_2) + (cvg + V2voU_2)V2)
2
- — @(C’UQ’UO — g 2ev9uy — VaVQUaV_o + 7 CV2g)
1 ¢> —c+¢*c+c 1
= 52 = Ul = —— V2l = 264(X)
1
dcp,v0 = — TCQ(UO(CUO + vaugu_2) + (cvo + V2VoV_2)Vo)
1 (2c(1—q¢* 2¢2(q? + 1
=-= 7( d )vzv,g + 7@ ) — 2¢20209v9V—_2
2c q q
1 2¢(1 — ¢* 2¢2(¢% + 1 2c(g® +1
_ 1 [2(1—¢q )WL2 L2+ 2e(g )WL2
2c? q q ¢
2
q+q
= 5eq (vau_g —¢) = 20,(Z),
1
der,vo = — i(v_Q(cvo + vavgU_2) + (cvg + VaveVU_2)V_2)
1 s s 241
= — —(—q¢ “cvgv_g + ¢ “vav_ov_svy + CVU_g + CVU_2)
2c2 q?
1
= — EUQU_Q = Qﬂq(Y) .
(2) The equivariance of dcy, follows from the equivariance of the bracket [—, —]5.

O

3.3.2. Remark. We note that the differential is dual to the quantised adjoint
action of 5(4(2) on itself (a version of “quantum Lie bracket”) in the following sense:
tetydel,z = (ady y, 2) for z,y, 2 € 5(4(2).

3.4. Contractions. Following the classical case, see Example define

1
wa:§[$7w]5—, we‘/Z'nWWECIQ(E[z)'
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This definition is motivated by the fact that for linear v € Vo, C lell) (slo) we have

that ) ) )
v = l1ls = 5 (o0 -+ ma, 06w @) = 5(24e,0)) = (2,0

where mcj, is the multiplication map in Cly(sly). Furthermore, ¢, has the filtration
degree —1.

3.4.1. Proposition. For x,y € Vo, let x;,y; € Vor be defined by 5(x @ y) =
> Yi @ xy, then for all w € Cly(sla) the contraction operators satisfy

Lyplyw + E Ly;log;w = 0.
i

Hence the map ¢: Vo, — End(Cly(slp)) extends to a Uy(sla)-equivariant morphism
of superalgebras vz \ Vor — End(Cly(sl2)).

Proof. For vg,v9 € Vor = /\é‘fgﬂ- we have that

’02®’U0+5'(’U2®U0):

T+ ¢ (¢%v0 ® vz + v2 ® vg)

For vavgv_s € Cly(sly) we have that
Lz oy (V200V-2) = Loy ((4° = 1)(¢* +1)g7>¢® — (1 + ¢*)g " vav_s)
=(1+¢*)g P2,
and

Lug vy (V2V0V—2) = Ly, (c¥2vg) = —(1 + qz)q_gc%g = —q_sz2LUO (vavgu_2) .

The computations for other elements of A ,Vor and Cly (slz) are analogous. The
U, (slz)-equivariance follows from the equivariance of the bracket [—, —]5. O

3.4.2. Remark. It is subject of further research to describe the derivation property
for the action of A 4Vor on Cl,(sl2). We show below that several obvious attempts
to ensure this property do not work.

We consider the following possible approach: let us assume that for = € s[,(2)
and w, p € Cly(sla),

taloon) = @+ (<17 3wt ().

where w; and x; are defined by the following options
(1) clz@w)=> w ®x;,
(2) oMz ®w) =Y w @,
3) sz @w) => w; ®x;,

In what follows we show that none of these options works in the example of z = vy,
w = vy, and u = v_s. First note that

c(l —¢?

<q2)vo ) Ly (V2)v_o9 = 0.

Ly (V2V—2) =
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Case [l We have that
o(vg @ vg) = v2 @ vy + ¢ 2(¢* — 1)vg ® vo.

Therefore,

Case 2l We have that
o (vo ® v) = vy ® vp.

Therefore,

b (W) + (—1)P) Zwibxi (1) = =2ty (V-2) = 0 7 Ly, (v2v—2).

Case [3l We have that

i 2¢° ¢ -1
dvo®@vg) = sz ®vo + WUO ® vz .
Therefore,
(@) 2¢° ¢' -1
Lo (W)p + (—1)P zi:wiLwi (n) = — W'U2Lvo(v—2) — gttt
4
= — c(quqj)’Uo 7& Lyg (’021}_2) .

Perhaps one could use approach similar to [4, §6] or consider a braided Hopf
algebra structure on A V2r similar, for example, to the one constructed [22).

In view of the difficulties explained in Remark it is surprising that we
have the following theorem.

3.5. Theorem. For z € sl,(2) = Va, the operators Ly, iy, and dcy on Cly(sls)
satisfy Cartan’s magic formula

Ly =1y 0da, +da, 0t

In particular, cochain maps L, are homotopic to 0, with v, as homotopy operators.
Therefore, L, induces the zero action on cohomology.

Proof. Direct computations. For example, for vy € 5(,(2) = Vor and v_y € Cl,(sls)
we have that
Ly,v_9 =g
and
Loy der,v_2 + de Lo, V2 = — ~ Loy UoU—2 +cdcy, (1) = v .

The computations for other cases are similar. ([l
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3.6. Remark. First note that the element -, generates a Ug(sly)-invariant subal-
gebra in Cly(sly). Moreover, the element 7, satisfies 77 = %. Therefore, by the
universal property of Clifford algebras, we have that

Cl, (s1a)"2(52) = CI(P, (sla), B,),

where P,(sly) is the space of primitive invariants spanned by ~, equipped with

1+q2
4cq

nondegenerate symmetric bilinear form B, given by By (vq,vq) = . It is now

easy to see that H(Cl,(slz),dcy,) = 0.
Since the element v, is U, (sly)-invariant we have that [w, v,]s = —(—1)P“)[v,, w]s
for all parity homogeneous w € Cl,(slz). Therefore, for = € sl,(2) we have that

Ly = [%x;'}/q]& = [’WI? %1’}5 = %dCIq ((E) = 6(1(55) € im Qg -

Moreover, direct computations show that for = € s(,(2) we have

Leq * 7; =,
4qc
1+¢?
analogue of the p-decomposition from [20]:

Clq(ﬁ[g) = Cl(Pq(s[Q),Bq) X imaq .
We emphasise that in this case the braided tensor product of algebras in the
braided monoidal category of type 1 finite-dimensional Uy (slz)-modules reduces

to the usual tensor product of algebras since the elements of Cl(P,(slz), B,) are
U, (sly)-invariant.

where v; = g is the dual to vy, with respect to B,. This leads to the quantum

4. THE GENERAL DEFINITION
4.1. Definition. A supervector space W is called a quantised sly-differential space
if it is equipped with
(1) Lie derivatives L, € End(WW) for « € U,(slz) which define a Uy(sl2)-module
structure on W;

(2) a Uqy(slz)-equivariant action v: A Vor @ W — W of A Var;
(3) a U,(slz)-equivariant differential dy : W — W;
(4) such that they satisfy Cartan’s magic formula
L, =1,0dw +dw oty for x € sl,(2).
A morphism between two quantised sly-differential spaces is a morphism in the

category of Uy, (slz)-modules which intertwines contractions and differentials (and
also Lie derivatives).

4.2. Definition. An algebra A is called a quantised sly-differential algebra if it is
a quantised sl,-differential space such that

(1) the Lie derivatives satisfy
La(ab) =Y (Lag,a)(Lepb)  for a,b € A,z € Uy(sly),

in other words, A is an algebra in the monoidal category of U, (sl2)-modules;
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(2) the differential d4 satisfies the (graded) Leibniz rule.

A morphism between two quantised slo-differential algebras is an algebra morphism
in the category of Uy(slz)-modules which intertwines contractions and differentials
(and also Lie derivatives).

It is subject of further research to describe the derivation property for the action
of A\ qu,r on a quantised sly-differential algebra; see the discussion in Remark

4.3. Quantum exterior algebra. In this subsection we show that the quantum
exterior algebra of the 3-dimensional quantised adjoint U,(slz)-module Vo, is
a quantised sly-differential algebra in the sense of our definition.

First note that the associated graded algebra of Cl,(sl2) is the quantum exterior
algebra /\qu,r. For x € sl,(2), the associated graded maps L, : /\q‘/Qﬂ— — Var to
the Lie derivatives L,: Cl,(slz) — Cl,(sl2) define an action of U,(slz) since the
filtration on Cl,(sly) is compatible with U, (sl2)-action.

The differential dcj, has filtered degree one. Therefore, we can define the
associated graded map da,: A,Var — A Vor which is Ug(slz)-equivariant by
construction. It is easy to see, c.f. Example that d,, is nonzero only for

1—|—q2

1
d/\q (Ug) = —Evg A g, d/\q (’Uo) = vy NV_g, d/\q (’U_Q) = —EUO NV_2.

It is straightforward to check that diq = 0 and that it satisfies the graded Leibniz

rule, so it defines a differential on A quﬂ. Moreover, we have the quantised version
of the formula for differential, see Example

2 3 2
q 1 q q
dy = —— [ Zv_sL —  woLy + =vsLy | .
Mg (Cv X e e Y)

Note that the formulas for the differential depend on the parameter ¢ since we
identify A, V55 with A, Var via the bilinear form (-, ).

Similarly, for x € /\qV27T we define the contraction operator ¢, : /\qVQ7T —
AVar as the associated graded map for the contraction operator on Cl,(sly). By
construction, the operators ¢, define a U, (slz)-equivariant representation of A o Vor-
In particular, we have that

2

Ly,V2 =0, tygU2 =0, Ly_yV2 =q “c,
— — 4,3 2 _
LUQUO_()) ngvo_q (1+q )C, LU72’UO_07
Ly, V—g = C, LyoV2 =0, by ,V_2 =0,
_ 0 _ 1+‘12 A —
Ly, V2 N g =0, lygV2 N Vo = — = 5 CU2, Ly_yUV2 N Vg = Cp,
_ _ 1-¢ _ 2
Ly, V2 N V_9 = —CUg, LygV2 NV_o = 2 €0, Ly_yVa NV_9g = q “cv_2g,
_ _14¢? -0
Ly, Vo N V_9 = —CVg , LygVo N V_9 = ch,z R by_yVo Nv_g =0,
1+4°
Ly U2 N Vg N V_g = cU2 AN Vg, LygV2 N Vg NV_g = ————CUs N V_2,

q
Ly_oVa NUg AN V_2 = cvg NVv_2g.
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Cartan’s magic formula for associated graded maps L, ¢z, and ds, on A qV27r
follows from the fact that Cartan’s magic formula on Cl,(sl2) has degree 0. It can
also be checked by direct computations as follows. First note that for elements of
/\OVQ7r and /\3V27T Cartan’s magic formula holds trivially. The operator d,, o ¢,

acts by zero on /\1V2,r. We have that

1
Loy dp, V2 = — =t (vo Av—g2) = vy = Ly,v_2.

The operator ¢, o d,, acts by zero on /\2V2,r. We have that

1—i—q2

d,tw, (Vo ANV_2) = —cdp,v0 = — Va AV_g = Ly, (vg Av_2).

Therefore, we have proved the following theorem.

4.4. Theorem. The algebras Cl,(slz) and /\qVQﬂ— are quantised slo-differential
algebras.

4.5. Remark. Similarly to the case of Cly(slz), see Remark we can now
compute the cohomology of A qVQW using Cartan’s magic formula. First note that
the subalgebra of U, (sls)-invariant elements in A q%ﬂ— is spanned by 1, vo Avg Av_s.
Therefore, we have the quantised analogue of Hopf—Koszul-Samelson theorem

H(/\q‘/QTﬁd/\q) = (/\q%’n’)UCI(s[Z) = /\P/\q(S[Q)u

where Py, (slp) is the space of primitive invariants spanned by vy A vg A v_s.
We note that
2 14¢2 3 1 + q2

_ _ 214q _
Lyg AvgAv_o (U2 ACHRAN U—Z) = LlyyAvg (CUO A U—2) =cC 2 Ly, V-2 = C q2

Therefore, we can recover the form B, from Remark @ via contraction operator
just as in the classical case of [20].
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