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Abstract. Few subclasses of Sakaguchi type functions are introduced in this arti-
cle, based on the notion of Mittag-Leffler type Poisson distribution series. The class
p-®S* (¢, p, v, J, K) is defined, and the necessary and sufficient condition, convex combina-~
tion, growth distortion bounds, and partial sums are discussed.
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1. INTRODUCTION AND PRELIMINARIES
Let U(r) := {2z € C: |z| < r} be the disk in the complex plane C centered at the
origin, with radius r > 0, and denote by U := U(1) the unit disk. We denote by A
the class of analytic functions in the unit disk U normalized by f(0) = f/(0) —1 =0,

and let S be the subclass of A consisting of univalent functions. The Taylor series
expansion of f is given by

(1.1) f(z)zz—l—ianz", z e U.
n=2

Kanas et al. (see [3]-[6]) were the first to define the conic domain Q (k > 0) as:

(1.2) Qe = {u+iv: u>ky/(u—1)2 402},

DOI: 10.21136/MB.2023.0061-23 455

© The author(s) 2023. This is an open access article under the CC BY-NC-ND licence @®®E


https://creativecommons.org/licenses/by-nc-nd/4.0
http://dx.doi.org/10.21136/MB.2023.0061-23

Moreover, for fixed k, j represents the conic region bounded successively by the
imaginary axis (k = 0). For k = 1, it is a parabola, and for 0 < k < 1, it is the
right-hand branch of a hyperbola, and for k > 1, it represents an ellipse (see [12]).

The Poisson distribution and the well-known Mittag-Leffler function were discov-
ered and connected systematically by Porwal and Dixit, see [13]. They called it the
Mittag-LefHler type Poisson distribution and prevailed moments. The Mittag-Leffler
type Poisson distribution is given by (see [13])

\I,nfl

Y (¥, pv)(z) =2+ nz::Q I(p(n —1) + v)E, (¥) -

where Y (¥, u,v)(2) is a normalized function of class S, since
Y(‘h/b V)(O) =0= Y,(\I/7Ma V)(O) -1

The probability mass function for the Mittag-Leffler type Poisson distribution series

is given by
PV, u,v;n)(z) = L n=20,1,2
7;'[" ) Eﬂ,y(m)r(un_'_y)’ Y ) )yt
where
E,. (V)= i L v, eC
v 7]{;:0 F(V+Mkj)’ l'[" ) )

and was introduced by Wiman (see [14], [15]), Agrawal (see [1]), and by many others
(see for example [8]-[11]). Recently, using the Mittag-Leffler type Poisson distribu-
tion series, Alessa et al. (see [2]) defined the convolution operator as

O, 1) f(2) = Y (U, pv) x f(2) = 2+ ) 9 (1 v)anz",

n=2

where
gn- 1

p(n—1) +v) By ()

g (1, v) = T

They defined and studied a new subclass of analytic functions using this convolution
operator. Following are some convolution operators for Mittag-Leffler type Poisson
distributions that are useful for defining the subclass of Sakaguchi type functions
involving the conic domains.
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Definition 1. For K, J, -1 < K < J < 1, a function f € A is in class
p—q)S*(t,‘LL,I/, JaK) if

§R((K— Dy (f; ¥, p,v) —(J —1) 1) 1,

‘(K = Dney(f; 9, p,v) = (J = 1)
(K 4+ Dy (f; 9, p,v) = (J +1)

(K+1)n(t)(f7llluu’7y)_(‘]+1) -

where
(L =1)z(2(V, p,v) f(2))
(b(\lla Hs l/)f(Z) - QJ(\II7 Hs V)f(tz)

Ny (f3 ¥, p,v) =
with [t| <1, ¢ #£ 1.

Remark 1.
(i) For t = 0 in class p-®S*(¢, u, v, J, K), we get the class k-QS*(a, 8, A, B) and
the geometric properties were discussed by Khan et al. in [7].
(ii) For ¢ = —1 we obtain the class p-®S*(—1, u, v, J, K) if

(K = Dney(f5%,p,0) = (J—1)
8?((KJr Dney(f; 9, u,v) — (J +1) 1)

(K —Dney(f: ¥, pv) = (J—1)
(K + n-y(f: 9, p,v) = (J+1)

_]_7

=

where
22((V, p, v) f(2))
(W, p,v) f(2) — ©(¥, p,v) f(—2)
(iii) When J = 1, K = —1, the class p-®S* (¢, u,v,1,—1) is obtained with the
following condition:

-1 (f; ¥, p,v) =

Ry (f3 9, ) — 1) = plne (f; 9, p,v) — 1.

(iv) When J =1 —2a, K = —1 with 0 < a < 1, we obtain a class p-®S*(¢, u, v,
1 —2a,—1) with

e (fs W pv) =1y e (8 pv) — 1
8?( 1—a )/]J‘ 1—a '

(v) When J =1—-2a, K = —1 with 0 < o < 1 and p = 0, a class 0-DS*(¢, u, v,
1 —2a,—1) can be obtained if

§R(??(t)(f;‘l’,ua’/) - 1) > 0.

l1—«
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2. MAIN RESULTS

Theorem 1. Let f € p-OS*(t, u,v, J, K) and is of the form (1.1). Then

(2.1) L2+ +t+.. +t"1) =
" A4 K) — (Lt Y+ ) el () |an
<|K —J|.
The result is sharp for the function given in (2.7).
Proof. Suppose that inequality (2.1) holds true, then it is enough to show that

‘(K — Uy (f3 9, 1, v) = (J = 1)_1‘_%(@( — Uy (f3 ¥, p,0) = (J = 1)
(K + D)y (f; ¥, pv) = (J +1) (K + 1)y (f; ¥, pv) = (J +1)

—1) <1.

For this, consider

‘(K—l)nm(f;\lf,u, v)—(J—1)
(K 4+ Dy (f; %, p,v) = (J +1)

((K— Dy (f3 9, pv) = (J—1) 1).

_1‘ (K + L)ney (f; ¥, p,v) = (J +1)

As we have set,

(1= 1)z((¥, p, ) f(2))'
(W, p, ) f(2) = ®(V, p, v) f (¢2)

therefore after some straightforward simplifications, we have

Ny (f; ¥, p,v) =

‘(K—l)mt (5, p,v) = (J —1) _1‘ B ((K—1)n<t>(f;‘11,u7V)—(J—1) _1)
(K + Uy (f59, p,v) = (J +1) (K + Dney (f; 9, p,v) = (T + 1)

(K- —(J-DTs |y T
<t oo - 2 Yl oo
=2(p+1)

x ‘ Domea(I+tn —n — ")l (1, v)anz"
(1= 1)z(K = J) + 355, n(1 = )1+ K) — (L= ") (1 + J)|§ (1, v)anz"
2(p+1)

) Yo, [+ tn = n = 'l vlan)
= 0(K = )] = Sy a1 = 1+ K) = (1 = )1+ D)l () laal

where
T1=(1=t)2(@(f; Y, u,v)f(2)), To=(f;V,pu,v)f(z) = (f; ¥, pu,v)f(tz).

By using (2.1), the above inequality is bounded above by 1, and hence, the proof is
completed. O
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Corollary 1. Let f € p-®S*(—1, u,v, J, K) and is of the form (1.1). Then

[ee]
(2.2) > Yslan| < 2|K - J|,

n=2

where
Tz = {20+ D1 = (=1)" =2n[+ 2n(1 + K) = (1 = (=1)")(1 + J) [}y (1, ).
The result is sharp for the function given in (2.8).

Corollary 2. Let f € p-®S*(t, u,v,1,—1) and is of the form (1.1). Then

o0
(2.3) > Talan| <1,
n=2
where
Yo={p+DIA+t+...+" ) —n|+ 1+t +... + "ol (,v).
The result is sharp for the function given in (2.9).

Corollary 3. Let f € p-®S*(t, u,v,1 — 2, —1) and is of the form (1.1). Then

(2.4) > Tslan| < Ja— 1],

n=2

where
Ys={(p+DIA+t+...+" ) =n|+|(@= D)1 +t+...+t" )} eG (u,v).
The result is sharp for the function given in (2.10).

Corollary 4. Let f € 0-®S*(t, u,v,1 — 2, —1) and is of the form (1.1). Then

(2.5) > Yglan| < |a— 1],

n=2

where
Yo={|(1+t+...+t" ) —n|+ (@ —=D)A+t+...+ " |}h (1,v).
The result is sharp for the function given in (2.11).
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Example 1. For the function
K-J
(2.6) fz)=z+ Z gxnz”, z e U,

where
Y7 = {200+ 1)|(1+t+. .+t —n|+[n(1+K) = (T+t+. ..+t (14+T)| 3% (1, ),

such that
oo
> lenl =1,
n=2

we have

ZT7|an|—{ZT7}{| T ||xn|}—|K—J|Z|xn|—|K—J|.
n=2 n=2 n=2

Hence, f € p-®S*(¢t, u, v, J, K) and the result is sharp.

Remark 2. By fixing some suitable parameter values in function (2.6), we can
get the examples of the following classes: p-®S*(—1, u, v, J, K), p-®S*(t, u, v, 1, —1),
p-0S*(t, p, v, 1 — 2a, —1), 0-BS* (¢, p, v, 1 — 200, —1).

Theorem 2. Let the function f of the form (1.1) be in the class p-®S*(t, u,
v,J, K). Then
K —J|

T,
The result is sharp for the function f1(z) given by

lan| <

Loy EI
(2.7) fl(z)—z—l—nz:; e

Corollary 5. Let the function f of the form (1.1) be in the class p-®S*(—1, u,
v,J, K). Then
2|K — J|

Ty

The result is sharp for the function f2(z) given by

|an| <

L N AR T
(2.8) fg(z)—z—i—nz:; T,
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By fixing the parameter values, J = %, K =

in (2.8), we get that

0L, pu=1,v=10 ¥ =1

fa(2) = 2+ 0.260822 + 2.94232° + . ..

belongs to p-®S* (-1, u, v, J, K).

et v v v
OO R0

1 1 1
-1.0-05 0 05 1.0

(a) Unit disc in z-plane.

Figure 1. Pictorial representation of fa(z) =z + 0.260822 4 2.94232% 1 ...

3
2
fz) L ///
0
il
BN
-3
-4 =2 0 2 4
(b) w-plane.

Corollary 6. Let the function f of the form (1.1) be in the class p-®S*(t, p,

v,1,—1). Then

lan| <

1
T

The result is sharp for the function fs(z) given by

(2.9) fs(2)

By fixing the parameter values, ¢t = —%, p=01,p=1v=18 ¥ =1Iin (2.9),

we get that

f3(2) = 2 + 1.523022 + 2.84232° + . ..

belongs to p-®S*(t, p, v, 1, —1).

N v v v
OO R0

1 1 1
-1.0-05 0 05 1.0

(a) Unit disc in z-plane.

Figure 2. Pictorial representation of f3(z) = z + 1.523022 4 2.84232% + . ..

|
W~

|
(]

0 2

(b) w-plane.

4

6
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Corollary 7. Let the function f of the form (1.1) be in the class p-®S*(t, u, v,
1 —2a,—1). Then
la —1]

Ts

lan| <
The result is sharp for the function f4(z) given by

|

_ - _1| n
(2.10) f4(z)fz+nz=:2 "

By fixing the parameter values, t = %, a = %, p=02, u=1Lv=2 V=1
in (2.10), we get that
fa(z) = 2+ 1.27252% + 2.17012° + . ..

belongs to p-®S* (¢, u, v, 1 — 2a, —1).

T T T
0.8 - 3 -
0.6 T L i
04 . 2
0.2 1 faz) 1T A
0.0 4 — 0O n
—0.2}F - —1k -
—04r .
—0.6 | —2r i
—08 | . -3 .
1 1 1 1 1 1 1
-1.0-05 0 05 1.0 -2 0 2 4
(a) Unit disc in z-plane. (b) w-plane.

Figure 3. Pictorial representation of f4(z) = z + 1.272522 4+ 2.17012% + . ..

Corollary 8. Let the function f of the form (1.1) be in the class 0-®S*(t, u, v,
1—2a,—1). Then

la — 1]

lan| < T

The result is sharp for the function f5(z) given by

_ - |a_1| n
(2.11) f5(z)—z—|-nz::2 "
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By fixing the parameter values, t = %, o= i, pw=1,v=1 ¥ =1in (2.11), we

get that
f5(2) = 2 4 1.22322% + 1.54502° + . ..

belongs to 0-®S*(t, p, v, 1 — 2, —1).

T H T
0.8 - 3
0.6 . 21
0.4 . 1k
0.2 - 1 f5(2)
o ] == o
—0.4f . -ip
—0.6 F - —of
_08 i 1 1 1 1 1 ] _3 T I I L 1 I I
-1.0-05 0 05 1.0 -3-2-1 0 1 2 3 4
(a) Unit disc in z-plane. (b) w-plane.

Figure 4. Pictorial representation of f5(z) = z + 1.223222 + 1.54502° + ...

Theorem 3. The class p-®S*(t, u, v, J, K) is closed under convex combination.

Proof. Let f,,(2) € p-®S*(¢t, u, v, J, K) such that
fm(z) =2+ Zan,mz", m € {1,2}.
n=2

It is enough to show that

tfi(z) + (1 — ) fa(z) € p-®S*(t, p, v, J, K), t€]0,1].

As
o0
th1(2) + (1= fa(2) = 2+ Y _[tan1 + (1 = )an]2",
n=2
o0 (o)
> Yrltans + (1= ana| < Y Trltlana] + (1 = t)]an 2]
n=2 n=2
< fz T7|an,1| + (1 — t) Z T7|an,2|
n=2 n=2
<HK—J+1-0|K—-J =|K-J.
Hence,

tfl(z) + (1 _t)fQ(Z) € P‘@S*(taﬂv% JaK)a

which completes the proof.
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Corollary 9. The classes p-S*(—1, u, v, J, K), p-®S*(t, p, v, 1, —1), p-®S*(¢, p,
v,1—2a,-1), 0-OS*(¢t, u,v,1 — 2a, —1) are closed under convex combination.

Theorem 4. Let f € p-®S*(t, u,v,J, K). Then for |z| = r

@l <r+ K | e
e+ DI -1+ 20+ K) - A+ 00+ o5 0)
F) 57— K —J] 2

r
{200+ Dt =1+ 201+ K) = (1 + ) (1 + J) [} (n,v)
The result is sharp for the function given in (2.7) for n = 2.

Proof. Let f € p-®S*(t,u,v,J, K). Using Theorem 1, we can deduce the
following inequality:

e} 00
FEI< Tzl + Y lanllz"| < J2l + |22 ) lan|
n=2 n=2

K —J| 2
<r+ "
{2 + DIt =1+ 200+ K) = (1L + 1) (1 + J) [}, (1, v)
Similarly,
@) > 12l = Y lanll2"] > 2] = 121 Y lan]
n=2 n=2

_ |K—J| r2
{200 + Dt =1+ 200+ K) = (1 + )1 + )by ()

<r

Corollary 10. Let f € p-S*(—1,pu,v,J, K). Then for |z| =7

FE <+ K-J| .
Ae+ D)+ 20+ K)Ieh0nr)
&) > - K~ JI 2

Ge+ D+ RO+ K)Ne3 )

The result is sharp for the function given in (2.8) for n = 2.

Corollary 11. Let f € p-®S*(¢, u,v,1,—1). Then for |z| = r

1 2
&S+ D i)
=T - 1 :

G+ Dl -1+ 1+ 3 Gnr)

The result is sharp for the function given in (2.9) for n = 2.
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Corollary 12. Let f € p-®S*(t, u,v,1 — 2a, —1). Then for |z| =r

)<+ lo — 1]

@) > - lo — 1]

[+ DIE— 1+ (a— DA+ D3 )

The result is sharp for the function given in (2.10) for n = 2.

Corollary 13. Let f € 0-®S* (¢, u,v,1 — 2, —1). Then for |z| =71

z r o]l ’
|f(2)] < +{|t_1|+|(a—1)(1+t)|}50\21/(%”)
&) 2 - — .

{It =1+ [(a = 1)L + 1) }oF (11, v)

The result is sharp for the function given in (2.11) for n = 2.

Theorem 5. Let f € p-S*(t, u,v, J, K). Then for |z| =r

G+ Dl -1+ a- DA+ Gmr)

Fl<1t 2K —J| N
G A T G N G G Yy ey
F) =1 2K —J

RO+ Dt =1+ 20+ K) - 0+ 00+ D3 mr)

The result is sharp for the function given in (2.7) for n = 2.

Proof. The proof is quite similar to Theorem 5.

Corollary 14. Let f € p-®S*(—1, pu,v,J,K). Then for |z| = r

/ 21K — J|
IS G D O KR )
FE@>1- e

Ao+ D+ R0+ KL (ny)

The result is sharp for the function given in (2.8) for n = 2.

Corollary 15. Let f € p-®S*(t, u,v,1,—1). Then for |z| =r

) 2
P D i e )
If'(2) =1 -

RN

The result is sharp for the function given in (2.9) for n = 2.

465



Corollary 16. Let f € p-®S*(t, u,v,1 — 2a, —1). Then for |z| =r

" 2|la — 1] -
P S G D T e - DA T OB )
=1 o

[+ D=1+ ]a— DI+ OPeE W)

The result is sharp for the function given in (2.10) for n = 2.

Corollary 17. Let f € 0-8*(t, u,v,1 — 2a, —1). Then for |z| =r

" 2] — 1| ,
N T R (Em) =
P 1- o

e =1+ la- DT+ (my)

The result is sharp for the function given in (2.11) for n = 2.

3. PARTIAL SUMS

In this section, we examine the ratio of the function of form (1.1) to its sequence
of partial sums

q
fo(z) =2+ Z anz"
n=2

when the coefficients of f are sufficiently small to satisfy condition (2.1). We deter-
mine sharp lower bounds for

/) LEY oG e hae)
o) ) 2ae) *Ge)

q

Theorem 6. If f of the form (1.1) satisfies condition (2.1). Then

f(2) 1
(3.1) &e(fq(z)) 1o Vel
fq(2) Ugt1
(3.2) &e(f(z)) > 5 vee
where
T
(3:3) 0q = ﬁ

The result is sharp for the function given in (2.7).
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Proof. This can easily be verified:
g1 >0, >1 forn > 2.

Therefore, in order to prove inequality (3.1), we set
fz) (1 1 )) _ Ygn1(f(2) = f4(2)) + f4(2)
fq(2) Vg1 fq(2)
1+ ZZL=2 anznil + ﬁqul Zzo:q_H alnzni1
L+ L apzn!

Vg1 (

14+u(2)
1+uy (Z) '
We now set
T+u(z)  1+04(2)
T+ug(z)  1—092(2)
A suitable simplification reveals that

_ o wi(z) —we(z)
) = 3@ +2u2(z)'

Thus, it can be seen that

oo n—1
19(14‘1 En:qul anz

0(z) = .
) 2+ 2300 a2+ g1 3007 g anz

Following the trigonometric inequalities with |z| < 1, we obtain the following in-
equality:

o0
Vgt1 En:q+1 |an|

—2 lan] = Vg1 Z?:q—i—l |an]

R0 < g5

This can now be seen as

p(2)[ < 1,
if and only if
0 q
20501 Y lanl <22 lanl.
n=q+1 n=2
Hence, it implies
q 0

(34) D an + 001 D lan| <1,

n=2 n=q+1

It suffices to show that the left-hand side of (3.1) is bounded above by the following
sum to prove the inequality in (3.4):

o0
> nlan].
n=2
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This is equivalent to

oo

(3.5) Z Dlan| + Z (Un — Fgy1)lan] =0

n=q+1

Due to (3.5), the inequality in (3.1) can now be proven.
The next step is to prove inequality (3.2) by setting

(1 + 9 )(fq(z) o 19q+1 ) _ 1+ EZ:Q anZnil — 19q+1 Z;.Lo:q-i-l anz"*
q+1 f(Z) 1+ 19(14_1 1+ Z?:Q anznfl
Lo
1 =0a(2)
where
1+9 > n
(3.6) [0(2)] < ( a+1) 2n=g 1 ] <1

| <
2_2Zi=2 |an| — (g1 — 1)Zn g+1 |an]

This last inequality in (3.6) is equivalent to

(3.7) Z|an|+79q+1 Z lan| <

n=q+1

In addition, we find that the inequality in (3.7) is bounded above by the following

oo
> nlan].
n=2

Assertion (3.2) has been proved. O

sum:

Corollary 18. If f of the form (1.1) satisfies conditions (2.2)—(2.5), respectively,
then

f(z) 1 .
(3.8) %(fq(z)) >lo g ViEU i=1234
fq(2) Vg+1(7) o
(3.9) 5}%( f(z)) >t YeEL =123
where
Ts
(3.10) Ue(1) = AK —J]’
(3.11) 94(2) = T4,
(3.12) 03) = 2
— TG
(3.13) 9a0) =
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Equations (3.8) and (3.9) are the partial sums of the classes p-®S*(—1, u, v, J, K),
p-®S*(t, pu,v, 1, 1), p-®S* (¢, p, v, 1 -2, —1), 0-®S* (¢, u, v, 1 —2cx, —1), respectively.
The result is sharp for the functions given in (2.8)—(2.11), respectively.

Following are ratios involving derivatives.

Theorem 7. If f of the form (1.1) satisfies condition (2.1), then

CAC) FETES RV

f(;(z) - g1
fq(2) Vgp1
>
§R<f’(2)) T g1+ a1 veel,

where 9, is given by (3.3). The result is sharp for the function given in (2.7).
Proof. The proof of Theorem 7 is similar to that of Theorem 6. The analogous

details are omitted here. O

Corollary 19. If f of the form (1.1) satisfies conditions (2.2)—(2.5), respectively,
then

f'(z) q+1 .
fé(z) ﬁqul(i) -
(3.15) a%(f,(z)) > ST Trev =123

where ¥4(1), 94(2), 94(3), ¥4(4) are given by (3.10)—(3.13) accordingly. The equa-
tions (3.14) and (3.15) are the partial sums of the classes p-®S*(—1, u,v, J, K),
p-0S*(t, p, v, 1, =1), p-®S*(t, u, v, 1 —2cr, —1), 0-BS* (¢, p, v, 1 — 2cx, — 1), respectively.
The result is sharp for the functions given in (2.8)—(2.11), respectively.

4. CONCLUDING REMARKS AND OBSERVATIONS

In our present work, by making use of the idea of Mittag-Leffler type Poisson
distribution, we have defined and studied certain new subclasses of Sakaguchi type
functions. Further, we have discussed some important geometric properties, like nec-
essary and sufficient condition, convex combination, growth and distortion bounds,
and partial sums for this newly defined class.
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