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Abstract. This work is devoted to analyzing the existence of the Cauchy fractional-type
problems considering the Riemann-Liouville derivative (in the distributional Denjoy integral
sense) of real order n > 1. These kinds of equations are a generalization of the measure
differential equations. Our results extend A. A. Kilbas, H. M. Srivastava, J. J. Trujillo (2006)
and H. Zhou, G.Ye, W.Liu, O. Wang (2015).
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1. INTRODUCTION

In this paper, we study the solvability of the Cauchy-type problem for the frac-
tional measure differential equation (FMDE)

(1) Dgl'(t) = f(x(t)at) + g(m(t),t)Du, lim tminx(t) = Cm,

t—0t

where t € [0, 1], n € [1,00) fixed, m = [n] is defined as the least integer greater than

or equal to n, ¢, € R,
2 € Cpmnl0,1] = {x:(0,1] = R: t™ "x(t) € C[0,1]},

u: [0,1] — R is a non-decreasing continuous function, f: R x [0,1] — R is a Denjoy
integrable distribution, g: R x [0,1] — R is Henstock-Stieltjes (HS) integrable and
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D¢ denotes the Riemann-Liouville fractional derivative of order n in the distribu-
tional sense, see below (and also [31]). Note the notation Dyx(t) := D™ Jy" "xz(t)
means that it is a distribution that depends on the point ¢ due to the fact that
the distribution Jj'z depends on the parameter ¢ for any n > 0. In this sense the
equation in (1) is established.

In [12], the authors generalize Carathéodory’s existence theorem for the equation
a2’ = f(x,t) by using the Henstock-Kurzweil integral. If n =1 and (1) is considered
in the distributional sense, since Du generates a Borel measure, the problem (1) is
called measure differential equation (MDE) and reads as

(2) Dz(t) = f(z(t),t) + g(x(t),t)Du, te€]0,1],
z(0) = ¢;.

These kinds of equations have been studied by many authors (see [13], [14], [38],
[39], [43], [47]). For example, in [47] the equivalence of MDE (2) and the integral
equation

2(t) = 1 + / f(a(s), ) ds + / o(z(s), ) dufs)

is proved as well as the existence of at least one solution for the MDE (2) in the
distributional Denjoy integral sense. In [28], the authors showed the existence of a
solution of the distributional differential equation (DDE)

assuming that u is a regulated function. Later in 2019, the existence and unique-
ness of solutions to the second-order distributional differential equations with Neu-
mann boundary condition were analyzed via Henstock-Kurzweil-Stieltjes integrals
(see [46]). Thus, as the name suggests, FMDE (1) is a generalization of a measure
differential equation, see, e.g., [14].

In particular, if u is an absolutely continuous function, its distributional derivative
is the usual derivative. Assuming that n is an arbitrary noninteger number bigger
than one, we obtain a fractional differential equation (see [7], [20]). For the integer
case, we get an ODE; see, e.g., [14].

The study of fractional integro-differential operators in the classical sense (within
Lebesgue integral theory) and their applications has been developed by many au-
thors, see, e.g., [6], [7], [15], [16], [21], [24], [26], [27], [34], [35], [37]. Here, Dg*
and Jy* denote the fractional differential and integral operators in the Lebesgue
sense, respectively. In [23], Kilbas et al. considered the Cauchy problem

(3) Dita(t) = F(xz(t),t) a.e. on [0,1],
Dgl_kx(OJr) =by forl1<k<m,
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where ny is arbitrary positive, 0 < m — 1 < ny < m, Dg*~""x(t) = J' "x(t),
{bx}, C R and z(t), F(z(t),t) belong to L'[0,1], the set of Lebesgue integrable
functions. In [15], Theorem 5.1, Diethelm established the existence and uniqueness
of the solution in C(0, h] for (3) assuming continuity and Lipschitz conditions and
proving the equivalence of (3) and the corresponding Volterra integral equation

(4) Z o k " 1)75”1*’“ + JPF(x(t),t)  ae. on [0,1].
k=1

In [23], the equivalence between (3) and (4) was proved assuming that = and
F(z(t),t) are Lebesgue integrable. Thus, the existence and uniqueness of the Cauchy
problem (3) in L'[0,1] were shown under a restriction for the Lipschitz constant.
Finally, in [30] the authors proved existence and uniqueness of (3) by using superpo-
sition and Lipschitz operators.

It should be noted that with the intention of solving various problems, there are
new fractional derivatives combining the power law, exponential decay and Mittag-
Leffler kernel; among them Liouville-Caputo, Atanga-Caputo, Atanga-Gémez and
Atanga-Baleanu derivatives, see [2]-[5] and [18]. For example, in [36], a boundary
value problem of fractional type (of order 1 < n < 2) is studied, considering a pseudo
fractional differential operator and vector-valued Pettis integrable functions. To the
best of our knowledge, there are not enough papers concerning the fractional-order
DDE, see [32].

In this paper, we show the existence of at least one solution of (1) via its integral
equation

(5) w(t) = 3 et F 4+ T3 F(a(t), 1) + TPg(a(t), H) Du,

k=1

where {cx}7"; C R, and by using the fractional differential and integral operators
introduced in [31]. Moreover, the coefficients {cy} can be considered as in the ex-
pression (14). This means that J;' denotes the Riemann-Liouville fractional integral
operator of order n in the distributional sense. Defining

Jo'9(w, ) Du = Jg' ' Ty g(, ) Du,

by Theorem 6.5.3 in [29], we have that Jig(z,-)Du € C[0,1]. Thus J@g(z,-)Du
is a regular distribution (meaning that there exists a locally integrable function
such that generates the given distribution), in fact, JJ*g(x,-)Du is generated by the
continuous function Jlg(x,-)Du. In this case, J} denotes the Riemann-Liouville
fractional integral operator of order 1 in the Lebesgue sense.
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We apply theoretical implications of the Henstock-Kurzweil theory, see [29],
[41], [42]. This theory is a research topic of great interest in the scientific community
because it offers certain advantages. It is related to many problems not only theo-
retical but also practical in Statistics, Financial Mathematics, and Particle Physics,
see, e.g., [10], [25], [33].

2. PRELIMINARIES

Now we introduce the definition of the distributional Denjoy integral. Recall
that the space of Lebesgue integrable functions on (a,b) is denoted by L!(a,b); the
Lebesgue integral is characterized in terms of absolutely continuous functions AC.
In the case of the Henstock-Kurzweil integral, there is an analogous characteriza-
tion in terms of generalized absolutely continuous functions in the restricted sense
ACG,. This means, F' € ACG, if and only if there exists f € HK]a,b] such that
F(z) = [ f+F(a), hence F' = f a.e., see [19]. However, if F is any continuous func-
tion, then the generalized function and the distributional derivative are needed be-
cause there exist continuous functions differentiable nowhere. Thus, Talvila (see [41])
introduced a generalized integral called Denjoy distributional integral whose theory
contains Lebesgue and Henstock-Kurzweil integrals. However, there are some refer-
ences that call it Henstock-Kurzweil distributional integral, see, e.g., [45].

2.1. Denjoy distributional integral A.. Let (a,b) be a bounded open interval
in R, we define

D(a,b) :={p: (a,b) = R: ¢ € C* and ¢ has a compact support in (a,b)}.

Moreover, it is said that a sequence (¢,) C D(a,b) converges to ¢ € D(a,b) if there
is a compact set K C (a,b) such that all ¢,, have support in K and, for any integer
m > 0, the sequence of derivatives (go%m)) converges to @™ uniformly on K, see,
e.g., [22].

The dual space of D(a,b) is denoted by D’(a,b) and it is the space of continuous
linear functionals on (a,b). The elements of D’(a,b) are distributions on (a,b). It is
well known that the distributional derivative of an element T € D’(a, b) is the unique

distribution G that satisfies
<Ga 50> = _<Ta SOI> VSO € D(a7b)

Let
C° .= {F € C[a,b]: F(a)=0}.
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It is well known that C° is a Banach space with the supremum norm, ||F| s :=

sup |F'(t)]. By BV we denote the set of functions u: [a,b] — R with a bounded
t€(a,
Varlatlon

b
var u = supz |u(zn) — u(xn—1)| < oo,

n

where the supremum is taken over all partitions of [a, b]. Recall that, when equipped
with the norm |u|gy = var? u + |u(a)|, BV becomes a Banach space, see [29].
We follow the notation from [41] to introduce the distributional Denjoy integral.

Definition 2.1. A distribution f € D’(a,b) is said to be a Denjoy integrable
distribution on [a, b] if there exists a continuous function F' € C° such that DF = f
(the distributional derivative of F'is f). The distributional Denjoy integral of f on

[a, b] is denoted by
b
/ f:=F()— F(a).

Moreover, if f € A., then f has primitives in C|[a, b] differing by a constant. Never-
theless, f has exactly one primitive in C°, see [9], Theorem 6, ii).

We set DF' to be the distributional derivative. In other words, if DF' = f, then F'
is the primitive of f. The space of all the Denjoy integrable distributions on [a, b] is
denoted by A.. For f € A., we define the Alexiewicz norm

[flla = [[Flfoo,

where DF = f and F € C°. In particular, if f € HK[a, b], then

I flla:= t:bg) ‘/ f(s

Lemma 2.2. Let f € A. and (fx) C HK]a,b] be such that

lim ||fk — f”A — 0.
k—o0

Then for any ¢ € D(a,b),
i (fi, 0) = (f, @).
—00

Proof. Let for every k € N, Fj, be the primitive of fi, (Fy(t) = fi(t) a.e.).
Since (f%) € HK|a, b], then for all ¢ € D(a,b)

(frr 0 / F(t) / b Fi(t)' (1) dt.
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On the other hand, since ||f — fxl]la — 0 as k — oo, (F}) is a Cauchy sequence in
Cla,b]. Therefore, there exists F' € C|a,b] such that Fj(t) — F(t) and for every
¢ € D(a,b),
b b
i (i) = = Jim [ @) (0)dt = - [ F)(0)dt = ~(8,¢') = DF.¢).
—00 —00 @

a

Thus, (fx) converges (weakly) to DF in the distributional sense. Now, by the Holder
inequality (see [41], Theorem 7),

b
\ / (fk—f)sO(t)dt‘ <2lfi— Flallglley for any ¢ € D(a,b).

Hence, if f, — f in the distributional sense, then f = DF'. This completes the proof.
O

Remark 2.3. Note that it does not depend on the Cauchy sequence because
the set of continuous functions with the uniform norm is a Banach space.

By [41], Theorems 2-3, A, is a separable Banach space with respect to the Alex-
iewicz norm. On the other hand, in [8] and [9] it is shown that the completion of the
Henstock-Kurzweil integrable functions space, HK][a, b], is isomorphic to A.. Thus,

L'a,b] € HK[a,b] C HK[a,b] ~ A,

where HK][a, b] denotes the space of Henstock-Kurzweil integrable real-valued func-
tions on [a, b]. Furthermore, in [9], [41] and [45] the following result is proved.

Theorem 2.4. A, is isomorphic to the space C°.

This result inherits the partial order defined in [44], for elements f, g € A, we say

that f < g if and only if
/fé/g
J J

for any subinterval J in [a,b]. In particular,

fjgﬁ/:fé/:g Va € [a,b].

Also, there exists a version of the Fundamental Theorem of Calculus in the distri-
butional Denjoy integral sense.

Theorem 2.5 ([41], Theorem 4).
(i) Let f € A, and F(t) := [ f. Then F € C° and DF = f.
(ii) Let F € Cla,b]. Then [! DF = F(t) — F(a) for all = € [a,b].

476



In [41], the following integration by parts result was presented.

Lemma 2.6. Let f € A, and g € BV. Put fg = DH, where H(t) = F(t)g(t) —
fat F(s)dg. Then fg € A. and

/  fo = Py - / " () dg.

In [1], a convergence theorem on A. was proved.

Theorem 2.7. Let (f,) be a sequence in A, such that f, — f € D'(a,b). Suppose
there exist f_, f+ € A, satisfying f_ < f, = fy for alln € N. Then f € A. and

. b b
dim o fo =i S
In [42], Talvila defined the convolution f x g for the pair (f,g) € A. x BV(R) as
fro)= [ (Foms.
— 00
where r4(s) = (t — s). It is clear that the convolution operator is commutative. The
composition of f or; for f € A, is defined by

(fore,v) = (f,(or,")/(riorh))

for all ¢y € D(a,b). Clearly r;'(s) # 0 due to s < t and r; is a bijection. The
convolution f * g, (f,g) € A x L*(R) is defined as a limit, see Definition 3.2 in [42].
One can see that f x g = g * f. Moreover, he proved the following result.

Theorem 2.8. If (f,g) € A x L*(R) then
(i) g+ f €A,
(i) llg* flla <[ flallgl, llglh = [z lg(®)|dt.

2.2. Riemann-Liouville fractional integral operator on A.. First, the set
of natural numbers is denoted by N := {1,2,...}. In this paragraph, we recall
the Riemann-Liouville fractional integral operator (fractional integral operator, for
short) in the distributional Denjoy integral sense and some fundamental properties;
for more details, see [31].

Definition 2.9. Let n € [0,00), f € A, and
u"1T(n) if0<u<b-—a,
on(u) =

0 otherwise,

(6)
where T': (0,00) — R is the Euler gamma function
o)
I'(s) ::/ t5le~t dt.
0
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Then for n > 1, the Riemann-Liouville fractional integral operator of order n is
defined by

T f(t) == n * f(1),
where f € Ac and t € (a,b). For 0 <n <1,

1 t
wx f(t) = lim — [ (t—s)"! dt
Gur S0 = Jim o [ 0= el ats,
where a < t < b, (fr) C L*[a,b] such that ||fx — f|ja — 0 as k — oo. For n = 0, we
set JOf := I, the identity operator.

Remark 2.10. Note that if n > 1, then ¢, is increasing, non-negative and
bounded on [0,b — a]. Thus, ¢, is a function of bounded variation on R. When
0 < n < 1, the function ¢, belongs to L!(R), but it does not have a bounded
variation. Observe that if f is in L'[a,b] and n > 0, then J"f(t) = J2f(t) (this is,
J2 f is a regular distribution induced by J7' f, the fractional integral operator of f in
the Lebesgue sense), since the distributional Denjoy integral contains the Lebesgue
integral. Using the Holder inequality, [41] and [45], it is easy to see that J'f is a
temperate distribution for any f € A. and n > 0 (see [17]).

Now, we recall some fundamental properties of Riemann-Liouville fractional inte-
grals, see [31].

Theorem 2.11. Letn € [0,00), f € A. and J!" f(t) be as in Definition 2.9. Then:
(i) Jr: A, — A..
(ii) JJ is a bounded linear operator with respect to the Alexiewicz norm. In other
words, for (f,) C A. which convergs in the Alexiewicz norm to f, we have that
(T fr) convergences in the Alexiewicz norm to J' f.
(iii) Moreover, if n > 1 and (fy) C L'[a,b] such that ||fi — f||a — 0 as k — oo, then

e = m g x i)
in A; and in Cla, b].

Theorem 2.12. Let m,n € [0,00) and f € A.. Then J"J"f = J""f in A..
Moreover, if m > 1 or n > 1, then the identity holds everywhere in Cla, b].

2.3. Riemann-Liouville fractional differential operator on A.. Now, we
consider an extension of the Riemann-Liouville differential operator (see [15], [37])
in a more general sense, this means in the distributional Denjoy integral sense; this
study was developed in [31].
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Definition 2.13. Let n € [0,00), m := [n] and f € A.. The Riemann-Liouville
fractional differential operator of order n is

Dif = DI,

where D™ denotes the m-fold iterates of the distributional derivative. For n = 0, we
set DY := I, the identity operator. Also, Dy ™ f := Jo'f.

Remark 2.14. Observe that the operator D is well defined, since J," " f € A,,
and the distributional derivative of a distribution is a distribution, see [22]. There-
fore, for any n € R,

DI': A. — D'(a,b).

The following two results can be consulted [31].
Theorem 2.15. Let n € [0,00). Then, for every f € A,

DyJa'f =T

Theorem 2.16. Let n € [0,00). Then, for f € A,
Ji'f = DT, F),
where F' € Cy is the primitive of f. In consequence, for j € N and ¢ € D(a,b), then
(7) (DT ), 0) = (1) THTIE D).

Proposition 2.17. The fractional integral operator of arbitrary order n > 0 keeps
the partial order in A..

Proof. Let f,g € A. such that f < g (meaning that F' < G, where DF = f
and DG = g). Clearly,

JYF() < JPG(t) Vi e |a,b).

Applying Theorems 2.12 and Theorem 2.16, we have fat Jrf < fat Jrg for all t €
[a,b]. Tt implies that
Jo'f =259
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3. MAIN RESULTS

Let v > 0 and
Cyla,b] ={f: (a,b] = R: (t —a)"f(t) € Cla, b},
where the norm is given by

1flly = sup [(t—a)"f(t)]-
tela,b]

Clearly, the space C,[a, b] endowed with the norm |||, is a Banach space. For v = 0,

Cola,b] := Cla,b]. Without loss of generality, we will consider [a,b] = [0, 1]. Let

{ex}7y CR and

t) = Z ct"™F for t €[0,1].
k=1
Then zg € Cy,—y[0, 1]. Further, for r > 0, set

B (zg) = {zx € Croen]0,1] ¢ ||z — 20 ||m—n < 7}

Now we impose some assumptions on f, u and ¢ from (1). For the following
conditions, there is 7 > 0 such that:
(C1) f(z(),-)isin A, for any = € B,.
(C2) f(,t) is continuous for all ¢ € [0, 1].
(C3) There exist f_, fi € A such that f_ () < f(z, ) < f+().
(C4) g(z(-),-) is Henstock-Stieljes integrable for any = € B, with respect to u.
(C5)
(C6) There exist Henstock-Stieljes integrable functions g_, g4 such that g_(-) <

g( a)\g-i-()'

(C7) w is a non-decreasing continuous function on [0, 1].

g(+,t) is continuous for all ¢ € [0, 1].

Note that these conditions are analogous to those used in [47].

Definition 3.1. A solution of the Cauchy problem (1) is a real-valued function
x € C(0,1] such that there exists the finite limit

lim t™ "x(t), ie., x€ Cp_nl0,1],
Tim £ nal0.1]

and z satisfies (1).

Remark 3.2. Clearly z € A. and Dz is a distribution depending on t due to
the fact that the distribution J'x depends on the parameter ¢ for any n > 0.

Lemma 3.3. Let n € [1,00) be fixed. Assume that (C1)-(C7) hold. Then x
satisfies (5) if and only if x is a solution to the Cauchy problem (1).
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Proof. Let 1< n < oo be fixed. Note that JJ"f(z(t),t) exists by (C1), (C3)
and Theorem 2.11 (iii). Since C[0,1] C A., Jg'g(x(t),t) makes sense due to (C4),
(C6), (C7) and Theorem 6.5.3 of [29].

Suppose that there exists x satisfying (5). Clearly = satisfies that

lim ™ "x(t) = cpm.
t—0+t ( ) m

Applying D to (5), by the linearity of D (see [31], Theorem 4.7), Theorem 2.15
and Example 2.4 in [15] we have that

DRIy F(a(t),t) = f(x(t),), Dyao(t) = 0.

Clearly if n = 1, the solvability of (5) implies that (1) holds. Now assume that n > 1.
By the relation (7) proved in Theorem 2.16, for any ¢ € D(0,1) we obtain

(D™ J T3 T g(2(t), ) Du, @)
= (=)™ NI Ty Ty T g(w(t), ) Du, o).

By the semigroup property (Theorem 2.12), we have

(8)  (~1)™HT " To To T 9(a(t), 1) Du, oY)
= (=1)"™HT" To 9(x(1), t) Du, ")

= (cpym / T Tg(a(t), ) Dut) ™V (1) dt.

Applying the integration by parts, i.e., Lemma 2.6, to (8), and Theorem 6.6.1
from [29] we obtain

(9) (~1)m* / T g (), ) Du(t) gD (1) dt
= (apme | T g(a(t).HDut)e (1) at
0

-/ w(t)d( / g<x<s>,s>du<s>)<t>= / *g(alt) (t) dut).

0

Thus, by (8) and (9), we get that DJJ; g(x(t),t)Du is identified with g(z(t),t)Du.
Therefore,
Dyx(t) = f(x(t), 1) + g(x(t), 1) Du.

Now, assume that z is a solution to the Cauchy problem (1). By definition,
D™ Jg" " a(t) = f(x(t), 1) + g(x(t),t) Du.
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Note that x € L'(0, 1), then by Theorem 2.16
ijom—nx — Dm’+1j0m_nX,
where DX = 2. Applying Ji to both sides of the equality, we have
(10)  D™TRFTMa(t) = DMITTX(E) = o f(x(t), 1) + Ty g(x(t, 1) Du.

According to (C4) and (C7), and by Theorem 6.5.3 from [29],

Tea(e(t), ) Du(t) = / 9(x(s), ) du(s)
0

is continuous. Since (C1) holds, we have that J; f(z(t),t) is continuous, too. There-
fore, D*=1 7" "z is induced by a continuous function for k = 1,...,m. Apply the
operator to Jg" ' to (10). Then by Theorem 2.5 (ii) and Theorem 2.12,

T2 DM T a(t) — T (0) = T (), 6) + g(a(t), D),

One can apply Theorem 2.5 (ii) m + 2 times to the left hand side of the above
expression,

m—1 )
(11) T "a(t) = Y Ty (00 = Tt (f(x(t). ) + g(x(t), 1) Du).

i=0
Then applying Dg'~ " to the expression (11), by Theorem 2.15, Example 2.4 in [15]
and Theorem 2.12, we obtain that the integral equation (5) holds, where

e =Dy F(0)/T(n — k4 1)

fork=1,...,m. O

Theorem 3.4. Let n € [1,00) be a fixed number. Assume f, u, g satisfy the con-
ditions (C1)—(C7). Then there exists at least one solution of the Cauchy problem (1)

given by (5).
Proof. Let 1< n < oo be fixed. Let us further fix hy and hs in R by

= max (195 F- (O 1T 501, he = max (197 () du(®)], 17790 du®)]),
By the conditions (C3), (C6) and Proposition 2.17 we have

o f(x(®), )] < by and  [Tg'g(x(t), ) Du(t)] < ho.
Let r = hy + ho,

B, ={z € Cp,—n[0,1]: ||z — zol|m-n < T}
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Now we define an operator T" on B, to Cy,—,[0, 1] by
Ta(t) = Jo' f(x(t),t) + Tg'g(2(t), t) Du + 2o ().
First, we prove that T: B, — B,.

[Tz — zollm—n = Sl[lp]tm_"ljo"f(w(t), t)+ Jg'g(x(t), t) Dul
tefo,1

< S}lp]tm‘"[ljo”f(x(tm)l +|75'9(x(t),t) Dul] < ha + ho =1
tefo,1

This implies that T'(B,) C B;.

As a second step, we show that T is a continuous operator with respect to the
norm in Cp,—, [0, 1]. Let & € B, and (z;) be a sequence in B, such that z; converges
to = in the norm of C,,—,[0,1]. By the condition (C2), for all ¢ € [0, 1],

f(xj(t)vt) —)f(:[:(t),t) as j — oo.
By (C3) and Proposition 2.17, we have for all j € N,
jon_lf—(') = jon_lf(xj(')a )= jon_1f+(')-

Moreover, by (C1) we have J3" f(x;(-),-), &  f(z(-),-) € A, for j € N. By the
continuity of the fractional integral operator, Theorem 2.11,

T2 (), ) = F(@(),) = 0 as j — oo.

Thus, applying Theorem 2.7,
Tim 77500, = TG0

Further, by Theorem 2.11 (iit), J3" f(x;(-), ), Jg* f(z(-),-) € C[0,1] for j € N.
On the other hand, by (C5),

9w (6),8) = gla(t),t) as j = oo.

Due to the fact that (C4), (C6), and (C7) hold, applying Theorem 6.8.11 of [29] we

have .

t
tim [ glan(s),9)du(s) = [ glas), ) du(s),
Clearly, for any j € N, Jdg(z(-), ) du, I3 g(x;(-), ") du € C[0,1], by Theorem 6.5.3
of [29]. Since L'[1,0] € A, for any j € N,

jOng(x()v ) du, jOng(xj(')a ) du € C[Ov 1]7
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see [15]. Again, by (C5)
J5'9(x; (), ) du = Jg'g(x(), -) du

uniformly as j — oco. Thus, (T'z;(t)) converges to Tz(t) in the norm of C),—,0, 1].

Finally, we prove that the operator T is compact. It means, we show that there
exists a compact set K’ C B, such that T(B,) C K’. It is clear by (C3) and (C6)
that T'(B,) is uniformly bounded with respect to the norm ||-||;—n. Thus, TVz(t) :=
t"~"Tx(t) is uniformly bounded in C[0,1]. We show that 7" is equicontinuos in
C[0,1]. Let e >0 and 0 < t; < t2 <1,

0T f () (B) = 857" T f () (£2)

- ﬁ " — s S, ) ds - /Otz t5 "t = 8)" " flw,5)ds
ﬁ 1 (7"t = 8)" 7 =t (= 8)" ), 5) ds
+ ﬁ t ’ ty " (ty — 8)" " f(x,5) ds|.

Note that by the condition (C3), we have that

sl < mas {| [ ] [ 1

J

By Theorem 2.8,

to
\ £ (1 — 5" f (5 ds| < Hf(x,-)uA/t 1(s) ds.

Clearly, the map ¢; — f:f /27" (s) ds defines a function in AC, where 7, (s) = (t2—s)
when 1 > ts > s > 0 and zero otherwise. Then given ¢ > 0, there exists § such that
if [t; — t2| < 6, then ‘ tthZ 1 )ds| <e.
On the other hand, applying the Holder inequality and Theorem 7 from [42],
ty
A e R O F L
0

<2|f(z, Malm, ™ = 7 sy,

where Tt, () is defined analogously to ¢, (s). Thus, there exists 6 > 0 such that
H’Ttl - th_lﬂBv < e when |t; — t2| < 0. Applying linearity of the integral, and by
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(C4), (C5), (C6), and (C7), we have

|tT_nj0ng($, ) du(tl) — t;n_njong(q;, ) du(t2)|
1 oo . o o

ST-1) ‘/ (57" (1 = 8)" % = 157" (02— )" ) T g, 7) du(7) (s) ds

1
I'(n—1)| /4

h t2
< n—2 __ _n—2 n—2 d
T(n—1) <|Tt1 T4y 0] + ‘/tl iy (8) S),

h=max{| Ty g- (1) du(t)],|T5 g+ (1) dU(t)l}-
In general, 7;" 2 ¢ L'[0,1] for i = 1,2. The map t; — ft th (s)ds € AC. And

2]

+ t0 (g — 8)" 2 Tt g(z, 7) du(7)(s) ds

where

2 2
tzh_rgl T (s) =747 7(s), s€(0,t1].

Thus, by Lebesgue’s dominated convergence theorem, HTg*Q — 7';;72”17[071] < € as
|ta — t1] < &. Therefore, we prove that the set

{t" Ty g(x, ) Du(t): = € B}

is equicontinuous in C|0, 1]. Thus, we obtain that 7"(B,) is equicontinuous. Apply-
ing the Arzela-Ascoli theorem, T"(B,) is relatively compact. Hence, there exists a
compact set K C C[0,1] such that

T(B,) C{t"™™f: feK}.

We denote the set {t"~™ f: f € K}NB, as K’. It is easy to show that K’ is a compact
set in B, and T(B,) C K'. Consequently, T is a compact continuous operator. By
Theorem 4.1.1 from [40], there exists a fixed point z of the operator 7. Applying
Lemma 3.3, the Cauchy problem (1) has at least one solution given by (5). O

Lemma 3.3 and Theorem 3.4 can be extended for the case f: R” x [0,1] — R"
and g: R" x [0,1] — R", assuming that any component of f(z(-),-) is in A., any
component of g(z,(+), ) is Henstock-Kurzweil integrable for any z € B, and the
corresponding suitable changes for the conditions (C1)-(C7).

Corollary 3.5. Under the assumptions of Theorem 3.4, then Cauchy problem
(12) Dyz(t) = f(z(t),1) + g(z(t), t) Du,
hmD(’)’k():bk for1<k<m-—1,

t—0+
lim J5" "z(t) = by,

t—0t
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has at least one solution given by the integral equation

m
13 R T f (), mg(x(t),t) Du.
(13) ;M_Hl + T F(@(0),0) + T 9(w(6), 1) Du

Remark 3.6. Note that if the equation (13) holds, then z € Cy,—,[0, 1] under
the assumptions of Theorem 3.4.

Proof. By argumentssimilar to those of the first part in the proof of Lemma 3.3,
one can easily verify that (13) is a solution to the Cauchy problem (12). Thus, it is
enough to show that (13) holds.

By Theorem 3.4, the integral equation (5) holds. Applying Dgik to (5), by Ex-
ample 2.4 from [15], Theorem 2.12, Theorem 2.15, and Theorem 2.16, we have that
for k€ {1,2,3,...,m — 1},

k
Dyt Z i 1)) 1 TEf(a(t),t) + T g(x(t), t) Du.

By Theorem 2.11 (iii) and Theorem 6.5.3 in [29], we have that JF f(z(t),t) and
J&¥g(z(t),t)Du are continuous for any k € {1,2,3,...,m — 1}, respectively. Thus,

(14) lim D~ *z(t) = exD(n — k + 1).

t—0+

Then by, = ¢y I'(n —k+ 1) for k € {1,2,3,...,m — 1}.
Similarly, applying the fractional operator J5"~ ™ to (5), by Example 2.4 in [15],
Theorem 2.12 and Theorem 2.16, we have

Tg"alt) = e e g f(a(0), () + (e (0), D

—~ T(m—i+1)
Thus,
lim J5" "x(t) = cmI'(n —m +1).
t—0+
Since ¢, = lim t™ "x(t) exists, the integral equation (13) holds and is a solution
of (12). 7 0

Remark 3.7. For the case n = 1, our results (Lemma 3.3 and Theorem 3.4)
are particular cases of Lemma 3.1 and Theorem 3.3 in [47], respectively. However,
Lemma 3.3 and Theorem 3.4 proved here generalize the order of the Cauchy prob-
lem (1) to any arbitrary real number n > 1. In particular, for the integer case n € N,
a solution z of (1) is given by (5) belonging to C[0,1] and x(0) = ¢,. Finally, Corol-
lary 3.5 is a generalization of [24], Theorem 3.3 where the existence of the Cauchy
problem (3) has been proved in the Lebesgue integral sense, without considering the
extra term g(x(t),t)Du.
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Finally, we present an example to illustrate to scope of our results.

Example 3.8. Let n € [1,00) be a fixed number. We consider the Cauchy
problem

tm—n

(15)  Dra(t) =w+ " x(t) +

s m—n _
| x(t)Du, t1—1>%1+ "2 (t) = e,
and ¢ € [0, 1], where u(t) = C(t), C denotes the Cantor ternary function on [0, 1],
see [11]. Clearly,

u € C[0,1] \ ACJ[0,1]

and u is non-decreasing, thus (C7) holds. Observe that Dfz is a distribution that
depends on x and the point ¢.
The function w is the distributional derivative of the Weierstrass function

o0

W(t) = Z sin(n?nt)/n?.
n=1
Since W € (C]0,1] but is differentiable nowhere on [0,1], w € A.. For n =1
the Cauchy problem (15) is a particular case of the equation (1.1) in [47]. If
n > 1, then (15) can be considered as a particular case of FMDEs. In fact,
([t "2(t)||oo < M and w € A, then w+ M € A, as well. We set

tm7’n

fla(t),t) =w+t""a(t) and  g(z(t),t) = (D).

Thus,
w—M <X f(z,t) Sw+ M, te]0,1],
and (C1)—(C3) hold.

Clearly, g(x(t),t) is continuous with respect to = and ¢, hence, (C4)—(C6) hold.
Then applying Theorem 3.4, the Cauchy problem (15) has at least one solution
given by
()
()+1

where z € Cy,,—, [0, 1]. For the case n € N, clearly x € C[0, 1].

2(t) = 2o(t) + T3 [w + ()" "2 (1) + gt | T 2()Du (),

Perspectives.

(1) An essential issue to analyse is the uniqueness of the Cauchy problems (1)
and (12).

(2) It is an open problem to extend Lemma 3.3 and Theorem 3.4 for the Cauchy
problem (1) of order 0 < n < 1.
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More precisely, for the point (2) a mathematical meaning to the fractional integral

of g(x(-), ) Du of order n, Ji'g(x(+), ) Du(t) is needed. For this purpose, for example,

we

require that for any ¢t € [0, 1] and = € B,, the function

((t = s)")"1g(a(s), s)

depending on s be Henstock-Stieltjes integrable with respect to v € BV on [0, 1]. To

the
the

best of our knowledge, one of the more general results to prove the existence of
Henstock-Stieltjes integral is Theorem 6.3.11 of [29]. According to this result,

since u € BV, the function ((t — s)T)""lg(x(s),s) must be regulated (it means, its

left

and right limits exist for all s € [0, 1]). Nevertheless, it might have a singularity.

Another approach to solve (2) is the following. Let us assume that the Lebesgue-

Stieltjes integral

/ (¢ — )" )" Tg(a(s), 8) dy,
(0,1)

exists, where d,,, is the generated measure given by u. By Theorem 6.12.3 of [29],

1

Tia(e. 1 Du(t) = s /( (=5 g(a(s),5)

However, the conditions (C4) and (C6) for g have to change according to Lebesgue

integral theory.
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