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Abstract. Let R be a prime ring and I a nonzero ideal of R. The purpose of this paper
is to classify generalized derivations of R satisfying some algebraic identities with power
values on I. More precisely, we consider two generalized derivations F' and H of R satisfying
one of the following identities:

(1) aF(z)™H(y)™ = z™y" for all z,y € I,
(2) (F(x)oH(y)™ = (zoy)™ for all z,y € I,
for two fixed positive integers m > 1, n > 1 and a an element of the extended centroid of R.

Finally, as an application, the same identities are studied locally on nonvoid open subsets
of a prime Banach algebra.
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1. INTRODUCTION

Let R be a ring with center Z(R). Recall that R is a prime if 2Ry = 0 implies
x=0ory=0.For any z,y € R we write [z,y] = zy — yz and zoy = xy+yx for the
Lie product and Jordan product, respectively. An additive mapping d: R — R is
a deriwation if d(xy) = d(x)y+xd(y) for all z,y € R. An additive mapping F': R — R
is a generalized derivation associated to a derivation d if F'(zy) = F(x)y + xzd(y) for
all x,y € R. A ring R is called primitive if it has a faithful simple module. An
ideal P of a ring R is said to be a primitive ideal if P is the annihilator of a simple
R-module. The Jacobson radical of a ring R, denoted by rad(R), is the intersection of
all primitive ideals of R. If R has no primitive ideals (i.e., R has no simple modules),
then we define rad(R) = R. A Banach algebra is a normed algebra whose underlying
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vector space is a Banach space. The closure of a subset X of a Banach algebra A,
denoted by X, is the intersection of all closed subsets of A containing X. The interior

of a subset X of a Banach algebra A, denoted by X, is the largest open set contained

in X. Equivalently, X is the union of all open subsets of A contained in X.

During the past few decades, there has been an ongoing interest concerning the
relationship between the structure of a prime (semi-prime) ring R and the behavior
of generalized derivations of R satisfying some specific algebraic identities on an
appropriate subset of R. Motivated by various results in this direction, our aim in
this paper is to describe generalized derivations satisfying certain functional identities
on a nonzero ideal of a prime ring. Moreover, as an application of our results, we
investigate continuous generalized derivations satisfying similar algebraic identities
locally on open subsets of a prime Banach algebra.

2. FUNCTIONAL IDENTITIES ON PRIME RINGS
The main purpose of this section is to prove the following theorems.

Theorem 2.1. Let R be a prime ring of characteristic different from 2, Q, its
right Martindale quotient ring, C' its extended centroid, I a nonzero ideal of R,
a € C, F and H are generalized derivations of R associated with derivations d and h,
respectively, such that

aF(z)"H(y)™ = z™y" Vax,yel

for two fixed positive integers m > 1 and n > 1. Then F(z) = ax, H(x) = Pz,
for some «, 5 € C' and a(af)™ = 1. Moreover, if m # n, then m + n is even and
char (R) = 2/m="l — 1.

Theorem 2.2. Let R be a prime ring of characteristic different from 2, Q,. its right
Martindale quotient ring, C' its extended centroid, I a nonzero ideal of R, F' and H
are generalized derivations of R associated with derivations d and h, respectively,
such that

(F(z)o Hy))™ = (voy)" VYayel
for two fixed positive integers m > 1 and n > 1. Then F(z) = ax, H(z) = Pz,
for some «, 8 € C and (afB)™ = 1. Moreover, if m # n, then m + n is even and
char (R) = 2/m="l — 1.

Proof of Theorem 2.1. One can suppose that a, F' and H are nonzero, other-
wise, the main identity reduces to z"y™ = 0 for all z,y € I. Substituting y by =z,
we get 22" = 0 for all z € I. Using [4], Lemma 1.1, R has a nonzero nilpotent ideal,
which contradicts the primeness of R.
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Since I and @), satisfy the same differential identities (see [8], Theorem 2) we may
assume that

(2.1) aF (@)™ H(y)™ = a"y" Y,y € Q.

Using [9], Theorem 3, there exist o, 8 € @, such that F(z) = ax+d(x) and H(z) =
Bz + h(z). Hence, equation (2.1) becomes

(2.2) alaz +d(@)"(By + h(y))™ =2"y" Vaz,y € Q..

Case 1: If d and h are both Q,-inner, then there exist ¢1,q2 € @, such that
d(z) = [q1, ], h(z) = [g2, 2] for all x € Q,, thus

P(x,y) = alax + [q1, 2])" (By + [q2,y])™ —2"y" =0 Va,y € Q,.

In view of [3], Theorem 2.5 and Theorem 3.5, we know that both @, and Q, ®C€
are centrally closed, where C' is the algebraic closure of C. We may replace @, by
itself or @, Q¢ C according whether C is finite or infinite. Therefore we may assume
that @, is centrally closed over C', which is either finite or algebraically closed. By
Martindale’s theorem (see [10]), @, is a primitive ring having a nonzero socle H
with C the associated division ring. In light of Jacobson’s theorem (see [5], page 75),
Q. is isomorphic to a dense ring of linear transformations on a vector space V over C.

If dime V = k, then the density of Q. gives @, = M(C).

Assume that dime V' > 2. We want to show that {u, g;u} are linearly C-dependent
for all w € V. Indeed, suppose that u and ¢u are linearly C-independent.

If gou ¢ Spanps{u,qiu}, then {u,qiu, gou} is C-independent, invoking [2], Defini-
tion 5.11. There exist f,g € @, such that fu =0, fqru = —u, fgu = u, gu = 0,

gq1u = U, gqau = —U,
(2.3) P(f,9)u = (alaf + [q1, f)™(Bg + [g2,9))™ — f"9")u = 0.

It is obvious that (af +[g1, f])™u = u, (Bg+[g2, g9])"™u = wand f"g"u = 0. Therefore
P(f,g)u=au =0 for all u € V, a contradiction.

Let now ¢ou € Spans{u,qu}. Then gau = Au + ugiu for some A, u € C, hence
92u = Agu + pgqiu = pu, so (Bg + [g2,9])"u = p™u, consequently P(f,g)u =
ap™u = 0 for all u € V, which is absurd.

Then in all cases, {u,qiu} are linearly C-dependent for all u € V, that is,
qu = Ayu for some A\, € C. Obviously, for any v € V such that {u,v} are
linearly C-independent, we have gi(u — v) = Ayu — Ayv = Ay_p(u — v), then
(Au—Au—v)u—(Ay—Ay—y)v = 0, hence Ay, = Ay—yy = Ay, finally gu = Muforallu € V.
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On the other hand, for r € R and u € V we get
(rq1)u =r(qru) = rdu = A(ru) = ¢1(ru) = (q1r)u,

then [R, 1]V = 0, thus ¢; € C. Similarly, we prove that ¢o € C. The main equation
becomes

(2.4) Q(z,y) = alax)™ (Py)™ —2"y" =0 Va,y € Q,.

Now we aim to prove that {w, aw} are linearly C-dependent for all w € V| indeed,
suppose that w and aw are linearly C-independent.

If pw ¢ Spany{w, aw}, then {w, aw, fw} are C-independent, @, being a dense
ring of linear transformation of V. It follows that there exist f,g € @, such that
fw=0, faw =w, ffw=w, gw=w, gaw =0, gbw = w,

(2.5) Qf; 9w = (alaf)™(Bg)™ — f"g")w = 0.

Firstly

(alaf)™(Bg)™ — fg™)w = (a(af)™(Bg)™ ' (Bgw) — f"g™ (gw))
= (a(af)" af)Bw — " (fw)) = acqw.

Using relation (2.5), we get Q(f,g)w = aaw = 0 for all w € V, a contradiction.
Now, if fw € Span,{w, aw}, then fw = A\jw+ Azaw for some A1, Az € C. Tt follows
that gBw = \qw and ffBw = Aw, thus

Q(f, g)w = (alaf)™(Bg)™ " (Bgw) — f"g" " (gw)) = (a(af)™ (Bg)™?Bhiw)
= (M) Ha(af)" fw) = (M) alaf)" a(ffw))
= A)™ N (alaf)™ taw) = (A\)™ P hgacuw.

Using relation (2.5), we get Q(f,g)w = (A1)™ 1 d2acw = 0 for all w € V, which
is absurd. Then in all cases, {w, aw} are linearly C-dependent for all w € V, thus
aw = y,w for all w € V and for some ~,, € C. It is straightforward that aw = vyw,
thus [R,a]V = 0 and a € C. Analogously, we prove that 5 € C. Then the main
equation reduces to

(2.6) alaf)"xmy™ —x"y" =0 Va,y el
If m = n, then a(afB)™ = 1 directly follows.
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On the other hand, if m # n, invoking [7], Lemma 1, I C M (K) for a field K
and an integer s > 1, then M,(K) satisfies

(2.7) alaf)mxmy™ — 2"y" = 0.

Taking e;; instead of = and y in relation (2.7) for a fixed positive integer i < s, we
get (a(aB)™ — 1)e;; = 0, then a(afB)™ = 1. Now equation (2.7) becomes

(2.8) My —ay" =0 Va,y € M(K).
Suppose that m + n is odd, then taking —y instead of y in equation (2.8), we obtain
(2.9) 2"y" 42"y =0 Va,y e M(K).

Summing relation (2.8) and equation (2.9), we find that 2™y™ = 0. In particular,
for x = y = e11, the last equation yields a contradiction.

Now if m+n is even, taking 2e;; instead of « and e;; instead of y in relation (2.8)
for a fixed positive integer j < s, we get 2™e;; —2"¢;; = 0, that is (2™~ —1)e;; = 0,
which is impossible unless char (R) = 2/™~" — 1.

Case 2: If d and h are linearly C-independent modulo inner derivations of @, (R),
then using [6], Theorem 2 along with relation (2.2), we get

(2.10) alax + z1)™(By + 22)™ = 2"y Va,y, 21,22 € Qr.
In particular, for x = y = 0, equation (2.10) reduces to az{"z5* = 0 for all z1, 22 € Q.,
which contradicts [4], Lemma 1.1.

Case 3: If d and h are linearly C-dependent modulo inner derivations of @, (R),
then we may suppose that d(z) = 0h(x) + [¢, 2] for all x € R with § € C'\ {0} and

q € Q-(R). Note that h is Q,-outer, otherwise d and h are both @,-inner, which has
already been treated before in Case 1. The main equation becomes

(2.11) a(ax +0h(z) + [g,2])™ (By + h(y))™ —2"y" =0 Va,y € Q,.
Theorem 2 of [6] yields
alax + 621 + [q,z])" (By + 22)™ —2"y" =0 Vaux,y,21,22 € Q.

Arguing as in Case 2, we also get a contradiction. ([
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Proof of Theorem 2.2. We may suppose that F' and H are nonzero. Indeed,
otherwise the main identity becomes (z o )" = 0 for all z,y € I. Taking x instead
of y, we get 2"2?" = 0 for all = € I. Invoking char (R) # 2 along with [4], Lemma 1.1,
R has a nonzero nilpotent ideal, which contradicts the primeness of R.

Now using [8], Theorem 2, our hypothesis yields

(2.12) (F(z)o H(y))™ = (zoy)" Va,yeQr

By view of [9], Theorem 3, there exist a, 8 € @, such that F(z) = ax + d(x) and
H(z) = Bz + h(zx), then relation (2.12) yields

((ax +d(z)) o (By + h(y)))™ = (xoy)" Y,y € Q.

Case 1: d and h are both Q,-inner, then there exist g, g2 € @, such that d(z) =
[q1, ], h(z) = [ge, z] for all x € Q,, hence

P(xay) = ((CKC + [Q1ax]) ° (ﬂy + [qQay]))m - ((E o y)n =0 Vfc,y € Q’I"'

By adopting a similar approach to the one used in Theorem 2.1, it follows that @,
is isomorphic to a dense ring of linear transformation of vector space V over C.
Assume that dime V' > 2, clearly {v,giv} are linearly C-dependent for all v € V,
otherwise, we suggest to suppose that v and ¢yv are linearly C-independent.
If gov ¢ Spans{v,qiv}, then {v,qv,gov} is C-independent. Using the density
of @, there exist f,g € @, such that fv = 0, fq1v = —v, fgu = v, gv = 0,

gq1v = —v, gqguv =,
(2.13) P(f,g9)v = (((f + la1, f]) © (Bg + [g2, 9]))™ — (f 2 9)")v = 0.

The only nonzero terms are [g1, f][g2, g]v = —v and g2, g][q1, flv = —v.

P(f,9)v = ((la1, fllaz, 9] + a2 gllar, F)™ = (f o g)" v
(lg1, flaz, 9] + [a2, gllqu, F1)™v
= ([q1, flla2, 9] + [a2. 9)[qn, )" 1 (—2v) = (=2)™w.

Invoking equation (2.13), P(f,g)v = (—=2)™v = 0 for all v € V, a contradiction.
Now if gov ¢ Spans{v, g1v}, then g2v = \v + pgrv for some A, u € C, thus ggav =
Agv + pggqrv = —pw, accordingly P(f,g)u = (2u)™v = 0 for all w € V, which is also
impossible.

Then generally {v, g1v} are linearly C-dependent for all v € V. Simple arguments
lead to v = v for all v € V with A € C, which, as in the proof of Theorem 2.1,
forces q; € C. Using a similar argument, we get g2 € C.
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We propose to prove that {w, aw} are linearly C-dependent for any w € V. Suppose
that {w, aw} are linearly C-independent.

If fw ¢ Span-{w,aw}, then {w, aw, fw} are C-independent, @, being a dense
ring of linear transformation of V| it follows that there exist f,g € @, such that
fw=w, fow =0, ffw=w, gw =0, gaow = w, gbw =0,

(2.14) QUf, 9w = (((ef) o (Bg)™ = (fog)")w = 0.

Firstly, (afBg+ Bgaf)w = Bgaw = fw and (afBg+ fgaf)fw = fw. Consequently,
Q(f,g)w = Pw = 0 for all w € V, which is impossible.

Let now fw € Spans{w,aw}, then fw = pyw + psaw for some w1, ps € C,
accordingly, we get (afBg + Bgaf)Bw = u1(u2a + f)w. It is obvious that

(afBg + Bgaf)pr(pea + B)w = pi(pec + Bw.

Then
Q(f, 9w = p1(p2c + B)w

for any w € V, which is impossible. Then {w, aw} are linearly C-dependent for any
w € V. Simple computations lead to aw = vyw for some v € C, thus [R,a]V = 0,
then a € C. Likewise, we get S € C. Returning to the main equation, we find that

(2.15) (aB)™(woy)™ = (woy)" Va,yel.

If m = n, then (of)™ = 1 follows immediately.
Regarding the case where m # n, in light of [7], Lemma 1, M,(K) satisfies

(2.16) (@B)™(woy)™ = (xoy)"

for a field K and an integer s > 1. Taking e;; instead of z and e;; instead of y in rela-
tion (2.16) for some fixed positive integers i, j < s, we get ((a8)™ — 1)(es + €5;) =0,
which implies (a3)™ = 1. Now relation (2.16) reduces to

(2.17) (oy)" —(zoy)" =0 Va,y € My(K).
If m + n is odd, then substituting y by —y in equation (2.17), we obtain
(2.18) (oy)" +(zoy)" =0 Va,y € My(K).

The summation of relation (2.17) and equation (2.18) gives (z o y)™ = 0 for all
x,y € Ms(K). Setting © = y = I; with I, the matrix identity of M,(K), we get to
2™Is; = 0 so that I, = 0, a contradiction.
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Now if m + n is even, for x = y = ¢;;, equation (2.17) yields
(Zeii)m — (26”)” =0.

That is, (2™~ — 1)e; = 0, which is impossible unless char (R) = 2™~ — 1,
Case 2: If d and h are linearly C-independent modulo inner derivations of @, (R),
then the main identity along with [6], Theorem 2 give

(2.19) ((ax +z1) 0 (By + 22))" = (xoy)" Va,y,21,2 €Q,.

Setting x = y = 0, equation (2.19) reduces to (z1 0 22)™ = 0 for all 21,20 € Q,;
a contradiction follows directly from [4], Lemma 1.1.

Case 3: If d and h are linearly C-dependent modulo inner derivations of Q,(R),
then one can show that d(x) = 0h(z) + [¢, «] for some § € C'\ {0}, ¢ € Q-(R) and h
is necessarily Q.,-outer. The main equation becomes

(2.20) (0 + 0h(z) + [g,2]) o (By + h(y)))™ = (zoy)" =0 Vz,y € Qr.
Theorem 2 of [6] yields
(0 + 621 + [3,2]) 0 (By + 22)™ — (xoy)" =0 ¥y, 21,25 € Qr.

An approach similar to that adopted in Case 2 leads to a contradiction. O

3. APPLICATION ON PRIME BANACH ALGEBRAS

Throughout this section, A denotes a real or complex Banach algebra. To prove
our main results we need the following lemma.

Lemma 3.1 ([1]). Let A be a Banach algebra. If P(t) = Y byt* is a polynomial
k=0
in the real variable t with coefficients in A, and if for an infinite set of real values

of t, P(t) € M, where M is a closed linear subspace of A, then every by, lies in M.

Theorem 3.1. Let A be a Banach algebra, Q 4 its right Martindale quotient ring,
C 4 its extended centroid, F' = Lo +d, H = Lg + h are two continuous generalized
derivations with L, (or Lg) the left multiplication by an element o € A (or f € A),
d, h derivations of A, a € C4, m > 1 and n > 1 are two fixed positive integers
such that
aF(z)"H(y)™ — 2"y™ € rad(A) Va,y € A,

then d(A) C rad(A) and h(A) C rad(A). Moreover, if A is primitive, then F(z) = auz,
H(x) = Bz, for some o, € C4 with a(af)™ =1 and m = n.
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Proof. Let P be a primitive ideal, set Fp, Hp: A/P — A/P with Fp(z) =
Fp(x + P) = F(z) + P and Hp(T) = Hp(x + P) = H(xz) + P for all T € A/P.
Invoking [11], Theorem 2.2 primitive ideals are invariant under F' and H, then Fp
and Hp are well defined. P being primitive, Lemma 5.36 of [2] implies that A/P is
a primitive ring and thus prime by [2], Lemma 5.4. The main identity becomes

aFp(x)"Hp(y)™ —2"y" =0 Vaz,ye€ A/P.

Using Theorem 2.1, we get dp = 0 and hp = 0, that is, d(A) C P and h(A) C P for
any primitive ideal P. Then d(A) C rad(A) or h(A) C rad(A). Moreover, if A is prim-
itive, then rad(A) = (0). Invoking again Theorem 2.1, we get the required results. [

Using the same arguments as above, with a suitable modification, application of

Theorem 2.2 yields the following result.

Theorem 3.2. Let A be a Banach algebra, F' = Lo, +d, H = Lg + h be two
continuous generalized derivations with L, (or Lg) the left multiplication by an
element o € A (or § € A), d, h derivations of A, m > 1 and n > 1 be two fixed
positive integers such that

(F(z) o H(y))™ — (xoy)" €rad(A) Va,ye A,

then d(A) C rad(A) and h(A) C rad(A). Moreover, if A is primitive, then F(z) = au,
H(z) = Bz, for some a, € C4 with (a8)™ =1 and m = n.

Theorem 3.3. Let A be a prime Banach algebra, Oy, O2 nonvoid open subsets
on A, Q4 its right Martindale quotient ring, C 4 its extended centroid, a € Cy, F
and H are two continuous generalized derivations of A associated with derivations d
and h, respectively, such that

aF(z)"H(y)™ —z"y" =0 V(z,y) € O1 x O

for two fixed positive integers m > 1 and n > 1. Then F(z) = ax, H(x) = Bz for
some «, € C4. Moreover, m =n and a(af)™ = 1.

Proof. By assumption
(3.1) F)"H(y)" —z"y" =0 V(z,y) € O1 X Oa.

Let u € A and x € Oy, then x + tu € O for a sufficiently small real ¢. F, H being
continuous, one can obviously see that F'(ru) = rF(u) and H(ru) = rH(u) for all
u € A, r € R. Taking x + tu instead of x in equation (3.1), we get

(3.2) Q) = a(F(x) + F(u))" H(y)™ — (x + tu)"y" = 0.
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max(m,n)

Setting Q(t) = S qr(u,z,y)tk, if m = n, invoking Lemma 3.1, we obtain
qr(u,z,y) =0 for a]flzl(f) € {0,...,m}. In particular, g, (u,z,y) = 0, thus
aF(u)"H(y)™ —u"y™ =0 V(u,y) € Ax Os.
Similarly, by acting on y instead of x, one can easily get to
aF(uw)"H)™ —u™™ =0 Vu,ve A

By Theorem 2.1, we get the required results.
Suppose now that m < n, the right choice of the coefficient yields

pn(uaxay) = Uny" =0 V(u,y) c A x 02.

At the end, we get u™v™ = 0 for all u,v € A. Substituting v by u and invoking [4],
Lemma 1.1, it follows that A has a nonzero nilpotent ideal, absurd.

Now if m > n, it follows that p,,(u,z,y) = aF(u)™H(v)™ = 0 for all u,v € A.
The main equation leads to u"™v™ = 0 for all u,v € A and we obtain the same
contradiction. Then necessarily m = n. (Il

Theorem 3.4. Let A be a prime Banach algebra, Oy, O2 nonvoid open subsets
on A, Q4 its right Martindale quotient ring, C 4 its extended centroid, F' and H
be two continuous generalized derivations of A associated with derivations d and h,
respectively, such that

(F(z)oH(y))™ —(xzoy)" =0 V(z,y) € O1 X Oz

withm > 1 andn > 1 be two fixed positive integers. Then F(x) = ax and H(x) = Sz
for some «, 8 € C4. Moreover, m = n and (af)™ = 1.

Proof. Assume that
(3.3) (F(z) o H(y)™ — (xoy)" =0 V(z,y) € O1 x Os.

Let u € A. For a sufficiently small real s, one can replace x by z+ su in equation (3.3)

(34) P(s) = (F(z) o H(y) + (F(u) o H(y))s)™ — (z oy + (uoy)s)” =0.
max(m,n)
Set P(s)= > pi(u,x,y)s*. If m = n, a direct application of Lemma 3.1 leads to
k=0

pm(u,z,y) = (F(u) o H(y))" — (uoy)™ =0 V(u,y) € AxOs.
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By adopting a similar approach, we get
(F(u)o Hw))™ —(uov)™ =0 VYu,ve A

and application of Theorem 2.2 gives the required conclusion.
Now if m < n, a suitable choice of the right coefficient yields

pn(u,z,y) = (uoy)" =0 V(u,y) € AxOs.

Then (uwowv)™ =0 for all u,v € A. Replacing v by v and using [4], Lemma 1.1, we
get a contradiction.

Regarding the case where m > n, we get pp, (u, z,y) = (F(u) o H(v))™ = 0 for all
u,v € A. The main equation becomes (z o y)” = 0 for all (z,y) € O1 x Os. Arguing
as in the last case, we obtain the same contradiction. Accordingly, m = n. O

The following example shows that the primeness hypothesis in Theorems 2.1-2.2
is not superfluous.

0 = y
Example 3.1. Let us consider the ring R = 0 0 z|:ay,2€”Z
0 0 0
0 =z vy
and I = 0 0 O x,y € Z p an ideal of R. Define F;H: R — R with
0 0 0
0 =z vy 0 ym 0 =z vy 0 0 =z
Fl0 0 =z O and H|{ 0 0 z | =0 0 =z |].Obviously F
0 0 0 0 0 O 0 0 0

and H are generahzed derlvatlons on R. Fix a € C\ {0}. It is straightforward
that a F(X)"H(Y)™ = XY™ and (F(X)o H(Y))™ = (X oY)" for all X,Y € I.
However, conclusions of Theorems 2.1 and 2.2 are not satisfied.
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