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Abstract. This paper is concerned with the study of a nonlocal nonlinear parabolic
problem associated with the equation u; — M ([, pudz)div (A(x,t,u)Vu) = g(z,t,u) in
Q x (0,7), where Q is a bounded domain of R (n > 1), T > 0 is a positive number,
A(z,t,u) is an n X n matrix of variable coefficients depending on u and M: R — R,
¢: Q= R, g: O%x(0,T)xR — R are given functions. We consider two different assumptions
on g. The existence of a weak solution for this problem is proved using the Schauder fixed
point theorem for each of these assumptions. Moreover, if A(z,t,u) = a(x,t) depends only
on the variable (z,t), we investigate two uniqueness theorems and give a continuity result
depending on the initial data.

Keywords: nonlocal nonlinear parabolic problem; Schauder fixed point theorem; weak
solution; existence; uniqueness
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1. INTRODUCTION

Let © be a bounded domain in R™ (n > 1), T be a positive number, @ = Qx (0,7T)
and ¢, ug € L3(). Let A: Q@ x R — R"™ ™ be a vector function such that
(z,t) — A(x,t,s) is measurable for all s € R, s — A(x,t,s) is continuous for
a.e. (z,t) € Q and

(1.1) VEER™: MNP < A(a,t,5)¢ -,
(12) VEER™: |A(x,t,5)¢] < AJE),
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for all s € R and a.e. (z,t) € @, where A and A are positive constants, and let
M: R — R be a continuous function satisfying for some constants my > mg > 0,

(1.3) mo < M(s)<my VseR.

On the other hand, let g: @ X R — R be a function such that (z,t) — g(z,t,s)
is measurable for all s € R, g(-,-,0) € L?*(Q) and satisfies one of the two following
assumptions:

(1.4) Vs1,s2 € R, ae. (z,t) € Q:
bp(z,t)|s1 — s2?, pe€(0,1);

lg(z,t,51) — g(x,t,82)| <
bl(l',t)|81—82|, p:]-v

where b, € L (=P)(Q) for p € (0,1), by € L=(Q), Ca(2T/(Amo))*/?||b1||1=(q) < 1
with Cq denoting a Poincaré constant for H}(Q), and for a.e. (z,t) € Q, s — g(w,t, )

is continuous,
(1.5) Jhe L*(Q) VseR, ae. (z,t) € Q: |g(x,t,5)] < h(x,t).

We now consider the following weak formulation of nonlocal nonlinear parabolic

problems:
we L2(0,T; HY(9) N C(0, T} 12(9)), w € L2(0,T; H-'(%2),
u(-,0) =ug a.e. in Q,
1.6 d
B o M) [ AGwve Ve = [ g tuca
in D'(0,T) V&€ HHQ),
where

(u,f):/ﬂufdx and l(u):l(u)(t):/ﬂgﬁ(x)u(x,t)dx.

The study of nonlocal problems has attracted the attention of many authors and
several results have been established. These types of problems (1.6) arise in a wide
variety of applications in physics and population dynamics. For instance, the so-
lution u can be used to describe the population density of bacteria in space and
time. Also, this model can address some questions concerning the heat conduction.
See [7], [8], [9], [10], [17] for more details.

In the homogenous case when A(x,t,u) is the identity matrix, the authors in [§]
and [3] established existence theorems for (1.6) by using the Galerkin Method, re-
spectively, for the second term g depending only on (z,t),g(z,t,u) = g(z,t) €
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L2(0,T; H-Y(Q2)) and for g(x,t,u) = k(z) — f(u) such that k € L*(Q) and f is
a continuously differentiable function satisfying f(u)u > —uu?® — ¢, f'(u) > —a,
where c¢1, a are two positive constants, 0 < pu < mgA; with Ay > 0 is the first
eigenvalue of the operator (—A, H}(2)). Moreover, the uniqueness and the asymp-
totic behavior of solutions and other results have been obtained under some addi-
tional conditions. By means of the Schauder fixed point theorem, the existence of
weak solutions for (1.6) has been proved in [13] for a Lipschitz continuous function
g(z,t,u) = f(u) such that f(0) = 0 and f’(0) exists. Also, the uniqueness and the re-
sult on existence of periodic solution have been established. If ¢ depends only on the
variable (z,t), g(z,t,u) = g(x,t) € L*>(0,T; H~*(Q)) and [: L?(Q) — R is a continu-
ous function, the authors in [10] gave an existence theorem for (1.6) and by imposing
additional conditions, they investigated the uniqueness and asymptotic behavior of
solutions. In [16], the authors considered the following nonlocal parabolic problem:

up — a(/ |u|7dx) Au= f(u) inQx(0,T),
u=0 . on 09 x (0,7,
u(+,0) = ug in Q,

where Q is a sufficiently regular domain, v € [1,00), T € (0,00], up € C?T(Q),
a € (0,1), f € CYR) and a € C*(]0,00)) with tei[(r)lgo)a(t) > a(0) := ap > 0.
By using the sub-supersolution method, they proved the existence, uniqueness and
long-time behavior of positive solutions.

For the nonlocal problems in the stationary case, we refer to [1], [2], [4], [5], [9],
[11], [15], [18], [19], [20] and the references therein in which various methods have
been used for studying the existence and uniqueness of solutions and other questions.

In this paper, we suppose that (1.1)—(1.3) and one of (1.4) and (1.5) hold. We
prove the existence of a solution for each problem (1.6) by applying the Schauder fixed
point theorem. Moreover, if A(z,t,u) = a(z,t) depends only on the variable (z,t),
we investigate two uniqueness theorems and give a continuity result depending on
the initial data as in [10], Lemma 5.1, assuming that M is a Lipschitz continuous
function. Our first uniqueness theorem is concerned with the case p = 1 in which the
function g satisfies a generalized Lipschitz condition and under the assumption that g
is decreasing with respect to u, we state and prove our second uniqueness theorem.

2. EXISTENCE OF A SOLUTION

In this section, we prove the existence of a solution of (1.6) assuming that the
function g satisfies one of assumptions (1.4) and (1.5).
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Theorem 2.1. If (1.1)—(1.3) and either (1.4) or (1.5) holds, problem (1.6) has
a solution.

Proof. We apply the Schauder fixed point theorem to show the existence of
a solution of (1.6). For a fixed element v of L?(Q) and for a.e. t € (0,T), we define
Au(u &) = M) [ Alwt,0)Tu- VEds Va6 € H(E)
Q

folz,t) =gz, t,v) ae xz €.
Observe that A, is a bilinear form on Hg(Q) x H} () which satisfies
t i Ay(u,&,t) is measurable Vu, & € H} (),

and by (1.1)—(1.3) and the Cauchy-Schwarz inequality, we have for a.e. t € (0,7,

|Ay(u, &, )| < Amal|ull ga €l a2 @) Yu, € € Hj (%),
Ay (u,u,t) + )\moHUH%z(Q) > AmO”“”i]&(Q) Vu € Hy(Q).

On the other hand, if one of assumptions (1.4) and (1.5) holds, the function f,
belongs to L?(Q). Thus, from [6], Theorem 11.7, we deduce that for each v € L?(Q),
there exists a unique solution of the following problem:
u€ L30,T; HY()), wu € L*(0,T; H-1(Q)),
u(-,0) =ug a.e.in Q,
d
G009+ M) [ Aleto)Vu-Vedo = [ glato)gds

Q Q

in D'(0,T) VE&e H Q).

(2.1)

Let us now define F': L?(Q) — L?(0,T; H(Q)) by F(v) = u. If we choose & = u as
a test function in (2.1), we obtain

@2) gl + M) [

A(z,t,v)Vu - Vudz = / g(z,t,v)ude.
Q

Q

Integrating (2.2) from 0 to t, we get

1 t
(2.3) §||u||2L2(Q)+/O M(l(v))/ﬂA(a:,s,v)Vu-Vudxds

t
1
://g(x,s,v)udxds—i—§Hu0|\%2(9).
0 Ja
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Using (1.1), (1.3), (1.4), Holder’s inequality and Poincaré’s inequality, we obtain
from (2.3) for all p € (0,1),

1 t
Sl + dmo [l e ds
t ) 1 )
< [ [ olop + ot 5.0 fulde s + 5 ual o

1
< byl z2ra-n @IVl + 19C+ > Ol 2@ el L2 0. + 5lIw0llZ20

t 1/2
1
< Collbllzs-n @I + lat- Oz ([ Iuligards)  + ke,

which, by using Young’s inequality, leads to

1 )\mo ¢
Q) gl + 25 [ Tl do

C3 1
< 2/\9 (Ibpll2ra-m @) 10172y + 19C, - Oll2(@))* + 5lluolZ2(q)

CQ 2 2 1 2
< g e 2200101 Z2g) + 19C: - OllZz(g) + 5llwolzz(o)-

From (2.4), we derive the following estimates:

(2.5)
||U||L2(0,T;H5(Q))
1 202 Y
< G LR Il oy Vol gy + e V) + ol
and
(2.6)
lullz2 (@)
2C 1/2
ST 28 2 o1 g + 9 ON) + Mol

2 \1/
1/2
< {cn(mo) (b 22100 101 2y + N9 O)l2() + ol e §-
Moreover, if p = 1, we arrive at

(2.7) Nullzeo,r;m32)
1 202 Y
< W{ S (bl o 02y + 9 O)lZ2(q) + IIuoII%2<n>}

and
(2.8)

2 \1/2
lull e < T {Ca () (Il @0l + loC - O)llzz@y) + ol zeqen -
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By using (2.5)—(2.8) and the fact that Co(27'/(Amo))Y2||b1||p<(q) < 1, we deduce
that for all p € (0, 1], there exist positive constants Ry = R1(p), R2 = Ra2(p) such that

(2.9) [vllz2@) < B = (

[ullL2(@) < Ra and [[ull L2012 (@) < Re2)-

In particular, F(B(0,R;)) C B(0, R;), where B(0, R;) denotes the closed ball in
L?(Q) of center 0 and radius R;. Also, if g satisfies (1.5), we can find another
positive constant Rz independent of v such that F' sends L?(Q) to B(0, R3) and

(2.10) lwllz2(0,m: 02 () < R

Now, we prove that F: B(0, Ry) — B(0, R4) is continuous, where Ry = R; or R3.
Let (vj)jen be a sequence in B(0, R4) which converges to ve € B(0, R4) and set
uj = F(v), too = F(voo). There exists a subsequence jj such that

(2.11) Vi — Voo strongly in L*(Q),
(2.12) Vj, = Voo a.e. in @,
(2.13) I(v;,) = l(veo) strongly in L2(0,T).

The last equation of (2.1) can be written in L2(0,T; H=1(9)) as

(2.14) (31—1; — M(1(v)) div(A(z, t,v)Vu) = g(x,t,v).

Writing (2.14) for u = u;, and v = vj,, and multiplying the obtained equation by
€€ D(0,T; H (D)), we get

T
(2.15) /Qujkﬁtdxdtz/o M(l(vjk))/QA(x7tank)vujk Vedadt
—/ g(x, t,v;, )€ de dt.
Q

Using (1.2), (1.3), the Cauchy-Schwarz inequality, Poincaré’s inequality and ei-
ther (1.4) with (2.9) or (1.5) with (2.10), we obtain from (2.15) for a constant c;
independent of j, and &,

VkeN: ‘/Qujkft dxdt‘ < e2ll€llz20,7:H1 ()
which means that

(2.16) VEkeN: lujllz20mm-10) < 2.
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We notice that the balls of E = {v € L?(0,T; H}(Q))/v; € L*(0,T; H~1())}, which
is a Hilbert space when equipped with the norm

{||”H%2(0,T;H3(Q)) + Hvt||2L2(o,T;H—1(Q))}1/2

(see [6]), are relatively compact in L?(0,T;L%*(Q)) = L?(Q) (see [12]). Then,
by (2.9), (2.10) and (2.16), the set F(B(0, R4)) is relatively compact in B(0, Ry).
On the other hand, there exist a subsequence, which we still denote by ji, and
u e L(0,T; Hi(Q)) such that

(2.17) uj, = 7w weakly in L*(0,T; H}(Q)),
(2.18) wj. — T, weakly in L2(0,T; H~1(Q)),
(2.19) uj, — @ strongly in L*(Q).

For ¢ € D(0,T) and & € HE () we have

T
e20) [ oM@, [ Alwtoo)Vu, - Vet - /Q w00 At
=/g(x,t7vjk)§<pdmdt-
Q

Observe that from (1.2), (1.3), (2.12), (2.13), (2.17), the continuity of M and
s+ A(-, -, s), and the dominated convergence theorem, we have up to a subsequence

(2.21) M(I(v5,))VE = M(l(vs))VE  strongly in (L*(Q))",
(2.22) A(-, - v5,)Vuj, = A(, -, 050) VT weakly in (LQ(Q))”

On the other hand, if (1.4) or (1.5) holds, then

(2.23) lim g(z,t,vj5,)¢dedt = / g(z, t,v00 )€ dx dt.
Q

k—o0 Q

Indeed, if (1.4) is satisfied, Holder’s inequality gives

‘/Q(g(x,t,vjk)—g(x,t,voo))ggadxdt‘

- { 1pll L2ra-» (@) 1V — Vooll7 2 1€l L2@), P € (0,1);
101 e @) vjx — voollz2(@) €l L2(q) p=1,

which leads to (2.23) by passing to the limit as ¥ — oo and using (2.11). Also, if g
satisfies (1.5), it is sufficient to use (2.12), the continuity of s — g¢(-,-,s) and the
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dominated convergence theorem to get (2.23). Then, passing to the limit in (2.20)
as k — oo and using (2.19) and (2.21)—(2.23), we obtain

T
/ gp(t)M(l(voo))/A(x,t,vm)Vﬂ~V§dxdt—/ﬂfaptdxdt:/g(x,t,voo)fgadxdt,
0 Q Q Q

which can be written as

.6+ M{l(v0)) /Q Az,t, v00) V- VE da

= /g(x,t,voo)gdx in D'(0,T) V&€ HY Q).
Q

Let us prove that %(-,0) = ug a.e. in Q. For a.e. t € (0,T) and £ € H}(2), we have

(2'24) /O <ujkt5€> ds = (U’jk("t)7§) - (U'jk('vo)af) = (ujk('at)7§) - ('U'07§)a

where (-, ) denotes the duality product between H~!(Q) and H{ (£2). We notice that
from (2.19) we have up to a subsequence

(2.25) uj, — @ strongly in L?(Q), a.e. in (0,7,

then, passing to the limit in (2.24) as k — oo, we obtain by using (2.18) and (2.25),

/ (70, ds = (@ 1),6) — (0,6,
which can be written as (@(-, t), &) — (@(-, 0, €) = (@(-),€) — (ug, €). Therefore,
a(,0) = uo  ae. in Q.
Now, we see that 7 satisfies

ue L(0,T; Hy(Q), a € L*(0,T; H (),

u(-,0) =up a.e.in Q,

d
GO+ M) [

Az, t,v00)Vu - VEda = / g(z,t,v00)E d
Q Q

in D'(0,T) VE&e HAHQ),
and by uniqueness we have ¥ = uo. In view of the above, we observe that
every subsequence of (u;);en has a sub-subsequence that converges to the same
limit ue. So, the sequence (F(v;))jen converges to F(vs) in B(0, Ry), and then,
F: B(0,R;) — B(0,R,) is continuous. Thus, by the Schauder fixed point the-

orem, there exists a fixed point u of F in F which is a solution of (1.6) since
E C C([0,T]; L*(Q2)). O
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3. UNIQUENESS AND CONTINUITY RESULTS OF SOLUTIONS

In this section, we assume that A(z,t,u) = a(z,t) depends only on the variable
(x,t). We investigate two uniqueness theorems of solutions for (1.6) and give a conti-
nuity result depending on the initial data assuming that M is a Lipschitz continuous

function,
(3.1) Ime 2 0: |[M(s1) — M(s2)| < me|s1 —s2| Vsi,s2 € R.

In the following first uniqueness theorem, we are concerned with the case p = 1 in
which the function g satisfies a generalized Lipschitz condition.

Theorem 3.1. Assume that (1.1)—(1.3), (3.1) hold and that g satisfies (1.4) with
p = 1. Then the solution of (1.6) is unique.

Proof. Let u; and uy be two solutions of (1.6) corresponding to the same initial
data ug € L%(2). Then for all £ € H}(Q) we have

G50, M) [ ate)ur- Ve = [ gt da,

%(uz,f) —l—M(l(uQ))/Qa(x,t)Vug -Védx = /Qg(a:,t,uQ)ﬁ dzx

in the distributional sense in D'(0,7"). Choosing £ = u; — us and subtracting the
two equations from each other, we arrive at

1d
§E||u1 — uQH%z(Q) + M(l(ul))/ a(z,t)Vuy - V(uy — ug) dx
Q

— M (I(u2)) /Q a(x,t)Vug - V(ur — ug) dx

- / (g(a,t,wr) — gt u2)) s — uo) e,
Q

which can be written as

1d
(3-2) sl — wallizgo) + M(U(w)) /Q a(z, 1)V (ur = ug) - V(w1 — ug) dz

= (M(I(u2)) — M(I(u1))) /Q a(z,t)Vug - V(u1 — ug) da

+ / (g(astyur) — gl b u2)) s — uo) e
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Using (1.1)—(1.3), (1.4) for p = 1, (3.1) and Cauchy-Schwarz inequality, we obtain
from (3.2),

1d

o lug — UQHLz @) +)\m0/ |V (uy — uo)|? dz

< maAli(us) — l(u1)|/ V][V (1 — iz)| da +/ b ()]s — a2 d
Q Q
< maA (@] 22 lur — w2l L2 luzll g2 o) llur — vall mp o)

+ 161l e (@) llur — U2H%2(Q)v

which, by using Young’s inequality, leads to

1d

(3.3) 5 dtl

|ur — w222y + Xmollur — 2|7 o)

(maAl|@l 2o luzll g1 () ,
s { 2)\m0 . + HblHLN(Q)}H’U,l - uQHLQ(Q)

)\mo
+ THUl - Uz”%rg(ny
From (3.3), we obtain for a function 6 € L'(0,7),
d 2 2
(3-4) gl — ullzai) < O@)]ur — uallzz o)

Multiplying (3.4) by exp(— fo , we get

d t
g (eXp <_/0 (s) ds) lur — uz||2L2(Q)> <0.

Finally, integrating from 0 to ¢ and taking into account that uq(-,0) = usz(-,0) a.e.
in Q, we find u; = us a.e. in Q. U

With the assumption that the function g is decreasing with respect to u, we state
and prove our second uniqueness theorem.

Theorem 3.2. Assume that (1.1)—(1.3), (3.1) and either (1.4) (with p € (0,1))
or (1.5) hold. In addition, for a.e. (z,t) € Q,

(3.5) the function s — g(x,t, s) is decreasing on R.

Then the solution of (1.6) is unique.
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Proof. Let u; and uy be two solutions of (1.6) corresponding to the same initial
data ug € L(). Setting w = u; — ug, we can see that the function w satisfies

%(w,g)+M(l(u1))/ﬂa(:¢,t)w-vgdx+/QG(x,t)gdx

(3.6) = (M(U(u)) — M(U(u1)) / ale, () Vs - VE de + / we dr,
in D'(0,T) V& e HYQ),
w(-,0) =0 a.e. in Q,

where G(z,t) = g(x,t,u2) — g(z,t,u1) + w. Choosing & = w as test function in the
first equation of (3.6) and integrating from 0 to ¢, we obtain
(3.7

%Hw”iz(m—i—/o M(l(ul))/ﬂa(x,s)Vw'dexds—f—/o /QG(x,s)wdxds
= /0 (M(l(uz))—M(l(ul)))/ﬂa(m,s)Vug-dexds—l—/o [wll72(e) ds-

Using (1.1)—(1.3), (3.1), (3.5), the Cauchy-Schwarz inequality and Young’s inequality,
we get

t t
(3.8) / M(l(ul))/ a(x,s)vw.vwdxds>moA/ ol 0 s,
0 Q 0

(3.9) /0 (M (I(ug)) — M(L(u1))) /Q a(x,s)Vug - Vwdz ds

¢
émgA/ /|¢||w|dx/|Vu2||Vw|dxds
0 Jo Q

t
< maA |6l 22 / ool el s g ool ey s

m())\ t 2
< T/o w1 () ds

(maA |lzz)? [
TS [ ol

an

d
¢ ¢
(3.10) / /G(x,s)wdxds:/ /(g(x,s,uQ)—g(x,s,ul)—i—w)wdxds20.
0o Ja 0o Jo

Combining (3.8)—(3.10), we obtain from (3.7),

1 mo/\ t
el + 5= [l o ds

(m2AH¢||L2(Q))2 k t
< T R [l g oy ey s
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which leads to
" (maA|gll 2 ()
ol ey < | {0 O iy g + 2l oy d.
From Lemma 3.1 of [14] we have ||w| ;2(q) = 0 in [0, T], which implies that w = 0

a.e. in @, and then, u; = us a.e. in Q. O

Our continuity result is now presented.

Theorem 3.3. Suppose either Theorem 3.1 or 3.2 holds. Then for all t € [0,T],
the mapping
T: L*(Q) = L*(Q),  uo = ul-,1),
where u is the unique solution of (1.6) corresponding to the initial data wug, satisfies
the following continuity result:

ul) — ug weakly in L?(Q) = T (u)) — T (uq) strongly in L*(5).
Particularly, T is weakly continuous.

Proof. Let (u})jen C L2(Q) be a sequence of initial data which converges to ug
weakly in L2(Q), and let u/, u be, respectively, the solutions of (1.6) corresponding
to ud, ug, 7 € N. For all j € N and all p € (0,1) we have

. 2 \1/2 )
(3.11) Il < T {Ca( ) Ubllzrmio I gy + 19 0)22(@)
+ bl 2 -
2C3

(3812) [lu? 20 < { e

(||bp||2Lz/<1—p)(Q)HUjHipa(Q) + llgC, -, 0)||2L2(Q))

i 1/2
+ gl 20

and
(3.13)
‘ 1 202 -
HU']HLZ(O,T;H(%(Q)) < W{A—WZ(W)IJ”%WU—M(Q)HUJHLI;(Q) + Hg(v '70)H%2(Q))

) 1/2
+ lableey )
andif p=1,
319 Tl < T Co(52) " Unllie@ll s + gt Ol
+ bl 2o -
203

. . , 1/
(315) ey < {2 (0113w 07 Iy + 9o Ol ) + oy}
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and

1 {ﬁ

(3.16) HU'jHLz(O,T;Hé(Q)) < Omo)i72 (Hbl||2Loo(Q)||Uj||2L2(Q) + llg(, '70)H%2(Q))

)\mo

e}
ollzz) 1 -

On the other hand, for all £ € D(0,T; H}(Q)),

T
(3.17) /Qujftdxdt—/o M(l(uj))/ﬂa(x,t)Vuj-Vfdxdt—/@g(m,t,uj)fdxdt.

Observe that the sequence (u) jen is bounded in L?(12) since it is a weakly convergent
sequence in L?(Q2). Then, by taking into account that Cq (27'/(Amqg))Y/2||b1 || . (g) <1
(in the case p = 1), we deduce from (3.11) and (3.14) that (u’)jen is bounded
in L?(Q). Hence, using (3.12), (3.13) and (3.15)—(3.17), we can find a constant
cs = c3(p) independent of j such that for all j € N,

(3.18) 17| e 0,7 22(0)) < 3,
(3.19) 17| 2o, (s2)) < €34
(3.20) i | 20,11 (2)) < c3-

Similarly, if ¢ satisfies (1.5), we arrive at

(CallhllL2(g))?

(12
o + gl 720

t
VjeN: [u]Fa0 + Amo/o ||Uj||?{3(9) ds <

which leads us to saying that inequalities (3.18)—(3.20) are satisfied for another con-
stant independent of j. Therefore, there exists a subsequence j; and w € E such that

(3.21) 't — T strongly in L*(Q),

(3.22) ut = a.e. in @,

(3.23) M (I(u?*)) — M(I(@)) strongly in L?(0,T),

(3.24) ult (- 1) — (-, t) strongly in L?(Q), a.e. t € (0,T),
(3.25) ut 7 weakly in L?(0,T; H3(S)),

(3.26) ult — T weakly in L2(0,T; H~X(Q)),
(3.27) ult —* 7 weakly star in L>°(0,T; L*(Q)),
(3.28) ulF — g weakly in L?(€2).
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We have
(3.29) / go(t)M(l(uj’“))/ a(x,t)Vu'* -Vfdxdt—/ wtEpy da dt
0 Q Q
= / g(x, t,u*)epdrdt Yk eN, Yo € D(0,T), VE € Hy (Q).
Q
We notice that if one of assumptions (1.4) and (1.5) holds, we obtain

(3.30) lim g(x,t,uj’“)fgodxdt:/ glz,t,u)épdxdt
Q

k—o0 Q

by using, respectively, (3.21) and (3.22), then, letting & — oo in (3.29) we get by
taking into account (1.2), (3.21), (3.23), (3.25) and (3.30),

T
/ @(t)M(l(ﬂ))/ a(z,t)Vu - VEdx dt —/ ulp drdt = / g(z, t,u)pdx dt.
0 Q Q Q
So, the limit @ is a solution to
u € L*(0,T; Hy(Q)) N C([0,T); L*(Q)), @ € L*(0,T5; H (),

%(ﬂ,g)+M(l(ﬂ))/9a(x,t)Vﬂ-V£da::/Qg(a:,t,ﬂ)gdx

in D'(0,T) VE&e HY Q).
Moreover,
t . . ;
VEe HY ), ae. te(0,T): /<u§k, yds = (u* (1), €) — (ug*, €).
0

Passing to the limit as kK — oo and using (3.24), (3.26) and (3.28),

/0 (T, €) ds = (T(-1£),€) — (0, ©).

which leads to
(H('vt)af) - (ﬂ(70)a€) = (ﬂ('at)vg) - (u07§)'

Hence, u(+,0) = ug a.e. in Q. Therefore, due to the uniqueness of the limit, we have
7 =u a.e. in Q. Thus, by (3.27),

ul* —* 4 weakly star in L>(0,T; L*()).
Particularly, if £ € HZ (), it follows that
(3.31) (u?*(-,1),&) =* (u(-,t),€) weakly star in L>(0,T).
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Now, let ¢; and t5 be elements of [0, T] such that to > t;. We have

. . ta to )
(8.32) (u*(12),€) — (w (- 11),6) = / (wl,€) dt < / et s €]

t1 t1
< (tg — t1)1/2||§||H3(Q)||ugk”L?(O,T;H’I(Q))
< ellél gy ey (B2 — 1) /2.

Due to (3.32), the sequence of functions (u’*(-,t),£) is equicontinuous, and then, it
is relatively compact in C([0, 7). By (3.31) and the uniqueness of the limit, we have
up to a subsequence

VEe Hy(Q): (w(,1),6) = (u(-,1),€) in C([0,T)).
Thanks to the density of Hg(Q) in L?(Q),
VEE L2(Q): (u(,t),&) — (u(-,1),€) stronglyin R Vit e [0,T],
which means that
u?* (-, t) — u(-,t) strongly in L*(Q) V¢t [0,T).

Since every subsequence of (u’(-,t));en has a sub-subsequence that converges to the
same limit u(-,t), we deduce that

T(u)) = u (-, t) = T(uo) = u(-,t) strongly in L*(Q) Vt e [0,T],

which completes the proof of the theorem. O
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