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Abstract. We study totally contact umbilical screen-slant lightlike submanifolds and to-
tally contact umbilical screen-transversal lightlike submanifolds of an indefinite Kenmotsu
manifold. We prove a characterization theorem of totally contact umbilical screen-slant
lightlike submanifolds of an indefinite Kenmotsu manifold. We further prove some results
on a totally contact umbilical radical screen-transversal lightlike submanifold of an indefinite
Kenmotsu manifold, such as the necessary and sufficient conditions for the screen distribu-
tion S(T'M) to be integrable and for the induced connection V to be a metric connection.
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1. INTRODUCTION

The general theory of lightlike submanifolds of a semi-Riemannian manifold was
developed by Duggal and Bejancu in 1996 (see [3]). Later, Sahin characterized light-
like submanifolds in many ways. In 2006, he introduced the notion of transversal
lightlike submanifolds and studied some differential geometric properties of those
submanifolds (see [11]). In 2008, he initiated the study of screen transversal lightlike
submanifolds (see [12]). Gupta introduced the notions of slant and screen slant sub-
manifolds in indefinite Kenmotsu manifolds, respectively, in 2011 with Sharfuddin
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(see [7]) and in 2010 with Upadhyay (see [8]). Gupta and Sharfuddin also concep-
tualised screen transversal lightlike submanifolds in the context of indefinite cosym-
plectic manifolds in 2010 (see [5]) and later in the context of indefinite Kenmotsu
manifolds in 2011 (see [6]). In 2012, Haider et al. in [10] studied totally contact umbil-
ical screen transversal lightlike submanifolds of an indefinite Sasakian manifold and
recently, in 2021, Yadav et al. investigated the existence of totally contact umbilical
screen-slant lightlike submanifolds of indefinite Sasakian manifolds (see [13]).
Motivated by the works mentioned above, in this paper we study totally contact
umbilical screen-slant lightlike submanifolds and totally contact umbilical screen-
transversal lightlike submanifolds of indefinite Kenmotsu manifold. This paper is
divided into five sections. After introduction (first section) and preliminaries (second
section), in the third section, we prove some results regarding screen-slant lightlike
submanifolds of an indefinite Kenmotsu manifold. In the fourth section, we prove
a characterization theorem of totally contact umbilical screen-slant lightlike sub-
manifolds of an indefinite Kenmotsu manifold. In the last, i.e., the fifth section, we
further prove some results on a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold, such as the necessary and
sufficient conditions for the screen distribution S(T'M) to be integrable and for the

induced connection V to be a metric connection.

2. PRELIMINARIES

A submanifold (M™, g) which is immersed in a proper semi-Riemannian manifold
(]T/f mAn ) is called a lightlike submanifold (see [3]) if the metric ¢ induced from g is
degenerate and the radical distribution Rad(TM) = TM N TM* is of rank r such
that 1 < r < m. Let S(TM) be a screen distribution which is a semi-Riemannian
complementary distribution of Rad(T'M) in TM, i.e.,

TM = Rad(TM) Goxen S(TM).

Let us consider a screen transversal vector bundle S(TM<'), which is a semi-
Riemannian complementary vector bundle of Rad(T'M) in TM*, i.e.,

TM* =Rad(TM) @oren, S(TML).

Since for any local basis {&;} of Rad(T'M), there exists a local null frame {N;} of
sections with values in the orthogonal complement of S(TM~) in S(T M)+ such that
g(&, N;) = 6;; and g(N;, N;) = 0, it follows that there exists a lightlike transversal
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vector bundle ltr(TM) locally spanned by {N;}. Let tr(T'M) be the complemen-
tary (not orthogonal) vector bundle to TM in TM. Now we have the following
decompositions (see [3]):

TM|y =TM & te(TM), tr(TM) = S(TM™") @open ltr(T M),
TM|y = S(TM) ®open [Rad(TM) @ 1tr(TM)] Boren S(TM™).

A submanifold (M, g, S(TM),S(TM™)) of M is called

> r-lightlike if r < min{m,n},
> co-isotropic if r =n < m, S(TM=*) = {0},
> isotropic if r =m < n, S(TM) = {0},
> totally lightlike if r = m =n, S(TM) = {0} = S(TM™).

An odd dimensional semi-Riemannian manifold (]T/f ,g) is called an indefinite al-
most contact metric manifold (see [1]) if it admits an indefinite almost contact struc-
ture (¢, &,n), where ¢ is a tensor field of type (1,1), £ is a vector field and 7 is a

1-form satisfying for all X,Y € x(M)

(2.1) g(eX,pY) =g(X,)Y) —en(X)n(Y), g(§, &) =e==*1,
(2.2) P*X = —X +n(X)E, (X, &) = en(X),

(2.3) 9(X,9Y) = —g(pX,Y),

(2.4) nop=0, 9{=0, n¢) =1

De and Sarkar in [2] introduced the notion of e-Kenmotsu manifolds with indefi-
nite metric. An indefinite Kenmotsu manifold M (p,&,n,g) satisfies the following

structure equations for all X, Y € x(M):

(2.5) (Vxp)Y =G(pX, V)¢ —en(Y)pX,
(2.6) Vx§ = elX —n(X)E],
where V is the Levi-Civita connection for the semi-Riemannian metric g.
A lightlike submanifold M of an indefinite Kenmotsu manifold M, with the struc-

ture vector field & tangent to M, is called a totally contact umbilical lightlike sub-
manifold (see [14]) if for a vector field « transversal to M and for all X, Y € T'(T' M),

(2.7) R(X,Y) = [9(X,Y) = n(X)n(Y)]a + n(X)(Y, &) + n(Y)h(X,§),

where h is a symmetric bilinear form on I'(T'M) with values in I'(tr(7M)) known as
the second fundamental form. If o = 0, then M is called a totally contact geodesic
lightlike submanifold.
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Now, equating components of (2.7) belonging to ltr(TM) and S(T M=), respec-
tively, we have (see [4])

(28)  W(XY)=[9(X,Y) = n(X)n(Y)]ew + n(X)R' (Y, ) +n(Y)h' (X, €),
(2.9)  K(XY) = [g(X,Y) = n(X)n(Y)]as +n(X)h* (Y, §) + n(Y)h*(X, ),

where h!(X,Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)) (L, S are the projection
morphisms of tr(TM) on ltr(TM), S(T M=), respectively) and a; € T'(ltr(TM)),
as € D(S(TML)). h and h* are called the lightlike second fundamental form and
the screen second fundamental form of M, respectively.

Let M be a lightlike submanifold of an indefinite Kenmotsu manifold M and v,V
be the Levi-Civita connections on M, M , respectively. The Gauss and Weingarten
formulae are given by:

(2.10) VxY =VxY +h(X,Y) VX,Y e(TM),
(2.11) VxV =—AyX + V5V VX eT(TM), V e T(tx(TM)),

where VxY, Ay X € I'(TM) and h(X,Y), ViV € T(tr(TM)). Here A is a linear
operator on T'M known as the shape operator and V! is a linear connection on
tr(TM) known as the transversal linear connection on M.

Now, the equations (2.10) and (2.11) further reduce to

(2.12) VxY =VxY +h(X,Y)+ h*(X,Y) VX,Y e (TM),
VxV =—Ay X + D{(X,V)+ D*(X,V) VX eD(TM), V e I(tr(TM)),

where D'(X,V) = L(V4 V), D*(X,V) = 5(VL V).

In particular, we have

(2.13) VxU = —ApX + VAU + D*(X,U) VYU € I(ltr(TM)),
(2.14) VW = —Aw X + VW + DX, W) YW e T(S(TM"Y)),

where V! and V* are linear connections on ltr(T'M) and S(T'M~) called the lightlike
transversal connection and the screen transversal connection on M, respectively.
Again, from (2.12)—(2.14) we get

(2.15) g(h*(X,Y), W) +g(Y, D'(X,W)) = g(Aw X, Y),
(2.16) g(D*(X,U), W) = g(U, Aw X).
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Let P be the projection morphism of TM on S(T M), then we have for all X,Y €
L(TM),V eT'(Rad(TM)),

(2.17) VxPY = V% PY + h*(X, PY),
(2.18) VxV =-A, X + VYV,

where h* is the local second fundamental form on S(TM) and A* is the shape opera-
tor of Rad(T M), V4 PY, A}, X € T'(S(TM)) and h*(X, PY), ViV € I'(Rad(TM)).
Here V* and V** are induced connections on S(T'M) and Rad(T M), respectively.

3. SCREEN-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we prove some results regarding screen-slant lightlike submanifolds
of an indefinite Kenmotsu manifold.

Let M be a 2¢-lightlike submanifold of an indefinite Kenmotsu manifold M of
index 2¢ such that 2¢ < dim(M) with structure vector field £ tangent to M, then M
is called a screen-slant lightlike submanifold of M if the following conditions are
satisfied (see [8]):

(i) Rad(T M) is invariant with respect to ¢, i.e., o(Rad(TM)) C Rad(T' M),

(ii) for any nonzero vector field Y tangent to S(T'M) = D @oyn (§) at y € M, the
angle 6(Y) (known as the slant angle) between ¢Y and S(T'M) is constant,
where D is the complementary distribution to (£) in S(T'M) and Y, £ are
linearly independent.

M is called proper if D # {0}, 6 # 0, %TE, and is called a screen real lightlike
submanifold if 0 = %TE. Then we have the decomposition

TM = Rad(TM) ®Gorgn D Dortn (€) -

Let P, @ be the projection morphisms of TM on Rad(T M), D, respectively, then
for any X € I'(T'M), we have

(3.1) X = PX + QX + n(X),

where PX € I'(Rad(TM)), QX € T'(D).
Again, for any X € I'(T'M), we have

(3.2) X =TX +wX,

where TX € I'(TM) and wX € I'(tr(T'M)) are the tangential and transversal com-
ponents of X, respectively.
Now, applying ¢ on (3.1) we get

(3.3) X = TPX +TQX + wQX.
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S(TM+) can be decomposed as

S(TM*) = wQ(S(TM)) ®oren s
where 4 is an invariant subspace of TM. Then for any W € T(S(TM<)), we have
(3.4) oW = BW + CW,

where BW € T'(S(TM)), CW € T'(S(TM%1)).
Also, for any N € I'(Itr(T'M)),

(3.5) ¢N = CN,

where CN € I'(Itr(T'M)).
Now, we state and prove some results.

Theorem 3.1. Let M be a 2g-lightlike submanifold of an indefinite Kenmotsu
manifold M with constant index 2q < dim(M), then M is a screen-slant lightlike
submanifold if and only if there exists a constant A € [—1,0] such that for all X €
[(S(TM)),

(3.6) (PoT)’X = A[-X +n(X)g],

where X = cos? 0] s (7).

Proof. The proof follows from Theorem 3.1 in [9]. O

Corollary 3.2. Let (M, g) be a screen-slant lightlike submanifold of an indefinite

Kenmotsu manifold (M,g), then for all X,Y € I'(T M),

(3.7) 9(TQX, TQY) = cos” 8] s(ran [9(X, Y) — en(X)n(Y))],
(3-8) §(WQX,wQY) = sin’ O] s(ran[g(X,Y) — en(X)n(Y)).
Proof. The proof follows from Corollary 3.2 in [9]. O

Theorem 3.3. Let (M, g) be a screen-slant lightlike submanifold of an indefinite

Kenmotsu manifold (M,§g), then for all X,Y € I'(T M),

(3.9) (VxT)Y = Auy X + BR*(X,Y) + g(¢X,Y)§ —en(Y)T X,
(3.10) (Vxw)Y = Ch*(X,Y) + ChH(X,Y) — h¥(X,TY) — h'(X,TY)
— DHX,wY) —en(Y)wX,

where (VxT)Y =VxTY —T(VxY) and (Vxw)Y = VLwY —w(VxY).
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Proof. From (2.5) we get
(3.11) VY = oVxY +§(pX, V)¢ —en(Y)pX.
Applying (3.2) on (3.11) we obtain
Vx(TY 4 wY) = oVxY + §(pX, V)¢ —en(Y)(TX + wX),
on which applying (2.12), (2.14), (3.2), (3.4), (3.5), we get

(3.12) VxTY +h{(X,TY) + h*(X,TY) — Auy X 4+ ViwY + D'(X,wY)
=TVxY +wVxY + Ch(X,Y) + Bh*(X,Y) + Ch*(X,Y)
+ (X, V) —en(V)(TX + wX).

Equating tangential and transversal components of (3.12) we obtain (3.9) and (3.10),
respectively. O

4. TOTALLY CONTACT UMBILICAL SCREEN-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we prove the following characterization theorem of totally contact
umbilical screen-slant lightlike submanifolds of an indefinite Kenmotsu manifold.

Theorem 4.1. Let (M, g) be a totally contact umbilical screen-slant lightlike
submanifold of an indefinite Kenmotsu manifold (M,q), then at least one of the
following statements is true:

(i) M is a screen real lightlike submanifold,
(i) D= {0},

(iii) if M is a proper screen-slant lightlike submanifold, then as € I'(u).

Proof. Forany Y = QY € I'(D), from (2.7) we have
MTQY,TQY) = g(TQY, TQY)a,
on which applying (2.3), (2.5), (2.10), (2.12), (2.14), (3.1), (3.2), (3.7), we get

e(Vroy QY + hH(TQY,QY) + h*(TQY,QY)) + AugyTQY — VigywQY
— DYTQY,wQY) — VrgyvTQY — g(TQY, TQY)¢ = cos? 0g(Y,Y)a,
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which (by the help of (2.8), (2.9), (3.2)) reduces to

(4.1)  TVroyQY +wVrgyQY + AuoyTQY — VigywQY — D(TQY,wQY)
— VrovTQY — g(TQY, TQY)E = cos® (Y, Y)a,

since g(TQY, QY) = §(¢Y.Y) = —§(Y, pY) = —g(TQY, QY) = ¢(TQY. QY) = 0.
Equating transversal components of (4.1) we obtain

(4.2) wVrQy QY — VigywQY — DY TQY,wQY) = cos’ g(Y,Y)a.
Now, taking covariant derivative of (3.8) with respect to TQY we get
(4.3) §(VigywQY,wQY) = sin® 0g(Vioy Y, Y).
Again, from (3.8) we have
(4.4) 9(WVrQy QY,wQY) =sin*0g(Vigy Y, Y).
Now, taking inner product of (4.2) with w@QY we obtain

G(wVr0y QY,wQY) — §(VioywQY,wQY) = cos? 8g(Y, Y )j(as, wQY)
= cos? 0g(Y,Y)g(as,wQY) =0 (by (4.3), (4.4))
:ng01"Y=001"0486F(,u)7

which gives that either M is a screen real lightlike submanifold or D = {0} or
as € T'(p) if M is proper. This completes the proof. O

5. TOTALLY CONTACT UMBILICAL RADICAL SCREEN-TRANSVERSAL
LIGHTLIKE SUBMANIFOLDS

In this section, we prove some results on a totally contact umbilical radical screen-
transversal lightlike submanifold M of an indefinite Kenmotsu manifold M , such
as the necessary and sufficient conditions for the screen distribution S(T'M) to be
integrable and for the induced connection V to be a metric connection.

First we state the following definitions from [12].

> An r-lightlike submanifold M of an indefinite Kenmotsu manifold M is called a
screen-transversal lightlike submanifold if o(Rad(TM)) C S(TM™).

> A screen-transversal lightlike submanifold M of an indefinite Kenmotsu mani-
fold M is called a radical screen-transversal lightlike submanifold if S(T'M) is
invariant with respect to ¢, i.e., o(S(T'M)) C S(T'M).
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Next, we prove the following results.

Theorem 5.1. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M,q), then S(TM) is
integrable if and only if as has no component in p(Rad(TM)).

Proof. Forany X,Y € I'(S(TM)) and N € I'(Rad(TM)), using (2.1), (2.3),
(2.5), (2.9), (2.12) we get

J([X,Y],N) = g(h*(X, oY) = h*(Y,pX),oN) = 29(X, ¢Y)g(as, oN),
which implies that [X,Y] € T'(S(TM)) for all X,Y € I'(S(TM)) if and only if

glas,oN) =0 for all N € T'(Rad(T'M)).
This completes the proof. ([

Theorem 5.2. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M,gq), then h* = 0 if and
only if as has no component in p(Rad(TM)).

Proof. Forany X,Y € I'(S(TM)), using (2.5), (2.12) we have

(5.1) VxeY + (X, 0Y) + h¥ (X, ¢Y)
=X, YV)E —en(Y)pX + o(VxY + b (X,Y) + h*(X,Y)).

Taking inner product of (5.1) with ¢ N for any N € I'(Rad(T'M)), we obtain
(5.2) g(*(X, Y ),oN) = g(¢VxY, oN).
Now, using (2.1), (2.9), (2.17) in (5.2) we get
g(as, eN)g(X, oY) = g(h" (X, Y), N),
which implies our assertion. ([l

Theorem 5.3. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M,q), then the induced

connection V on M is a metric connection if and only if ay has no component

in p(Rad(T'M)).

611



Proof. Forany X € I'(TM) and N € I'(Rad(TM)), using (2.5) we get
VxpN —o(VxN) = glpX, N)E,
on which applying ¢ and then using (2.2), (2.4), we obtain
(5.3) VxN = —p(VxeN).

Using (2.12), (2.14) in (5.3) and then taking inner product with Y € T'(S(T'M)) and
then using (2.3) we get

g(VxN,Y) = —g(An X, 0Y) + G(VieN,0Y) + g(D'(X,oN), oY),
in which using (2.9), (2.15), we obtain
Q(VXN, Y) = _g(Xv @Y)g(asa SDN)

Therefore, V is a metric connection on M if and only if Rad(T'M) is parallel if and
only if VxN € T'(Rad(TM)) for all X € T(TM), N € T'(Rad(TM)) if and only if
glas,oN) =0 for all N € T'(Rad(T'M)). This completes the proof. O

Theorem 5.4. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M,gq), then

(i) ApnX = [X — en(X)€]g(as, oN) + en(X)eN + DY(X,oN) for all X €
D(S(TM)), N € T(tr(TM)),
(ii) ApnX = Xg(as, oN)+ DX, oN) for all X € T'(Rad(TM)), N € T'(ltr(TM)).

Proof. Replacing W by N in (2.15) we have
g(AAPNX7 Y) = g(hg(X7 Y)a SON) +§(K Dl(X7 QON));
on which applying (2.6), (2.9), (2.12), we get

J(AGNX,Y) = [9(X,Y) = n(X)n(Y)]g(as, pN) +en(X)g(Y, pN)
+en(Y)g(X,oN) + (Y, D'(X, oN)),

which gives
(5.4)  AonX =[X —en(X)€]g(ovs, oN) +en(X)eN + §(X, oN)& + DH(X, oN).

Then (i) and (ii) immediately follow from (5.4) restricting X to S(TM) and
Rad(T'M), respectively. O
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