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KYBERNETIKA — VOLUME 60 (2024), NUMBER 5, PAGES 652-681

EXACT L; PENALTY FUNCTION FOR NONSMOOTH
MULTIOBJECTIVE INTERVAL-VALUED PROBLEMS

JULIE KHATRI AND ASHISH KUMAR PRASAD

Our objective in this article is to explore the idea of an unconstrained problem using the
exact 1; penalty function for the nonsmooth multiobjective interval-valued problem (MIVP)
having inequality and equality constraints. First of all, we figure out the KKT-type optimality
conditions for the problem (MIVP). Next, we establish the equivalence between the set of weak
LU-efficient solutions to the problem (MIVP) and the penalized problem (MIVP,) with the
exact I penalty function. The utility of this transformation lies in the fact that it converts
constrained problems to unconstrained ones. To accurately predict the applicability of the
results presented in the paper, meticulously crafted examples are provided.

Keywords: interval-valued problem, multiobjective programming, exact 1; penalty func-
tion, LU-efficient solution

Classification: 49J52, 49M30, 90C29, 90C46

1. INTRODUCTION

Multiobjective programming problems came into existence in order to maximize several
objective functions simultaneously. Such problems are also known as vector program-
ming problems or multi-criteria programming problems. The multiobjective problems
are solved with deterministic coefficient values to get precise results. In real situations,
many economic and engineering problems do not satisfy the deterministic assumptions
since real-life problems are full of uncertainty. Uncertainty can be addressed using the
concepts of fuzzy numbers, stochastic processes, and interval-valued problems. These
techniques make the models closer to real-world applications. In interval-valued prob-
lems, coefficients appearing in the objective function as well as constraints vary over
some closed intervals.

Moore [20] was the first who started the work on interval analysis. Some initial ap-
proaches and applications of interval analysis can be seen in the paper of Moore [21].
Later on, Wu (26l 27]) derived the KKT optimality conditions and duality theorem for
the Wolfe dual for the differentiable interval-valued programming problem. Jayswal et
al. [I6] extracted the sufficiency for functions satisfying generalized invexity and de-
rived the duality results. Zhang [29] proposed the necessary and sufficient conditions for
interval-valued problems along with duality under the extended concept of invexity and
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preinvexity for interval problems. Zhou and Wang [30] worked on a mixed-type dual
problem that connects the Mond Weir as well as Wolfe-type duals and rooted the suffi-
ciency. Consequently, Jayswal and Banerjee [17] introduced an exact 1; penalty function
for interval-valued programming problems and established the equivalence between an
LU-optimal solution of the considered problem as well as a penalized problem using
convexity.

The basic framework of invexity was first conceptualized by Hanson [I5] in 1981 but
coined later on by Craven [II]. These functions became a more enjoyable class of func-
tions in optimization theory, as all stationary points for these functions are found to
be global minimizers. Invexity was also found suitable for relaxing necessary optimality
conditions because one can weaken the constraint qualifications expressed in terms of
convexity with the help of invexity. The same has been designed by Ben-Israel and
Mond [9], where they have used modified or generalized Slater constraint qualifications.
Following the research of Hanson and Craven, many authors have utilized invexity in
various generalized forms for establishing many important results in the field of opti-
mization, like Antczak [I], Martin [I9], Weir and Jeyakumar [25], and many others.
Recently, Khatri and Prasad [24] used the idea of invexity to derive duality results for
smooth fractional variational problems. Antczak and Farajzadeh [6] studied a class
of nonsmooth semi-infinite programming problems with multiple intervals and formu-
lated the Fritz-John and KKT-type optimality conditions using invexity. Moreover, they
implemented an exact 1; penalty technique for solving the considered nonsmooth semi-
infinite problems and established the equivalence between the considered problem and
its corresponding penalized problem via the exact 1; penalty function under invexity.

Nonlinear optimization problems with an exact penalty approach have been the center
of a number of decent works on optimization problems. Zangwill [28] and Pietrzykowski
[22] were the first to work on exact nondifferentiable penalty functions. An exact penalty
method converts a constrained problem into an unconstrained problem. In this approach,
the objective functions merge with the constraints through the penalty parameter, and it
is necessary to select both the penalty parameter as well as the penalty function in such
a way that the optimal solution to the penalized problem as well as the original problem
are equal. An exact 1; penalty function or the absolute value penalty function is usually
nondifferentiable. The nondifferentiable exact 1; penalty method has been studied by
many researchers like Bazaraa et al. [§], Bertsckas and Koksal-Ozdaglar [10], Fletcher
[13], Mangasarian [I8], etc. Recently, Antczak [2] has introduced some pathbreaking
results based on the penalty approach for nonconvex differentiable programming prob-
lems that consists of both inequality as well as equality constraints. Later on, Antczak
[4] extended this work to nonsmooth, convex interval-valued problems using an exact 1
penalty function approach and established the equivalence between the problem and its
penalized problem based on LU-optimal solution. Further, Antczak and Studniarski [7]
gave some properties based on the exactness of the penalization problem for the exact 1y
penalty approach for the nonsmooth nonconvex multiobjective programming problems.

The present paper is structured as follows: Section 2 recalls some notations and defi-
nitions that we use in the sequel of the paper. In Section 3, we establish the equivalence
between the set of weak LU-efficient solutions to the considered problem and its corre-
sponding penalization problem. Moreover, we demonstrate the equivalence between the
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weak LU-efficient solutions to the problem and the corresponding penalized solutions
using the Lagrange function under invexity. Also, an example of a nonsmooth multiob-
jective interval-valued problem with the exact 1; penalty function method is forcasted.
Finally, Section 4 summarizes the accomplished work in the form of conclusions.

2. PRELIMINARIES

This section begins with the following convention for inequalities and equalities, which
is utilized in the sequel of the article. For any u = (u1,ug, ..., uy), v = (v1,V2,...,0p)
in R™ where R™ stands for n-dimensional Euclidean space, we have

Hu=veu=vYi=12..n
(i) u>veu > Vi=1,2,..n;
(iii) uz2veu 2 Vi=1,2,..n;
(iv) u>ve uzv, u#o.

Let the set of all bounded and closed intervals of R be represented by Z. If A =
[aF,aY], B = [bL,bY] € I, we define

(i) A+ B =[a" +b"a" +b7],

(i) -

(ili) A—B={A+ (-B)} = [a" —bY,aY —bF],
)

(iv) K+ A= [k+al k+a"],

L U 0
[ka", ka"], § 0,
where & is any real number. If we take o’ = a¥ = a, then the interval A reduces to

a real number. If F' is an interval-valued function, then it can be represented more
appropriately by F(r) = [F'*(n), FY(r)], where FL(r) : R* — R and FU(n) : R® - R
have the components satisfying conditions FZ(r) < FU(r), V # € R™. In short, we
write [F(7)]* and [F(7)]Y in place of F¥(r) and FY(7), respectively.

Symbolically, we use the symbol A <py B to denote a” < b and a¥ < bY. Similarly,
A<y B A<y B, A# B. That is, A <p,y B means any one of the following three
conditions:

ab < bk aY <Y,

or,
ab < b aY <Y,

or,
ab < b, oV <YL

Throughout the entire article, X signify an open subset (nonempty) of R”™.



Exact I} penalty function for nonsmooth multiobjective interval-valued problems 655

Definition 2.1. (Antczak and Studniarski [7]) A function Z defined from R” to R is
known as locally Lipschitz at a point m € R™ if there exist positive scalars C' and ¢
satisfying

IE(y) —E(2)[ = Clly — 2|
for every y and z belong to m + B, B being an open unit ball in R™.

Definition 2.2. (Clarke [12]) The Clarke generalized directional derivative of a locally
Lipschitz function = : X — R at a point 7 € X along d € R" is expressed as

E%(r;d) := limsup =lo+1d) ~Elo) .
o—m,vl0 Y

Definition 2.3. (Clarke [I2]) The Clarke generalized subdifferential of a locally Lips-
chitz function Z : X — R at a point 7 € X is expressed mathematically as

0=(m) := {U e R :Z(m;d) = (v,d), Vde R"}.

Lemma 2.4. (Clarke [I2]) Let 7 € X be an arbitrary point, and the locally Lipschitz
function Z is defined from X to R. Then for any scalar A € R, one can get

I(AZ)(m) € NOE(m).

Proposition 2.5. (Clarke [12]) Let # € X be an arbitrary point and the locally
Lipschitz functions =2, k= 1,...,s, defined from X to R. Then

o( = )m e gaakw).

k=1
In the above relation, equality holds if all but at most one of the functions =y, is strictly

differentiable at a point .

Corollary 2.6. (Clarke [12]) Let 7 € X be an arbitrary point and the locally Lipschitz
functions Zj, k= 1,...,s, defined from X to R. Then for any scalar value A\, € R, k =
1,...,s, one has

S

a( Z )\kEk) (1) S \ed=5(1).
k=1

k=1

In the above relation, equality holds if all but at most one of the functions = are strictly
differentiable at a point 7.

Theorem 2.7. (Clarke [12]) If the locally Lipschitz function Z is defined from R™ to
R and attains its (local) minimum at a point 7 € R™, then

0 € 92(7). (1)
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Proposition 2.8. (Clarke [12]) Let the functions =, k = 1,...,s, defined from R"
to R be locally Lipschitz at point 7 € R™. Then Z : R® — R defined by Z(n) :=
maxg=1,. s=k(7m) is also locally Lipschitz at a point 7. Moreover,

O=(7) C conv{0Z,(7) : k € &(7)},
where R(7) := {k € &: E(7) = Ex(7) }.

Definition 2.9. (Antczak and Studniarski [7]) The functions Ex, k =1,...,s defined
from X to R is known as invex in connection with n at 7 € X if each component is
locally Lipschitz at 7 € X, and for each m € X, there exists a function 7 : X x X — R"
satisfying

Er(m) — Ex(7) 2 (v, n(m, 7)), Yui € 02k (T). (2)

In the above definition, if we take n(m, 7) = (7 —7), then the above definition will reduce
to the definition of convexity. Therefore, invexity incorporates a larger class of functions
compared to the class of convex functions. The term (7 — 7) appearing in the definition
of convexity plays no role in the proof of the sufficiency of Kuhn—Tucker conditions. This
observation motivated Hanson [I5] to prove that Kuhn—Tucker necessary conditions are
also sufficient if the objective function and constraints are invex in connection with the
same function 7. The centeral attraction of an invex function is that each stationary
point is a global minimizer.

Note:

1. If we consider the scalar case instead of the vectorial case, i.e., = : X — R, then
Definition reduces to the definition of an invex function, given by Antzak [3].

2. If we consider Z is differentiable, then Definition 2.9 reduces to the definition of a
differentiable invex function, which was given by Reiland [23] and also given in [2].

Remark 2.10. The interval-valued functions R, & =1,...,s, defined from X to Z, are
known as invex in connection with 1 (where 7 : X x X — R") at a point 7 € X if both
the functions Nf and NkU are invex in connection with 7. That is, if it satisfy

Ry (m) = Ry (7) 2 (v, n(m, 7)), Yo € IR (), 3)
NY(7) =RV (7) = (WY (7, 7)), Yol € OrY (7).

Definition 2.11. (Antczak and Studniarski [7]) The functions Z, k =1,..., s defined
from X to R are known as strictly invex in connection with n at 7 € X, if each component
is locally Lipschitz at 7 € X, and for each m € X, there exists a function 7 : X x X — R"
satisfying

Er(m) — Ex(7) > (v, n(m, 7)), Yo € 02k (7). (4)

Remark 2.12. The interval-valued functions N, k£ =1,...,s, defined from X to Z are
known as strictly invex in connection with n (defined by n : X x X — R™) at a point
7 € X if at least one or both the functions RE and XY are strictly invex in connection
with n. That is, if it satisfy

Ny (1) = Ni(7) >Lu (vk, (7, 7)), Yop € ONg(T). (5)
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Note: For (strictly) incave functions, the direction of the inequalities used in (strictly)
invex functions will reverse its direction.

Example 2.13. Let us consider a nonsmooth multiobjective interval-valued functions
N (k=1,2) : X = Z where R, = [RE.RV] and RE RV : X — R (k = 1,2) be given by
RE = |7, WY = |7] + 1, R = |7| + 2, XY = |=| + 3.

Let us assume 7 = 0, and the function 7 : X x X — R be defined by

n(m, @) = |x| = |7].

Using the definition of invex function, it can be shown that Ny (k = 1,2) are invex
functions with respect to n at a point 7.

Note: It should be noted that the function 7 defined in Example need not be
unique. Indeed, if we define n by

L _ Inl+1nl
nim,m) = T

then Ny (k =1,2) are invex with respect to n at 7.

Proposition 2.14. (Antczak and Studniarski [7]) Let 7 € X be an arbitrary point,
and the locally Lipschitz functions ¢;, j = 1,...,m be defined from X to R. Moreover,
let the functions gbj' : X — R be defined by qu' (m) := max{O, qu(ﬂ)}. If the functions ¢;

are invex in connection with 7 (defined by 1 : X x X — R") at a point 7 € X, then gb;r
are locally Lipschitz invex at a point 7 € X in connection with 7.

Theorem 2.15. (Ha and Luu [I4]) Let Z, k= 1,...,s defined from X to R be con-
tinuous at 7 € X the vector d that maps to E% (m;d), Yd € R™ be upper semicontinuous
at 7 and the mapping m — 0= (7) be upper semicontinuous at a point 7. Moreover,
suppose the functions Z; are invex in connection with 7 (where 7 : X x X — R") at a
point 7 € X. Then = : R” — R defined by Z(7) := maxg=1, <=k (7) is also invex at a
point 7 € X in connection with 7.

Generally, the unconstrained multiobjective interval-valued problem is expressed as

(UMIVP) minimize N(7) = (Ry(7),...,R(7))

= ([NIL(W)v N?(ﬂ-)]’ SRR [N5L<7T)7 Ng(ﬂ)])
subject to we X,

where X, : X — 7, k € R = {1,..., s} are interval-valued functions and X%, RV : X —
R,V k € R are locally Lipschitz functions on X C R".
Let us examine the following nonsmooth multiobjective interval-valued problem:

(MIVP) minimize  R(7) = (Ny(7),...,Ny(m))

= ([RY (), RY ()], ., (R (), XY (0)])
subject to  ¢;(m) £0; jeJ={1,...,m},
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Yi(m)=0;1e £={1,...,q}; meX

where N : X — Z, k € & = {1,..., s}, are interval-valued functions whereas XL, RV
¢jand Y : X =R VEec R Vjey, ViIe L, arelocally Lipschitz functions on X C R™.
For convenience, we use RV = (REF ... RL) . X — RS RV .= (WY ... ®Y) . X —

R® ¢ = (1,..-,0m) : X = R™, and ¢ = (¢1,...,¢y) : X — R? to simplify our
representation. Assume that I' := {m € X : ¢;(7) £ 0, j € J, ¢u(m) =0, | € £}
represent the set of feasible solutions to the problem (MIVP). Moreover, the set of
active constraint indices is defined by J(7) := {j € J : ¢;(7) = 0} at a point 7.

Definition 2.16. (Antczak [5]) A feasible point 7 € T is known as a LU-efficient solu-
tion (LU-Pareto solution) to (MIVP) if there does not exist any point 7 € I" satisfying

Ng(7m) Spu Ne(7), for each k € {1,...,s}
and
R (m) <pu Ng(7), for at least one k € {1,...,s}.

Definition 2.17. (Antczak [5]) A feasible point 7 € T' is known as a weak LU-efficient
solution (weak LU-Pareto solution) to (MIVP) if there does not exist any point 7 € T’
satisfying

Wi (7) <pu Ng(7), for each k € {1,...,s}.

Theorem 2.18. (KKT-type necessary optimality conditions) Let the feasible point 7 €
I be a weak LU-efficient solution to the problem (MIVP), and it satisfies the suitable
constraint qualification. Then there exist Lagrange multipliers u*, uY € R®, ¢ € R™
and ¢ € RY satisfying

s s m q
0€ > ppoRE(R) + > pf ONY(7) + Y 800,(7) + > GO (w), (6)
k=1 k=1 j=1 =1
§09i(7) =0, jeJ, (7)
phon” 20> (uk +ui) =1, £20. (8)
k=1

Definition 2.19. The feasible point 7 € I' is known as the KKT point of the proposed
nonsmooth multiobjective interval-valued problem (MIVP) if the KKT conditions @ -
are satisfied at a feasible point 7.

Now, let us formulate the necessary optimality criteria for an unconstrained multi-
objective interval-valued problem (UMIVP).
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Theorem 2.20. The necessary criteria for the feasible point 7 to be a weak LU-efficient
solution to the unconstrained multiobjective interval-valued problem (UMIVP) is that
the Lagrange multipliers u* € R® and uY € R*® exist and satisfy

OEZugaNL +Zu}gaNU ),
k=1 k=1

ph, u” =0, > (up +pyp) = 1.
k=1

Definition 2.21. The Lagrange function or the Lagrangian £ for the proposed nons-
mooth multiobjective interval-valued problem (MIVP) is defined as

S S m q
L(m,ph,pml & €)= e NE(m) + > XY (1) + > &g () + > Gu(m)  (9)
k=1 k=1 j=1 =1

3. EXACT L; PENALTY METHOD

In this section, we analyze the given nonsmooth multiobjective interval-valued problem
(MIVP) using the penalty function. An exact l; penalty function transforms the con-
strained problem to an unconstrained problem. The fundamental concept behind an
exact penalty approach is to solve the given extremization problem by choosing a posi-
tive penalty parameter p and a penalty function p with the property that there exists a
nonnegative lower bound p satisfying p > p so that the optimal solution 7 is the same
for both the penalized problem and the original extremization problem.

The usual scalar optimization problem with an exact 1; penalty function is given by

minimize P°(m,p) :=ZE(7)+p

where P°(7, p) : R" xRy — R. The functions Z, ¢;(j € J) and ¢;(I € £) are real valued
functions defined on R™. The inequality constraint function ¢;(j € J) in exact 1; penalty
function is defined such that the function gbj :R™ — R is defined by

0, if p;(m) =0
% = {@( ) i gy(m) > 0. )

Thus, we observe that qb;r is zero for the feasible points and positive for the infeasible
points. Next, we focus on the definition of an exact penalty function for a multiobjective
interval-valued problem.

Definition 3.1. If a nonnegative threshold value p exists for each p > p satisfying

arg weak LU-efficient solution of {P(m,p) : m € R"}



660 J. KHATRI AND A.K. PRASAD

= arg weak LU-efficient solution of {X(x) : 7 € T'},

then the function P(mw, p) is known as multiobjective interval-valued exact penalty func-
tion.

Next, let us explore the penalized problem approach for the multiobjective interval-
valued problem (MIVP) with exact 1; penalty functions:

(MIVP,) minimize P(7,p) = (Pl(w,p), ooy Py(m, p))
= ([PE .0, PU (7)o [PEGr ), P ()] ),

where PL(.,p), PY(.,,p), k€ &={1,...,s}, are the endpoint functions of the multiple
interval-valued exact 1; penalty function Py(.,p) defined by

PE(m,p) = RE(m) +p

Z¢f<w>+zm<w>|], VEes
j=1 =1

and

P (m,p) =R () +p

HGEDS 1/11(7r)|], V ke &
Jj=1 =1

Now, we establish the equivalence between the weak LU-efficient solution of the problem
(MIVP) and the penalty problem (MIVP,). First of all, we prove that the KKT point
for the constructed problem (MIVP) is a weak LU-efficient solution corresponding to
the penalized problem (MIVP,).

Theorem 3.2. Let 7T be a feasible point to the considered multiobjective interval-valued
problem (MIVP). Moreover, suppose it satisfies the following assumptions:

(i) 7 satisfies the KKT-type necessary conditions given by @ —([8) with the Lagrange
multipliers pf, u¥(k € 8); &(j € J) and (I € £);

(ii) The functions R and XY (k € &) that appear in the objective function are invex
at a feasible point 7 € X in connection with #n;

(iii) The constraints ¢;(j € J), ¢l € £7(7) :== {l € £ : { > 0}) and —y(l €
L£7(m):={l € £:(; <0}) are invex at a feasible point 7 € X in connection with
7.

If we take enough large penalty parameter p = max{¢{;, V j € J, |¢], VI € £}, then
the feasible point 7 is weak LU-efficient solution to the multiobjective interval-valued
penalized problem (MIVP,) with exact 1; penalty function.

Proof. Assume that 7 satisfies the KKT-type necessary conditions given by @ -
with the Lagrange multipliers &, u¥(k € 8); &(j € J) and (;(I € £). Suppose that the
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point 7 is not weak LU-efficient solution to the multiobjective interval-valued penalized
problem (MIVP,) with exact 1; penalty functions, then there exist 7 € X satisfying

Pk(ﬁ-yp) <LU Pk(ﬁ-7p)a Vk € ﬁa

that is,

PE(7,p) < PE(R,p) or, PE(#,p) £ PE(7,p) or, PE(r,p) < PE7,p)

Pl (#,p) < PY(7,p) Pl (#,p) < PY(7,p) PY(#,p) £ PY(7,p).

The above inequalities can be rewritten as

RE(7) + p iasj(méwl(ﬁn <RE(R) +p

RY(7) + p| 3 67 (%) +l§1|wl<fr>| <RU(7)+p

Jj=1 ] j=1 =1
RE(7) + p iﬂb}(ﬁHé i (7)]| < RE@) +p gqu(ﬁwé |wl(w>1,

i i (11)
R (%) + p i::1¢j<ﬁ>+é|wl<ﬁ>| <NU(7)+p §f¢j<ﬁ)+é|¢l<w)|],
R+ 35070 + 2 |wz<fr>|] <) 40| Xt @+ 2 wn],
RU(#) + p z¢+< )+Z|¢z( I < +p z¢+( >+Z\wl< >|]

for each k € R. As given, 7 is a feasible point to the constructed multiobjective interval-
valued programming problem (MIVP). Therefore, using the feasibility of 7 and , the
above inequalities reduce to

NE) 0| 3505 () + 3 s >|] <RE).
N () 40| 3 f(ﬁ)+l:il|¢l(ff)|] <R (7).
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NEGE) +p| 30 6} (8)+ 3 (@) | < N (R),
) (12)
N (3) | 3 0f (1) + X (Al | <N (R,

Rp(7) +p Z ) (%) + Z [ ()| < Rg(7),

RY(7) + p i¢j<ﬁ>+l§|¢l<ﬁ>| <NV (7),

for each k € K. Multiplying the lower bounded inequalities of by u* > 0, the upper
bounded inequalities by u¥ > 0, and then, summing up from k = {1,..., s}, we get

ZuﬁNL +ZM?NU +pz 1E + ) Zszﬁ* +lel ]

k=1

<D ERE () + > R (7)
k=1 k=1
Using in the above inequality, we obtain

ZuﬁNL +ZukUNk #)+p Zeb* +Z\wl ]

< Zﬂw )+ zuw (13)

Since the penalty parameter p 2 max{{;, V j € J, |(i|, ¥V | € £}, therefore inequality
(13) can be written as

ZuLNL +ZMUNU +Zg]¢>+ +Z|Q\|¢l

< ZquL +ZugNU
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Using condition , the above inequality gives

ZN%NL +ZM£NU +Z£]¢J +Z<lwl

< Z/L]%NL +ZugNU

With the help of equation , it can be rewritten as

D HENE(R) + Y p R (F) + Zm + Zwl ()
k=1 k=1

<ZMLNL +ZHENk T+ Y &di(E) + > Gi(R). (14)
j=1 =1

Due to invexity of Nﬁ and Ng at a feasible point 7 € X in connection with 7, we see that

\%

Rg (1) = RE(7) 2 (o, n(m, 7)), Yai € ONE(7), Vk € &,

Ry (m) = R (7) 2 (o), n(m, @), Yoy, € OV (7), Vk € &,

hold for each m € X. Moreover, the constraints ¢;(j € J), ¢i(l € £ (7)) and —¢;(l €
£7(7)) are invex at a feasible point 7 € X in connection with 7. So,

¢j(m) — ¢;(7) = (Bj,n(m, 7)), VB; € 0¢;(7), Vj € J,
Yi(m) — Yy (7) Z (0, (e, 7)), Vo € y(T), VI € £F(7),

—’l/)l(’ﬂ') +il)z(7?) > <—5l777(7T77?)>, Vo, € a’(ﬁl(ﬁ), Vi e 2_(ﬁ)7

hold for all 7 € X. Taking m = 7 in the above inequalities and using , we obtain

PERE (7)) — i N (7) 2 (i g, n(#, 7)), Yoi, € O (%), Yk € &, (15)
PR N (7)) = pi N (7) 2 (uf ol (7, 7)), Yoy € OR(7), Vk € &, (16)
gquj(ﬁ—) _£j¢j(ﬁ) 2 <£jﬁj777(7%777r)>7 Vﬂ] € a(bj(ﬁ—)v Vj S J» (17)

QUi(7) — Qap(T) Z (Gbi, (7, 7)), Vo € Oi(T), VI € £ (7) U L™ (7). (18)
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On summing up the inequalities - , we have

m q
ZNLNL () + Z,uUNU B)+ > &65(F) + ) Gn(R)
j=1 =1

s q
- ( pERE +ZugNU +Z€g¢g +ZC11/21(7T)>
=1

k=1

v

s s m q
< dbal S el + 3068 + zclal,n<ﬁ,7-r>>,
k=1 i=1 =1

k=1

for all ol € ONE(7), o € ORY(7)(k € R); Bj € 09;(7)(j € J) and & € oYy (7)(l € £).
Using the KKT condition @ we get

Zu +Zu;§’Nk )+ D E6i() + D Cu(#)
j=1 =1

s S m q
2 (S butte) + S+ S + Yo
k=1 k=1 j=1 =1
which contradicts the inequality . Hence, the proof is complete. O

Next, we will derive the Theorem under the Lagrange type assumptions.

Theorem 3.3. Let 7 be a feasible point to the multiobjective interval-valued program-
ming problem (MIVP) and the stationary condition

0eL(m pu" 1Y, Q) (19)

be satisfied at a feasible point 7 with the Lagrange multipliers p”, pu¥, ¢ and ¢. More-
over, suppose that the Lagrange function E(*, TS C) is invex at a point 7 € X.
If we take enough large penalty parameter p = max{{;, V j € J, |¢j|, V I € £}, then
the feasible point 7 is weak LU-efficient solution to the multiobjective interval-valued
penalized problem (MIVP,) with exact 1; penalty function.

Proof. Let the point @ be not weak LU-efficient solution to the multiobjective interval-
valued penalized problem (MIVP,) with exact 1; penalty function. Then, there exists
7 € X satisfying

Pk(’frap) <LU Pk(ﬁ-?p)a Vke R

that is,

PL(#,p) < PE(R,p) or, PE(F,p) S PE(7,p) or, PE(r,p) < PE(7,p)
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Pl (#,p) < P (7, p) Pl (#,p) < P (7, p)

The above inequalities can be rewritten as

o (7) + é i ()]

p

NIE!

RE(7) + < Ng(7)

<.
[

MS

RY(7) +p| 2 o) (7 )+Z|¢z(ﬁ)l

1

<.

or,

() + Z [4u(7)]

Ms

NE(R) +p| 2 6F

<.
—

(%) + E |thi (7))

Ms

R (7)+p| X of

1

<.

or,

M§

R (7) + p

o (7) + ; |wl<ﬁ>|] < NE(R)

1

J

<N

N (%) + p (T +p

Z o7 (7) + Z Iwz(ﬁ)I]

665

Z ) (%) + Z (7 )I]

for each k € K. As given, 7 is a feasible point to the multiobjective interval-valued
problem (MIVP). Therefore, using together with the feasibility of 7, the above

inequalities reduce to

o (7) + é ()]

NgE

N (7) +p

J

<.

NIE!

RY(7) 4+ p| 30 6F (%) + é ()]

<.
—

or,

Ms

“+

Ry (7)) +p| X ¢ (7 >+Z\wz< )|

Il
-

<.

Ms

e

RY(F) +p| X ¢f (7) + Z | ()]

<.
—

<RE(7),

<N{(7),
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M) 4| 2 j(fr>+l§¢l<fr>|] < RE().
N 0| 35075+ St >|] < R (7).

for each k € K. Multiplying the lower bounbed inequalities of by u* > 0, the upper

bounbed inequalities by p¥ > 0, and then, summing up from k = {1,...,s}, we get
ZuLNL +ZMUNU +pz 1+ py) Z¢+ +Z|1/Jl ]
k=1

< Z LERE(7) + Z LWUNY (7)

Using in the above inequality, we obtain

m q
ZuﬁNL +Zum ) +p Z¢j<ﬁ>+2¢l<fr)|]
j=1 =1

<Y EERE(R) + D> N (7). (22)
k=1 k=1

Since the penalty parameter p = max{{;, ¥V j € J, |G|, V I € £}, therefore inequality
can be written as

Zu;’iNL +Zu;’iNU +Z€g¢+ +Z|@sz

S S
<Y T HERE(E) + > R (7)
k=1 k=1
Using condition , the above inequality gives

q
Z,ﬁw +ZMUNU +Z£]¢J )+ Q)
=1

< ZquL +ZugNU
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With the help of equation , it can be written as
ZuﬁNL + ZukUNU + Zf;qu + Zwl

m

q
< ZMLNL +ZNUNU +Z£j¢y )+ Gua(m).  (23)
=1

As the Lagrange function E(*, whoub g, C) is invex at a point 7 € X on X, therefore,

L, pt, 1,8, Q) = L(7, 1", 1Y €, ) 2 (o,n(7, 7)), Vs € DL (7, u", pY €, ).
Using the properties of the Lagrange function £(x, u’, 1Y, €, ¢), we obtain

q
Z MéNL )+ Z .UkUNU )+ ijd)] + Z G (7)
=1

(Z,u —i—ZukUNk )+ij¢j(ﬂ)+2<ﬂ/}l(ﬂ')>
j=1 1=1

2 (5,n(7, 7)),

m q

forall¢ € d ( Z pERE(7) + 37 pURV(7) + 3 &0 () + Q’l/)l(ﬂ')>. Moreover, with
j=1 =1

the help of ., we get

ZM%NJC +ZMUNU +Z§j¢y +ZC12/11
k=1

_ (2 WEREE) 4 ANV + 3 () + 3 czwm)
k=1 k=1 j=1 =1

= (0,n(7, 7)),

that can be written as

Zuw +ZukUNU +Zsj¢3 +Z<m

s s m q
2D T IERE(R) D R () + D &6(m) + > (),
k=1 k=1 j=1 =1

which contradicts the inequality (23). Hence, the proof is complete. O
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Corollary 3.4. Let the feasible point 7 be a weak LU-efficient solution to the multi-
objective interval-valued problem (MIVP) and satisfies all the assumptions of Theorem
If we take enough large penalty parameter p = max{¢{;, ¥V j € J, |¢], VI € £}, then
the feasible point 7 is weak LU-efficient solution to the multiobjective interval-valued
penalized problem (MIVP,) with exact 1; penalty function.

Next, we demonstrate the relation between the KKT point to the considered multiob-
jective interval-valued problem (MIVP) and an LU-efficient solution to the penalized
problem (MIVP,) with an exact 1; penalty function.

Theorem 3.5. Let the feasible point 7 be a solution to the considered multiobjective
interval-valued programming problem (MIVP). Moreover, suppose it satisfies the follow-
ing assumptions:

(i) 7 satisfies the KKT-type necessary conditions given by @ —(I8)) with the Lagrange
multipliers u, pl (k € 8); &(j € J) and (I € £);

(ii) The Lagrange multipliers ul, u¥ (k € &) corresponding with the objective functions
Nﬁ and Ng are considered as a positive real value;

(iii) The objective functions R and XY (k € &) are strictly invex at a feasible point
7 € X in connection with 7;

(iv) The constraints ¢;(j € J), vi(l € £7(7) :=={l € £:{ > 0}) and —y(l € £ (7) :=
{l € £:(; <0}) are invex at a feasible point 7 € X in connection with 7.

If we take enough large penalty parameter p 2 max{¢;, Vj € J, |¢;|, VI € £}, then the
feasible point 7 is LU-efficient solution to the multiobjective interval-valued penalized
problem (MIVP,) with exact 1; penalty function.

Proof. It’s proof is similar to that of Theorem [3.2] Hence, the proof is omitted. [

Next, using the properties of the Lagrange functions, we demonstrate the result stated
in Theorem 3.5

Theorem 3.6. Let the feasible point 7 be a solution to the problem (MIVP) and satisfy
the stationary condition at point 7 with the Lagrange multipliers p”, pY, ¢ and
¢. Moreover, suppose that the Lagrange function £(x, u”, u¥, €, ¢) is strictly invex at
7 € X. If we take enough large penalty parameter p 2 max{¢{;, Vj € J, |¢|, V1€ £},
then the feasible point 7 is LU-efficient solution to the multiobjective interval-valued
penalized problem (MIVP,) with exact 1; penalty function.

Proof. It’s proof is similar to that Theorem [3:3] Hence, the proof is omitted. O

Corollary 3.7. Let the feasible point © be an LU-efficient solution to the problem
(MIVP) and satisfies all the assumptions of Theorem If we take enough large
penalty parameter p = max{{;, V j € J, |(|, VI € £}, then the feasible point 7 is an
LU-efficient solution to the penalized problem (MIVP,) with exact 1; penalty function.
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Now, we proceed to prove the converse of the above result.

Theorem 3.8. Let I' C R™ be a compact set and the feasible point @ be a weak LU-
efficient solution to the penalized problem (MIVP,) with exact 1; penalty function.
Moreover, suppose it satisfies the following additional assumptions:

i) The components of the objective functions XL and RV are invex at a feasible point
k k
7 € X in connection with 7;

(i) The constraints ¢;(j € J), vi(l € £7(7) :={l € £: (> 0}) and —y(l € £ (7) :=
{l € £:( < 0}) are invex at a feasible point 7 € X in connection with 7.

If we take enough large penalty parameter p, then the feasible point 7 is weak LU-efficient
solution to the problem (MIVP).

Proof. Let the feasible point 7 is a weak LU-efficient solution to the penalized problem
(MIVP,) with an exact 1; penalty function. We discuss the two cases, one if 7 € I' and
the other if T ¢ T'. Let us assume that the feasible point 7 € I'. By definition of weak
LU-efficient solution, no m € X exists that satisfy

P}c(Tﬁﬁ) <LUu Pk(fr,ﬁ), Vk € R,
that is,

pPl(r,p) < PE(7,p) or, Pl(n,p) < PE(®.p) or, Pt(mp)< PE(7,p)

Pl(mp) < P (mp)  Pl(mp)< Pl(mp)  P(mp)= P/(mp).
The above inequalities can be rewritten as

Nj (7) +

p i@wwéwz(wﬂ] <Np(7) +p|

N (m) 5| 3 0 (1) + 2 mw] <N +5| X “‘T”é i >|]
N (m)+ 7 §:1¢j<w>+l§1wz<w>|] SNER) 45| 30 6 (1) + 2 il )]

(24)
N(r) + 5 §1¢j<w>+l§|wl<w>|] <N (@) 47| £ 0f () + (s >|]
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or

NE(m) +p gebj(wwélwz(w)ll <Ry (7) +

AL dn(fr)l],

N () 47| 3 6 () + 2 [t >|] <N (7) +

Z 7 (7) + Z (7 )I]

for each k € K. Applying condition in the above inequalities, we conclude that there
does not exist m € I' satisfying

Ri(m) < RE(7), or, Ri(m) SRg(m), or, Rp(m) < Ng(7)
Ry () < R (7), Ry () < WY/ (), Ry () < R (7).

That is,
Nk(ﬂ') <LU Nk(ﬁ'), for each k € A. (25)

Therefore, we can say that the feasible point 7 is a weak LU-efficient solution to the
problem (MIVP). Using inequality , one can conclude that for any p 2 p, the feasible
point 7 is a weak LU-efficient solution to the penalized problem (MIVP,) with exact 1
penalty function, which, in turn, is also a weak LU-efficient solution to the considered
multiobjective interval-valued programming problem (MIVP).

Next, let us consider the other possibility that the feasible point 7 ¢ T'. As the feasible
point 7 is a weak LU-efficient solution to the penalized problem (MIVP,) with exact 1;
penalty function, then by Theorem there exist the Lagrange multipliers uX, u? =0
for all k € £ (not all being zero simultanously) satisfying Yy _, pf + pf = 1, along with

OEZuﬁaPk p) + i OFY, (7, p). (26)
k=1

Using the exact 1; penalty function, we write the above inclusion as

S
OEZuﬁa T +p
k=1

Z¢>+ +Z|¢l ]

+Zu§ja N (%) + 5
k=1

qu* +Z|wz ] . (27)

As the functions ¢;(j € J) are locally Lipschitz on X, we conclude that the functions
d)j' (j € J) are also locally Lipschitz. Moreover, the Lagrange multipliers u and p¥ are
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nonnegative. Using Corollary [2.6] we have
OGZu ONg (7 +Zuk [zw +leﬁr ]

+ N (R + >l o [Zw +ZW1 ]
k=1

k=1

Hence, the above condition yields

0> uton ) [zw N o
k=1

k=1

=q

FY N () + 0 p[zw )+ Yt ] ,

k=1

e
Il
—

which imply that

0e ZufaNL + Zﬂgaw 7)

k=1 k=1

lz(b* +lez 1 (u + 17)-
k=1
Applying the result > 7 _, pE + ¥ =1 in the above relation, we obtain
Ve S ukonk) + 3 W (a) [z 45+ Y lite
k=1 k=1
Using Lemma the above relation simplifies to
0 S uEONE) + 3 N () + 50 [zw “3late
k=1 k=1

which, due to Proposition gives

OEZM ONE (7 +Z/¢ ONY (7

1

i)

671

ZW +Z\awl ] - (28)
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Since Nﬁ and Ng are invex at a feasible point 7 € X in connection with 7, we see that

Ri (1) = RE(7) 2 (o, n(m, 7)), Yai € ONE(7), Yk € &, (29)

RV (1) =RV (7) = (¥, n(7, 7)), Vay € Y (7), Vk € & (30)

hold for each m € X. Moreover, the constraints ¢;(j € J), ¥i(l € £ (7)) and —¢;(l €
£7 (7)) are invex at a feasible point 7 € X in connection with 7 and locally Lipschitz
on X. Using Proposition we can say that qu+ (j € J) are also invex functions at a
feasible point 7 in connection with 7. Therefore, the following inequalities hold for all
meX:

oF () — of (7) 2 (8], n(w, 7)), VB € 8¢;(7), Vj €3, (31)
wl(’”) - 1/11(77) i <6la77(7r’7_r)>7 v(Sl € 31#1(77), vl e 2+(7_T), (32)
—thi(m) + i(7) = (=0, m(m, 7)), Vo € Oi(7), VI € £7 (7). (33)

Multiplying the inequality by uf > 0 and the inequality by uY >0, we get

PERE () — Vg (7) 2 (i, n(r, 7)), Yoy, € ON(T), Vk € &, (34)

I RY () = i R (7) 2 (il o (7)), Vai| € O] (7), Yk € /. (35)
Multiplying the inequalities — with the penalty parameter p > 0, we have

FoT () — 5o (7) 2 BB, mim, 7)), VBT € 99, (7), Vi €3, (36)

plu(m)l = plb(®)| 2 P01, n(m, 7)), Vo € Olyhu()|, Vi € £, (37)
On summing up both sides of the inequalities (34 ., we get

quj(ﬂ) + ZWU(W”}
=1 =1

SRR + > R (1) + p

ZMLNL +Z,U'UNU +p

Zqﬁ* +Z|¢z ]

S S m q
> <Zu£a£+2ugag+p26f+pz5z,n(7r,7f)>,
k=1 k=1 j=1 =1
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for all af € ONE(7 ) al € MY (7)(k € R); 5"’ € 0¢;(7)(j € J) and §; € Y (7)|(l € £).
Using condition , the above ineuuality ylelds

S 6 (m) + Zwmn]
j=1 =1

S EERE(m) + > p R (7) +p

ZMLNL +ZuUNU +p Z¢+ +Z|1/)z 1 20, (38)

for all 7 € X. Since m € I, so with the help of , the inequality reduces to

S (WEREE) — iNE)) + D (1IN () — Y ()
k=1

k=1

> 5 lzw +z|¢l ] (39)

for all 7 € I'. Since 7 is not feasible to the problem (MIVP), therefore, by , one can
conclude that

Z¢+ + ZWH )| > 0. (40)

Let us take the penalty parameter p large enough for all m € T" defined by

L U JERE (7)) — uURY (7
5> max PR () + p N () — p R (7) :u'k:Nk(ﬁ):kGR . (41)

Z ) (7) + ZWH( )|

Using and 7 we can say p > 0. Moreover, the feasible point 7 is a weak LU-
efficient solution to the penalized problem (MIVP,) with exact 1; penalty functions.
Therefore, by the definition of weak LU-efficient solution, there does not exist 7 € X
satisfying

Py(m,p) <vu Pe(7,p), ¥V k € &,

which can be rephrased as

) +p Z¢j(w)+2¢l(w)|] <Lu Ne(F) + 5 qu* +ZW’I  VEke&
j=1 =1
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As T’ C X, there does not exist m € I satisfying

Ri(m) +p| Y ¢F () + Y [u(m)] | <vu Re(F) +p ZW +Z|wl ,VkeSg,

Lj=1 =1 i Lj=1

and if 7 € ', then

Ri(m) +p| Y ¢F (m) + D ln(m)] | Zru Ru(@) +p Zw +Z|w”—r Ve R

Lj=1 1=1 i Lj=t1
If m €T, we use to get

Ni () Z2ru Re(7) +p Z¢+ +Z|¢l s VkeR,

for all m € ', that is,

RE () = RE(7) + 5 Z¢+ (%) +Z\¢l  Vrel, Vke&, (42)
Lj=1
and
Ngw)gaﬂﬁyusE:w' +§:Wv  Vrel,Vke& (43)
Lj=1

Multiplying the inequality by u@ by ug, and summing up, we get

PRE () + i RY () 2 e RE (7) + g RY (7)

+p

Zaﬁ +Z|wl ]VweI‘,Vkeﬁ. (44)

With the help of inequality , we get
P NG () + g R () — pRE (7) — p Ry (7)

Z ¢; () + lez( )I]

5<  Vrel, VEke&

which contradicts (41). Hence 7 ¢ I' is not possible. Therefore, if 7 € T", then the
feasible point 7 is a weak LU-efficient solution to the problem (MIVP). Hence, the proof
is complete. O

Theorem 3.9. Let I' C R” be a compact set and the feasible point 7@ be an LU-efficient
solution to the penalized problem (MIVP,) with exact 1; penalty function. Moreover,
suppose it satisfies the following two additional assumptions:
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(i) The components of the objective functions X2 and XY (k € &) are strictly invex at
a feasible point 7 € X in connection with #;

(ii) The constraints ¢;(j € J), tu(l € £7(7) :={l € £: ¢ > 0}) and —yy(l € £ (%) :=
{l € £:(; < 0}) are invex at a feasible point @ € X in connection with 7.

If we take enough large penalty parameter p, then the feasible point 7 is an LU-efficient
solution to the problem (MIVP).

Proof. The proof of this theorem, being similar to that of Theorem [3.8] is omitted.
O

Next, let us formulate an example of the nonsmooth multiobjective interval-valued
problem based on the results established in the article and interpret it using the concept
of the exact 1; penalty function.

Example 3.10. Let us construct the nonsmooth multiobjective interval-valued pro-
gramming problem:

(MIVP’)  minimize  N(m) = (Ry(7), Ra(7)),
(IRE (), RY ()], [R5 (), X5 ()],

= ([w% + 5 + |mo| =y, 4nT 4475 + Iwz\],

|:7Til—|-71'§ +e™ + |my| — w1, 67 + 4l —&-e’”}),

subject to  ¢1(m) =

The set of all feasible solutions is given by I' = {7 = (71, m) € R?: 0 <7 S 1and 0 <
mg < 1} whereas T = (0, 0) is an LU-efficient solution of the problem (MIVP’). Moreover,
we see that N; and N, are strictly invex functions at a point 7 € R? in connection with
1 : R% x R? - R? defined by

_ T + o
0= [0 172

We also observe that the functions ¢, ¢2, and ; are invex at a point # € R? in
connection with the same 7.

To deal with the unconstrained interval-valued multiobjective problem, let us construct
the penalized problem (MIVP,) with exact 1; penalty functions

(MIVP},) minimize P(, p) :(P1 (W,p),Pg(w,p))

:([PlL(WJ))’PlU(W,p)]v [PQL(W,p),Pf(W,p)]),
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:<[7rf+7rg+|772 — T

+ p(maX{O,ﬂ'% — 1} + max{0, 73 — 7y} + |mo — 7r1|),
472 4 472 + |my|

+ p(maX{O,Trf — 1} + max{0, 73 — 7o} + |mo — 7T1|>},
Kw‘f + 7124+ e™ 4 |m| —m

+ p(max{(), 72 — 1} 4 max{0, 73 — ma} + |72 — 7r1|),
67y + 47y +e™

+ p(maX{O,ﬂ'% — 1} + max{0, 73 — 7y} + |mo — 7r1|)}> .

Moreover, there exist Lagrange multipliers p = (u”, pV) € R? ¢ = (¢6), ¢V) € R?,
and ¢ € R satisfying the KKT necessary conditions @f at a point 7 satisfying
afpf + o pl =&+ ¢ =0, afpsy +p5 —& — ¢ =0, and pf + pf + pg +pf =1,
where o = {-2,0}, ¥ = {-1,1} and ol = {—1,1}. From the above equations, we see
that max{&;, &, |¢1]} = 1. Therefore, using Theorem we conclude that if we take
enough large penalty parameter p = 1, then the feasible point @ = (0,0) is LU-efficient
solution to the penalized problem (MIVP]) with exact 1; penalty function.

Remark 3.11. Note that the exact 1; penalty method transforms a constrained nons-
mooth multiobjective interval-valued problem (MIVP’) to a simple unconstrained interval-
valued problem (MIVP/,). Also, the solutions to both the constrained and unconstrained
problems are equal under certain assumptions. Hence, it can be seen that the complexity
of the problem can be reduced for some classes of constraint problems using the exact
l; penalty method, and the interrelation between two problems can give many valuable
informations.

Let us look at an example of a nonsmooth multiobjective interval-valued programming
problem when at least one function appearing in the objective function is not invex. Note
that the set of LU-efficient solutions to the original constrained problem (MIVP) and
its associated unconstrained optimization problem (MIVP,) using the exact 1; penalty
functions are not equivalent.

Example 3.12. Consider the following nonsmooth multiobjective interval-valued prob-
lem:

(MIVP”)  minimize  RN(7) = (Ny(7), Ra (7)),
= (IRT (), R ()], g (), X5 (w)]),
= ([7‘(3, T+ 1}, [773 +1, 73 —|—2]),

subject to ¢1(m) = 7| -7 —2=20; T €R.



Exact I} penalty function for nonsmooth multiobjective interval-valued problems 677

Here, I' = {m € R : @ = —1} is the set of all feasible solutions, and # = —1 is an
LU-efficient solution of the problem (MIVP”). Moreover, using Theorem 1 of Ben-Israel
and Mond [9], it follows that the objective functions are not invex in connection with the
real-valued function 7 defined on R x R. However, using the exact 1; penalty method, we
obtain the following unconstrained interval-valued problem associated with the original
problem (MIVP”):

(MIVP?)  minimize 7, p), Po(m p))

0 =(A
(P1 (m,p), P (7, p )]7[P2L(7T7p)7P2U(7T7p)])a

7r + p(max{0, |7| — 7 — 2}),
7 + 1 4 p(max{0, || —77—2})]
|7+ 1+ p(max{0, 7] — 7 — 2}),
7% 4+ 2+ p(max{0, |x| — 7 — 2})}).

It is not difficult to show that (MIVP{) does not have a minimizer at 7 = —1 for any p >
0. It is evident from the fact that the downward order of growth of the objective functions
RE RV REand RY exceed the upward growth of the constraint ¢; at © when moving
from 7 towards smaller values. Indeed, inf.er P (7, p) — —oo, infrer PY (7, p) —
—00, infrer PE(m,p) — —o0, and infrep PY(7,p) — —oc when m — —oo for any
p > 0. Hence, for the penalty parameter p > 0, the equivalence between the set of LU-
efficient solutions of the original problem (MIVP”) and the associated penalized problem
(MIVP?) does not hold.

It follows from the above example that invexity is essential to prove the equivalence
between the set of LU-efficient solutions in the original nonsmooth interval-valued mul-
tiobjective optimization problem and its associated penalized problem with the exact 13
penalty function.

Next, we explore the application of the interval-valued vector exact 1; penalty function
method to solve the following optimization problem.

Example 3.13. An owner operates two car dealerships, both selling identical cars. The
annual inventory expenses at each dealership are determined by the number of cars sold,
yearly storage costs, and fixed expenses associated with ordering new vehicles from the
manufacturer. It can be assumed that, on average, half of the 7 cars are stored in
each of the two car dealerships. In this scenario, the yearly inventory expenses at each
dealership are represented by the function considered at intervals as follows:

10000 10000
R(r) = ({25 + = 18000, 25m + —— 10000}
™ ™

12000 12000
+ 12000, 157 +
™ Vs

{1577 i + 18000} )
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Moreover, each order size must meet the following requirement:
¢(m) = |7 — 10| — 10.

The question is: In what quantity will the cars be ordered for both dealerships to
minimize their costs? The mathematical representation of this challenging problem
gives rise to a nonsmooth multiobjective interval-valued problem as follows:

(MIVP”)  minimize  N(7) = (Ry(7), Ra (7)),
= (R (), XY ()], N (), RY (m)]),
= ({25w+10200 + 8000, 25WA+AE9299 +—10000},

12 12
000 + 12000, 157 + 000

s s

{wﬂ+ <+wm@>,

subject to  ¢1(m) = |7 — 10| — 10 £ 0,
X={reR:7>0}.

Here, I' = {w € R : |7 — 10| — 10 < 0} represents the set of all feasible solutions
and T = 20 is an LU-efficient solution to the considered multiobjective interval-valued
problem (MIVP’). Further, it can be easily verified that the considered interval-valued

objective functions are strictly invex and the constraint is invex at a point 7 in connection
with 7 : R? x R? — R defined by

n(m,7) =7 — 7.
We implement the exact 1; penalty function method to address the considered multiob-

jective interval-valued problem (MIVP”"). First of all, we construct the interval-valued
penalized problem (MIVP7) with exact 1; penalty functions as follows:

(MIVP}') minimize P (7, p) = (P1 (m,p), Pa(m, p))
:([PlL(va)7P1U(7T7p)]’ [le‘(ﬂ,p)7P2U(7r,p)]>7

10000
::({25w~+%—8000—%;(rnax{0,hr——10|——10})
Y

10000
257 + ——— + 10000 + p(max{0, |x — 10|—-10})},
v
12000
{15#—%4444*-+12000%—p0ﬂ&x{0ﬂﬂ-—]0|——10}%
iy

12000
15m + —— + 18000 + p(max{0, |x — 10| — 10})})
™

With the help of KKT conditions @ - 7 we can show that there exist Lagrange multi-
pliers u = (¥, u¥) € R? and & € R with & = 15. Therefore, by Theorem if we take
enough large penalty parameter, say p = 15, then the feasible point © = 20 being an
LU-efficient solution to the considered multiobjective interval-valued problem (MIVP")
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becomes an LU-efficient solution to the corresponding penalized problem (MIVP() with
exact 1; penalty function. Since all the assumptions of Theorem [3.8]are satisfied, then the
feasible point 7 = 20 being an LU-efficient solution to the penalized problem (MIVPZ’ )
for any p = 15, is also a solution to the problem (MIVP’”). Hence, in order to minimize
the cost, at least 15 cars should be ordered for both dealerships.

4. CONCLUSIONS

In this article, we studied a nonsmooth nonlinear multiobjective interval-valued pro-
gramming problem (MIVP) having both equality and inequality constraints using an
exact 1; penalty function. Further, we derived the equivalence relation between weak
LU-efficient solutions of the problem (MIVP) and the penalized problem (MIVP,) with
the exact 1; penalty approach by assuming the functions to be invex in connection with 7.
Moreover, we constructed the Lagrange function for the interval-valued multiobjective
problem and established the equivalence relation between the set of weak LU-efficient
solutions of the problem (MIVP) and the penalized problem (MIVP,) with the exact I
penalty function for the Lagrange function. Also, the converse of the above theorem is
derived in the paper. Examples were given to demonstrate the application of the exact
l; penalty method and the resulting outcome in this paper.

(Received July 31, 2023)

REFERENCES

[1] T. Antczak: (p,r)-invex sets and functions. J. Math. Anal. Appl. 263 (2001), 355-379.

. ntczak: xact penalty functions metho or mathematical programming

2] T. A k E 1 f i hod f h ical i
problems involving invex functions.  Europ. J. Oper. Res. 198 (2009), 29-36.
DOI:10.1016/j.€jor.2008.07.031

[3] T. Antczak: The exact 1; penalty function method for constrained nonsmooth invex
optimization problems. In: System Modeling and Optimization Vol. 391 of the series
IFIP Advances in Information and Communication Technology (2013) (D. Hémberg and
F. Troltzsch, eds.), pp. 461-470. DOI:10.1007/978-3-642-36062-6-46

[4] T. Antczak: Exactness property of the exact absolute value penalty function method for
solving convex nondifferentiable interval-valued optimization problems. J. Optim. Theory
Appl. 176 (2018), 205-224. DOI:10.1007/s10957-017-1204-2

[5] T. Antczak: Optimality conditions and duality results for nonsmooth vector optimization
problems with the multiple interval-valued objective function. Acta Math. Scientia 37
(2017), 1133-1150. DOI:10.1016/50252-9602(17)30062-0

[6] T. Antczak and A. Farajzadeh: On nondifferentiable semi-infinite multiobjective pro-
gramming with interval-valued functions. J. Industr. Management Optim. 19(8) (2023),
1-26. DOI:10.3934/jimo.2022196

[7] T. Antczak and M. Studniarski: The exactness property of the vector exact l1 penalty
function method in nondifferentiable invex multiobjective programming. Functional Anal.
Optim.87 (2016), 1465-1487. DOI:10.1080/01630563.2016.1233118

[8] M.S. Bazaraa, H.D. Sherali, and C. M. Shetty: Nonlinear Programming: Theory and
Algorithms. John Wiley and Sons, New York 1991.


https://doi.org/10.1016/j.ejor.2008.07.031
https://doi.org/10.1007/978-3-642-36062-6-46
https://doi.org/10.1007/s10957-017-1204-2
https://doi.org/10.1016/S0252-9602(17)30062-0
https://doi.org/10.3934/jimo.2022196
https://doi.org/10.1080/01630563.2016.1233118

680

[9]

[10]

J. KHATRI AND A.K. PRASAD

A. Ben-Israel and B. Mond: What is invexity. J. Austral. Math. Soc. Series B 28 (1986).
1-9.

D.P. Bertsekas and A.E. Koksal: Enhanced optimality conditions and exact penalty
functions. In: Proc. Allerton Conference, 2000.

B.D. Craven: Invex functions and constrained local minima. Bull. Austral. Math. Soc.
24 (1981), 357-366.

F.H. Clarke: Optimization and Nonsmooth Analysis. Wiley, New York 1983.

R. Fletcher: An exact penalty function for nonlinear programming with inequalities.
Math. Programm. 5 (1973), 129-150. DOI:10.1007/BF01580117

N.X. Ha and D.V. Luw: Invexity of supremum and infimum functions. Bull. Austral.
Math. Soc. 65 (2002), 289-306. DOI:10.1017/S0004972700020335

M. A. Hanson: On sufficiency of the Kuhn—Tucker conditions. J. Math. Anal. Appl. 80
(1981), 545-550.

A. Jayswal, I. Stancu-Minasian, and I. Ahmad: On sufficiency and duality for a class
of interval-valued programming problems. Appl. Math. Comput. 218 (2011), 4119-4127.
DOI:10.1016/j.amc.2011.09.041

A. Jayswal and J. Banerjee: An exact l; penalty approach for interval-valued program-
ming problem. J. Oper. Res. Soc. China 4 (2016), 461-481. DOI:10.1007/s40305-016-
0120-8

O.L. Mangasarian: Sufficiency of exact penalty minimization. SIAM J. Control Optim.
23 (1985), 30-37.|DOI:10.1137/0323003

D.H. Martin: The essence of invexity. J. Optim. Theory Appl. 42 (1985), 65-76.
R.E. Moore: Interval Analysis. Prentice-Hall, Englewood Cliffs 1966.

R.E. Moore: Methods and applications of interval analysis. Soc. Industr. Appl. Math.,
Philadelphia 1979.

T. Pietrzykowski: An exact potential method for constrained maxima. SIAM J. Numer.
Anal. 6 (1969), 299-304. DOI:10.1137/0706028

T.W. Reiland: Nonsmooth invexity. Bull. Austral. Math. Soc. 42 (1990), 437-446.
DOI:10.1017/50004972700028604

S. Khatri and A.K. Prasad: Duality for a fractional variational formulation using 7-
approximated method. Kybernetika 59(5) (2023), 700-722. DOI:10.14736/kyb-2023-5-
0700

T. Weir and V. Jeyakumar: A class of nonconvex functions and mathematical program-
ming. Bull. Austral. Math. Soc. 38 (1988), 177-189.

H.C. Wu: The Karush-Kuhn—Tucker optimality conditions in an optimization prob-
lem with interval-valued objective function. Europ, J. Oper. Res. 176 (2007), 46-59.
DOI:10.1016/j.€jor.2005.09.007

H.C. Wu: Wolfe duality for interval-valued optimization. J. Optim. Theory Appl. 138
(2008), 497-509. |DOI:10.1007/s10957-008-9396-0

W.I. Zangwill: Non-linear programming via penalty functions. Management Sci. 13
(1967), 344-358. DOI:10.1287/mnsc.13.5.344

J. Zhang: Optimality condition and Wolfe duality for invex interval-valued nonlinear pro-
gramming problems. J. Appl. Math. Article ID 641345 (2013). DOI:10.1155/2013/641345


https://doi.org/10.1007/BF01580117
https://doi.org/10.1017/S0004972700020335
https://doi.org/10.1016/j.amc.2011.09.041
https://doi.org/10.1007/s40305-016-0120-8
https://doi.org/10.1007/s40305-016-0120-8
https://doi.org/10.1137/0323003
https://doi.org/10.1137/0706028
https://doi.org/10.1017/S0004972700028604
https://doi.org/10.14736/kyb-2023-5-0700
https://doi.org/10.14736/kyb-2023-5-0700
https://doi.org/10.1016/j.ejor.2005.09.007
https://doi.org/10.1007/s10957-008-9396-0
https://doi.org/10.1287/mnsc.13.5.344
https://doi.org/10.1155/2013/641345

Exact I} penalty function for nonsmooth multiobjective interval-valued problems 681

[30] H.C. Zhou and Y.J. Wang: Optimality condition and mixed duality for interval-valued

optimization. Fuzzy Inform. Engrg.2 (2009), 1315-1323. |DOI1:10.1007/978-3-642-03664-
4-140

Julie Khatri, Department of Mathematics, School of Advanced Sciences, Vellore Institute
of Technology, Vellore-63201/. India.
e-mail: julie.khatri2019@uitstudent.ac.in

Ashish Kumar Prasad, Corresponding author. Department of Mathematics, School of
Advanced Sciences, Vellore Institute of Technology, Vellore-63201/. India.
e-mail: ashishprasa@gmail.com


https://doi.org/10.1007/978-3-642-03664-4-140
https://doi.org/10.1007/978-3-642-03664-4-140

