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Abstract. We characterize the unit group for the group algebras of non-metabelian groups
of order 128 over the finite fields whose characteristic does not divide the order of the
group. Up to isomorphism, there are 2328 groups of order 128 and only 14 of them are
non-metabelian. We determine the Wedderburn decomposition of the group algebras of
these non-metabelian groups and subsequently characterize their unit groups.
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1. INTRODUCTION

Let K be the finite field of order ¢ = p¥, where p is a prime number. Let KG
denote the group algebra of the finite group G of order n over K and let U(KG)
denote the collection of units in KG. Here, U (KG) is called the unit group of KG.
The study of the unit groups is a very interesting and demanding problem since
these units are employed in so many fields. For example, convolution codes can be
constructed by the units (see [10]-[12]) and unit groups are also used to solve the
various combinatorial number theoretical problems in [6].

Throughout this paper, we assume that p does not divide n. This means
that the group algebra KG is semisimple (see [26]). To determine the unit
group of a semisimple group algebra is an extensively studied research problem.
One of the main advancements in this direction is due to the seminal work of
Bakshi et al. (see [2]). The authors completely characterized the unit groups
of semisimple group algebras of metabelian groups. We recall that a group is
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metabelian if its derived subgroup is abelian. Therefore, the research in this di-
rection is focused only on the unit groups of semisimple group algebras of non-
metabelian groups.

In some of the recent works, Sharma et al. (see [29], [30]) classified the unit
group of the group algebras of some non-abelian groups. Tang et al. in [31] also
made a contribution in this direction by studying the unit groups of the group
algebras of some groups up to order 21. For the alternating group Ay, the unit
group of the group algebra KA, is characterized in [8], [28]. The unit groups of the
group algebras of dihedral groups are studied in [4], [9], [16]-[18] and that of some
symmetric/alternating groups are studied in [1], [14], [19], [28].

The unit group of the group algebras of non-metabelian groups of order 24 are
discussed in [13], [15]. Recently, Mittal and Sharma (see [20]) studied the unit
groups of semisimple group algebras of all non-metabelian groups up to order 72.
Furthermore, Mittal and Sharma in [21], [22], [27] also studied the unit groups of
semisimple group algebras of all groups of order 108 and 120 (except the symmetric
group S5). The unit group of the semisimple group algebra of S,, for any n is given
in [1]. Furthermore, Mittal and Sharma in [23] characterized the unit group of group
algebras of some groups of order 144.

Due to the seminal work of Pazderski (see [25]), one can completely isolate the
possible orders of non-metabelian groups. Using [25], we observe that the next
possible order of a non-metabelian group greater than 120 is 128 (one can man-
ually compute it from the list of possible orders of non-metabelian groups given
in [25]). We note that any group of order 128 is strongly monomial. Broche et
al. discussed the Wedderburn decomposition of abelian-by-supersolvable group in [3]
as the extension work of Olivieri et al., where the authors have computed the Wed-
derburn decomposition of a rational group algebra, see [24]. Since every abelian-
by-supersolvable group is strongly monomial, one can compute the Wedderburn
decomposition of groups of order 128 using the method of [3] but the method re-
quires deep knowledge of recently discovered sophisticated algebraic concepts such
as Shoda pairs, strong Shoda pairs and tools from character theory, which is a
difficult task. In this work, we are studying the unit group of semisimple group
algebras of non-metabelian groups of order 128 through an alternative technique,
which does not require sophisticated methods and a deep knowledge of algebraic
concepts. To be more precise, we use the results of [5] and [26] to compute the
unit group via a comparative approach simpler than [3]. Using GAP (see [7]), we
note that there are totally 2328 non-isomorphic groups of order 128 out of which
only 14 are non-metabelian. We explicitly compute the unit groups of the semisim-
ple group algebras of these 14 groups after computing their respective Wedderburn
decompositions.
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This paper is organized as follows. Section 2 deals with the preliminaries while
Section 3 contains our main results on the structure of the unit group of all 14
non-metabelian groups of order 128. The final section is concluding in nature.

2. PRELIMINARIES

In this paper, K denotes the finite field of order ¢ = p* and G denotes the finite
group. The definitions given below are as in [5].

Definition 2.1. An element x € G is called p-regular if p t |z|, where |z| is the
order of x.

Let the least common multiple of the orders of all p-regular elements in G be
denoted by s. Let the primitive sth root of unity over K be denoted by 6. There-
fore, K(0) is the splitting field over K and Gal(K(#)/K) denotes the Galois group
of K(f) over K. Since the Galois group Gal(K(0)/K) is a cyclic group, for any
o € Gal([K(#)/K) there exists some t € Z* such that o(#) = 6*. Therefore, we define
the set

Tox ={t€Z:: o(f) =0", where o € Gal (K(0)/K)}.

Clearly, T¢ i is the subset of the multiplicative group Z3. Further, using the set T i,
we define another set Si (7).

Definition 2.2. For any p-regular element g € G, let v, denote the sum of all

conjugates of g € G. In other words, v, = > h, where Cy is the conjugacy class
heCy
of g € G. Then the cyclotomic K-class of v, is the set defined as

SK('Yg) = {’}/gt: te TG,K}-

The cardinality of cyclotomic K-classes would play an important role in determin-
ing the degrees of the extensions of the simple components of Z(KG/J(KG)) (see
Propositions 2.1 and 2.2).

Proposition 2.1 ([5], Proposition 1.2). The number of simple components of
KG/J(KG) is equal to the number of cyclotomic K-classes in G, where J(KG) is the
Jacobson radical of KG.

Proposition 2.2 ([5], Theorem 1.3). Suppose the Galois group Gal (K(0) : K) is
cyclic and t is the number of cyclotomic K-classes in G. If Ky, K, ..., K; are the
simple components of Z(KG/J(KG)) and S1, Sa, . .., S; are the cyclotomic K-classes
of G, then |S;| = [K; : K] with a suitable ordering of the indices.



Lemma 2.1 ([26], Proposition 3.6.11). Let KG be a semi-simple group algebra
and G’ be the commutator subgroup of G. Then

KG ~ KG., & AG,G),

(Ve ld

where KG._, = K(G/G'") is the sum of all commutative simple components of KG
and A(G,G’") is the sum of all others.

3. MAIN RESULT

Throughout this section, let K denote the finite field of characteristic p, where p is
an odd prime number. Let the commutator of any two elements x, y of any group G

be denoted as z~ 1y~ !

xy = [z,y]. We study the unit groups of the semisimple group
algebras of groups of order 128 in the subsequent 14 subsections. But before that,

we explicitly write the structure of 14 non-metabelian groups of order 128 as follows:

2
X
£
X
S
X
&

C4 X C4) X CQ) X CQ) X CQ,
CQ X CQ X CQ) X C4) X CQ) X CQ,

((
((
((
8) (((C2 x Cq x C3) x (Cq x Cq)) x C3) x Co,
9) (((Ce x Cy x C3) x (Cq x Cq)) x C3) x Cq,
(10) (((C2 x Qg) x C3) x C) % Cy,
(11) (((C2 x @s) x C2) x C2) x Cs,
(12) (((Cq x Cyq) x Cq) x C3) x Cq,
(13) (((C2 x Qg) x C3) x Ca) % Cy,
(14) (Qs x Qsg) x Cs.

The structure description, presentation, conjugacy classes and the commutator sub-
groups of all the groups are computed through the GAP software (see [7]).

3.1. Unit group of K,G1, where G; = ((C4 x Cs) x C3) x C2. The presentation
of the group (G is given by

G = (21,2, T3, T4, T5, 6, T7: Tixq ", [v2, 2123 Y [23, 1)25 Y, (24, 21], [205, 21 )26 s
[6, $1]$;17 (w7, 1], 23, [23, 22], [24, $2]$;1$§17 [5, $2]$;17 [z6, $2]$;17
[{E7, xQ]a [LE4, x3]x;1xg17 x%a [LE5, x3]x;1a [xﬁv x3]7 [(E7, (Eg], x?b [LE5, £E4]£E;1,

[xﬁv LE4], [LE7, LE4], x%x;l, [xﬁa (E5], [(E7, (E5], (E%, [£E7, xﬁ]v x$>



There are a total of 17 conjugacy classes for group G as given below

Ty  T1T2  T1T4  T2T4

Representative e x| T2 T3 T4 Tz Tg
Size 1 16 8 8 8 4 2 1 8 16 16
Order 1 4 2 2 2 4 2 2 8 4 8
T2T6 T3T4 T1T2T4 T1T2T7 T3T4T5 T1X2X4T5
8 4 8 8 4 8
4 4 8 8 4 8

The exponent of the group G; is 8 and the commutator subgroup of G is G

Cy x Dg. Consequently, the factor group G1/G} ~ Cy x Cy. Also, as p > 2, the

group algebra K,G; is semisimple.
Theorem 3.1. Let Gy be the group defined above and K, be the finite field of

characteristic p not equal to 2. Then
(1) for k even or p* =1 mod 8, U(K,G1) ~ (K;)® & (GL2(K,))? ® (GL4(KKg))T,
)0 (Kge2)? @ (GLa(Kg))? @ (GLa(Kg))* &

(2) forp* = {3,7} mod 8, U(K,G1) ~ (K

GL4y(K,2),
(3) Forp* =5 mod8, U(K,G1) ~ (K2)® & (GLa(K,))? @ (GLa(Ky))

36 (GL4y(Ky2))?.

Since k is even, p¥ = 1 mod8 =

Proof. Case 1: k is even in ¢ = pF.
Sk(vg)| = 1 for all ¢ € G;. The Wedderburn decomposition of K,G; is given by
g q
KqGi =~ @M (Kg). By Lemma 2.1, it holds that

9 9
~ (K)* P Mo, (Kg), np>2=120=) n’.
r=1

The values of n, can be
(2(3)7 34 6(2)), (2(3)7 33) 4@ 7),

(29,3%),5,6),
and (3 4,52).

(219,5),

(2(6)7 4(2), 8),
(2,4, (2,303), 49 5),

= (x7) of G1. The corresponding

To find it uniquely, we take the normal subgroup Ny
factor group Hy = G1 /Ny ~ ((Cs xC3) xCs) x Cy has the following conjugacy classes

We remark that every element here is a coset
Representative|e Tr1 X2 T3 T4 Xy Tg T1T2 XT1X4 T2X4 T2Te T3T4 T1X2T4
4 4 8

18 4 4 4 2 1 8 8 8
2 2 2 2 2 8 4 4 2 4 8

Size
Order 1 4



We note that k is even and so, |Sk(yx)| = 1 for all A € H;. The commutator subgroup
of Hy is H = Cy x Cy x Cy and Hy/H| ~ C4 x C5. By Lemma 2.1, it holds that
5 5
KoHy ~ (Kg)¥ @D M, (Kq) = 56 = > n? = n, = (22,40)),(2,3%)5).
r=1 r=1

This reduces the choices of n,’s in the decomposition of K,G; only to (2(2),4(7)),
(2, 30) 44) 5). Again, to find the uniqueness, we consider the normal subgroup Ny =
(x6,x7). The conjugacy classes of the factor group Ha = G1/Na = (CoxCax Ca)xCy
are given below.

Representative |

€ X1 T2 X3 T4 I5 X1T2 X1T4 X2T4 X3T4 T1X2T4
Size 1 4 4 2 2 1 4 4 4 2 4
Order 1 4 2 2 2 2 4 4 4 2 4

Here, |Sk ()| = 1 for all h € Hy. The commutator subgroup of Hy is H) = Cy x Cy
and Hy/H) ~ Cy x Cy. By Lemma 2.1, we see that

3 3
KqHz >~ (Kq)g @Mnr(Kq) =24= an = Ny = (2(2),4)-

r=1 r=1

This uniquely tells the choice of n,’s for G; to be (2(2), 4(7). Consequently, we have
KqG1 =~ (Kq)g D (M2(Kq))2 @ (M4(Kq))7-

It is straightforward to deduce the unit group from the knowledge of Wedderburn
decomposition.

Case 2: k is odd and p* =1 mod 8. The result is the same as in Case 1.

Case 3: k is odd; p* = 3 mod 8 or p* = 7 mod 8. We have

> for p = 3mod8, Sk(ve) = {VersVereats Sk(Varzs) = {Varwar Varzazazs )
Sk (Vz1maws) = {Vz122040 Yerzazs b a0d Sk () = {4}, for the remaining g € G1,
> for pk = 7 mod38, SK('Y:cl) = {’7961;’7%1964}7 SK(’Yxlxg) = {7x1x277x1x2x4}7
Sk (Vzrzazr) = {Vaizswazs: Yorzazry a0d Sk(vg) = {74}, for the remaining

g € Gy.
In both cases, by Lemma 2.1, the Wedderburn decomposition is given by
7 7
KeG1 2 (Kg)* @ (Kg2)2 @D Man, (Kg) @ My (Kg2), 1y >2=120=Y nl+2-nd.
r=1 r=1

The values of n, can be

(2©,42.8), 2®,50), 2W,3®52.6), (2,3W,62), (2@ 3,44 7),
(2,47, (2,3%,4W 5), and (3%,4,5).



To find the unique choice, we consider the factor groups corresponding to the normal
subgroups N; and Ns as in Case 1. For Hi, Sk(Vz,) = {Vars Veraa by Sk(Varzs) =
{Vo122+ Yorzozs b a0d Sk (vg) = {4}, for the remaining g € Hy. This means that

5 5
KoHy ~ (Kg)* @ (Kg2)? @ My, (Kp), np>2=56=> nl
r=1 r=1
The values of n, can be (2(2),4)) (2,303 5). This reduces the choices of n,’s in
the decomposition of KG; as (2(2),4(M) (2,33) 44 5). Next, for Hy, Sk(Vs,) =

{Ve1, Yerzats Sk(Varaz) = {Vw1220 Vorwoea b and Sk(vg) = {7}, for the remaining
g € Hy. This provides that

3 3
KoHa ~ (Kg)* @ (Kg2)? @ My, (Kg), np>2=24=> nl.

r=1 r=1

The values of n,’s are (2(2), 4). This reduces the choices of n,’s in the decomposition
of KGy as (2(2),4(7). Hence, we have

KyCh = (Ko)* @ (Kg2)? @ (Ma(K,))* © (Ma(K,)) & Ma(Ky).

Case 4: k is odd and p¥ = 5mod8. In this case, we have Sk(Vi,z,) =

{Va1200 Vorzswr by Sk(Voraza) = {Vorwamas Voroazans b and Sx(vg) = {74}, for the
remaining g € G;. By Lemma 2.1, the Wedderburn decomposition is given by

5 7 5
KyGr ~ (Kg)* @) M, (Kg) @ Mo, (Kg2), 1y 22=120=3 nZ+2-ng+2-n3.

r=1 r=6 r=1

To find the values of n,.’s uniquely, we again consider the factor groups corresponding
to normal subgroups N7 and N as in Case 1. For Hy, Sk(v4) = {74} for all g € H;.
Therefore, we have

5 5
KoHy ~ (Kg)* @D M, (Kq) = 56 = > n?.
r=1

r=1
This gives the possibilities (2(2),4(3)) and (2,3, 5). Again, for Ha, Sx(7,) = {7,}
for all g € Hy. Consequently, we have

3 3
KoHa ~ (Kg)8 @D M, (Kg) = 24 = "nl.
r=1

r=1

This gives the only possibility (2(2),4). Thus, we have
KeG1 = (K)® @ (M2(Kq))? ® (Ma(Kq))® @ (Ma(Kg2))?.

This completes the proof. O



3.2. Unit group of K,G2, where Gy = ((Cs x C4) X C2) x C2. The presentation
of the group G4 is given by

G2 = <£L'1,£L‘2, T3,T4,T5,T6,T7: x%lev [an xl]x?)_lv [(Eg, xl]xglv [(E4, xl]a [1[,'5,:[:1]1'6_1,
(w6, 21)27 ", (w7, 1], 23, (23, 2], [24, B2)7 'ag !, (w5, 22) w7 ', (e, 2a]a7 ',
[1‘7, xQ]a mga [.1?4, 1‘3]1‘;13381, [.1?5, .133]1);1, [.1?6, .133], [1‘7, m3]7 xix;17

(5, zalzs ', 23, (26, 24], [27, 24), 2227 Y, (26, 25), [27, 5], [27, 76), 23).

There are totally 17 conjugacy classes for group G5 as given below.

Representative e T1 Te X3 T4 Ty Tg Xy Tixo  T1T4  Toal4
Size 1 16 8 8 8 4 2 1 8 16 16
Order 1 8 2 2 4 4 2 2 8 8 8
T2T6 T3T4 T1T2T4  XT1T2X7  XT3T4T5 T1T2X4T5
8 4 8 8 4 8
4 4 8 8 4 8

The exponent of the group G5 is 8 and the commutator subgroup of Gs is G5 =
Cy x Ds. The factor group Go/GYy ~ Cy x C3. Also, we observe that the group
algebra K,G3 is semisimple.

Theorem 3.2. Let G5 be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then
(1) for k even or p¥ =1 mod8 or p* =5 mod 8, U(K,G2) ~ (K})® @ (GLa(K,))? @
(GL4(K,))"-
(2) for p¥ =3 mod8 or pF =7 mod 8, U(K,G2) ~ (Ki)* & (Kge2)? & (GL2(Ky))? &
(GL4(Kq))® & (GLa(Kg2))*.

Proof. Case 1: k is even in ¢ = p*. Since k is even, p¥ = 1 mod8 =
|Sk(74)] =1 for all g € Go2. The Wedderburn decomposition of K,G» is given by

17
KyG2 ~ @M, (Ky).
r=1

9 9
By Lemma 2.1, we have K,Go ~ (K,)® @ M, (K,), n, = 2 = 120 = > nZ
1

r= r=1
The values of n, can be (2(6),4(2) 8) (205 5®)) (24 3(2) 52) ¢) (203 34 6(2))
(23 363) 42 7)) (23 4(M) (2,363) 44 5) and (3(9),4,5()). For uniqueness, we
consider the normal subgroup N1 = (z7) and the factor group is Hy = Ga/N; ~

8



((Cs x Cq) x Cq) x Cq, which is the same as in the case of H; already in Theorem 3.1.
This implies that

5 5
KoHy ~ (Kg)® @D M, (Kg) = 56 = > n? = n, = (22,40)),(2,3%)5).

r=1 r=1

This reduces the choices of n,’s in the decomposition of K,G2 to (22, 4(7)),
(2, 30) 44) 5). Again, to find the unique solution, we consider the normal subgroup
Ny = (x6,x7). We observe that the factor group Ho = Go /Ny = (Cy x Ca X C3) x Cy
is the same as Hy in Theorem 3.1. Hence, we have

3 3
KqHz >~ (Kq)g @Mnr(Kq) =24= an = Ny = (2(2),4)-

r=1 r=1

Therefore, the choices of n,’s for G are reduced to (2(2),4(7)), which provides that
KeG2 =~ (Ko)® @ (M2(Ky))* @ (Ma(Ky))"
Case 2: k is odd and p* =1 mod 8. The result is the same as Case 1.
Case 3: k is odd; p* = 3 mod 8 and p* = 7 mod 8. We note that
‘SK(Wﬁl) ::{7%1a7%1x4}a ‘SK(lewz):::{7z1z277z1z2z4z5}7
SK('Y:CSJM) = {796358477:83:84:85}) SK(7961$2$4) = {7:8196296777:81:82:84}

and Sk(vy) = {74}, for the remaining g € G3. We use Lemma 2.1 to write the
Wedderburn decomposition as

5 7
KQGQ = (Kq)4 D (qu)2 @Mnr(Kq) @Mnr(qu)v Ny 22
r=1 r=6
5
=120=Y nl+2-ng+2-n.
r=1

The values of n, can be

(2©,42.8), 2®,5W), 2W,3®,52.6), (2,3W,62), (2@ 30,42 7),
(2%,47), (2,3%,49.5), and (3©,4,5@).

To uniquely find the Wedderburn decomposition, we consider the factor groups H;
and Hs as in Case 1. For Hi, we have Sk(Va,) = {Var>Veras}r Sk(Vaims) =
{Vo122+ Yorzaza > a0d Sk(vg) = {74}, for the remaining g € H;. This immediately
implies that
5 5
KoHy ~ (Kg)* @ (Kg2)? @) My, (Kg),  np > 2= 56

r=1 r=1

I
(]
oe



The values of n, can be (2(2),4()) (2,30) 5). This reduces the choices of n,’s in
the decomposition of KGy to (2(2),4(M), (2,33) 44 5). Now, for Ha, Sk(7s,) =

{'Y:cu')/:clm}v SK(’YM:CQ) = {’Yxlxga’}/xmgu} and SK(’Yg) = {’Yg}a for the remaining
g € Hy. Consequently, we get

3 3
KoHa ~ (Kg)* @ (Kg2)? @ My, (Kp), np>2=24=> nl.

r=1 r=1

The values of n,.’s are (2(2),4). This reduces the choices of n,’s in the decomposition
of KG3 to (2(2),4(7). Hence, we have

KeGa = (Kg)* @ (Kg2)? @ (M2(Kq))? ® (Ma(Kq))® @ (Ma(Kq2)).

Case 4: k is odd and p* = 5 mod 8. In this case, Sk(v,) = {7,} for all g € Go.
Therefore, the result is the same as in Case 1. This completes the proof. (]

3.3. Unit group of K,G3, where G3 = ((Cs x Cy) x C3) x Ca. The presentation
of the group Gj is given as follows.

Gs3 = (v1, 22,23, 24,05, 26, ¥7: 232; , [w2,21]w5 ", [ws, 21]as ', (w4, 1], [ws, 212G
[xﬁv xl]x;lv [{E7, xl]a (E%, [1[53, :EQ](E;I, [1[54, {EQ](EE:I, [(E5, :EQ](E;I, [xﬁa SCQ]SC;I,
[(E7,£L’2], x%x;l, [$4,$3]$;1$g1, [$5,$3]$;1, [$6,1L'3], [1’7,1’3],1’3,

[{E5, 1'4]11:7_1, [xﬁv 1[,’4], [1[,’7, 1[,’4], x%x;l, [xﬁa (E5], [{E7, 1[,’5], (E%, [1[57, xﬁ]v :L'$>

It can be seen that the groups G2 and (3 are non-isomorphic to each other due to
different actions of the group Cs onto the group (Cs x Cy) x Co (see [7]). More
specifically, the group Gj is different (non-isomorphic) from G2 because of the fol-
lowing reasons:

> In Gs, [x3, 2] = e, whereas in G3, [r3, 2] = 27.

> In Go, x4, 22| = x527, whereas in Gs, [z4, T2] = 5.

> In Go, 73 = e, whereas in G3, 23 = x7.

> In Ga, 13 = x7, whereas in G3, 77 = e.

There are totally 17 conjugacy classes for group G3 as given below.

Representative | e x1 X2 x3 T4 X5 Xg T7 XT1To2 X1T4 ToX4

Size 116 8 8 8 4 2 1 8 16 16
Order 1 4 2 4 2 4 2 2 8 4 8
T2Tg  T3Tyg X1X2Xg4 T1T2T5 T3T4Ls  T1X2L4T6

8 4 8 8 4 8

4 4 8 8 4 8

10



The exponent of the group Gs is 8 and the commutator subgroup of Gs is G5 =
C2 X Qs. So, the factor group G3/G%4 ~ C4 x Cs. Also, the group algebra K,G3 is
semisimple.

Theorem 3.3. Let G5 be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then

(1) for k even or p¥ =1 mod8 or p* =5 mod 8, U(K,Gs) ~ (K})® @ (GLa(K,))? @
(GLa(Kyg))",

(2) for p* =3 mod8 or p¥ =7 mod 8, U(K,G3) ~ (Ki)* @ (Kge2)? & (GLa(K,))? @
(GL4(Kg))? @ (GLa(Kg2))?.

Proof. The proof is the same as that of Theorem 3.2 and we skip it here. [

3.4. Unit group of K,G4, where G4 = ((Cz x C3).(Cy x C) x C3). The
presentation of the group G4 is given by
Gy = (x1,T2, T3, T4, Ts, Te, T7: Toky ', 22, x1)r5 ", (3, T1]25 1, [24, T1], [T5, 21]25 T,
26, 21]wr !, [v7, @1), 3, (w3, wolar !, [va, wolas, [ws, wolar , [w6, wo)ar
(27, @o], a7, [wa, wslar gt [ws, wslar, [we, @3], [wr, ws], adar
(25, walzs !, [6, 4], [27, 24, 2227, [26, 5], [27, 5], 22, [07, 6], 2).
There are totally 17 conjugacy classes for group G4 as given below.

Representative | e x1 X2 X3 T4 Ts Tg Ty T1To T1T4 Toly

Size 1 16 8 8 8 4 2 1 8 16 16
Order 1 8 2 4 4 4 2 2 8 8 8
ToXg T3Xg XTX1X2X4 X1X2T5 X3T4aX5 T1T2X4T6
8 4 8 8 4 8
4 4 8 8 4 8

The exponent of the group G4 is 8 and the commutator subgroup of G4 is G}, =
C3 x Qs. Thus, the factor group G4/G) ~ Cy x C3. Also, we observe that the group
algebra K,G4 is semisimple.

Theorem 3.4. Let G4 be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then
(1) for k even or p* =1 mod 8, U(K,G4) ~ (K;)® & (GLa(K,))? ® (GL4(KKy))7,
(2) for p¥ =3 mod8 or p* =7 mod 8, U(K,Gys) ~ (K;)* & (Kge2)? & (GL2(Ky))? &
(GL4(Kq))® & GLa(Kg2),
(3) Forp® =5 mod 8, U(K,Gy) ~ (K;)g@(GLQ(KQ))Q@(GL4(KQ))3@(GL4(qu))2.

Proof. The proof is the same as that of Theorem 3.1 and we skip it here. [J
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3.5. Unit group of K,G5, where G5 = (((C2 x Cz x C2) x (C2 x C3)) x Cy) x Ca.
The presentation of the group Gs is given by

G5 = (21, T2, T3, T4, T5, Te, T7: T3, [T2,T1)T) [3?3,371]335_17 (@4, 21], [x5, 21],
[z, $1]$;17 [z7, 3?1]73?%, [x3, 2], [24, 2], [$57$2]$;1$617 [z6, x2],
[(E7, xQ]v x%a [1[,'4, $3]$g1, [1[,'5, 1[,'3], [xﬁa (Eg], [{E7, 1[,'3], xia [1‘5, $4]$;1,

[xﬁa (E4], [{E7, 1[,'4], (E%, [xﬁa (E5], [(E7, (E5], (E%, [1‘7, xﬁ]v :L'$>

There are 20 conjugacy classes for group G5 as given below.

Representative | e x1 x2 x3 T4 X5 xg T7 X1T2 X1T3 T1Tg Tox3
Size 1 8 4 4 4 4 2 1 16 16 8 8
Order 1 2 2 2 2 2 2 2 4 4 4 2
Tols X2Xg X3T4 T3T7 Tyls X1X2XT3 T2X3T4 T2X3X4X7
8 4 8 4 4 16 4 4
4 2 4 2 4 8 4 4

The exponent of the group G5 is 8 and the commutator subgroup of G5 is G§ =
Cy x Dg. So, the factor group G5/Gf ~ Cy x Cy x Ca. Also, we observe that the
group algebra K,G5 is semisimple.

Theorem 3.5. Let G5 be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then

U(KyGs) = (K7)® @ (GL2(IKq))° @ (GLa(Ky))°.

Proof. It can be verified that for any p*, |Sk(v,)| = 1 for all g € G5. Conse-
quently, the Wedderburn decomposition of K,G’ is given by

20
K G5 =~ @Mnr(Kq).
r=1

12 12
By Lemma 2.1, we have K,G5 ~ (K,)*@® M, (K,), n, = 2 = 120 = >-n2. The

r=1 r=1
values of n, can be

20,4,8), (217,3%,4,7), (29,49), (20,3840 5),
(2¥,3©) 52y and (2),3®) 6).
To find it uniquely, we take the normal subgroup N = (x7) and the factor group

H =G5/N ~ ((Cy x Cy x C3 x C3) x C3) x Cy. This factor group has the following
conjugacy classes.

12



Representative | e x1 2 X3 T4 Ts X T1xT2 T1T3 T1Tg

Size 1 4 4 4 2 2 1 8 8 4
Order 1 2 2 2 2 2 2 4 4 2
I2X3 ToX5 XI3Xx4g4 T4xy T1T2X3 T2X3T4
4 4 4 2 8 4
2 4 4 2 4 4

For all p¥, it can be verified that |Sk(v,)| = 1 for all ¢ € G5. Also, H/H' ~
Cy x Cy x Cy. Therefore, we have

8 8
KoH =~ (K)* @ M, (Kg) = 56 = Y 02 = n, = (200,4),

r=1 r=1

This reduces the choices of n,.’s in the decomposition of K,Gs to (2(6)7 4(6)). Hence,
we have

KqGs =~ (Kq)s D (M2(Kq))6 S (M4(Kq))6-

This completes the proof. ([

3.6. Unit group of K,Gg¢, where Gg = (((Cy x C4) x C3) x C) x Cy. The
presentation of the group Gg is given by

Go = (x1,%2, 73,24, T5, Te, T7: 3, [v2, 21]2y ', (23, 21)ay ', [wa, 21, [ws, 24],
[{E(;,xl]l';l, [(E7,£L’1], x%x;l, [1’3,1’2], [(E4, xQ]v [$5,$2]$;1$51, [xﬁa xQ]a
[(E7,£L’2], (E%, [1[54, :Eg]xgl, [1[55, (Eg], [xﬁa (Eg], [1‘7,1’3],1'421, [(E5, (E4]£L‘7_1,

[xﬁv 1[,’4], [1[,’7, 1[,’4], xgv [xﬁa (E5], [1[,’7, 1[,’5], (E%, [(E7, xﬁ]a {E$>
There are 20 conjugacy classes for group G¢ as given below.

Representative e X1 T2 X3 T4 X5 g X7 T1X2 T1X3 T1Tg T2T3

Size 1 8 4 4 4 4 2 1 16 16 8 8

Order 12 4 2 2 2 2 2 4 4 4 4
T2T5  TaXg X3Lg T3Ty T4Ts X123 TaL3T4 T2X3T4X7

8 4 8 4 4 16 4 4

4 4 4 2 4 8 4 4

The exponent of the group Gg is 8 and the commutator subgroup of Gg is Gy =
C3 x Dg and so, the factor group Gg/Gj ~ Cy x Ca x Cy. Also, we observe that the
group algebra K,Gg is semisimple.
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Theorem 3.6. Let G be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then
> for k even or pF = {1,5} mod 8, U(IK,Gg) ~ (K})® & (GL2(Kq))® @ (GL4(IKg))®,
> for p" = {3,7} mod8, U(K,Gs) ~ (Ki)® & (GL2(KKy))® & (GL4(Ky))? @
(GL4(K<12))2-

Proof. Case 1: k is even or p* = 1 mod8 or p* = 5 mod8. For all these
possibilities, we have |Sk(v,)| = 1 for all g € Gg. The Wedderburn decomposition

of K,Gp is given by
20

K,Gs =~ @Mnr(Kq).

r=1

By Lemma 2.1, we get K,Gs ~ (K,)3@@ M, (K,), n, = 2 = 120 = Y n2. The
values of n, can be r=1 r=1

(219,4,8), (27,3%,4,7), (29,49), (27,30),40)5),
(2@, 30) 52y and (2,3®) ).

To find it uniquely, we take the normal subgroup N = (x7) and the corresponding
factor group as H = Gg/N =~ ((Cy x Cy x C2 x C) x C3) x C, which is the
same as in Theorem 3.5. Here, we observe that |Sk(v,)| = 1 for all g € Gs. Also,
H/H' ~ Cy x Cy x Cy. Consequently, we have

8 8
KoH 2 (Ko)® @D My, (Kg) = 56 = > _n? = n, = (2(9),4?)),

r=1 r=1

This reduces the choices of n,’s in the decomposition of K,Gs to (2(6), 4(6)), Hence,
it holds that
KqGe =~ (Kq)s & (M2(Kq))6 ® (M4(Kq))6-
Case 2: p* =3 mod 8 or p*¥ = 7 mod 8. For these possibilities, we have Sk (7.,) =
{Vaas Vaswo b Sk (Vaswsws) = {Vanwaza Voswszaar b and Sk (v9) = {74}, for the remain-
ing g € Gg. We engage Lemma 2.1 to write the Wedderburn decomposition as:

8 10 8
KyGos ~ (Kg)* @) M, (Kg) @ Mo, (Kg2), np >2=120=3 nZ+2-n3+2-n3.
r=9

r=1 r=1

The values of n, can be

(219,4,8), (27,3%,4,7), (29,49), (2,30),40),5),
(2®,30) 52y and (2®,3®) 6).
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To find it uniquely, we consider the factor group H as in Case 1. For H, Sk(v,) =
{74} for all g € H. This gives that

The values of n,, must be (2(6)7 4(2)). This reduces the choices of n,’s in the decom-
position of KGg to (2(9),4(9)), Hence, we have

KyGo = (Ko)® @ (Ma(K,))® ® (Ma(Ky))? ® (Ma(K,2))2.

This completes the proof. ([

3.7. Unit group of K,G7, where G7 = (((C2 x C3 x C2) X Cy) x C3) x C. The
presentation of the group Gy is given by

Gr = (21,72, 73, T4, T5, T6, T7: T3, [3727331]3?217 [3?37331]3?517 (x4, 21], [T5, 21),
[3767-131]37;17 (@7, z1], $3$;1, [x3, 2], [24, 2], [$57$2]$;1$517 [x6, x2],
[{E7, 1'2], x%x;l, [1[,'4, 1‘3]%51, [1[,'5, 1[,'3], [xﬁa (Eg], [{E7, 1[,’3], (Ei, [1‘5, $4]$;1,

[xﬁv 1[,’4], [1[,'7, 1[,’4], xgv [xﬁa (E5], [1[,'7, 1[,’5], (E%, [(E7, xﬁ]a {E$>
There are 20 conjugacy classes for group G7 as given below.

Representative € X1 T2 X3 T4 X5 Teg X7 T1x2 T1Tx3 T1Tg XT2T3

Size 1 8 4 4 4 4 2 1 16 16 8 8

Order 1 2 4 4 2 2 2 2 4 4 4 2
T2Z5  TaXe X3L4 T3T7 Tqds  T1L2X3  T2T3T4  T2X3L4X7

8 4 8 4 4 16 4 4

4 4 4 4 4 8 4 4

The exponent of the group Gy is 8 and the commutator subgroup of G7 is G5 =
Cy x Dg. So, the factor group G7/G% ~ Cy x Cy x Ca. Also, we observe that the
group algebra K,G7 is semisimple.

Theorem 3.7. Let G be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then
> for k even or p* = {1,5} mod 8, U(K,G7) ~ (K})® @ (GLa(Kq))® & (GL4(KKg))",
> for p¥ = {3,7} mod8, U(K,G7) ~ (K:)® & (GL2(Ky))® & (GL4(Ky))? @
(GLa(Kq2))?.
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Proof. Case 1: kis even or p* =1 mod8 or p¥ = 5 mod8. The proof for these
possibilities is the same as that of Case 1 in Theorem 3.6.
Case 2: p* = 3 mod 8 or p* = 7 mod 8. For these possibilities, we have Sy (Vz,) =

{7I277Z2I6}7 SK(’W%) = {71’3’79631’7} a’nd SK(’YQ) = {79}a fOI‘ the remaining g € G7'
We note that, even though the sets Sk(v,) are different for these possibilities, the
proof follows on the lines of Case 2 of Theorem 3.6. This completes the proof. [J

3.8. Unit group of K,Gs, where Gg = (((Ca x Ca x C3) x (Ca x C3)) x Co) x Ca.
The presentation of the group Gg is given by

Gs = (z1,%2, 23,4, T5, T, T7: 3, [v2, 21]2) ', (23, 21)2s ', [wa, 21, [2s, 24],
[{E(;,:I:l]x;l, [(E7,£L‘1], (E%, [1‘3, xQ]x;lv [(E4, xQ]v [x5,x2]x;1xgl, [xﬁa xQ]a
[(E7,£L‘2], (E%, [1‘4, :Eg]xgl, [1‘5, (Eg], [xﬁa (Eg], [1‘7,1‘3],1'421, [(E5, (E4]£L‘7_1,

[$6,1L'4], [1‘7,:[:4],1[:%, [xﬁa (E5], [1‘7,1‘5], (E%, [(E7, xﬁ]a {E$>

There are 17 conjugacy classes for group Gg as given below.

Representative | e x1 a2 x3 T4 X5 xg T7 XT1T2 X1T3 T1T6
Size 1 8 8 8 4 4 2 1 16 16 8
Order 1 2 2 2 2 2 2 2 4 4 4
ToX3 T2X5 XT3T4 T4y T1T2X3 T2X3T4
8 8 8 4 16 8
4 4 4 4 8 4

The exponent of the group Gg is 8 and the commutator subgroup of Gs is Gy =
C3 x Ds. So, the factor group Gg/Gjs ~ Cs x Co x Co. Also, we observe that the
group algebra K,Gy is semisimple.

Theorem 3.8. Let G be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then

U(KyGs) ~ (KZ)S S (GLQ(KQ))G S (GL4(K<1))2 ® GLs(Ky).

Proof. It can be verified that for any p¥, |Sk(y,)| = 1 for all g € Gs. Conse-
quently, the Wedderburn decomposition of K Gy is given by

17
KyGs =~ @D M, (K,).
r=1
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9 9
By Lemma 2.1, we see that K,Gs ~ (K,)*@ M,, (K,), n, > 2 =120 = > n2. The

r=1 r=1
values of n, can be

2@ 4Dy (2,33 4@ 5) and (3@, 4,53),

To find it uniquely, we take the normal subgroup N = (z7). The factor group
H = Gg/N ~ ((C2 x C3 x Cy x C2) x Cy) x Cy is the same as in Theorem 3.5. Further,
for all p*, we observe that |Sk(v,)| =1 for all g € Gs. Also, H/H' ~ Cy x Cq x Cs.
Therefore, it holds that

8 8
KoH 2 (Ko)* @D My, (Kg) = 56 = > n? = n, = (2(9),4?)),

r=1 r=1

This reduces the choices of n,.’s in the decomposition of K,Gg to (2(9),4(2) '8). Hence,
we have
KqGs ~ (Kq)s & (M2(Kq))6 & (M4(Kq))2 © Ms(Kq).

This completes the proof. ([

3.9. Unit group of K,Gy, where Gg = (((Ca x Ca x C3) x (Cay x C3)) x Co) x Ca.
The presentation of the group Gy is given by

G9 - <£L’1,£L'2,£L’3,CL’4, T5,T6, L7 x%v [xQ; xl]lev [ng, xl]xglv [fE4, xl]; [$5,$1],
26, 21)a7 ', (w7, 21), wbay s, wolawy [, wa), s, walwy tag
[xﬁa 1‘2], [1‘7,.2?2], 373, [.1?4, $3]$61a [.1?5, 1‘3]7 [1‘6,.133], [.137,.1?3],.13?17

[1‘5, l‘4]l‘;1, [xﬁa 1‘4], [1‘7, .134], xga [xﬁa 1‘5]7 [1‘7, .135], 37%, [.1?7, 1‘6], $$>

There are 17 conjugacy classes for group Gy as given below.

Representative | e x1 a2 x3 T4 X5 Xg T7 XT1T2 X1T3 T1T6
Size 1 8 8 8 4 4 2 1 16 16 8
Order 1 2 4 2 2 2 2 2 4 4 4
T2X3 T2T5 T3T4 T4Ts T1T2T3 T2T3T4
8 8 8 4 16 8
2 4 4 4 8 4

The exponent of the group Gy is 8 and the commutator subgroup of Gy is Gy =
Cy x Dg. So, the factor group Gg/G§ ~ Cz x Cy x Cy. Also, we observe that the
group algebra K,Gy is semisimple.
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Theorem 3.9. Let Gy be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then

U(KgGo) = (K7)* @ (GL2(Ky))° @ (GLa(Kg))* & GLs(K,).

Proof. The proofis the same as that of Theorem 3.8. O

3.10. Unit group of K,G19, where Gig = (((C2 x Qg) x C2) x C2) x Cs. The
presentation of the group Gy is given by
G1o = (1, T2, T3, T4, Ts, T, 71 T3, (2, v1]2) ) [23, 21]25 L, [04, 1], [05, 1],
[z6, 21)a7 ", [v7, 21], 2327, [w3, wolar !, 24, wa], [w5, wolay ag
[z6, x2], [v7, 2], @327 ", [, w5]ag ', [ws, 3], [w6, w3], w7, 23], 21,
(x5, 24)z7 ", [26, 4], [X7, 24, T2, [6, T35, [X7, 5], 22, [X7, 6], T2).
There are 17 conjugacy classes for group G1g as given below.

Representative | e x1 o X3 T4 T5 X X7 T1T2 T1T3 T1Tg

Size 1 8 8 8 4 4 2 1 16 16 8
Order 1 2 4 4 2 2 2 2 4 4 4
ToX3 XT2X5 XT3T4 T4y T1T2X3 T2X3T4
8 8 8 4 16 8
4 4 4 4 8 4

The exponent of the group G is 8 and the commutator subgroup of G is G}, =
Cy x Ds. So, the factor group G10/G'y = Ca x Cy x Cy. Also, we observe that the
group algebra K,G1g is semisimple.

Theorem 3.10. Let G1¢ be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then

U(KyGro) = (K5)® @ (GLa2(K,))® @ (GLa(Ky))? ® GLg(Ky).
Proof. The proofis the same as that of Theorem 3.8. O
3.11. Unit group of Kqul, where G11 = (((CQ X QS) X CQ) Dal CQ) Dal CQ. The
presentation of the group Gi1 is given by

G = (1,22, T3, T4, T5, T6, 07 T3, (w2, 1]y, (23, 21] 25 L, (w4, 21]2r L, 25, 21] 27
[z6, $1]$;17 (@7, x1], 3?%, [x3, x2], [24, $2]$;17 [5, $2]$;1$51, [z6, x2],
[(E7, xQ]v x%a [1[,'4, $3]$g1, [1[,'5, x3]x;1a [xﬁv 1[,'3], [(E7, (Eg], xix;lv [(E5, $4]$;1,

[xﬁa (E4], [{E7, 1[,'4], x%x;l, [xﬁv 1[,'5], [(E7, (E5], x%a [1[,'7, xﬁ]a {E$>
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There are 17 conjugacy classes for group Gy; as given below.

Representative | e x1 o X3 T4 T5 X X7 XT1T2 T1T3 T1Tg
Size 1 8 8 8 4 4 2 1 16 16 8
Order 1 2 2 2 4 4 2 2 8 8 4
ToX3 XT2X5 XT3T4 T4y T1T2X3 T2X3T4
8 8 8 4 16 8
2 4 4 4 8 4

The exponent of the group G1; is 8 and the commutator subgroup of Gy is G}, =
Cy X Qs. So, the factor group G11/G}; =~ Cy x Co x Cy. Also, we observe that the

group algebra K,G1; is semisimple.

Theorem 3.11. Let G11 be the group defined above and K, be the finite field of

characteristic p not equal to 2. Then

UK G1) = (K & (GLa(Ky)® ® (GLa(K))?

Proof. The proofis the same as that of Theorem 3.8.

® GLg(K,).

O

3.12. Unit group of K;G12, where Gi2 = (((Cy x C4) x C2) x C3) x Ca. The

presentation of the group Gi2 is given by

. 2 —1 —1
G12 - <$1,$2,$3,$4,$5,$6,$7. J"17[1)251‘1]1:4 ,[%3,%1]1}5 )

(24, 21]27 ", (25, 1] 27,

[z6, $1]$;17 (@7, x1], $§$;17 (X3, z2], (x4, xQ]m;la [zs, xz]w;lxgl, [z6, 2],

[(E7, xQ]v x%a [1[,’4, $3]$g1, [1[,’5, x3]x;1a [xﬁv 1[,’3], [(E7, (Eg], xix;l, [(E5, $4]$;1,

[xﬁa (E4], [{E7, 1[,’4], x%x;l, [xﬁv 1[,’5], [(E7, (E5], x%a [1[,'7, xﬁ]a {E$>

There are 17 conjugacy classes for group G2 as given below.

Representative | e x1 o X3 T4 T5 X X7 T1T2 T1T3 T1Tg
Size 1 8 8 8 4 4 2 1 16 16 8
Order 1 2 4 2 4 4 2 2 8 8 4
ToX3 XT2X5 XT3T4 T4y T1T2X3 T2X3T4
8 8 8 4 16 8
4 4 4 4 8 4

The exponent of the group Gi2 is 8 and the commutator subgroup of G2 is G}, =
Cy X Qs. So, the factor group G12/G5 =~ Cy x Co x Cy. Also, we observe that the

group algebra K,G12 is semisimple.

19



Theorem 3.12. Let G132 be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then

UK Ghr2) ~ (K5)® & (GLa(KK,))° & (GLa(Ky))? @ GLs(IKy).

Proof. The proofis the same as that of Theorem 3.8. ([

3.13. Unit group of Kqug, where G13 = (((CQ X QS) X CQ) X CQ) X CQ. The
presentation of the group Gi3 is given by

G13 - <£L’1, X2,T3,T4,T5,T6, L7 - x%v [xQ; xl]lev [ng, xl]xglv [fE4, xl]x;lv [:ES; xl]x;lv
(w6, w1]a7 ', [w7, 1], @3, [, wa]w7 ', 24, w2 ', [ws, wo)ar 'ag !, (w6, 2],
[1‘7, 1‘2], xg; [.1?4, 373]3781a [.1?5, .133]1,‘;1, [.1?6, .133], [1‘7, 1‘3]7 xix;17 [1‘5, 1‘4].13;1,

[xﬁa (E4], [{E7, 1[,'4], :ng;l, [xﬁv 1[,'5], [(E7, (E5], x(%n [1[,'7, xﬁ]a (E$>
There are 20 conjugacy classes for group G13 as given below.

Representative | e z1 x93 x3 x4 x5 X X7y XT1T2 T1T3 T1Tg ToT3

Size 1 8 8 8 4 4 2 1 16 16 8 8
Order 1 2 2 2 4 4 2 2 8 8 4 4
ToXy X3X4 Tgaly X1X2X3 T2X3X4 X2X3T5 T2X4x5 X3La7
4 4 4 16 4 4 4 4
4 4 4 8 4 4 4 4

The exponent of the group Gi3 is 8 and the commutator subgroup of Gy3 is G5 =
Cy x Qg. So, the factor group G13/G’3 ~ Cy x Cy x C3. Also, we observe that the
group algebra K,G13 is semisimple.

Theorem 3.13. Let G'13 be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then

> for k even or pF = {1,5} mod 8, U(K,G13) ~ (K;)®® (GL2(K,))® & (GL4(IKg))®,

> for p* = {3,7} mod8, U(K,G13) ~ (Ki)® & (GLa(K,))® & (GLa(Ky))? @
(GLa(Kp2))?.

Proof. The proof is the same as that of Theorem 3.6. O
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3.14. Unit group of K,G14, where G4 = (Qs X Qg) x C2. The presentation
of the group G14 is given by

G14 - <£L'1, X2,T3,T4,T5,T6, L7 - x%v [xQ; xl]xllv [ng, xl]xglv [fE4, xl]x;lv [:ES; xl]x;lv
[xﬁa xl]x;lv [(E7, xl]vxgx;lv [(Eg,:[:g]x;l, [(E4,£L‘2]£L‘7_1, [$5,x2]$7_1xﬁ_1,
[xﬁa xQ]v [{E7, 1'2], x%x;l, [1[,'4, x3]x6_1a [1[,'5, $3]$7_1, [xﬁv 1[,'3], [{E7, (Eg], xix;lv

[1‘5, J)4]J);1, [xﬁa J"4]7 [1‘7, .134], 37%37;1; [.1?6, .135], [1‘7, J)5]7 .13%, [.1?7, xﬁ]a J)%>
There are 20 conjugacy classes for group G14 as given below.

Representative e 1 X2 I3 T4 Tz Xg L7 T1x2 T1x3 T1xg IT2X3

Size 1 8 8 8 4 4 2 1 16 16 8 8
Order 1 2 4 4 4 4 2 2 8 8 4 4
ToXy X3XL4 Tgaly X1X2X3 T2X3X4 X2X3T5 T2X4X5 X3TAT7
4 4 4 16 4 4 4 4
4 4 4 8 4 4 4 4

The exponent of the group G14 is 8 and the commutator subgroup of G4 is G, =
Cy x Qsg. So, the factor group G14/G', = Cy x Cy x C3. Also, we observe that the
group algebra K,;G14 is semisimple.

Theorem 3.14. Let G4 be the group defined above and K, be the finite field of
characteristic p not equal to 2. Then

UK Gra) = (K)® @ (GL2(Ky))° @ (GLa(Ky)).

Proof. The proofis the same as that of Theorem 3.5. O

4. CONCLUSION

We have explicitly given the characterization of the unit groups U(K,G) of
semisimple group algebras of 14 non-metabelian groups of order 128. With this
paper, the study of characterization of unit groups of U(K,G) for all groups G up
to order 128 is complete (except that of order 96). Finally, this paper motivates
the researchers to come up with new techniques to uniquely deduce the struc-
ture of the unit groups of the group algebras of non-metabelian groups of order
greater than 128.
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