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Abstract. Firstly we study the growth of meromorphic solutions of linear difference
equation of the form

Ak(z)f(z + ck) + . . .+ A1(z)f(z + c1) +A0(z)f(z) = F (z),

where Ak(z), . . . , A0(z) and F (z) are meromorphic functions of finite logarithmic order, ci
(i = 1, . . . , k, k ∈ N) are distinct nonzero complex constants. Secondly, we deal with the
growth of solutions of differential-difference equation of the form

n∑

i=0

m∑

j=0

Aij(z)f
(j)(z + ci) = F (z),

where Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m,n, m ∈ N) and F (z) are meromorphic func-
tions of finite logarithmic order, ci (i = 0, . . . , n) are distinct complex constants. We
extend some previous results obtained by Zhou and Zheng and Biswas to the logarithmic
lower order.

Keywords: linear difference equation; linear differential-difference equation; meromorphic
function; logarithmic order; logarithmic lower order

MSC 2020 : 30D35, 39B32, 39A10

1. Introduction and main results

Throughout this paper, we assume the readers are familiar with the fundamental

results and standard notations of the Nevanlinna distribution theory of meromorphic

functions which can be found in [11], [12], [18]. Further, we denote, respectively, by

̺(f), λ(1/f), τ(f) the order, the convergence exponent of the pole-sequence and the
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type of a meromorphic function f . Many results have been obtained by many differ-

ent mathematicians on studying the growth of solutions of the different types of the

linear difference and q-difference equations and the linear differential equations where

their coefficients are entire or meromorphic functions, see, for example, [4], [7], [14],

[15], [17], [19], [20]. Recently some of these results were obtained by using the con-

cept of the logarithmic order due to Chern (see [8]), as a better technique for the case

when these coefficients are entire or meromorphic functions of zero order in the com-

plex plane see, for example, [1]–[3], [5], [6], [10], [16]. This inspired us to investigate

the logarithmic order of solutions to these equations given in [20], where we give some

results on the logarithmic lower order. At first let us recall some related definitions.

Definition 1 ([12], [14]). Let f be a meromorphic function. The counting func-

tion of f is defined by

N(r, f) =

∫ r

0

n(t, f)− n(0, f)

t
dt+ n(0, f) log r,

where n(t,∞, f) = n(t, f) is the number of poles of f(z) lying in |z| 6 t counted

according to their multiplicity. The proximity function of f is defined by

m(r, f) =
1

2π

∫ 2π

0

log+ |f(reiϕ)| dϕ,

where log+ x = max{0, logx} for x > 0. The characteristic function of f is defined by

T (r, f) = m(r, f) +N(r, f), r > 0.

Definition 2 ([6], [8]). The logarithmic order of a meromorphic function f is

defined by

̺log(f) = lim sup
r→∞

logT (r, f)

log log r
.

When 1 6 ̺log(f) = ̺ < ∞, the logarithmic type of f is defined by

τlog(f) = lim sup
r→∞

T (r, f)

(log r)̺
.

Definition 3 ([3]). The logarithmic lower order of a meromorphic function f is

defined by

µlog(f) = lim inf
r→∞

logT (r, f)

log log r
.

When 1 6 µlog(f) = µ < ∞, the logarithmic lower type of f is defined by

τ log(f) = lim inf
r→∞

T (r, f)

(log r)µ
.
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Definition 4 ([1], [6]). Let f be a meromorphic function. Then the logarithmic

exponent of convergence of zeros of f(z) is defined by

λlog(f) = λlog(f, 0) = lim sup
r→∞

logn(r, 1/f)

log log r
= lim sup

r→∞

logN(r, 1/f)

log log r
− 1,

where n(r, 1/f) denotes the number of zeros of f in the disk |z| 6 r.

Definition 5 ([12], [18]). Let a ∈ C = C∪ {∞}, the deficiency of a with respect

to a meromorphic function f is given by

δ(a, f) = lim inf
r→∞

m(r, 1/(f − a))

T (r, f)
= 1− lim sup

r→∞

N(r, 1/(f − a))

T (r, f)
, a 6= ∞,

δ(∞, f) = lim inf
r→∞

m(r, f)

T (r, f)
= 1− lim sup

r→∞

N(r, f)

T (r, f)
.

In [20], Zhou and Zheng considered the linear difference equation

(1) Ak(z)f(z + ck) + . . .+A1(z)f(z + c1) +A0(z)f(z) = F (z),

where A0(z), . . . , Ak(z) and F (z) are meromorphic functions of finite order, ci

(i = 1, . . . , k, k ∈ N) are distinct nonzero complex constants, and proved the

following result.

Theorem A ([20]). Let Aj(z) (j = 0, 1, . . . , k) and F (z) be meromorphic func-

tions. Suppose there exists an integer l (0 6 l 6 k) such that Al(z) satisfies

λ
( 1

Al

)

< ̺(Al) < ∞, max{̺(Aj) : j = 0, 1 . . . k, j 6= l} 6 ̺(Al),

∑

̺(Aj)=̺(Al),j 6=l

τ(Aj) < τ(Al) < ∞.

(1) If ̺(F ) < ̺(Al), or ̺(F ) = ̺(Al) and
∑

̺(Aj)=̺(Al),j 6=l

τ(Aj) + τ(F ) < τ(Al), or

̺(F ) = ̺(Al) and
∑

̺(Aj)=̺(Al)

τ(Aj) < τ(F ), then every meromorphic solution

f(z) (6≡ 0) of (1) satisfies ̺(f) > ̺(Al).

(2) If ̺(F )> ̺(Al), then every meromorphic solution f(z) of (1) satisfies ̺(f)> ̺(F ).

Further, they considered the more general complex differential-difference equation

(2)

n
∑

i=0

m
∑

j=0

Aij(z)f
(j)(z + ci) = F (z),

where Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N) and F (z) are meromorphic

functions of finite order, ci (i = 0, . . . , n) are distinct complex constants, and obtained

the following theorems for the homogeneous and non-homogeneous equations of (2).
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Theorem B ([20]). Let Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N)

and F (z) be meromorphic functions. Suppose there exists an integer l (0 6 l 6 k)

such that Al0(z) satisfies

max{̺(Aij) : (i, j) 6= (l, 0)} < ̺(Al0), δ(∞, Al0) > 0.

(1) If ̺(F ) < ̺(Al0), then every meromorphic solution f(z) (6≡ 0) of (2) satisfies

̺(f) > ̺(Al0). Further, if F (z) ≡ 0, then ̺(f) > ̺(Al0) + 1.

(2) If ̺(F ) > ̺(Al0), then every meromorphic solution f(z) of (2) satisfies

̺(f) > ̺(F ).

Theorem C ([20]). Let Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N)

and F (z) be meromorphic functions. Suppose there exists an integer l (0 6 l 6 k)

such that Al0(z) satisfies

λ
( 1

Al0

)

< ̺(Al0) < ∞, max{̺(Aij) : (i, j) 6= (l, 0)} 6 ̺(Al0),

∑

̺(Aij)=̺(Al0),(i,j) 6=(l,0)

τ(Aij) < τ(Al0) < ∞.

(1) If ̺(F ) < ̺(Al0), or ̺(F ) = ̺(Al0) and
∑

̺(Aij)=̺(Al0),(i,j) 6=(l,0)

τ(Aij) + τ(F ) <

τ(Al0), or ̺(F ) = ̺(Al0) and
∑

̺(Aij)=̺(Al0),(i,j)=(l,0)

τ(Aij) < τ(F ), then every

meromorphic solution f(z) (6≡ 0) of (2) satisfies ̺(f) > ̺(Al0). Further, if

F (z) ≡ 0, then ̺(f) > ̺(Al0) + 1.

(2) If ̺(F ) > ̺(Al0), then every meromorphic solution f(z) of (2) satisfies

̺(f) > ̺(F ).

There are many interesting results on the logarithmic order obtained as an answer

to the question how to express the growth of solutions of (1) and (2), for the case

when their coefficients are meromorphic functions of order zero, we state here some of

these results. In previous paper [1], Beläıdi investigated the meromorphic solutions

of the special homogeneous case of (1)

(3) Ak(z)f(z + k) + . . .+A1(z)f(z + 1) +A0(z)f(z) = 0,

where Ak(z), . . . , A0(z) are meromorphic functions of finite logarithmic order, and

obtained the following result.
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Theorem D ([1]). Let Aj(z) (j = 0, 1, . . . , k) be meromorphic functions. Suppose

there exists an integer l (0 6 l 6 k) such that Al(z) satisfies

λlog

( 1

Al

)

< ̺log(Al) < ∞, max{̺log(Aj) : j = 0, 1, . . . , k, j 6= l} 6 ̺log(Al),

∑

̺log(Aj)=̺log(Al),j 6=l

τlog(Aj) < τlog(Al) < ∞.

If f is a meromorphic solution of (3), then ̺log(f) > ̺log(Al) + 1.

He also in [3] considered the homogeneous case of (2)

(4)

n
∑

i=0

m
∑

j=0

Aij(z)f
(j)(z + ci) = 0,

where Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N) are meromorphic functions

of finite logarithmic order, ci (i = 0, . . . , n) are distinct complex constants, and

obtained the following theorem.

Theorem E ([3]). Let Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N) be

meromorphic functions. Suppose there exists an integer l (0 6 l 6 k) such thatAl0(z)

satisfies

max{̺log(Aij) : (i, j) 6= (l, 0)} < ̺log(Al0), δ(∞, Al0) > 0.

Then every meromorphic solution f(z) (6≡ 0) of (4) satisfies ̺log(f) > ̺log(Al0) + 1.

In recent paper [5], Biswas considered the logarithmic order of meromorphic solu-

tions of the non-homogeneous equation (2), and obtained the following theorems.

Theorem F ([5]). Let Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N) and F (z)

be meromorphic functions. Suppose there exists an integer l (0 6 l 6 k) such

that Al0(z) satisfies

max{̺log(Aij) : (i, j) 6= (l, 0)} < ̺log(Al0), δ(∞, Al0) > 0.

(1) If ̺log(F ) < ̺log(Al0), then every meromorphic solution f(z) (6≡ 0) of (2) satis-

fies ̺log(f) > ̺log(Al0).

(2) If ̺log(F ) > ̺log(Al0), then every meromorphic solution f(z) of (2) satisfies

̺log(f) > ̺log(F ).
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Theorem G ([5]). Let Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N) and F (z)

be meromorphic functions. Suppose there exists an integer l (0 6 l 6 k) such

that Al0(z) satisfies

λlog

( 1

Al0

)

< ̺log(Al0) < ∞, max{̺log(Aij) : (i, j) 6= (l, 0)} 6 ̺log(Al0),

∑

̺log(Aij)=̺log(Al0),(i,j) 6=(l,0)

τlog(Aij) < τlog(Al0) < ∞.

(1) If ̺log(F ) < ̺log(Al0), or ̺log(F ) = ̺log(Al0) and

∑

̺log(Aij)=̺log(Al0),(i,j) 6=(l,0)

τlog(Aij) + τlog(F ) < τlog(Al0),

or ̺log(F ) = ̺log(Al0) and

∑

̺log(Aij)=̺log(Al0),(i,j) 6=(l,0)

τlog(Aij) + τlog(Al0) < τlog(F ),

then every meromorphic solution f(z) (6≡ 0) of (2) satisfies ̺log(f) > ̺log(Al0).

(2) If ̺log(F ) > ̺log(Al0), then every meromorphic solution f(z) of (2) satisfies

̺log(f) > ̺log(F ).

R em a r k 1. We note that λlog(1/Al0) in Theorems D and G should be replaced

by λlog(1/Al0) + 1.

The main aim of this paper is to continue investigating the logarithmic order of

meromorphic solutions of equations (1) and (2) to extend and improve the above the-

orems. Firstly, for the linear difference equation (1), when one coefficient dominates

by its logarithmic lower order, we obtain the following result.

Theorem 1. Let Aj(z) (j = 0, 1, . . . , k) and F (z) be meromorphic functions.

Suppose there exists an integer l (0 6 l 6 k) such that Al(z) satisfies δ(∞, Al) > 0

and max{̺log(Aj) : j = 0, 1, . . . , k, j 6= l} < µlog(Al) 6 ̺log(Al) < ∞.

(1) If µlog(F ) < µlog(Al), then every meromorphic solution f(z) (6≡ 0) of (1) satisfies

̺log(f) > µlog(Al). Further, if F (z) ≡ 0, then µlog(f) > µlog(Al) + 1.

(2) If µlog(F ) > µlog(Al), then every meromorphic solution f(z) of (1) satisfies

̺log(f) > µlog(F ).
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R em a r k 2. We can replace the condition max{̺log(Aj) : j=0, 1, . . . , k, j 6=l}<

µlog(Al)6̺log(Al) in Theorem 1 by

lim sup
r→∞

∑k
j=0,j 6=l m(r, Aj)

m(r, Al)
< 1

for the homogeneous case F (z) ≡ 0.

Secondly, for the linear differential-difference equation (2), where we generalize

our previous results, we obtain the following theorems.

Theorem 2. Let Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N) and F (z)

be meromorphic functions. Suppose there exists an integer l (0 6 l 6 k) such

that Al0(z) satisfies δ(∞, Al0) > 0 and max{̺log(Aij) : (i, j) 6= (l, 0)} < µlog(Al0) 6

̺log(Al0) < ∞.

(1) If µlog(F ) < µlog(Al0), then every meromorphic solution f(z) (6≡ 0) of (2)

satisfies ̺log(f) > µlog(Al0). Further, if F (z) ≡ 0, then µlog(f) > µlog(Al0) + 1.

(2) If µlog(F ) > µlog(Al0), then every meromorphic solution f(z) of (2) satisfies

̺log(f) > µlog(F ).

R em a r k 3. We can also replace the condition max{̺log(Aij) : (i, j) 6= (l, 0)} <

µlog(Al0) 6 ̺log(Al0) in Theorem 2 by

lim sup
r→∞

∑

(i,j) 6=(l,0) m(r, Aij)

m(r, Al0)
< 1

for the homogeneous case F (z) ≡ 0.

Theorem 3. Let Aij(z) (i = 0, 1, . . . , n, j = 0, 1, . . . ,m, n, m ∈ N) and F (z) be

meromorphic functions. Suppose there exists an integer l (0 6 l 6 k) such thatAl0(z)

satisfies

λlog

( 1

Al0

)

+ 1 < µlog(Al0) < ∞, max{̺log(Aij) : (i, j) 6= (l, 0)} 6 µlog(Al0),

τ =
∑

̺log(Aij)=µlog(Al0),(i,j) 6=(l,0)

τlog(Aij) < τ log(Al0) < ∞.

(1) If ̺log(F ) < µlog(Al0), or ̺log(F ) = µlog(Al0) and τ + τlog(F ) < τ log(Al0),

or µlog(F ) = µlog(Al0) and τ + τ log(Al0) < τ log(F ), then every meromorphic

solution f(z) (6≡ 0) of (2) satisfies ̺log(f) > µlog(Al0). Further, if F (z) ≡ 0,

then µlog(f) > µlog(Al0) + 1.

(2) If µlog(F ) > µlog(Al0), then every meromorphic solution f(z) of (2) satisfies

̺log(f) > µlog(F ).
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R em a r k 4. The condition λlog(1/Al0) + 1 < µlog(Al0) in Theorem 3 can be

replaced by δ(∞, Al0) > 0 with δτ log(Al0) instead of τ log(Al0), the only difference

between the two conditions that by the condition δ(∞, Al0) > 0 the case when

µlog(Al0) = 1 is also included.

2. Some lemmas

For the proof of our results we need the following lemmas.

Lemma 1 ([1]). Let c1, c2 be two arbitrary complex numbers such that c1 6= c2
and let f be a finite logarithmic order meromorphic function. Let ̺ be the logarithmic

order of f . Then for each ε > 0 we have

m
(

r,
f(z + c1)

f(z + c2)

)

= O((log r)̺−1+ε).

Lemma 2 ([11]). Let f be a meromorphic function, c be a nonzero complex

constant. Then we have that for r → ∞

(1 + o(1))T (r − |c|, f) 6 T (r, f(z + c)) 6 (1 + o(1))T (r + |c|, f).

It follows that ̺log(f(z + c)) = ̺log(f) and µlog(f(z + c)) = µlog(f).

Lemma 3 ([2], [3]). Let f be a meromorphic function with finite logarithmic lower

order 1 6 µlog(f) < ∞. Then there exists a subset E1 of [1,∞) that has infinite

logarithmic measure such that for all r ∈ E1 we have

T (r, f) < (log r)µlog(f)+ε.

Lemma 4 ([9]). Let α, R, R′ be real numbers such that 0 < α < 1, R > 0, and

let η be a nonzero complex number. Then there is a positive constant Cα depending

only on α such that for a given meromorphic function f we have, when |z| = r,

max{1, r + |η|} < R < R′, the estimate

m
(

r,
f(z + η)

f(z)

)

+m
(

r,
f(z)

f(z + η)

)

6
2|η|R

(R− r − |η|)2

(

m(R, f) +m
(

R,
1

f

))

+
2R′

R′ −R

( |η|

R− r − |η|
+

Cα|η|
α

(1− α)rα

)(

N(R′, f) +N
(

R′,
1

f

))

.
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Lemma 5. Let η1, η2 be two arbitrary complex numbers such that η1 6= η2,

and let f be finite logarithmic lower order meromorphic function. Let µ be the

logarithmic lower order of f . Then for each ε > 0, there exists a subset E2 ⊂ [1,∞)

of infinite logarithmic measure such that for all r ∈ E2 we have

m
(

r,
f(z + η1)

f(z + η2)

)

= O((log r)µ−1+ε).

P r o o f. We have

(5) m
(

r,
f(z + η1)

f(z + η2)

)

6 m
(

r,
f(z + η1)

f(z)

)

+m
(

r,
f(z)

f(z + η2)

)

6 m
(

r,
f(z + η1)

f(z)

)

+m
(

r,
f(z)

f(z + η1)

)

+m
(

r,
f(z + η2)

f(z)

)

+m
(

r,
f(z)

f(z + η2)

)

.

Since f has finite logarithmic lower order µlog(f) = µ < ∞, so by Lemma 3, for

any given ε (0 < ε < 2), there exists a subset E2 ⊂ [1,∞) of infinite logarithmic

measures such that for all r ∈ E2 we have

(6) T (r, f) 6 (log r)µ+ε/2.

By Lemma 4, we obtain from (5)

(7)

m
(

r,
f(z + η1)

f(z + η2)

)

6
2|η1|R

(R− r − |η1|)2

(

m(R, f) +m
(

R,
1

f

))

+
2R′

R′ −R

( |η1|

R− r − |η1|
+

Cα|η1|
α

(1− α)rα

)(

N(R′, f) +N
(

R′,
1

f

))

+
2|η2|R

(R − r − |η2|)2

(

m(R, f) +m
(

R,
1

f

))

+
2R′

R′ −R

( |η2|

R− r − |η2|
+

Cα|η2|
α

(1− α)rα

)(

N(R′, f) +N
(

R′,
1

f

))

=
( 2|η1|R

(R − r − |η1|)2
+

2|η2|R

(R − r − |η2|)2

)

×
(

m(R, f) +m
(

R,
1

f

))

+
2R′

R′ −R

×
( |η1|

R− r − |η1|
+

Cα|η1|
α

(1− α)rα
+

|η2|

R − r − |η2|
+

Cα|η2|
α

(1− α)rα

)

×
(

N(R′, f) +N
(

R′,
1

f

))

.
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We choose α = 1− 1
2ε, R = 2r, R′ = 3r and r > max{|η1|, |η2|,

1
2} in (7), we obtain

(8) m
(

r,
f(z + η1)

f(z + η2)

)

6

( 4|η1|r

(r − |η1|)2
+

4|η2|r

(r − |η2|)2

)(

m(2r, f) +m
(

2r,
1

f

))

+ 6
( |η1|

r − |η1|
+

2Cα|η1|
1−ε/2

εr1−ε/2
+

|η2|

r − |η2|
+

2Cα|η2|
1−ε/2

εr1−ε/2

)

×
(

N(3r, f) +N
(

3r,
1

f

))

6 4
( 4|η1|r

(r − |η1|)2
+

4|η2|r

(r − |η2|)2
+ 6

( |η1|

r − |η1|
+

|η2|

r − |η2|

+
2Cα(|η1|

1−ε/2 + |η2|
1−ε/2)

εr1−ε/2

))

T (3r, f).

Using estimate (6), we get

m
(

r,
f(z + η1)

f(z + η2)

)

6 4K
( 4|η1|r

(r − |η1|)2
+

4|η2|r

(r − |η2|)2
+ 6

( |η1|

r − |η1|
+

|η2|

r − |η2|

+
2Cα(|η1|

1−ε/2 + |η2|
1−ε/2)

εr1−ε/2

))

(log 3r)µ+ε/2

6 M(log r)µ+ε−1,

where K > 0, M > 0 are some constants. The proof is completed. �

Lemma 6. Let f be a meromorphic function with finite logarithmic lower or-

der 1 6 µlog(f) < ∞. Then there exists a subset E3 of [1,∞) that has infinite

logarithmic measure such that for all r ∈ E3 we have

τ log(f) = lim
r→∞

T (r, f)

(log r)µlog(f)
.

Consequently, for any given ε > 0 and for all r ∈ E3 we have

T (r, f) < (τ log(f) + ε)(log r)µlog(f).

P r o o f. To prove Lemma 6 we use a similar proof as in ([2], Lemma 10) for the

case when f is an entire function. �

Lemma 7 ([12]). Let f be a meromorphic function and k > 1 be an integer. Then

we have

T (r, f (k)) 6 (k + 1)T (r, f) + S(r, f),

where S(r, f) denotes any quantity that satisfies the condition S(r, f) = o(T (r, f)) as

r → ∞ possibly outside an exceptional set E4 ⊂ (0,∞) of r of finite linear measure.

If f is of finite order, then S(r, f) = o(T (r, f)) as r → ∞.
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Lemma 8 ([13]). Let k and j be integers such that k > j > 0. Let f be a mero-

morphic function in the plane C such that f (j) does not vanish identically. Then

there exists an r0 > 1 such that

m
(

r,
f (k)

f (j)

)

6 (k − j) log+
̺(T (̺, f))

r(̺− r)
+ log

k!

j!
+ 5.3078(k − j)

for all r0 < r < ̺ < ∞. If f is of finite order s, then

lim sup
r→∞

m(r, f (k)/f (j))

log r
6 max{0, (k − j)(s− 1)}.

3. Proof of the theorems

In our proofs, we always suppose that f is of finite logarithmic order (̺log(f) < ∞),

otherwise the results are trivial.

P r o o f of Theorem 1. Let f(z) (6≡ 0) be a meromorphic solution of (1). We

divide (1) by f(z + cl) to get

(9) −Al(z) =

k
∑

j=1,j 6=l

Aj(z)
f(z + cj)

f(z + cl)
+A0(z)

f(z)

f(z + cl)
−

F (z)

f(z + cl)
,

it follows that

(10)

m(r, Al(z)) 6
k

∑

j=0,j 6=l

m(r, Aj(z)) +
k

∑

j=1,j 6=l

m
(

r,
f(z + cj)

f(z + cl)

)

+m
(

r,
f(z)

f(z + cl)

)

+m(r, F (z)) +m
(

r,
1

f(z + cl)

)

+O(1).

By (10), Lemma 1 and Lemma 2, for any given ε > 0 we have

(11) m(r, Al(z)) 6

k
∑

j=0,j 6=l

T (r, Aj(z)) +O((log r)̺log(f)−1+ε)

+ T (r, F (z)) + T (r, f(z + cl)) +O(1)

6

k
∑

j=0,j 6=l

T (r, Aj(z)) +O((log r)̺log(f)−1+ε)

+ T (r, F (z)) + (1 + o(1))T (r + |cl|, f(z))

6

k
∑

j=0,j 6=l

T (r, Aj(z)) +O((log r)̺log(f)−1+ε)

+ T (r, F (z)) + 2T (2r, f(z)).
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Setting

(12) lim inf
r→∞

m(r, Al)

T (r, Al)
= δ(∞, Al) = δ > 0

and max{̺log(Aj) : j = 0, 1, . . . , k, j 6= l} = ̺ < µlog(Al), by (12) and the definition

of µlog(Al), for any given ε (0 < ε < 1
2 (µlog(Al)− ̺)) and sufficiently large r we have

(13) m(r, Al) >
δ

2
T (r, Al) >

δ

2
(log r)µlog(Al)−ε/2

> (log r)µlog(Al)−ε.

By the definition of ̺log(Aj), j = 0, 1, . . . , k, j 6= l, for the above ε and sufficiently

large r we obtain

(14) T (r, Aj) 6 (log r)̺+ε, j = 0, 1, . . . , k, j 6= l.

(1) If µlog(F ) < µlog(Al), then by Lemma 3, there exists a subset E1 ⊂

[1,∞) with infinite logarithmic measure such that for any given ε (0 < ε <
1
2 (µlog(Al)− µlog(F ))) and for all r ∈ E1 we have

(15) T (r, F ) 6 (log r)µlog(F )+ε.

By substituting (13)–(15) into (11), for any given ε satisfying

0 < ε < min
{µlog(Al)− ̺

2
,
µlog(Al)− µlog(F )

2

}

and for all r ∈ E1 we obtain

(16) (log r)µlog(Al)−ε 6 k(log r)̺+ε +O((log r)̺log(f)−1+ε)

+ (log r)µlog(F )+ε +O((log r)̺log(f)+ε),

which implies that

(17) (1− o(1))(log r)µlog(Al)−ε 6 O((log r)̺log(f)+ε).

By (17), we get µlog(Al) − 2ε 6 ̺log(f). Since ε > 0 is arbitrary, we deduce that

µlog(Al) 6 ̺log(f).

Further, for the homogeneous case F (z) ≡ 0, by (10) and Lemma 5, there exists

a subset E2 ⊂ [1,∞) with infinite logarithmic measure such that for any given ε > 0

and for all r ∈ E2 we get

(18) m(r, Al(z)) 6

k
∑

j=0,j 6=l

T (r, Aj(z)) +O((log r)µlog(f)−1+ε).
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Substituting (13) and (14) into (18), for any given ε (0 < ε < 1
2 (µlog(Al)− ̺)) and

for all r ∈ E2 we obtain

(19) (log r)µlog(Al)−ε 6 k(log r)̺+ε +O((log r)µlog(f)−1+ε).

Then

(20) (1 − o(1))(log r)µlog(Al)−ε 6 O((log r)µlog(f)−1+ε).

It follows that µlog(Al) + 1 − 2ε 6 µlog(f). Since ε > 0 is arbitrary, we obtain

µlog(Al) + 1 6 µlog(f).

(2) Let f be a meromorphic solution of (1). If µlog(F ) > µlog(Al), then for any

given ε (0 < ε < 1
2 (µlog(F )− µlog(Al))) and sufficiently large r we have

(21) T (r, F ) > (log r)µlog(F )−ε.

By Lemma 3, there exists a subset E1 ⊂ [1,∞) with infinite logarithmic measure

such that for the above ε and for all r ∈ E1 we obtain

(22) T (r, Al) 6 (log r)µlog(Al)+ε.

By (1) and Lemma 2, we have

(23) T (r, F (z)) 6
k

∑

j=0,j 6=l

T (r, Aj(z)) + T (r, Al(z))

+

k
∑

j=1

T (r, f(z + cj)) + T (r, f(z)) +O(1)

6

k
∑

j=0,j 6=l

T (r, Aj(z)) + T (r, Al(z)) + (2k + 1)T (2r, f(z)) +O(1).

Substituting (14), (21) and (22) into (23), for the above ε and for all r ∈ E1 we get

(24) (log r)µlog(F )−ε 6 k(log r)̺+ε + (log r)µlog(Al)+ε + (2k + 1)T (2r, f(z)) +O(1).

So

(25) (1 − o(1))(log r)µlog(F )−ε 6 O((log r)̺log(f)+ε).

It follows that µlog(F )−2ε6 ̺log(f). Since ε> 0 is arbitrary, we get µlog(F )6 ̺log(f).

�
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P r o o f of Theorem 2. Let f(z) (6≡ 0) be a meromorphic solution of (2). We

divide (2) by f(z + cl) to get

(26)

−Al0(z) =

n
∑

i=0,i6=l

m
∑

j=0

Aij(z)
f (j)(z + ci)f(z + ci)

f(z + ci)f(z + cl)
+

m
∑

j=1

Aij(z)
f (j)(z + cl)

f(z + cl)
−

F (z)

f(z + cl)
.

By (26), it follows

(27) m(r, Al0(z)) 6
n
∑

i=0,i6=l

m
∑

j=0

m(r, Aij(z)) +
m
∑

j=1

m(r, Alj(z))

+

n
∑

i=0

m
∑

j=1

m
(

r,
f (j)(z + ci)

f(z + ci)

)

+

n
∑

i=0,i6=l

m
(

r,
f(z + ci)

f(z + cl)

)

+m
(

r,
F (z)

f(z + cl)

)

+O(1).

From Lemma 8, for sufficiently large r we obtain

(28) m
(

r,
f (j)(z + ci)

f(z + ci)

)

6 2j log+ T (2r, f), (i = 0, 1, . . . , n, j = 1, . . . ,m).

By (27), (28), Lemma 1 and Lemma 2, for any given ε > 0 we have

(29) m(r, Al0(z)) 6
n
∑

i=0,i6=l

m
∑

j=0

T (r, Aij(z)) +
m
∑

j=1

T (r, Alj(z)) +O(log+ T (2r, f))

+O((log r)̺log(f)−1+ε) + T (r, F (z))

+ (1 + o(1))T (r + |cl|, f(z)) +O(1)

6

n
∑

i=0,i6=l

m
∑

j=0

T (r, Aij(z)) +

m
∑

j=1

T (r, Alj(z)) +O(log(log r))

+O((log r)̺log(f)−1+ε) + T (r, F (z)) + 2T (2r, f(z))

6

n
∑

i=0,i6=l

m
∑

j=0

T (r, Aij(z)) +

m
∑

j=1

T (r, Alj(z)) +O(log(log r))

+O((log r)̺log(f)−1+ε) + T (r, F (z)) +O((log r)̺log(f)+ε).

We suppose that δ(∞, Al0) = δ > 0 andmax{̺log(Aij) : (i, j) 6= (l, 0)}= ̺<µlog(Al0).

(1) If µlog(F ) < µlog(Al0), then by using a similar reasoning method as in (11)–(17)

from the proof of Theorem 1, we obtain µlog(Al0) 6 ̺log(f).

Further, if F (z) ≡ 0, then by (27), (28) and Lemma 5, there exists a subset

E2 ⊂ [1,∞) with infinite logarithmic measure such that for any given ε > 0 and for
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all r ∈ E2 we have

(30)

m(r, Al0) 6

n
∑

i=0,i6=l

m
∑

j=0

T (r, Aij)+

m
∑

j=1

T (r, Alj)+O(log(log r))+O((log r)µlog(f)−1+ε).

Similarly as in (18)–(20) from the proof of Theorem 1, we get µlog(Al0)+1 6 µlog(f).

(2) Let f be a meromorphic solution of (2). If µlog(F ) > µlog(Al0), then by (2),

Lemma 2 and Lemma 7, we have

(31)

T (r, F (z)) 6
∑

(i,j) 6=(l,0)

T (r, Aij(z)) + T (r, Al0(z)) +

n
∑

i=0

m
∑

j=0

T (r, f (j)(z + ci)) +O(1)

6
∑

(i,j) 6=(l,0)

T (r, Aij(z)) + T (r, Al0(z)) +
n
∑

i=0

m
∑

j=0

((j + 1)T (r, f(z + ci))

+ S(r, f)) +O(1)

6
∑

(i,j) 6=(l,0)

T (r, Aij(z)) + T (r, Al0(z)) +O(T (2r, f(z))) + o(T (r, f)).

Then by using a similar reasoning method as in (23)–(25) from the proof of Theo-

rem 1, we get µlog(F ) 6 ̺log(f). �

P r o o f of Theorem 3. Let f(z) (6≡ 0) be a meromorphic solution of (2). By (29),

for any given ε > 0 we have

(32) T (r, Al0(z)) = m(r, Al0(z)) +N(r, Al0(z))

6

n
∑

i=0,i6=l

m
∑

j=0

T (r, Aij(z)) +

m
∑

j=1

T (r, Alj(z)) +O(log(log r))

+O((log r)̺log(f)−1+ε) + T (r, F (z))

+O((log r)̺log(f)+ε) +N(r, Al0(z)).

(1) If ̺log(F ) < µlog(Al0), then for any given ε (0 < ε < 1
2 (µlog(Al0)− ̺log(F )))

and sufficiently large r we have

(33) T (r, F ) 6 (log r)̺log(F )+ε.

Setting k = m + n(m + 1), we suppose that ̺ = max{̺log(Aij) : (i, j) 6= (l, 0)} <

µlog(Al0). Then by the definitions of µlog(Al0) and ̺log(Aij), for any given ε (0 < ε <
1
2 (µlog(Al0)− ̺)) and sufficiently large r we get

(34) T (r, Al0) > (log r)µlog(Al0)−ε
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and

(35) T (r, Aij) 6 (log r)̺log(Aij)+ε 6 (log r)̺+ε, (i, j) 6= (l, 0).

By the definition of λlog(1/Al0), for any given ε (0< ε< 1
2 (µlog(Al0)−λlog(1/Al0)−1))

and sufficiently large r we have

(36) N(r, Al0) 6 (log r)λlog(1/Al0)+1+ε.

By substituting the assumptions (33)–(36) into (32), for any given ε satisfying

0 < ε < min
{µlog(Al0)− ̺

2
,
µlog(Al0)− λlog(1/Al0)− 1

2
,
µlog(Al0)− ̺log(F )

2

}

and sufficiently large r we obtain

(37) (log r)µlog(Al0)−ε 6

n
∑

i=0,i6=l

m
∑

j=0

T (r, Aij(z)) +

m
∑

j=1

T (r, Alj(z)) +O(log(log r))

+O((log r)̺log(f)−1+ε) + (log r)̺log(F )+ε

+O((log r)̺log(f)+ε) + (log r)λlog(1/Al0)+1+ε.

Then

(38) (1− o(1))(log r)µlog(Al0)−ε
6 O((log r)̺log(f)+ε),

which implies that ̺log(f) > µlog(Al0)−2ε. Since ε > 0 is arbitrary, we get ̺log(f) >

µlog(Al0). Now we suppose that max{̺log(Aij) : (i, j) 6= (l, 0)} = µlog(Al0) and

τ =
∑

̺log(Aij)=µlog(Al0),(i,j) 6=(l,0)

τlog(Aij) < τ log(Al0). Then there exist two sets

Γ1 ⊆ {(i, j) : i = 0, 1, . . . , n, j = 0, 1, . . . ,m, (i, j) 6= (l, 0)} and Γ2 = {(i, j) :

i = 0, 1, . . . , n, j = 0, 1, . . . ,m, (i, j) 6= (l, 0)} \ Γ1 such that for (i, j) ∈ Γ1 we have

̺log(Aij) = µlog(Al0) with τ =
∑

(i,j)∈Γ1

τlog(Aij) < τ log(Al0) and for (i, j) ∈ Γ2 we

have ̺log(Aij) < µlog(Al0). Hence, for any given ε (0 < ε < (τ log(Al0)− τ)/(k + 1))

and sufficiently large r we get

(39) T (r, Aij) 6 (τlog(Aij) + ε)(log r)µlog(Al0), (i, j) ∈ Γ1

and

(40) T (r, Aij) 6 (log r)µlog(Al0)−ε, (i, j) ∈ Γ2.
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By the definition of τ log(Al0), for the above ε and sufficiently large r we have

(41) T (r, Al0) > (τ log(Al0)− ε)(log r)µlog(Al0).

By substituting assumptions (33), (36), (39)–(41) into (32), for any given ε satisfying

0 < ε < min
{τ log(Al0)− τ

k + 1
,
µlog(Al0)− λlog(1/Al0)− 1

2
,
µlog(Al0)− ̺log(F )

2

}

and for sufficiently large r we obtain

(42) (τ log(Al0)− ε)(log r)µlog(Al0)

6
∑

(i,j)∈Γ1

(τlog(Aij) + ε)(log r)µlog(Al0) +
∑

(i,j)∈Γ2

(log r)µlog(Al0)−ε

+O(log(log r)) +O((log r)̺log(f)−1+ε) + (log r)̺log(F )+ε

+O((log r)̺log(f)+ε) + (log r)λlog(1/Al0)+1+ε

6 (τ + kε)(log r)µlog(Al0) +O((log r)µlog(Al0)−ε) +O(log(log r))

+O((log r)̺log(f)−1+ε) + (log r)̺log(F )+ε

+O((log r)̺log(f)+ε) + (log r)λlog(1/Al0)+1+ε.

Thus,

(43) (1− o(1))(τ log(Al0)− τ − (k + 1)ε)(log r)µlog(Al0) 6 O((log r)̺log(f)+ε).

It follows by (43) that ̺log(f) > µlog(Al0) − ε. Since ε > 0 is arbitrary, we get

̺log(f) > µlog(Al0).

If ̺log(F ) = µlog(Al0) and τ + τlog(F ) < τ log(Al0), then for any given ε > 0 and

for sufficiently large r we have

(44) T (r, F ) 6 (τlog(F ) + ε)(log r)µlog(Al0).

By substituting assumptions (36), (39)–(41) and (44) into (32), for any given ε

satisfying

0 < ε < min
{τ log(Al0)− τ − τlog(F )

k + 2
,
µlog(Al0)− λlog(1/Al0)− 1

2

}

65



and for sufficiently large r we get

(45) (τ log(Al0)− ε)(log r)µlog(Al0)

6
∑

(i,j)∈Γ1

(τlog(Aij) + ε)(log r)µlog(Al0) +
∑

(i,j)∈Γ2

(log r)µlog(Al0)−ε

+O(log(log r)) +O((log r)̺log(f)−1+ε) + (τlog(F ) + ε)(log r)µlog(Al0)

+O((log r)̺log(f)+ε) + (log r)λlog(1/Al0)+1+ε

6 (τ + kε)(log r)µlog(Al0) + O((log r)µlog(Al0)−ε) +O(log(log r))

+O((log r)̺log(f)−1+ε) + (τlog(F ) + ε)(log r)µlog(Al0)

+O((log r)̺log(f)+ε) + (log r)λlog(1/Al0)+1+ε.

It follows that

(46) (1−o(1))(τ log(Al0)−τ−τlog(F )−(k+2)ε)(log r)µlog(Al0) 6 O((log r)̺log(f)+ε).

This implies that ̺log(f) > µlog(Al0) − ε. Since ε > 0 is arbitrary, we obtain

̺log(f) > µlog(Al0).

If µlog(F ) = µlog(Al0) and τ + τ log(Al0) < τ log(F ), then for any sufficiently small

ε > 0 and for sufficiently large r we have

(47) T (r, F ) > (τ log(F )− ε)(log r)µlog(Al0).

By Lemma 6, there exists a subset E3 ⊂ [1,∞) of infinite logarithmic measure such

that for any given ε > 0 and for all r ∈ E3 we have

(48) T (r, Al0) 6 (τ log(Al0) + ε)(log r)µlog(Al0).

Substituting assumptions (39), (40), (47)–(48), into (31), for every sufficiently small ε

satisfying 0 < ε < (τ log(F )− τ − τ log(Al0))/(k + 2) and for all r ∈ E3 we obtain

(49) (τ log(F )− ε)(log r)µlog(Al0)

6
∑

(i,j)∈Γ1

(τlog(Aij) + ε)(log r)µlog(Al0) +
∑

(i,j)∈Γ2

(log r)µlog(Al0)−ε

+ (τ log(Al0) + ε)(log r)µlog(Al0) +O(T (2r, f(z))) + o(T (r, f))

6 (τ + τ log(Al0) + (k + 1)ε)(log r)µlog(Al0) +O((log r)µlog(Al0)−ε)

+O(T (2r, f(z))) + o(T (r, f)).

So

(50) (1 − o(1))(τ log(F )− τ − τ log(Al0)− (k + 2)ε)(log r)µlog(Al0)

6 O(T (2r, f(z))) + o(T (r, f)),

which implies that ̺log(f) > µlog(Al0).
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Further, for the homogeneous case F (z) ≡ 0, by (30), for any given ε > 0 and for

all r ∈ E2 we have

(51) T (r, Al0(z)) = m(r, Al0(z)) +N(r, Al0(z))

6

n
∑

i=0,i6=l

m
∑

j=0

T (r, Aij) +

m
∑

j=1

T (r, Alj) +O(log(log r))

+O((log r)µlog(f)−1+ε) +N(r, Al0(z)).

If ̺ = max{̺log(Aij) : (i, j) 6= (l, 0)} < µlog(Al0), then by substituting assumptions

(34)–(36) into (51), for any given ε satisfying

0 < ε < min
{µlog(Al0)− ̺

2
,
µlog(Al0)− λlog(1/Al0)− 1

2

}

and for all r ∈ E2 we obtain

(52) (log r)µlog(Al0)−ε 6

n
∑

i=0,i6=l

m
∑

j=0

(log r)̺+ε +

m
∑

j=1

(log r)̺+ε + O(log(log r))

+O((log r)µlog(f)−1+ε) + (log r)λlog(1/Al0)+1+ε

6 k(log r)̺+ε +O(log(log r)) +O((log r)µlog(f)−1+ε)

+ (log r)λlog(1/Al0)+1+ε.

Then

(53) (1 − o(1))(log r)µlog(Al0)−ε 6 O((log r)µlog(f)−1+ε),

which implies that µlog(f) > µlog(Al0) + 1 − 2ε. Since ε > 0 is arbitrary, we de-

duce that µlog(f) > µlog(Al0) + 1. If max{̺log(Aij) : (i, j) 6= (l, 0)} = µlog(Al0) and

τ =
∑

̺log(Aij)=µlog(Al0),(i,j) 6=(l,0)

τlog(Aij) < τ log(Al0), then by substituting assump-

tions (36), (39)–(41) into (51), for any given ε satisfying

0 < ε < min
{τ log(Al0)− τ

k + 1
,
µlog(Al0)− λlog(1/Al0)− 1

2

}

and for all r ∈ E2 we get

(54) (τ log(Al0)− ε)(log r)µlog(Al0)

6
∑

(i,j)∈Γ1

(τlog(Aij) + ε)(log r)µlog(Al0) +
∑

(i,j)∈Γ2

(log r)µlog(Al0)−ε

+O(log(log r)) +O((log r)µlog(f)−1+ε) + (log r)λlog(1/Al0)+1+ε

6 (τ + kε)(log r)µlog(Al0) +O((log r)µlog(Al0)−ε)

+O(log(log r)) +O((log r)µlog(f)−1+ε) + (log r)λlog(1/Al0)+1+ε.
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It follows that

(55) (1− o(1))(τ log(Al0)− τ − (k + 1)ε)(log r)µlog(Al0) 6 O((log r)µlog(f)−1+ε),

that is, µlog(f) > µlog(Al0) + 1 − ε. Since ε > 0 is arbitrary, we obtain µlog(f) >

µlog(Al0) + 1.

(2) Let f be a meromorphic solution of (2). If µlog(F ) > µlog(Al0), then for any

given ε (0 < ε < 1
2 (µlog(F )− µlog(Al0))) and sufficiently large r we have

(56) T (r, F ) > (log r)µlog(F )−ε.

By Lemma 3, there exists a subset E1 ⊂ [1,∞) of infinite logarithmic measure such

that for any given ε > 0 and for all r ∈ E1 we have

(57) T (r, Al0) 6 (log r)µlog(Al0)+ε.

If ̺ = max{̺log(Aij) : (i, j) 6= (l, 0)} < µlog(Al0), then by substituting assumptions

(35), (56) and (57) into (31), for any given ε satisfying 0 < ε < 1
2 (µlog(F )− µlog(Al0))

and for all r ∈ E1 we get

(58)

(log r)µlog(F )−ε 6
∑

(i,j) 6=(l,0)

(log r)̺+ε + (log r)µlog(Al0)+ε +O(T (2r, f(z))) + o(T (r, f))

= k(log r)̺+ε + (log r)µlog(Al0)+ε +O(T (2r, f(z))) + o(T (r, f)).

Then

(59) (1 − o(1))(log r)µlog(F )−ε
6 O(T (2r, f(z))) + o(T (r, f)).

It follows by (59) that ̺log(f) > µlog(F ) − ε. Since ε > 0 is arbitrary, we deduce

that ̺log(f) > µlog(F ).

If max{̺log(Aij) : (i, j) 6= (l, 0)} = µlog(Al0) and

τ =
∑

̺log(Aij)=µlog(Al0),(i,j) 6=(l,0)

τlog(Aij) < τ log(Al0),

then by substituting assumptions (39), (40), (48) and (56) into (31), for any given ε

satisfying 0 < ε < 1
2 (µlog(F )− µlog(Al0)) and for all r ∈ E3 we have

(60)

(log r)µlog(F )−ε
6

∑

(i,j)∈Γ1

(τlog(Aij) + ε)(log r)µlog(Al0) +
∑

(i,j)∈Γ2

(log r)µlog(Al0)−ε

+ (τ log(Al0) + ε)(log r)µlog(Al0) +O(T (2r, f(z))) + o(T (r, f))

6 (τ + τ log(Al0) + (k + 1)ε)(log r)µlog(Al0) +O((log r)µlog(Al0)−ε)

+O(T (2r, f(z))) + o(T (r, f)).
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It follows that

(61) (1 − o(1))(log r)µlog(F )−ε 6 O(T (2r, f(z))) + o(T (r, f)).

By (61), we conclude that ̺log(f) > µlog(F ). �
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for his/her helpful remarks and suggestions to improve this article.
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