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Abstract. The purpose of the present paper is to find a necessary and sufficient condition
for the Miller-Ross-type Poisson distribution series to be in the class P*(«, 3,~) of analytic
functions with negative coefficients. Also, we investigate several inclusion properties of the
classes of Janowski type close-to-starlike functions, Janowski type close-to-convex functions
and Janowski type quasi-convex functions associated with the operator I]S’ - defined by this
distribution. Further, we consider an integral operator related to the Miller-Ross-type
Poisson distribution series. Several corollaries and consequences of the main results are also
considered.
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1. INTRODUCTION AND DEFINITIONS

Let A denote the class of analytic functions in the open unit disk U = {9 € C:
|¥] < 1} given by the series expansion

(1.1) 1(0) 219+§:GL19L,
1=2

and S denote the subclass of functions of A which are univalent in U. Further, let 7

be the subclass of A consisting of functions of the form
oo

(1.2) A0) =09 = la]d*, €.
L=2

Also, let S* and K be the usual subclasses of functions whose members are univalent

starlike and univalent convex in U, respectively.
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For the analytic functions & and & on U with 7(0) = (0), /(¥) is subordinate to
(W) in U, and we write h(J) < I(0), if there exists an analytic function w on U
such that @w(0) = 0, |w(¥)| < 1, and A(¥) = S(w(¥)) for ¥ € U. If I is univalent
in U, then the subordination is equivalent to (0) = (0) and A(U) C S(U).

For —1 < B < A < 1, a function p, which is analytic in U with p(0) = 1, is said
to belong to the class P(A, B) if

1+ AY
(1.3) p(9) < T+ By
The class P(A, B) was introduced by Janowski [19]. A function & € A is said to be in
S*(A, B) if 98’ /h € P(A, B), and in K(A, B) if 9k’ € S*(A, B). The class S*(A, B)
and related classes were studied by Janowski [19] and Silverman and Silvia [35]. We
note that $*(1—24, —1) = §*(9) and K(1—26, —1) = K(0), where §*(d) and K(d) are
the class of starlike functions of order § and the class of convex functions of order ¢,
respectively, 0 < 0 < 1. Clearly, we have §*(0) = §* and K(0) = K.

A function h € A is said to be close-to-star, denoted by CS™, if and only if there
exists & € §* such that

(1.4) %(%) >0

for all ¥ € U. Also, a function h € A is said to be close-to-convex, denoted by CIC,
if and only if there exists & € K such that

(1.5) m(g/((g))) >0
for all ¥ € U.

Furthermore, a function / € A is said to be quasi-convex, denoted by QK, if and
only if there exists & € K such that

(1.6) %(%) >0

(¥ € ).

for all ¥ € U.

The class of close-to-star was introduced by Reade in [31] and the class of close-
to-convex was introduced by Kaplan in [21], while the class of quasi-convex was
introduced by Noor and Thomas in [29]. Similarly, we denote the class of close-
to-star functions of order ¢, close-to-convex functions of order ¢, and quasi-convex
functions of order § by CS8*(§), CK(d), and QK (), respectively, where 0 < § < 1.

Clearly, we have CS*(0) = CS™, CK(0) = CK, and QK(0) = QK.

Several researchers obtained coeflicient bounds of some classes of convex and star-
like functions, see [3], [4], [2]. Altintas and Kilig [5] obtained coefficient bounds of
the subclasses of analytic functions defined as follows.
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Definition 1.1. A function %(9) in the form (1.1) is Janowski type close-to-
starlike in U, denoted by CS*(A, B), if there is a starlike function $(¢#) such that

B(©) | 1+ AV

(¥) 1+ BvY’

%

where 9 € Uand - 1< B< A<1.

Definition 1.2. A function i(J) in the form (1.1) is Janowski type close-to-
convex in U, denoted by CK(A, B), if there is a function & € K such that

M) 1440
W) 1+ B0’

2%

where 9 € Uand -1< B < A<1.

Definition 1.3. A function /(¥) in the form (1.1) is Janowski type quasi-convex
in U, denoted by QK (A, B), if there is a function & € K such that

(' (0))" |, 1+ A
RUC)) 1+ BY’

where 9 € Uand -1 < B < A<1.

If we let $(9) = h(¥) in Definitions 1.1, 1.2 and 1.3, we have
K(A,B) C QK(A,B) CCK(A,B) and S*(A,B)C(CS*(A,B).

Very recently, Joshi et al. [20] obtained sufficient conditions for the normalized
Wright functions to be in the class D(«, 3,) defined as follows.

Definition 1.4. A function % € A is said to be in the class D(a, 5,7), 0 < f < 1,
0<a<1/(2y), and 1/2 <y < 1, if it satisfies the inequality

() — 1
2y(W'(9) — a) + (W' (9) — 1)]

< B, vel.

Let P*(a, 8,7) = D(e, B,7) N T.

The class P*(«, 8,7) was introduced by Kulkarni [23]. In particular, the class
P*(a, B,1) = P*(«, B) was studied by Gupta and Jain [18] and the class P*(0, 3,1) =
D*(B) was introduced and studied by Kim and Lee [22].
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Let Eg.(9) be the Miller-Ross function [25] defined by

(17) Eg.o(9) = 1992 (@W (66,0 € ).

T+0+1)

Also, let Ec () be the two parameter Mittag-LefHler function [37] defined by

(L8) Eg,uw)—éﬁ (9,5, 1 € C, Re(<) >0, Re(u) > 0).

If 4 =1, from (1.8) we obtain the one parameter Mittag-Leffler function [26]

(1.9) Z et D) (9,5 € C, Re(s) > 0).
=0

Several properties of the Mittag-Leffler function and generalized Mittag-Lefller func-
tion can be found in [7], [8], [13], [17].
From (1.7) and (1.8), the Miller-Ross function may be written as

Ego(9) = 9 Fy149(c0).

Very recently, Seker et al. [32] introduced a power series whose coefficients are
a Miller-Ross-type Poisson distribution

e L 1

(1.10) hy(9) =10 Z L+6[E05()19L, 9el,

where 6 > —1, ¢ > 0.

We note that if we put # =0 and € =1 in (1.10), we get the Poisson distribution
series introduced by Porwal [30].

Also, Seker et al. [32] defined the series

L 1
(1.11) K§ o(0) := 20 — hj () =0 — ere 5 ()W, ¥ e U.

Now we consider the linear operator I3 .: A — A defined by the convolution or
Hadamard product

. e Se(es)b 1
(1.12) 15 (0) := 0y (9) = A(0) =9+ ) e s veU

where 8 > —1 and € > 0.
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In recent years, several researchers have used distribution series such as the Pois-
son distribution series [10], [15], [28], [30], the Pascal distribution series [11], [6], [14],
[33], [27], the hypergeometric-type distribution series, the confluent hypergeomet-
ric distribution series [9], [12], [24], [34], [36], and the Mittag-LefHler-type Poisson
distribution [1], [16] to obtain some necessary and sufficient conditions for these dis-
tributions to belong to certain classes of univalent functions. Motivated with the
works mentioned, in the present paper we determine a necessary and sufficient con-
dition for Kj _ to be in our class P*(a, B,7). Also, we investigate several inclusion
properties of the classes QK (A, B), CS§*(A, B), and CK(A, B) associated to the op-
erator [3 _ defined by (1.12). Finally, we give sufficient conditions for the function A
such that its image by the integral operator

belongs to the class P*(a, 3,7).

2. PRELIMINARY LEMMAS
To establish our main results, we need the following lemmas.

Lemma 2.1 ([23]). A function h € T of the form (1.2) is in the class P*(«, 3,7)
if and only if

(2.1) D [+ 81— 29)]dla] < 28v(1 — a),

=2

where 0 < f < 1,0 < o < 1/(27), and 1/2 < v < 1. The result (2.1) is sharp.

Lemma 2.2 ([5]). If h € QK(A, B) is of the form (1.1), then

(2.2) la,| < % {1 + %] (L>2).

The result is sharp.
Lemma 2.3 ([5]). If h € CS*(A, B) is of the form (1.1), then

w] (L= 2).

2. J <l
(2.3 ol < o1+ 1

The result is sharp.
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Lemma 2.4 ([5]). If h € CK(A, B) is of the form (1.1), then

(e~ 1)(A - B)

: < > 2).
(2.4) o] < 14— (1>2)

The result is sharp.

3. NECESSARY AND SUFFICIENT CONDITION FOR Kj . € P*(«, 8,7)

Firstly, we obtain a necessary and sufficient condition for K§ . to be in the class

P*(a, B,7).
Theorem 3.1. Let § > —1 and € > 0, then Kj . € P*(«a, B,7) if and only if

(3.1) %[SEMS) + (1= 0)Eppr(s)] < 287(1 — ).

Proof. Since Kj_ is defined by (1.11), in view of Lemma 2.1 it is sufficient to
show that

Se(gs)Lfl

(3.2) Z[l +B(L =2yl I'(t+6) Ego(s)

L=2

<28y(1 - a).

Writing
t=0+c—-1)+(1-06)
in (3.2), we have

[e )

S+ 81— 27)]

=2

Lse(ss)“1 1
I'(¢+0) Ege(s)

1
-5 [(1 81— 29))

s (es)!
I'(t+6)

WK

@+.-1)

+<1+ﬂ<1—2v>><1—9>2‘°’fi}
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X (14 B(1=27))( S;re+9+2}

J— € -

a [E975(S)

but this last expression is upper bounded by 28v(1 — «) if and only if (3.1) holds. O

[(1+B(1 = 27))sEpc(s) + (1 + A1 = 27))(1 = O)Epr1.c(s)],

4. INCLUSION RELATIONS

In this section we prove the inclusion relations of the classes QK (4, B), CS*(A4, B),
and CK(A, B) associated to the operator [ _ defined by (1.12).
Theorem 4.1. Let § > —1 and e > 0. If h € QK(A, B) and the inequality

1+ B(1—27)e

WD T 6.

(A= B)sEgc(s) + ((A—B)(1=0) + (1 = A)Epy1,:(s)]

<287(1— o)
is satisfied then I _h € P*(a, B,7).

Proof. According to Lemma 2.1 it is sufficient to show that

= B , s%(es) 1 . .
@2) > 11+ 00 - g ey eyl <2990 )

Since h € QK(A, B), using the inequality (2.2) and writing
t=0@+c-1)+(1-06)
in (4.2), we have

o 59 s —1
S A 27)]AP(L|%|

=2
< 1+6(1—2v)[
1-B

_ B2 [ N, e !
T B |4 P 20 - D)

L

e Se(gs)L—l
LZQ[L(A - B+ - A s 9)[59,6(3)}

Se(es)bfl

+((A_B)(1—9)+(1_A))Zm]

1451 —2y)e -
~ (1-B)Eg.(s)

The last expression is upper bounded by 28v(1 — «) if (4.1) holds, which completes

[(A=B)sEgc(s) + (A= B)(1—0) + (1= A)Egy1.(s)].

our proof. O
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Theorem 4.2. Let § > —1 and e > 0. If h € KS8*(A, B) and the inequality

(1+5(1—29))e

43 T B

[(A—B)s’Eg_2.(s)
+ (A= B)(6—30) + (1 — A)]s*Eg_1.-(s)
+[(A=B)(30* =90 +7) + (1 — A)(3 — 20)]sEg - (s)
+(A=B)(1-60)°+(1—A)(1—0)*Ess1,.(s)]

¥(

[

<

[\
=

£

is satisfied then I h € P*(a, B, 7).

Proof. According to Lemma 2.1 it is sufficient to show that

i[1+5(1—2 )]LMM | <267(1— )
= T+ 0y (s) 1 ST

Since h € CS*(A, B), using the inequality (2.3), we have

@y S+ s0 LMM |
~ T(t+0)Egc(s) "
1+8(1-29) [\ o 8%(es)!
S—1-§5 LX;[(A — B)i* + (1 - A) ]W :

Writing
B=O04+1—1D0+t—2)0+1—3)+(6—-30)(O+1—1)(0+1—2)
x (302 =904+ 7) (O +1—1)+(1-0)3

and
C=0+-10)0+c—-2)+B3-20)0+c— 1)+ (1-0)?

in (4.4), we have

iuﬂl—% %Iml
+[(A - B)(6 —30) + 26+L—1 6“_2)8;5?9;
+[(A=B)(36% —90+7) + (1 — A)(3 - 26)] ieﬂ_l OEL?LQ;
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+[(A=B)(1—-6)3+ (1 - A)(1 —6)? ZSFHLQ}
_1+6( & Ll
S B)[Eee {A B;:FLJr

S L 1

#lA =BG -30) + er_g

+[(A=B)(36* — 90 +7) + (1 — A)(3 — 20)] Z%

3 2 - 50(55)L !
H(A=B) (1 -0 +(1-A)(1 -0 }

QB2 o)
= - B)Es(s) {(A B2 T,

+[(A=B)(6-30)+(1-Als Y =
+ (A= B)(36° = 90+ 7) + (1 — 4)(3 - 20)] SZFL+9+1

ad s?(es)t
+[(A—B)(1—9)3+(1—A)(1—9)2]SZF( (e3) ]

t+6+2)
— 2 (4= B Eoacls) + (A= B~ 36) + (1~ A)Eo-1.(6),

+ (A= B)(30* - 90 +7) + (1 — A)(3 — 20)]sEg,.(s)
+[(A=B)(1=0)° + (1= A)(1 = 0)*Eo11,:(5).

but this last expression is upper bounded by 267(1 — «) if and only if (4.3) holds. O

Theorem 4.3. Let § > —1 and e > 0. If h e CK(A, B) and the inequality

(1+ 601 —27))e

WS T BE.()

[(A— B)s*Eg_1.(s)

+[(A—=B)(6—30)+ (1 — A)|sEg.(s)

+[(A=B)1=60)*+ (1 - A)(1 - 0)]Egy1.:(s)]
<267(1 - o)

is satisfied then I3 _h € P*(a, B,7).
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Proof. According to Lemma 2.1 it is sufficient to show that

e SQ(ES)L—I
;[1 +B(1 - 27)]Lm|ab| <287(1 - ).

Since h € CK(A, B), using the inequality (2.4), we have

o 89 SL—l
46) 48— 2)e T

2 T(c+0)Eg.(s)
14+ 8(1 —29) [& ) s%(es) 1
< ——F [Lz;[(A - B)* + (1 - A)L]m :
Writing
C=0+-1D)0+c—-2)+B3-20)0+c— 1)+ (1-0)?
and

t=0+c—-1)+(1-0)
in (4.6), we have

- s¥(es)"”
d+801- 27)]Lm|ab|

L=2

L2 [y SN0 gy, -2
S U= B)Easts >[ = 29+ AR
0o 89 s
+[(A-B)(3-20)+ 2_;9“ réfl@)
B 00 89 88 1—1
+(A-B)(1-6)"+ =01y INOEE) ]
LA [ S e
" (1-B)Eg.(s) {(A B)LZF(”H 2)
[e%s} 89 s t—1
+[(A—B)(3—29)+(1—A)]Z%
=2
, g e 8% ()41
+[(A=-B)(1-6) +(1—A)(1_9)]Z I‘(L—i—@)]
=2
_ (1480 = 2y))e o~ s'(es)
S e LR e ey

=0

= 5%(es)
+[(A=B)(6—30)+ (1—A)s Y
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— 2_ — p—
+[(A=B)36*-99+7)+ (1 20)] S;)FL+9+1

+[(A=B)(1—-6)24 (1 - A)(1—0)] SZFL+9+2]

(140 -2
(1-B)Eg(s)
(A= BYL—6)> + (1~ )1~ 6)]Egs1 o(5)],

but this last expression is upper bounded by 28v(1 — «) if and only if (4.5) holds. O

[(A—B)s*Ep_1.(s) + [(A— B)(6 — 30) + (1 — A)]sEg (s)

5. AN INTEGRAL OPERATOR

Theorem 5.1. Let 6 > —1 and ¢ > 0. If the integral operator 3 . Is given by

v KG ()
(5.1) S5..(9) ::/ c—dt, vel,
0

then 3 . € P*(a, B,7), if and only if

[E9+1,5(5)
[E975(S)

Proof. According to (1.11) it follows that

(52) [1+8(1—2y)e <2871 - a).

e 89(€S)L71 9t
xS 9 _
i) == 3 S e

Using Lemma 2.1, the function 37 _() belongs to P*(«, 3,7) if and only if

e G(ES)L—l
Bl v e

G(ES)L—l

<2591 —a) )1+ 50 =2Vl e

_ [ +80 —2y)]
[EQES) ZFL+9+2

_ [EG 1,5( )
=[14+p6(1 —27)]5m,

but this last expression is upper bounded by 28v(1 — «) if and only if (5.2) holds. O
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6. COROLLARIES AND CONSEQUENCES

By specializing the parameters o and v in Theorem 3.1 and Theorem 5.1, we
obtain the following special cases for the subclasses P*(«, 5) and D*(5).

Corollary 6.1. Let § > —1 and £ > 0, then K§ _ € P*(«, 8) if and only if

(1—-Be

Eo(s) [sEg.e(s) + (1 —0)Egt1,(5)] < 2(1 — ).

Corollary 6.2. Let 6 > —1 and ¢ > 0, then K§ _ € D*() if and only if

(1—pB)e

Eo.(5) [sEgc(s) + (1 —0)Egy1.(s)] < 2.

Corollary 6.3. Let § > —1 and ¢ > 0. If the integral operator 37 _ is given by
5.1), then 35 _ € P*(a, B), if and only if
6,e

Eot1.e(s) o 28(1 — a)
Eoc(s) — (1=p)e

Corollary 6.4. Let § > —1 and € > 0. If the integral operator Jj . is given by
5.1), then < _ € D*(3), if and only if
6,

[E9+1,6(5) < 28
Eoc(s) ~ (1=P)e’

By setting A =1 and B = —1 in Theorems 4.1, 4.2 and 4.3, we obtain the following
corollaries.

Corollary 6.5. Let § > —1 and € > 0. If h € QCV and the inequality

1+ 8(1 —27y)e

Eoo(5) [sEgc(s) + (1 — 0)Egy1.:(s)] < 2B7(1 — @)

is satisfied then I3 _h € P*(a, B,7).

354



Corollary 6.6. Let # > —1 and ¢ > 0. If h € CS* and the inequality

(1+ 601 —27))e

Foo(5) [53[E.9_27€(s) + (6 — 39)82[E9_1,5(S)

+ (30 — 90 4+ 7)sEp.o(s) + (1 — 0)Epr1.(s))]
<26v(1 - a).

is satisfied then I _h € P*(«, B,7).

Corollary 6.7. Let § > —1 and € > 0. If h € CK and the inequality

(1+6(1—-27))e
[E975(8)

is satisfied then I .h € P*(a, B,7).

[s2Eo_1.(s) + (6 — 30)sEgc(s) + (1 — 0)?Egr1..(s)] < 287v(1 — a)

7. CONCLUSIONS

Making use of the Miller-Ross-type Poisson distribution series K§ o we find a nec-
essary and sufficient condition for this series to be in a class of analytic functions with
negative coeflicients. Also, we investigate several inclusion properties of the classes
Janowski type close-to-starlike functions, Janowski type close-to-convex functions
and Janowski type quasi-convex functions associated with the operator [ b defined
by the series Kg .. Several corollaries and consequences of the main results are also
considered. Following this study, one can obtain new conditions and inclusion re-
lations for analytic functions in different subclasses defined in the disk U using the
series Kj _.
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