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Abstract. The purpose of the present paper is to find a necessary and sufficient condition
for the Miller-Ross-type Poisson distribution series to be in the class P∗(α, β, γ) of analytic
functions with negative coefficients. Also, we investigate several inclusion properties of the
classes of Janowski type close-to-starlike functions, Janowski type close-to-convex functions
and Janowski type quasi-convex functions associated with the operator Isθ,ε defined by this
distribution. Further, we consider an integral operator related to the Miller-Ross-type
Poisson distribution series. Several corollaries and consequences of the main results are also
considered.
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1. Introduction and definitions

Let A denote the class of analytic functions in the open unit disk U = {ϑ ∈ C :

|ϑ| < 1} given by the series expansion

(1.1) h̄(ϑ) = ϑ+

∞
∑

ι=2

aιϑ
ι,

and S denote the subclass of functions of A which are univalent in U. Further, let T

be the subclass of A consisting of functions of the form

(1.2) h̄(ϑ) = ϑ−

∞
∑

ι=2

|aι|ϑ
ι, ϑ ∈ U.

Also, let S∗ and K be the usual subclasses of functions whose members are univalent

starlike and univalent convex in U, respectively.
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For the analytic functions h̄ and ℑ on U with h̄(0) = ℑ(0), h̄(ϑ) is subordinate to

ℑ(ϑ) in U, and we write h̄(ϑ) ≺ ℑ(ϑ), if there exists an analytic function ̟ on U

such that ̟(0) = 0, |̟(ϑ)| < 1, and h̄(ϑ) = ℑ(̟(ϑ)) for ϑ ∈ U. If ℑ is univalent

in U, then the subordination is equivalent to h̄(0) = ℑ(0) and h̄(U) ⊂ ℑ(U).

For −1 6 B < A 6 1, a function p, which is analytic in U with p(0) = 1, is said

to belong to the class P(A,B) if

(1.3) p(ϑ) ≺
1 +Aϑ

1 +Bϑ
(ϑ ∈ U).

The class P(A,B) was introduced by Janowski [19]. A function h̄ ∈ A is said to be in

S∗(A,B) if ϑh̄′/h̄ ∈ P(A,B), and in K(A,B) if ϑh̄′ ∈ S∗(A,B). The class S∗(A,B)

and related classes were studied by Janowski [19] and Silverman and Silvia [35]. We

note that S∗(1−2δ,−1) = S∗(δ) and K(1−2δ,−1) = K(δ), where S∗(δ) and K(δ) are

the class of starlike functions of order δ and the class of convex functions of order δ,

respectively, 0 6 δ < 1. Clearly, we have S∗(0) = S∗ and K(0) = K.

A function h̄ ∈ A is said to be close-to-star, denoted by CS∗, if and only if there

exists ℑ ∈ S∗ such that

(1.4) R

(

h̄(ϑ)

ℑ(ϑ)

)

> 0

for all ϑ ∈ U. Also, a function h̄ ∈ A is said to be close-to-convex, denoted by CK,

if and only if there exists ℑ ∈ K such that

(1.5) R

(

h̄′(ϑ)

ℑ′(ϑ)

)

> 0

for all ϑ ∈ U.

Furthermore, a function h̄ ∈ A is said to be quasi-convex, denoted by QK, if and

only if there exists ℑ ∈ K such that

(1.6) R

(

(ϑh̄′(ϑ))′

ℑ′(ϑ)

)

> 0

for all ϑ ∈ U.

The class of close-to-star was introduced by Reade in [31] and the class of close-

to-convex was introduced by Kaplan in [21], while the class of quasi-convex was

introduced by Noor and Thomas in [29]. Similarly, we denote the class of close-

to-star functions of order δ, close-to-convex functions of order δ, and quasi-convex

functions of order δ by CS∗(δ), CK(δ), and QK(δ), respectively, where 0 6 δ < 1.

Clearly, we have CS∗(0) = CS∗, CK(0) = CK, and QK(0) = QK.

Several researchers obtained coefficient bounds of some classes of convex and star-

like functions, see [3], [4], [2]. Altıntaş and Kiliç [5] obtained coefficient bounds of

the subclasses of analytic functions defined as follows.
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Definition 1.1. A function h̄(ϑ) in the form (1.1) is Janowski type close-to-

starlike in U, denoted by CS∗(A,B), if there is a starlike function ℑ(ϑ) such that

h̄(ϑ)

ℑ(ϑ)
≺

1 +Aϑ

1 +Bϑ
,

where ϑ ∈ U and −1 6 B < A 6 1.

Definition 1.2. A function h̄(ϑ) in the form (1.1) is Janowski type close-to-

convex in U, denoted by CK(A,B), if there is a function ℑ ∈ K such that

h̄′(ϑ)

ℑ′(ϑ)
≺

1 +Aϑ

1 +Bϑ
,

where ϑ ∈ U and −1 6 B < A 6 1.

Definition 1.3. A function h̄(ϑ) in the form (1.1) is Janowski type quasi-convex

in U, denoted by QK(A,B), if there is a function ℑ ∈ K such that

(ϑh̄′(ϑ))′

ℑ′(ϑ)
≺

1 +Aϑ

1 +Bϑ
,

where ϑ ∈ U and −1 6 B < A 6 1.

If we let ℑ(ϑ) = h̄(ϑ) in Definitions 1.1, 1.2 and 1.3, we have

K(A,B) ⊂ QK(A,B) ⊂ CK(A,B) and S∗(A,B) ⊂ CS∗(A,B).

Very recently, Joshi et al. [20] obtained sufficient conditions for the normalized

Wright functions to be in the class D(α, β, γ) defined as follows.

Definition 1.4. A function h̄ ∈ A is said to be in the class D(α, β, γ), 0 < β 6 1,

0 6 α < 1/(2γ), and 1/2 6 γ 6 1, if it satisfies the inequality

∣

∣

∣

h̄′(ϑ)− 1

2γ(h̄′(ϑ)− α) + (h̄′(ϑ) − 1)]

∣

∣

∣
< β, ϑ ∈ U.

Let P∗(α, β, γ) = D(α, β, γ) ∩ T .

The class P∗(α, β, γ) was introduced by Kulkarni [23]. In particular, the class

P∗(α, β, 1) = P∗(α, β) was studied by Gupta and Jain [18] and the class P∗(0, β, 1) =

D∗(β) was introduced and studied by Kim and Lee [22].
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Let Eθ,ε(ϑ) be the Miller-Ross function [25] defined by

(1.7) Eθ,ε(ϑ) = ϑθ

∞
∑

ι=0

(εϑ)ι

Γ(ι+ θ + 1)
(θ, ε, ϑ ∈ C).

Also, let Eς,µ(ϑ) be the two parameter Mittag-Leffler function [37] defined by

(1.8) Eς,µ(ϑ) =

∞
∑

ι=0

ϑι

Γ(ςι+ µ)
(ϑ, ς, µ ∈ C, Re(ς) > 0, Re(µ) > 0).

If µ = 1, from (1.8) we obtain the one parameter Mittag-Leffler function [26]

(1.9) Eς(ϑ) =

∞
∑

ι=0

ϑι

Γ(ςι+ 1)
(ϑ, ς ∈ C, Re(ς) > 0).

Several properties of the Mittag-Leffler function and generalized Mittag-Leffler func-

tion can be found in [7], [8], [13], [17].

From (1.7) and (1.8), the Miller-Ross function may be written as

Eθ,ε(ϑ) = ϑθE1,1+θ(εϑ).

Very recently, Şeker et al. [32] introduced a power series whose coefficients are

a Miller-Ross-type Poisson distribution

(1.10) h̄s
θ,ε(ϑ) := ϑ+

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
ϑι, ϑ ∈ U,

where θ > −1, ε > 0.

We note that if we put θ = 0 and ε = 1 in (1.10), we get the Poisson distribution

series introduced by Porwal [30].

Also, Şeker et al. [32] defined the series

(1.11) K
s
θ,ε(ϑ) := 2ϑ− h̄s

θ,ε(ϑ) = ϑ−

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
ϑι, ϑ ∈ U.

Now we consider the linear operator Isθ,ε : A → A defined by the convolution or

Hadamard product

(1.12) I
s
θ,εh̄(ϑ) := h̄s

θ,ε(ϑ) ∗ h̄(ϑ) = ϑ+
∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
aιϑ

ι, ϑ ∈ U,

where θ > −1 and ε > 0.
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In recent years, several researchers have used distribution series such as the Pois-

son distribution series [10], [15], [28], [30], the Pascal distribution series [11], [6], [14],

[33], [27], the hypergeometric-type distribution series, the confluent hypergeomet-

ric distribution series [9], [12], [24], [34], [36], and the Mittag-Leffler-type Poisson

distribution [1], [16] to obtain some necessary and sufficient conditions for these dis-

tributions to belong to certain classes of univalent functions. Motivated with the

works mentioned, in the present paper we determine a necessary and sufficient con-

dition for Ks
θ,ε to be in our class P

∗(α, β, γ). Also, we investigate several inclusion

properties of the classes QK(A,B), CS∗(A,B), and CK(A,B) associated to the op-

erator Isθ,ε defined by (1.12). Finally, we give sufficient conditions for the function h̄

such that its image by the integral operator

ℑs
θ,ε(ϑ) =

∫ ϑ

0

Ks
θ,ε(t)

t
dt

belongs to the class P∗(α, β, γ).

2. Preliminary lemmas

To establish our main results, we need the following lemmas.

Lemma 2.1 ([23]). A function h̄ ∈ T of the form (1.2) is in the class P∗(α, β, γ)

if and only if

(2.1)

∞
∑

ι=2

[1 + β(1− 2γ)]ι|aι| 6 2βγ(1− α),

where 0 < β 6 1, 0 6 α < 1/(2γ), and 1/2 6 γ 6 1. The result (2.1) is sharp.

Lemma 2.2 ([5]). If h̄ ∈ QK(A,B) is of the form (1.1), then

(2.2) |aι| 6
1

ι

[

1 +
(ι− 1)(A−B)

1−B

]

(ι > 2).

The result is sharp.

Lemma 2.3 ([5]). If h̄ ∈ CS∗(A,B) is of the form (1.1), then

(2.3) |aι| 6 ι

[

1 +
(ι− 1)(A−B)

1−B

]

(ι > 2).

The result is sharp.
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Lemma 2.4 ([5]). If h̄ ∈ CK(A,B) is of the form (1.1), then

(2.4) |aι| 6

[

1 +
(ι− 1)(A−B)

1−B

]

(ι > 2).

The result is sharp.

3. Necessary and sufficient condition for Ks
θ,ε ∈ P∗(α, β, γ)

Firstly, we obtain a necessary and sufficient condition for Ks
θ,ε to be in the class

P∗(α, β, γ).

Theorem 3.1. Let θ > −1 and ε > 0, then Ks
θ,ε ∈ P∗(α, β, γ) if and only if

(3.1)
(1 + β(1 − 2γ))ε

Eθ,ε(s)
[sEθ,ε(s) + (1 − θ)Eθ+1,ε(s)] 6 2βγ(1− α).

P r o o f. Since Ks
θ,ε is defined by (1.11), in view of Lemma 2.1 it is sufficient to

show that

(3.2)

∞
∑

ι=2

[1 + β(1 − 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)

1

Eθ,ε(s)
6 2βγ(1− α).

Writing

ι = (θ + ι− 1) + (1 − θ)

in (3.2), we have

∞
∑

ι=2

[1 + β(1− 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)

1

Eθ,ε(s)

=
1

Eθ,ε(s)

[

(1 + β(1− 2γ))

∞
∑

ι=2

(θ + ι− 1)
sθ(εs)ι−1

Γ(ι+ θ)

+ (1 + β(1 − 2γ))(1− θ)

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)

]

=
1

Eθ,ε(s)

[

(1 + β(1− 2γ))

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ − 1)

+ (1 + β(1 − 2γ))(1− θ)

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)

]

=
ε

Eθ,ε(s)

[

(1 + β(1− 2γ))s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ + 1)
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× (1 + β(1 − 2γ))(1− θ)s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ + 2)

]

=
ε

Eθ,ε(s)
[(1 + β(1 − 2γ))sEθ,ε(s) + (1 + β(1− 2γ))(1− θ)Eθ+1,ε(s)],

but this last expression is upper bounded by 2βγ(1−α) if and only if (3.1) holds. �

4. Inclusion relations

In this section we prove the inclusion relations of the classesQK(A,B), CS∗(A,B),

and CK(A,B) associated to the operator Isθ,ε defined by (1.12).

Theorem 4.1. Let θ > −1 and ε > 0. If h̄ ∈ QK(A,B) and the inequality

(4.1)
1 + β(1− 2γ)ε

(1−B)Eθ,ε(s)
[(A−B)sEθ,ε(s) + ((A−B)(1 − θ) + (1−A))Eθ+1,ε(s)]

6 2βγ(1− α)

is satisfied then Isθ,εh̄ ∈ P∗(α, β, γ).

P r o o f. According to Lemma 2.1 it is sufficient to show that

(4.2)

∞
∑

ι=2

[1 + β(1− 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
|aι| 6 2βγ(1− α).

Since h̄ ∈ QK(A,B), using the inequality (2.2) and writing

ι = (θ + ι− 1) + (1 − θ)

in (4.2), we have

∞
∑

ι=2

[1 + β(1− 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
|aι|

6
1 + β(1 − 2γ)

1−B

[ ∞
∑

ι=2

[ι(A− B) + 1−A]
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)

]

=
1 + β(1 − 2γ)

(1 −B)Eθ,ε(s)

[

(A−B)

∞
∑

ι=2

(θ + ι− 1)
sθ(εs)ι−1

Γ(ι+ θ)

+ ((A−B)(1 − θ) + (1−A))

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)

]

=
1 + β(1 − 2γ)ε

(1−B)Eθ,ε(s)
[(A−B)sEθ,ε(s) + ((A −B)(1− θ) + (1 −A))Eθ+1,ε(s)].

The last expression is upper bounded by 2βγ(1− α) if (4.1) holds, which completes

our proof. �
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Theorem 4.2. Let θ > −1 and ε > 0. If h̄ ∈ KS∗(A,B) and the inequality

(4.3)
(1 + β(1 − 2γ))ε

(1−B)Eθ,ε(s)
[(A−B)s3Eθ−2,ε(s)

+ [(A−B)(6 − 3θ) + (1−A)]s2Eθ−1,ε(s)

+ [(A−B)(3θ2 − 9θ + 7) + (1−A)(3 − 2θ)]sEθ,ε(s)

+ [(A−B)(1 − θ)3 + (1 −A)(1− θ)2]Eθ+1,ε(s)]

6 2βγ(1− α)

is satisfied then Isθ,εh̄ ∈ P∗(α, β, γ).

P r o o f. According to Lemma 2.1 it is sufficient to show that

∞
∑

ι=2

[1 + β(1− 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
|aι| 6 2βγ(1− α).

Since h̄ ∈ CS∗(A,B), using the inequality (2.3), we have

(4.4)
∞
∑

ι=2

[1 + β(1 − 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
|aι|

6
1 + β(1− 2γ)

1−B

[ ∞
∑

ι=2

[(A−B)ι3 + (1−A)ι2]
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)

]

.

Writing

ι3 = (θ + ι− 1)(θ + ι− 2)(θ + ι− 3) + (6− 3θ)(θ + ι− 1)(θ + ι− 2)

× (3θ2 − 9θ + 7)(θ + ι− 1) + (1− θ)3

and

ι2 = (θ + ι− 1)(θ + ι− 2) + (3 − 2θ)(θ + ι− 1) + (1− θ)2

in (4.4), we have

∞
∑

ι=2

[1 + β(1 − 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
|aι|

6
1 + β(1− 2γ)

(1−B)Eθ,ε(s)

[

(A−B)

∞
∑

ι=2

(θ + ι− 1)(θ + ι− 2)(θ + ι− 3)
sθ(εs)ι−1

Γ(ι+ θ)

+ [(A −B)(6− 3θ) + (1−A)]

∞
∑

ι=2

(θ + ι− 1)(θ + ι− 2)
sθ(εs)ι−1

Γ(ι+ θ)

+ [(A −B)(3θ2 − 9θ + 7) + (1 −A)(3− 2θ)]

∞
∑

ι=2

(θ + ι− 1)
sθ(εs)ι−1

Γ(ι+ θ)
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+ [(A −B)(1− θ)3 + (1−A)(1 − θ)2]

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)

]

=
1 + β(1− 2γ)

(1−B)Eθ,ε(s)

[

(A−B)

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ − 3)

+ [(A −B)(6− 3θ) + (1−A)]

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ − 2)

+ [(A −B)(3θ2 − 9θ + 7) + (1 −A)(3− 2θ)]

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ − 1)

+ [(A −B)(1− θ)3 + (1−A)(1 − θ)2]
∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)

]

=
(1 + β(1 − 2γ))ε

(1−B)Eθ,ε(s)

[

(A−B)s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ − 1)

+ [(A −B)(6− 3θ) + (1−A)]s
∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ)

+ [(A −B)(3θ2 − 9θ + 7) + (1 −A)(3− 2θ)]s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ + 1)

+ [(A −B)(1− θ)3 + (1−A)(1 − θ)2]s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ + 2)

]

=
(1 + β(1 − 2γ))ε

(1−B)Eθ,ε(s)

[

(A−B)s3Eθ−2,ε(s) + [(A−B)(6 − 3θ) + (1 −A)]s2Eθ−1,ε(s).

+ [(A −B)(3θ2 − 9θ + 7) + (1 −A)(3− 2θ)]sEθ,ε(s)

+ [(A −B)(1− θ)3 + (1−A)(1 − θ)2]Eθ+1,ε(s)
]

,

but this last expression is upper bounded by 2βγ(1−α) if and only if (4.3) holds. �

Theorem 4.3. Let θ > −1 and ε > 0. If h̄ ∈CK(A,B) and the inequality

(4.5)
(1 + β(1 − 2γ))ε

(1−B)Eθ,ε(s)
[(A−B)s2Eθ−1,ε(s)

+ [(A−B)(6− 3θ) + (1−A)]sEθ,ε(s)

+ [(A−B)(1− θ)2 + (1−A)(1 − θ)]Eθ+1,ε(s)]

6 2βγ(1− α)

is satisfied then Isθ,εh̄ ∈ P∗(α, β, γ).
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P r o o f. According to Lemma 2.1 it is sufficient to show that

∞
∑

ι=2

[1 + β(1− 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
|aι| 6 2βγ(1− α).

Since h̄ ∈ CK(A,B), using the inequality (2.4), we have

(4.6)

∞
∑

ι=2

[1 + β(1 − 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
|aι|

6
1 + β(1 − 2γ)

1−B

[ ∞
∑

ι=2

[(A−B)ι2 + (1 −A)ι]
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)

]

.

Writing

ι2 = (θ + ι− 1)(θ + ι− 2) + (3 − 2θ)(θ + ι− 1) + (1− θ)2

and

ι = (θ + ι− 1) + (1 − θ)

in (4.6), we have

∞
∑

ι=2

[1 + β(1− 2γ)]ι
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)
|aι|

6
1 + β(1− 2γ)

(1−B)Eθ,ε(s)

[

(A−B)

∞
∑

ι=2

(θ + ι− 1)(θ + ι− 2)
sθ(εs)ι−1

Γ(ι+ θ)

+ [(A−B)(3− 2θ) + (1−A)]

∞
∑

ι=2

(θ + ι− 1)
sθ(εs)ι−1

Γ(ι+ θ)

+ [(A−B)(1− θ)2 + (1−A)(1 − θ)]
∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)

]

=
1 + β(1− 2γ)

(1−B)Eθ,ε(s)

[

(A−B)

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ − 2)

+ [(A−B)(3− 2θ) + (1−A)]

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ − 1)

+ [(A−B)(1− θ)3 + (1−A)(1 − θ)2]

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)

]

=
(1 + β(1 − 2γ))ε

(1−B)Eθ,ε(s)

[

(A−B)s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ − 1)

+ [(A−B)(6− 3θ) + (1−A)]s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ)

352



+ [(A−B)(3θ2 − 9θ + 7) + (1 −A)(3− 2θ)]s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ + 1)

+ [(A−B)(1− θ)2 + (1−A)(1 − θ)]s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ + 2)

]

=
(1 + β(1 − 2γ))ε

(1−B)Eθ,ε(s)
[(A−B)s2Eθ−1,ε(s) + [(A−B)(6 − 3θ) + (1− A)]sEθ,ε(s)

+ [(A−B)(1− θ)2 + (1−A)(1 − θ)]Eθ+1,ε(s)],

but this last expression is upper bounded by 2βγ(1−α) if and only if (4.5) holds. �

5. An integral operator

Theorem 5.1. Let θ > −1 and ε > 0. If the integral operator ℑs
θ,ε is given by

(5.1) ℑs
θ,ε(ϑ) :=

∫ ϑ

0

Ks
θ,ε(t)

t
dt, ϑ ∈ U,

then ℑs
θ,ε ∈ P∗(α, β, γ), if and only if

(5.2) [1 + β(1− 2γ)]ε
Eθ+1,ε(s)

Eθ,ε(s)
6 2βγ(1− α).

P r o o f. According to (1.11) it follows that

ℑs
θ,ε(ϑ) = ϑ−

∞
∑

ι=2

sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)

ϑι

ι
, ϑ ∈ U.

Using Lemma 2.1, the function ℑs
θ,ε(ϑ) belongs to P

∗(α, β, γ) if and only if

∞
∑

ι=2

[1 + β(1− 2γ)]
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)

6 2βγ(1− α)

∞
∑

ι=2

[1 + β(1 − 2γ)]
sθ(εs)ι−1

Γ(ι+ θ)Eθ,ε(s)

=
[1 + β(1 − 2γ)]ε

Eθ,ε(s)
s

∞
∑

ι=0

sθ(εs)ι

Γ(ι+ θ + 2)

= [1 + β(1 − 2γ)]ε
Eθ+1,ε(s)

Eθ,ε(s)
,

but this last expression is upper bounded by 2βγ(1−α) if and only if (5.2) holds. �
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6. Corollaries and consequences

By specializing the parameters α and γ in Theorem 3.1 and Theorem 5.1, we

obtain the following special cases for the subclasses P∗(α, β) and D∗(β).

Corollary 6.1. Let θ > −1 and ε > 0, then Ks
θ,ε ∈ P∗(α, β) if and only if

(1− β)ε

Eθ,ε(s)
[sEθ,ε(s) + (1 − θ)Eθ+1,ε(s)] 6 2(1− α).

Corollary 6.2. Let θ > −1 and ε > 0, then K
s
θ,ε ∈ D∗(β) if and only if

(1 − β)ε

Eθ,ε(s)
[sEθ,ε(s) + (1− θ)Eθ+1,ε(s)] 6 2.

Corollary 6.3. Let θ > −1 and ε > 0. If the integral operator ℑs
θ,ε is given by

(5.1), then ℑs
θ,ε ∈ P∗(α, β), if and only if

Eθ+1,ε(s)

Eθ,ε(s)
6

2β(1− α)

(1− β)ε
.

Corollary 6.4. Let θ > −1 and ε > 0. If the integral operator ℑs
θ,ε is given by

(5.1), then ℑs
θ,ε ∈ D∗(β), if and only if

Eθ+1,ε(s)

Eθ,ε(s)
6

2β

(1− β)ε
.

By setting A = 1 and B = −1 in Theorems 4.1, 4.2 and 4.3, we obtain the following

corollaries.

Corollary 6.5. Let θ > −1 and ε > 0. If h̄ ∈ QCV and the inequality

1 + β(1 − 2γ)ε

Eθ,ε(s)
[sEθ,ε(s) + (1− θ)Eθ+1,ε(s)] 6 2βγ(1− α)

is satisfied then Isθ,εh̄ ∈ P∗(α, β, γ).
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Corollary 6.6. Let θ > −1 and ε > 0. If h̄ ∈ CS∗ and the inequality

(1 + β(1 − 2γ))ε

Eθ,ε(s)
[s3Eθ−2,ε(s) + (6 − 3θ)s2Eθ−1,ε(s)

+ (3θ2 − 9θ + 7)sEθ,ε(s) + (1 − θ)3Eθ+1,ε(s)]

6 2βγ(1− α).

is satisfied then Isθ,εh̄ ∈ P∗(α, β, γ).

Corollary 6.7. Let θ > −1 and ε > 0. If h̄ ∈ CK and the inequality

(1 + β(1 − 2γ))ε

Eθ,ε(s)
[s2Eθ−1,ε(s) + (6− 3θ)sEθ,ε(s) + (1 − θ)2Eθ+1,ε(s)] 6 2βγ(1− α)

is satisfied then Isθ,εh̄ ∈ P∗(α, β, γ).

7. Conclusions

Making use of the Miller-Ross-type Poisson distribution series Ks
θ,ε,we find a nec-

essary and sufficient condition for this series to be in a class of analytic functions with

negative coefficients. Also, we investigate several inclusion properties of the classes

Janowski type close-to-starlike functions, Janowski type close-to-convex functions

and Janowski type quasi-convex functions associated with the operator Isθ,ε defined

by the series Ks
θ,ε. Several corollaries and consequences of the main results are also

considered. Following this study, one can obtain new conditions and inclusion re-

lations for analytic functions in different subclasses defined in the disk U using the

series Ks
θ,ε.
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