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Abstract. Using a Hilbert space operator, we define a new subclass of analytic func-
tions defined by p-valent g-Saldgean operator and determine coefficient estimates, distor-
tion bounds, radii of close-to-convexity, starlikeness, and convexity for the functions in this
class. We also investigate extreme points and the modified Hadamard product.
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1. INTRODUCTION
The sets of real numbers, complex numbers and positive integers are denoted by
R=(—0c0,00), C=C*"U{0} and N=1{1,2,3,...} =Ng\ {0},

respectively.
Let H be the class of analytic functions in the open unit disk

D={z€eC: |z| <1}.

For two functions f,g € H, we say that the function f is subordinate to g in D, and
write
f(z) <g(2), =ze€D,

if there exists a Schwarz function © € H with
©(0)=0 and [0(z)|<1, ze€D
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such that

It is known that

f(2) <9(2), z€D=f0)=g(0) and f(D)C g(D).

Also, we need the following basic definitions of the g-calculus which are used in
this paper (see, for details, [5], [6]).
For 0 < g < 1, the g-number and the g-factorial are defined by

, n e C,

l4+qg+¢*>+...¢" ', neN,

and
1, n =0,
nl | = n
g H[r]q, n €N,
r=1

respectively. As ¢ — 17, [n]; = n and [n],! — nl.
For a function f defined on a subset of C, Jackson’s g-derivative 9, f is defined by
(see [5], [6])

Q-1 |,
(1.1) Ayf(2) = (1-9q)z

1/(0), z=0,
provided that f’(0) exists. Then for a function g(z) = 2*, we have

aq(zk) = [k']qzkila
lim (9,(2")) = k""" = ¢/(2),

q—1-

where ¢’ is the ordinary derivative.
Let A, (n) denote the class of all functions of the form

(1.2) flz)=2"+ Z apz®, pneN, zeD,
k=p+n

which are analytic and p-valent in the open unit disk D. In particular, we set

Ap(1) = Ap,  Ai(1) = A=A
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For a function f € A,(n) given by (1.2), we deduce from (1.1) that

O f(z) = [plgz" " + Z Jgarz* " =1 0,f(2),

k=p+n

0P f(z) = —1],2P7% + k—1],a,2"72,
(1.3) o SO = Plalp = 1z kzp;n "

where 5‘5’) ) f(2) is the pth g-derivative of f(z). It is clear that the jth g-derivative
OV f of fis

J 00 J
(1.4) 8(J)f (H —r+1q>zp Iy Z (H k—r—l—l]q)akzk_j, jeN.

r=1 k=p+n ‘r=1

For a function f € A,(n) given by (1.2), using Jackson’s g-derivative opera-
tor J,f, El-Qadeem and Mamon [2] introduced the p-valent ¢-Séligean operator
Dl Ap(n) = Ap(n), as follows:

D0 f(2) = f(2),
(1.5) 5‘3[1,7(1]((2') = Za[qu]t(Z) =:Dpqf(2),
@;’qu(z) = ”Dp,q(@qu‘l (2)), meN.

If f is given by (1.2), then by (1.1) and (1.5), we have
(1.6) om f(z) = 2P + Z ( ) *, meN,.
k=p+n
Let 7,(n) denote the subclass of A, (n) consisting of functions of the form
(1.7) f(z)=2P— Z arz®, ap > 0.
k=p+n

El-Qadeem and Mamon [2] introduced the following subclass of p-valent functions
with negative coefficients:
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For -1 < A< B<1and0< ac<[plglet Tpq(m,n,a; A, B) be the subclass of
functions f € T,(n) given by (1.7) which satisfy

204(D), f(2)) 14 Az
W<([p]q—a)l+32+a, z € D.

(1.8)

We note that the subordination relation (1.8) is equivalent to

204Dy (2)) /271, f (2) — [Plg
B(204(93,f(2)) /D51 (2)) — [Alplg + a(B — A)]

<1, zeD.

Let H be a complex Hilbert space and L(H) denote the algebra of all bounded
linear operators on H. For a complex-valued function f analytic in a domain F of
the complex plain containing the spectrum o(T') of the bounded linear operator T,
let f(T) denote the operator on H defined by the Riesz-Dunford integral [1]

1) = 3z [CI-T)7 ) a

where [ is the identity operator on H and C' is a positively oriented simple closed
rectifiable closed contour containing the spectrum o (7') in the interior domain [3].
The operator f(T') can also be defined by the series

< £ 0 (0)
Do

which converges in the norm topology.

Such type of work was earlier considered by Ghanim and Darus [4], Joshi et al. [7],
Kim et al. [8] and Yu [9].

Definition 1.1. For 0 < ¢ <1, -1 < A< B <1,0< a<][pgpneN,
m € Ny, a function f € T,(n) given by (1.7) is in the class Sp 4(m,n; A, B,a; T) if

IT04(Dp f(T)) = [Plg® i f (D) < |1BT9q(D35. f(T)) = [Alplg + (B = A)| Dy f(T)]|

for all operators T' with ||T|| < 1 and T # © (O is the zero operator on H).
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2. COEFFICIENT BOUNDS

Theorem 2.1. A function f € T,(n) given by (1.7) is in the class S, 4(m,n; A, B,
a; T) for all proper contractions T with T # O if and only if

ey Y (%) (Mg 4 B) — [ply(1+ A) — a(B — A)yax < (ply — a)(B— A).
k=p+n

The result is sharp for the function
(2.2)

P (12
(/o)) ™ (Kol + B) — [ply(1 + 4) — a(B — A)}

—)(B—4) 22 kE>p+n.

Proof. Assume that (2.1) holds. Then

)
IT84(D54 (1)) = [Plg @y f (T
- HBT8 (D5 /(1)) = [Alplg + (B = A)JD7, f(T)]|

2 bl gg2)

—H([p] (B - AT - 3 <B[k]q—A[p]q—a<B—A>>(@) T
k=p+n Ja
Ko\
S+ B) = [P+ A) —a(B - A Z) 0~ (], — a)(B - A)
k%{ N -
<0

and hence f € T,(n) is in the class Sp 4(m,n; A, B,a; T).
Conversely, let f € S, 4(m,n; A, B, o; T), that is,

1T04(Dp!q f (1)) = [Pl Dyl f (T < [[BT9q(D3,f(T)) = [Alplg + (B = A)D,, f(T)].
From this inequality, it is obtained that

S (k- [p]q>(%)mam

k=p+n

<o = a4y = 5 (B, - ably - 0tz - ap (L) aur|

By choosing T'=rI (0 < r < 1) in above inequality, we get

S pin([Klg = [Po) ([K]a/ [Plg) ™ arr
(Wlg = o) (B = A)rr = 3532, (BlKly — Alply — a(B = A)([kly/[plg) arr®

Asr — 17, (2.1) is obtained. O

< 1.
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Corollary 2.1. If a function f € T,(n) given by (1.7) is in the class S, 4(m,n; A,
B,«;T), then

< (1ply — 0)(B — 4)
= [/l ™ (a1 + B) — [ply(1+ ) — a(B = A}

The result is sharp for the function f of the form (2.2).

k>p+n.

Theorem 2.2. The class Sp q(m,n; A, B,a;T) is closed under convex combina-

tion.
Proof. Let the functions
(2.3) flz)=2P— Z apz® and g(z Z bez®,  ap, b =0
k=p+n k=p+n
be in the class Sp 4(m,n; A, B,a; T'). Then, by Theorem 2.1, we have
o0 k m
> () 000+ B) = Bla(1 + 4) = a8 ~ A < (bl ~ (B - 4),

2=\,

3 (@Y{Uf]qu + B) — [ply(1 + A) — a(B — A)}by < ([plg — a)(B — A).

k—pin [plq

For 0 < 7 < 1, define the function ¢ as

p(z) =7f(2) + (1 =7)g(2).

Then, we get
o(z) = 2P — Z [rar + (1 = 7)bp]2"%,  7ap + (1 —71)by > 0.
k=p+n
Now, we obtain
( {[k]¢1+B) — [p]q(1 + A) — a(B — A)}[rar + (1 — 7)by]

k=p+n

;)
=7 3 () 45 b+ o5~ A

.S (ﬂ) (ML + B) — [pla(1+ A) — (B — A)}by

k=p+n [P]q
<7(lplg —a)(B = A) + (1 = 7)([plg —a)(B - A)
= ([plg —)(B - A).
So, ¢ € Spq(m,n; A, B,a; T). O
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3. HADAMARD PRODUCT

Next for functions f,g € T,(n) defined by (2.3), we introduce the modified
Hadamard product

oo

[rgz)=2"— > apbpz¥, kb >0.
k=p+n

Theorem 3.1. For functions f,g € Tp(n) defined by (2.3), let f,g € Spq(m,n;
A, B,a;T). Then the Hadamard product f g € Sp 4(m,n; A, B,n; T), where

n <ol (14, = [Ply) (ply — 2)*(B = 4)(1 + B) |
Sl T /el 4,0+ B) = [plo(1+ A) — a(B — AP ([pl, — a)%(B — A)?

Proof. Let the functions f and g belong to the class S, 4(m,n; A, B, a;T).
From Theorem 2.1, we have

o (Ko \" {Iy(1+ B) — [ply(1+ 4) —a(B - A)}
(1) k§n<[p1q> (i — )B4 bt
and

o ([Elg\" {[k]o(1 + B) — [ply(1 + A) — (B — A)}
(32 k:;n([p_]q) (Pl — (B — 4) st
We need to find the largest i such that

o~ ([Fa\" (ko1 + B) — [ply(1+A4) —n(B - A)}

k§n([p1q) (g — (B - A4) i< 1

From (3.1) and (3.2) we find, by means of the Cauchy-Schwarz inequality, that

=, \" {Ha(+ B) = (1 + 4) — a(B - 4)}
(33) k:%(uo_]q) ([Pla — )(B — A) Varbi < 1

Thus it is enough to show that

<@)m{mq<l 1+ B) ~ [ply(1+ A) (B~ A)}
[p]q ([p]q —n)(B—A)
[k \" LK1+ B) ~ ply(1 + 4) — a(B - A)} -
< ([ph) (s — (B - A) Vaxbs,

arby
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or, equivalently, that

([plg = n{[k]s(1 + B) — [ply(1 + A) — (B — A)}
B4 VS ), =) R+ B) — [+ A)— (B~ A}
On the other hand, from (3.3) we have

([plg =) (B~ A)
GO VO S R R0+ B) — (1 + A4) — (B~ )
Therefore in view of (3.4) and (3.5) it is enough to show that
([plg =) (B - A)
([Fla/[pla)™{[K]g(1 + B) = [plg(1 + A) — a(B — A)}
< plg =m{[K,( +B) — [P]q(1+A) —a(B-A)}
= ([plg — ) {[k]g(1+ B) = [plg (1 + A) —n(B — A)}

which simplifies to

n <ol (K], — [pl) (1Pl — @)2(B — A)(1 + B)
o ([Klq/Iplg)™{[k]q(1 + B)—[plq(1 + A) — (B — A)}?2—([plg — @)%(B — A)?

O

4. DISTORTION THEOREM

Theorem 4.1. Ifa function f € T,(n) given by (1.7) is in the class S, 4(m, n; A, B,
a;T) for |T|| < 1 with T # ©, then

J

{TIp-r+1,

r=1
pla(ply — )(B = A _ylp+n—r+1], I
_@+M%@+m(LH%—MALhM—MB—mﬂT”MT”
< (109 F(1)|

J

< {H[p—r+1]q

Pl (plg — a)(B — AT _ilp+n—r+1], N
[p +n]m{[p +nlq (1+B)—[p]q(1+A)_a(B_A)}HT|| }|T|| ,

where 5‘éj ) is given by (1.4). The result is sharp for the function

f(Z) — P ([p]q - a)(B _ A) Lpn

([p +nlq/[ple)™{lp + nlg(1 + B) = [plg(1 + A) — a(B - A)}

366



Proof. According to Theorem 2.1, we obtain

= (1l — 0)(B ~ 4)
@D D S T T T el 5 B) — B0+ A= (B = AT
Thus the desired results follow from (1.4) and (4.1). O

5. EXTREME POINTS

Theorem 5.1. Let

fprn-1(z) = 2"

. ([ply — )(B — A) p i
T = 2 = Ty (L + B) — (L + A) —a(B—A)) - * FZptm

Then f € Spq(m,n; A, B,o; T) if and only if it can be represented in the form

= 3 whe) (w0 X w=1).
k=p+n—1 k=p+n—1
Proof. Assume that f(z)= i ik fr(z). Then, we have
k=p+n—1
Z Vi fre(2)
k=p+n—1
= Ypt+n—1fptn—1(2) + Z Vi fr(2)
k=p+n
= <1 — Z ,yk)zp
k=p+n
S ([plg = 0)(B — A) r
» (-~ D S b A==
— P = ([plg = )(B = A) Lk
= X R0+ B - P A e A

367



Therefore,

i ([Klg/[Plg)™ {[Klq(1 + B) — [plg(1 + A) — a(B = A}y ([plq = ) (B — A)
([Klq/[plg)™ {[k]q(1 + B) = [plg(1 + A) — a(B = A)}

k=p+n

— (- )(B-A) Y

k=p+n
= ([plg —)(B = A)(1 = ptn-1)

< ([plg = @) (B = A).

Hence, by Theorem 2.1, f € S, o(m,n; A, B, o; T).
Conversely, suppose that f € S q(m,n; A, B, a;T). Since, by Corollary 2.1,

([plg —a)(B - A)

o < ([k]q/Iplg){[k]q(1 + B) — [plq(1 + A) — a(B — A)}’ k=zp+n,
setting
_ ([klg/Iplg)™{[Kls(1 + B) — [p]q(1+A)—a(B—A)}a i
T = (Pla— ) (B —A4) 0w k>=p+

o0
and Yp4n—1 =1— Y. %, we obtain

k=p+n
F(2) = Yppn-1fpan-1(2) + > wfu(2).
k=p+n

This completes the proof of the theorem.

6. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS, AND CONVEXITY

We now find the radii of close-to-convexity, starlikeness, and convexity for func-

tions belonging to the class Sp q4(m,n; A, B, a; T).

Theorem 6.1. Let the function f € T,(n) defined by (1.7) belongs to the class
Sp,.q(m,n; A, B,a; T). Then f is p-valently close-to-convex of order ¢ (0 < o < [plq)

in the disk | T|| < r1, where

(e — R [K (L + B) — [ply(1 + A) — a(B — A}V
““%f{ Pl ([ply — @)(B - A) } Rz pn

The result is sharp for the extremal function f given by (2.2).
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Proof. It is sufficient to show that

(6.1) 1T 7704 f(T) = [plall < [plq — e

Since f € Sp q(m,n; A, B,a;T), by Theorem 2.1 we have

o ([Fla\" {IHy(1+ B) — [plg(1 + 4) —a(B - A)}
k§n<[p1q> ([Pl — ) (B - 4) st
So the inequality
IT PO f(T) = plgll = | Y MaaxT* P < D [KlgarI TI*P < [plg — o
k=p+n k=p+n

holds true if

Kl I TIP (@)m {[lg(1 + B) —[plg(1 + 4) —a(B - A)}
plo—e0 (lplg = @)(B = A) '

lq
Then, (6.1) holds true if

([plg — @)k]g"{[F]q(1 + B) — [ply(1 + A) — (B — A)}

k—p
1T < P (s — @) (B — A) ’

k>p+n,

which yields the close-to-convexity of the family and completes the proof. O

Theorem 6.2. Let the function f € T,(n) defined by (1.7) belongs to the class
Sp.q(m,n; A, B,a;T). Then f is p-valently starlike of order ¢ (0 < o < [p]q) in the
disk ||T|| < 7o, where

o (plg — KKy (1 + B) = [plg(1 + A) — a(B — A)}\ M7
o mf{ ([k], — )[p] ([plg — a)(B — A) } , k>=pt+n.

The result is sharp for the extremal function f given by (2.2).

Proof. By using the technique employed in the proof of Theorem 6.1, we can
show that

T9,f(T)
for |T'|| < 72, and prove that the assertion of the theorem is true. O
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Theorem 6.3. Let the function f € T,(n) defined by (1.7) belongs to the class
Sp.q(m,n; A, B,a;T). Then f is p-valently convex of order ¢ (0 < ¢ < [plq) In the
disk ||T|| < rs, where

(Pl — @K H{[K]y(1 4+ B) — [plg(1 + A) — a(B — A}V
3= kf{ ([k:]q—Q)[p]ghl([p]q—oz)(B—A) } yk=2p+n

The result is sharp for the extremal function f given by (2.2).

Proof. By using the technique employed in the proof of Theorem 6.1, we can
show that

94(T0,f(T))
|57z~ Pl < el e
for ||T|| < rs, and prove that the assertion of the theorem is true. O
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