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MATEMATICKE ORISKY

Hratky s délitelnosti. Regeni — Solution

Vlastimil Dlab, Praha — Erzsébet Lukdcs, Budapest

V tomto ¢lanku vyfesime tlohy z minulych Matematickych ofiski.
Uloha 1

Ukazte, Ze mezi libovolnymi 39 po sobé jdoucimi piirozenymi c¢isly je
alespoti jedno, jehoZ soucet cislic je délitelny 11.

A v obecnéjsi podobé.
Uloha 2

Jaké je minimdlni ¢islo M, pro které mezi kaZdymi M, po sobé jdou-
cimi prirozengmi ¢isly existuje alespori jedno ¢islo, jehoZ soucet cislic
v zdpisu o zdkladu z je délitelng z + 17

V prvni ¢asti ¢lanku rozfesime dlohu 1 pro dekadicky zapis &isel, tj.
pro z = 10. Ta je napsana ¢esky. Druha ¢ast, fesici tlohu obecné pro zapis
¢isel v soustavé o libovolném zakladu z, je prezentoviana v angli¢ting.

Pouzité znaceni
Kazdé prirozené ¢islo a 1ze jednoznacéné zapsat v ¢iselné soustavé o zd-
kladu z € N, z > 2,
a=as2"+as_ 12"+ +asz® + a1z + ao, (1)
kde as # 0,a9,a1,-..,as € {0,1,...,2 — 1}. Tento zapis budeme znacit
struc¢néji
a = (as,as—1...a2a100). (2)

Dale definujme soudcet ¢islic

o.(a) = Zat. (3)

t=0
Pomoci funkce o, je mozno formulovat tlohu 2 nasledovné:
Uloha 2
Pro dany zdklad z najdéte neymensi ¢islo M, spliiujici podminku, Ze
kazdd posloupnost M, po sobé jdoucich prirozenych ¢isel obsahuje ¢islo x
takové, Ze o,(x) je délitelné cislem z + 1.

Cislo M, budeme déle v textu znacit Min(z).
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Reseni tlohy 1
V této prvni ¢asti budeme ¢isly rozumét piirozena ¢isla spolu s nulou,
zapsand v desitkové Ciselné soustavé. Kazdému pfirozenému Cislu

a = (asas,l N a2a1a0)10

je tedy prifazen soucet &islic o(a) = > 7 as.

Konecnou posloupnost po sobé jdoucich (celych) ¢isel nazveme seg-
ment. Segment délky d za¢inajici ¢islem a budeme znacit symbolem
oS (d):

oS(d)=(a,a+1,a+2,...;a+d—1).

Tedy
()8(10) = (Oa 172737475a6777879)7
prol <k <9jeoSk)=1(0,1,2,....k—1) a
10-xS(K) = (10— k, 10— k+1,10— k+2,...,9).

Kazda posloupnost poslednich cislic ¢isel segmentu ,S(39) zapsanych
v desitkové soustavé ma tedy jeden z téchto tvart:

05(10) 05(10) 05(10) 05(9),
18(9) 05(10) 05(10) 05(10),

95(1) 05(10) 05(10) 05(10) 0S(8).

Proto kazda z téchto posloupnosti obsahuje posloupnost
08(10) ¢S(10) ¢S(10) = (0,1,2,...,8,9,0,1,2,...,8,9,0,1,2,...,8,9).
To jsou posledni ¢&islice segmentu, ktery oznac¢ime
mSB0)=(m,m+1,m+2,...,m+29).

Nyni uvazujme pfislusnou posloupnost ¢islic
(K1, Koy ks, .. ko, ko, k11, kig, K1s, - - -, k1o, k2o, k21, ka2, kas, - . ., k29, k3o0),
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které jsou v tomto zapisu ¢isel prislusného segmentu ,,S(30) na predpo-
slednim misté. Je-li k1 = k # 9, je pfislusna posloupnost part poslednich
¢islic

(k0,k1,k2,k3,... k9 k+10,k+11,k+12,....k+19,... ko8, kso9).

Mimochodem, zde kog = k3o = 0 nebo k + 2 v zavislosti na tom, zda
k = 8, nebo k # 8. Omezme se na prvnich 20 &isel tohoto segmentu a
ozna¢me o(m) = N. Potom posloupnost

(o(m),c(m+1),...,0(m+9),0(m+10),0(m + 11),...,0(m + 19)) =
=(N,N+1,....N+9,N+1,N+2,...,N+10),

a proto mezi témito Cisly musi byt ¢islo délitelné 11.

Jestlize k1 = k =9, pak k11 # 9 a predesly postup aplikujeme na po-
sloupnost (ki1, k12, ..., k30). Tim je dokézano, Ze v dekadickém pripadé
kazdy segment délky 39 obsahuje ¢islo, jehoZz soucet éislic, tj. c—hodnota
je nasobek 11.

Dodejme jesté, ze kromé segmentu
9999815 (38) = (999981, ...... ,1000018)

zminéného v zadéani dlohy, kdy o—hodnota zadného z jeho prvkii neni
nasobkem 11, je takovych segmentt délky 38 nekone¢né mnoho. Ctenar
se muze presvédcit, ze pro kazdé t =0,1,2,...,

0909515 (38) = (99---9981,.. .. .. ,100- - - 0018),

kde pocet devitek (a piislusnych nul) je 11¢+4, méa tuto vlastnost. Tedy
Min(10) = 39.

Solution of Problem 2

The solution presented in the first part is a special case of the general
situation where the numbers are expressed in base-z numeral system.
Let us express in English the general problem that we want to solve.

Problem 2

For a given base z find the minimum number M, satisfying the con-
dition that every sequence of M, consecutive non-negative integers con-
tains a number x such that o.(x) of the digits of x in the base-z system
1s divisible by the number z + 1.
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In the following, we denote M, by Min(z).

Following the first part of the article, denote by ,S(d) the sequence of
d consecutive numbers starting with the number a and call it a segment.
Let us call the segment ,S(2) a basic z-sequence if the starting number
a is divisible by z. Thus in the base-z form (1) of the numbers of this
segment only last digits change, running from 0 to z — 1. The o,-values
(3) of these numbers are also consecutive numbers.

We begin the solution of the problem with a few preliminary observa-
tions.

Observation 1. A basic z-sequence contains a number whose o, -value
18 divisible by z + 1, unless it starts with a number whose o,-value has a
remainder 1 when divided by z + 1.

Let ,S(z) be a basic z-sequence and let 0, (a) = k. Then the o,-values
of the numbers in ,S(z) form a sequence ;S(z) = (k,k+1,...,k+z—1).
Among the z + 1 consecutive numbers k —1,k,...,k+ z— 1, exactly one
is divisible by z + 1; this number lies in ;S(z) if and only if k¥ — 1 is not
a multiple of z + 1.

Observation 2. Let ,S5(2z) be a sequence consisting of two consecutive
basic z-sequences, where a = (asas—1...a2a10),. If ay < z — 1, then
09(22) contains a number whose o,-value is divisible by z + 1.

In this case ,S(2z) = 45(2)at25(2), where a + z = (asas—1 ...az2a1 +
10),, so 0.(a+ z) = 0.(a) + 1. Therefore, by Observation 1, either ,5(z)
or 44,5(2) contains a number with o,-value divisible by 2z + 1.

Observation 3. If z is odd, then in any sequence ,S(2z) consisting
of two consecutive basic z-sequences, there is a number with o,-value
divisible by z + 1.

Let a = (asas—1 ... a2a10), be the starting number of the first sequence.
By Observation 2, the statement is true if a; < z — 1. Thus, it suffices
to consider the case where

a=(as...ag+1(z—1)...(2 —1)0),

for some k > 0, where a1 < z — 1. Then the starting number of the
second basic z-sequence is

a+z=(as...apt2(ap+1 +1)0...0),.
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Thus, 0,(a+ z) — 0.(a) = —k(z — 1) + 1. But this is an odd number, so
it cannot be divisible by z + 1. Hence o, (a) and o,(a + z) yield different
remainders when divided by z 4+ 1. It now follows from Observation 1
that at least one of ,5(z) and ,4,5(2) contains a number with o,-value
divisible by z + 1.

Based on these observations, we can deduce the following statement.

Corollary. Any sequence of 4z—1 consecutive numbers contains a num-
ber with o, -value divisible by z+1. In fact, if z is odd, then any sequence
of 3z — 1 consecutive numbers contains a number with o,-value divisible
by z + 1.

Indeed, a sequence of 4z — 1 consecutive numbers must contain three
consecutive basic z-sequences (otherwise the length of the sequence could
not be greater than (z —1)+2z+(2z—1) = 42—2), and at least one of the
first and second of these sequences would start with a number satisfying
the condition for Observation 1. When z is odd then we can do even
better: a sequence of 3z — 1 numbers contains at least two consecutive
basic z-sequences and thus following Observation 3, there is a number
in the sequence whose o,-value is divisible by z + 1.

Now we want to show that these are actually the minimum values we
are looking for.

Theorem.

Min(z) 4z —1 if z is even,
in(z) =
3z—1 ifzis odd.

Let us first consider the case where z is odd. As a counterexample
we need a sequence 5,153z —2) = 4,415z — 1)aS(2)a1:5(z — 1),
where a = (as...a10), and the remainder of o,(a) by z + 1 is 1 (see
Observations 3 and 1). Actually, 15(3z —2) = (1,2,...,32z — 2) is such
a sequence and the table below shows that none of the o,-values are
divisible by z + 1.

a 1o fz=1] 2] @2z=1)||22]---|32—2
inbasez || T| - | =1 ||[TO | ---| 1I(z—1) 20 | - | 2(2—-2)
o.(a) 1| lz=111/--- z 2 |- z

In fact, if we choose 0 < a; < z — 1, while assuring that ¢,(a) has a
remainder 1 by z + 1, then the o,-values of the numbers in the sequence
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will still have the same remainders as above and thus those sequences
will also be counterexamples.

Suppose now that z is even and let us try to construct a sequence
of 4z — 2 consecutive numbers such that the o.-value of none of these
numbers is divisible by z+1. By Observation 2, this sequence of numbers
must not contain more than two consecutive basic z-sequences. Hence it
contains exactly two such sequences, which are preceded and followed by
z — 1 numbers. Furthermore, the two basic z-sequences must start with
a and a + z such that o,(a) and o,(a + z) both give remainder 1 when
divided by z 4 1, otherwise Observation 1 would ensure the existence
of a number with ¢,-value divisible by z + 1. So a must be of the form
described in the proof of Observation 3. With the notation used there,
we have o,(a + z) — 0.(a) = —k(z — 1) + 1. The divisibility conditions
imply that both this and o,(a + 2) — 1 = a5 + ... + a1 should be
divisible by z 4 1. The first is equivalent to saying that

(z4+1) | —k(z—1)+14+k(z+1) =2k +1,

and clearly, k = % satisfies this. The easiest way to satisfy the second
divisibility condition is to set as = ... = ax+1 = 0. So we choose the
sequence

a—z415(4z —2) = 4,115z — 1)05(2)a+25(2)at2.5(z — 1)

with a = ((z —1)...(2 — 1)(z — 1)0),, where the number of the digits
equal to (z — 1) is k = 5. Now we need to check that also the o.-values
of the numbers in the “incomplete” subsequences ,—,4+15(z — 1) and
a+2:5(z — 1) are not divisible by z + 1. The first number of the sequence
a—zt1S(z—1isa—z+1=((z—1)...(z—1)(z — 2)1),, and thus

ola—z+1)= (g-l) (z=1)+(z=-2)+1= g(z—l) = 0,(a).

Since 2(z—1) = (2 +1) (£ — 1) 4 1, the remainder of both ¢ (a) and
of 0,(a—2+1) is 1 when divided by z + 1. Furthermore, a + z = zK*! =
(10...000),,and a+2z =21 +2=(10 ... 010),, with o,-values
1 and 2. Thus the remainder terms of the o,-values of the 4z —2 numbers
are

(1,...,z=1)(1,...,2)(1,...,2)(2,...,2).

This shows that neither of the o,-values of the 42—2 consecutive numbers
in ,—,115(4z — 2) is divisible by z + 1.
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As a concrete illustration, consider the case where z = 60. To find
a counterexample in this case, we need numbers that have at least 32
digits (in base 60) and at least 56 digits in the decimal system. To be
more specific, using the following standard way of denoting the digits in
the sexagesimal system

1 2 3 4 5 6
8 9 A=10|B=11|C=12
V=31 =32 X=33|Y=34|2=35|a=36
b=37| c=38 | d=39 | e=40 | f=41 | g=42
t=55 | u=56 | v=57 |w=>58| x =59 0

we may display the situation in the following table:

segment value of o
XXX XXKXXXXXKXXXXXXXXXXXXXXXXXXXW 1 1770
13264435183244001473986559999999999999999999999999999881 decimal
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXW2 1771
13264435183244001473986559999999999999999999999999999882 decimal
XXX XXXXX XXX XXX XXX XXX XXX XXX XXX WW 1827
XXX XXX XXX XX XXX XXX XXX XXX XXXXX XWX 1828
XXX XXXXXXXXXXXXXXXXXXXXXXXXXXX0 1770
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 1 1771
XXX XX XXX XXX XXX XXX XXX XXXXXXXXXXX 1829
10000000000000000000000000000000 1
10000000000000000000000000000001 2
1000000000000000000000000000000x 60
10000000000000000000000000000010 2
10000000000000000000000000000011 3
1000000000000000000000000000001w 60
132644351832440014739865560000000000000000000000000000118 decimal

Table 1 The segment of the length 238 in the sexagesimal system and
the translation into the decimal system
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