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Abstract. This work focuses on the 3D incompressible magneto-micropolar (MMP) equa-
tions with the mixed pressure-velocity-magnetic field in view of Lorentz spaces. Also, we
generalize some known results to MMP equations in view of Besov spaces.
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1. INTRODUCTION

This paper is concerned with the decay rates in time of the weak solutions to the
non-Newtonian magneto-micropolar fluid equations in R?, which are described by

du+ (u-V)u+ VP =—(u+x)Au+xV xw+ (b- V)b,
Ob+ (u-V)b=—vAb+ (b V)u,

V- u(,t) =V b(-,t) =0,

Ow + (u-V)w = —kAw +nV(V - w) + xV X u — 2xw,

(1.1)

where u = u(z,t), w = w(z,t), b = b(z,t) and P := P + |b|*> denote the fluid
velocity, the micro-rotation velocity (angular velocity of the rotation of the fluid
particles), the magnetic field and the pressure function, respectively. The positive
constant x in (1.1) corresponds with the angular viscosity, v is the inverse of the
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magnetic Reynolds number and x is the micro-rotational viscosity. We consider the
initial value problem of (1.1), which requires initial conditions

(1.2) u(z,0) = ug(z), w(x,0)=wo(x) and b(z,0)=bo(z), =z R>

and we also assume that divug = div by. In this paper, we assume that v =v =y =

Definition 1.1. The vector-valued function (u, b, w) is called a weak solution of
equations (1.1)—(1.2) on (0,7) x R3 if it satisfies the following conditions:
(A) u,b,w € L*(0,T; L?(R3)) N L?(0,T; H(R3));
(B) divu = divb = 0 in the sense of distribution;
(C) (u,b,w) verifies (1.1) in the sense of distribution;
(D)

D) the energy inequality, that is,

(1.3) b, w) (7 [25 + 20+ €) / lu(r)|25 dr
+ 2w / 1b(r) 122 dr + 27 / leo(r)22 dr

t t
o / divw(r)|22 dr + 2¢ / lw(r)|122 dr
0 0
< (s b, w) (0) .

Let us now briefly mention some previous results for (1.1)—(1.2). These equations
were introduced by Ahmadi and Shahinpoor (see [1]), who based on the theory
of micropolar fluids proposed by Eringen (see [6]), studied stability of solutions in
bounded domains. Rojas-Medar (see [21]) proved the existence and uniqueness of
strong solutions in bounded domains in R™, by the spectral Galerkin method. After
that, Ortega-Torres and Rojas-Medar showed local in time (or global in time for
small initial data) the existence and uniqueness of strong solutions in [21], [19].

For the regularity criteria in Lorentz space, Li and Niu (see [16]) proved that a
weak solution (u,b, w) for the standard 3D MHD equations become regular under
the scaling invariant conditions for the total pressure, in particular, so called Serrin’s
conditions, m € L%>°(0,T; LP*°(R?)) with 3/p+2/¢q < 2 and p > 2 (compare to [4],
[25], [24], [23] for Navier-Stokes equations).

Very recently, Kanamaru and Yamamoto [13], Gala, Ragusa, Wu [7], [8], [20]
investigated logarithmically improved extension criteria involving the pressure for the
Navier-Stokes equations in R™ with respect to P or VP using a new tool developed
by the authors in [11].
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In this direction, our result is stated as follows.

Theorem 1.2. Suppose that (ug, by, wo) € H*(R?) with V -ug = V - by = 0 and
(u,b,w) is a (local in time) strong solution to equations (1.1)—(1.2) on an interval
[0,T) with 0 < T < co. Assume that one of the following conditions is satisfied:

/T ||IP(T)||TBL;%1/?—1/G)([R3)
0

T
dr < oo, and / b(1)||%, dr < o,
og(e + () , 1Pz

for2/r+3/p:2,%<p<3,p<q<3p/(3—p),

/T |‘VP(T)||%;2£1/p—1/q)(R3)
0

T
dr < oo, and / b(r |3’§,,, dr < oo,
Tog(e 1 lu(r) ") , 1Pl

for 2/r +3/p=3,1<p<3,p<q<3p/(3—p). Then (u,b,w) can be extended
beyond T' > 0.

Remark 1.3. In Theorem 1.2, a proof of Part (B) is easy to check by the lifting
property for Besov space (see Lemma 2.4 below) and thus it is omitted.

Remark 1.4. In Theorem 1.2, the condition for b is required additionally. In
particular, even for the 3D MHD equations (namely w = 0 in (1.1)), it is not yet
known to obtain the regularity criterion for the pressure function P only unlike
Navier-Stokes regularity results for the pressure function. According to the argu-
ments in [25], the norm for b is replaced by a suitable norm for Vb under some
calculations for the mixed term u and b.

Theorem 1.5. Under the assumption for the initial data in Theorem 1.2, suppose
that (u,b,w) Is a strong solution to equations (1.1)—(1.2) in the time interval [0,T)
for some 0 < T < oco. If the total pressure function P(z,t) satisfies the condition

(1.4) PeL*™(0,T; By, (R%), -1<r<1,

then (u,b,w) can be extended beyond T' > 0.

Remark 1.6. In [9], the authors proved that if the pressure satisfies the critical
growth condition (1.4), a weak solution for 3D MHD equations (namely, w = 0 in the
equations (1.1)) remains regular on (0, 7] based on a suitable function decomposition
method together with Besov space techniques. Here, regular solutions mean L°°-
solutions. This result also holds for our equations by the same arguments and thus
its proof is left as an exercise to the readers.
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Recently, Beirdo da Veiga and Yang (see [2]) obtained generalized regular criteria
for the mixed pressure-velocity problems in Lorentz spaces for Leray-Hopf weak
solutions to 3D Navier-Stokes equations, that is, w = 0 = b in equations (1.1) based
on the relation |P| ~ |u|?>. More rigorously, they showed that if

P oo
&P T Jul? © LP(0,T5L*™(Q)),  p,q < oo,
and
2 3
(1.5) =20, 0<6<L,

then w is regular on (0,7]. In this respect, inspired by [2], our result is stated as
follows.

Theorem 1.7. Under the assumption for the initial data in Theorem 1.2, if the

condition

P
(e 11* + Jul + [b])

(1.6) 5 € LP(0,T; L*(R%)), p,q < oo,

with relation (1.5) is satisfied, then (u,b,w) is regular on (0,T] x R3.

Remark 1.8. In particular, if b = 0 in equations (1.1), namely, for the microp-
olar equations or Boussinesq equations, the results in [13] and [2] are also established
in our way (see also [15]).

Remark 1.9. These results are shown as an extension of the manuscript [14]
of the author.

2. PrROOF OF THEOREM 1.2
Next, we recall some definitions for Lorentz spaces. For p,q € [1, 00|, we define

oo . d 1/q
» (r [ el rs @1 >l S2) L g<oe,
Lp.a(R3) = 0

supal{z € R?: |f(z)] > a}|'/7, g = oo,
a>0

Furthermore,

LPY(R3) = {f: f is a measurable function on R?® and || f||1r.e(rs) < 0o}
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Following [3], Lorentz space LP9(R3) may be also defined by real interpolation
methods

(2.1) LP(R?) = (L7 (R?), LP* (R?))aq

with
1 1l -« a
- = +—, 1<p1<p<p2<o0.
p p1 b2

Lemma 2.1 ([18]). Assume 1 < p1,p2 < 00, 1 < q1,q2 < 00 and u € LP141(R3),
v € LP>»%2(R3). Then uv € LP*9%(R3) with 1/p3 = 1/p1 + 1/p2 and 1/q3 < 1/q1 +
1/q2, and the inequality

|U’UHLP3:113([R{3) < CHUHLI’L‘H (R3) ||’UHLP2,q2 (R3)

is valid.

Lemma 2.2 ([17], Lemma 10). Let 1 < p < ¢ < 0o, & > 0 and s = a(q/p—1) > 0.
Then it holds that

|£llzs < Cln o 0)lI I

for all f € (H3 N B3 (R®).

,O0

g

Lemma 2.3 ([11], Lemma 5). Let 3 < p <3 and p < q < 3p/(3 — p). Then there
exists an absolute constant C' > 0 such that the estimate

2-3 3/p—1 2-3 3/p—1
/R Cwvwde < C(|Vallze ol 727Vl 727 + V0] e ful 7227 Full 7 7)
X Nlwll g—sare-1/a
holds for every u,v € (H' N L?)(R?) and w € B;ﬁél/”‘l/@(u&%.
Theorem 2.4 ([22], Theorem 3.17). Let 1 < p,q < 0o and s, € R. Then
2. ns s—
(—A)*/?: B3, — Bs.®
is an isomorphism.

Lemma 2.5. Assume that (u,b,w) is a smooth solution of system (1.1)—(1.2).
Then
1P|

Ls®3) S (||U||2L2S(R3) + ||b||2L2S(R3))a

and
VP

L5(R3) S ([u][Vull

Lsw3) + [||b|[VD]|

Ls(Rs)), 1 <s<o0.
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Proof. Since

3

0% (uiuy) 1 9*(V (uiuy))
P=(-A g \Viuil;))
Z 8:615‘% v (=4) i;l dz;0x;

by the Calderén-Zygmund inequality we obtain:
[V2(=A) " flle@wey S I lpewey, 1<p < oo.
O

Proposition 2.6 ([5] and [10]). Assume that (ug,by) € L5(R3) and wy € L*(R?)
with s > 3. Then there exists a constant T > 0 and a unique local strong solution
(u,b,w) of equations (1.1)—(1.2) such that (u,b,w) € BC([0,T); L*(R?)). Moreover,
if T* > 0 is the maximal time of the local smooth solution, then for any t € (0,T%),

C

[[(; b, w) (2)] (T — )/

Le 2

where the constant C' > 0 is independent of T* and s.

For this, according to the argument in [25] or [12], we can establish a Serrin’s type
regularity criterion on the gradient of pressure function P. Multiplying both sides
of (1.1); by ulu|?, (1.1), by b|b|* and (1.1), by w|w|?, and then integrating them
over R3, it follows that

(2.2) (s by )l s+ 1V (B, )12 + ([Tl [Vl 17

] =
|~

+BIVOl[[Z2 + N w]| Vw72 + 2x([w] s + & [w]div w][.
5/ VP-|u|2udxdt+/ (b- V)b - |u|?udzdt
R3 R3

J1 T2
1
+—/ V(|b|2)~|u|2udxdt+/ (b-V)u-|b*bdzdt
2 R3 R3
T3 T4
X 2 X 2
+= |lwlfw - (V x u)dz+ = |w]*w - (V x u) dz
2 R3 2 R3
T Je

—/ divw(w - V|w|?) dz
R3

N
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For 71, after the integration by parts, Holder and Young’s inequalities imply

/ VP - |Jul*udx
R3

1
</ [PI*luf® dz + l[ul| V[ 7.
R3

S UIVPleallull 752Vl 2
+ IVl =PI IV P DIP msro-170

2(2—3 3/p—1
< ((lul |Vl + Bl | 2 [l 252 P a2 132+ 19l 2 ]
3 3 1
+ BRI Nl [Vl + BV ™I -s0/0-170

2p/(2p—3
SIPILE2 w (e + 01 70)
+ g(IIVIUIQII%z VIO NZ: + [lul[ValllZ2 + [[[BI[VO[[1Z2)-
Using the integration by parts, J2, J3 and J; is bounded by
[ ol 4 1Js] + 1 Ja] < C([bI*ullZ + £ (IIVIUI 122 + IVIb2[172)

2a1 -3
< C||[3e/ ¢ ’<|||u| 122 +11[612]122)

1
+ 15 (IVIull1Z2 + [IVIBP]1Z2)-

In a similar way, for J5 and Js, it shows that

1
|J5| + [ Js| < C/ (ful* + [w]*) + |divw]* dz + 1—6/ ([[wl [Vl +[V]wl?[*) dz
R3 R3

Plugging this into (2.2), we get

d
prllCY w) |74+ IV (Jul?, [0, [wl*) 172 + [lul[Vull[72 + [[[6]V0]172 + [[|w]| V]|
2p/(2p—3
P52 N \
W(bg( =)l (u, b, w)HL4 + ||b||La1 [l (w, by w)||a

According to the arguments in [13], pages 2868-2869, the desired result is obtained
and the proof of Theorem 1.2 is complete. ([
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3. PrROOF OF THEOREM 1.7

In fact, this proof is similar to that in Theorem 1.7. Only differences occur in the
term associated with the pressure function. Indeed, it is estimated by

1
/vp-|u|2udx</ PP uf? de + = | u]| V| .
R3 R3 8

For the first term, namely I, above we let

P

_ oz _
Vi=e™ Hll =

Due to the definition of V', we observe that
V2172 S @+ lullFe + [lulPlZ: + 16122 + [16[172),
and
IVV212: € @+ llullfe + [VulZe + [ VIuflz2 + [bl22 + [VOIZ2 + VB 2)-

By the interpolation and Sobolev inequalities in Lorentz spaces (2.1) we have

(3.1) V2 pemawma S VIR IV,
V2] Laraz S V222 IVV2132, 0 < 61,02 <1,
ith
b L 16 & 1 _1-6 &
2—-a)r, 2 6’ ary 2 6

And thus, we get
P 2—a(, —|z|? afy, |2
62) 1= [ () PP )l da
1

2
L(2 a)ry, 2||V ||%ar2,27 + H + E =1

ST Zaoe Nl + 102176, QIIVQIILW,Q
S G IV ey 2 1V |G 2

51)(2—« 61(2—a) (1-62)cx a
S0 V2| V20 V2 02 w2

< M| gae P17

2a/(2—61(2—a)—d2cv)
< e V7. + ZHVVQH%%

where we use inequality (3.1).
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Due to the definition of V', we know from (3.2) that

2a/(2—61(2—a)—dacx
(3.3) IS s/ @B =029 (4|4, + |1b)|34)

1
+ O+ [Vulzz + 1VBl1Z2) + 7 (IVIuPlZ2 + [IVIBI[IZ2)-
Combining estimates J2—Js in Theorem 1.2 and (3.3), we finally obtain

d
b, w)[2a + IV (ul?, [0, [wl*)Ze + lul Vull 22 + 1B V][72
dt
+ llwl[Vwll[72 + 2fwl 7 + [[Jwldivw]7.
S 1w, b w)l[zs + C 1+ [lv]Z2)

2a/(2—681(2—a)—6r2x
T3/ 8T TR (4 (b w) [ 44),

where we use u,b € L*°(0,T; L*(R?)) from (1.3). By Gronwall’s lemma, we obtain
that (u,b,w) is regular in R® x [0,7) provided that

e L2o¢/(2761(2704)76204)(07T;Lq,oo([R?;))7

which completes the proof of Theorem 1.7. O
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