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Abstract. We introduce the notion of Z(s)-density point corresponding to the family
of unbounded and Z-monotonic increasing positive real sequences, where Z is the ideal of
subsets of the set of natural numbers. We study the corresponding topology in the space of
reals and investigate several properties of this topology. Also we present a characterization
of equality between the classical density topology and I(S)-density topology.
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1. INTRODUCTION

A series of important developments in density topology was evolved from the foun-
dational result of Goffman et al. [11] to the most remarkable work of Filipczak and
Hejduk in [10] where they defined the density point by families of sequences. Den-
sity topologies were studied extensively in several spaces like the space of real num-
bers [21], Euclidean n-space [25], metric spaces [18] etc. In the recent past the notion
of classical Lebesgue density point has been generalized by weakening the assump-
tions on the sequences of intervals and consequently several notions like (s)-density
point by Filipczak and Hejduk [10], J-density point by Hejduk and Wiertelak [16],
S-density point by Strobin and Wiertelak [24] were obtained. A significant volume of
work in this area was carried out by distinguished researchers in the last few decades
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(1], [6], [9], [13], [15], [27]. In recent time Banerjee and Debnath have found a new
way to generalize density topology using ideals in [2].

The usual notion of convergence does not always capture the properties of a vast
class of nonconvergent sequences in fine details. In order to include more sequences
under purview the idea of convergence of real sequences was generalized to the notion
of statistical convergence [8], [23] followed by the idea of ideal convergence [17].

(s)-Density topology [10] is the object of our interest and plays a central role in our
study. The prime objective of this paper is to investigate a generalized density point
defined by families of sequences. In this paper we try to generalize the (s)-density
point by involving the notion of ideal Z of subsets of naturals. We have given the
notion of Z,)-density and induced Z,)-density topology in the space of reals. We
have shown that an Z(,)-density point is dependent on the nature of the sequence (s).
Some natural properties of this topology have been studied. Also we have given
a characterization of equality between this topology and classical density topology.

2. PRELIMINARIES

Let us recall the definition of asymptotic density. Here N stands for the set of
natural numbers and for K C N we denote by K (n) the set {k € K: k < n}, |[K(n)]
being the cardinality of K (n). The asymptotic density of K is defined by

d(K) = tim KWL

n—00 n

provided the limit exists. The notion of asymptotic density was used to define the
idea of statistical convergence by Fast [8] generalizing the idea of usual convergence
of real sequences. A sequence {x,}nen of real numbers is said to be statistically
convergent to zo if for any given € > 0 the set K(¢) = {k € N: |z, — xo| > €} has
asymptotic density zero.

After this pioneering work, the theory of statistical convergence of real sequences
was generalized to the idea of Z-convergence of real sequences by Kostyrko et al. [17]
using the notion of ideal T of subsets of N. We use the symbol 2V to denote the
power set of N.

Definition 2.1 ([17]). A nonvoid class Z C 2V is called an ideal if A,B € T
implies AUB € Z and A € Z, B C A imply B € Z. Clearly {0} and 2V are ideals
on N which are called trivial ideals. An ideal is called nontrivial if it is not trivial.

7 is admissible if it contains all singletons. By Fin we denote the ideal of all finite
subsets of N. It is easy to verify that the family J = {A C N: d(A4) = 0} forms
a nontrivial admissible ideal of subsets of N. If 7 is a nontrivial ideal, then the family
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of sets {M C N: N\ M € Z} denoted by F(Z) is a filter on N and it is called the
filter associated with the ideal Z on N.

Definition 2.2 ([17]). A sequence {zp}nen of real numbers is said to be
Z-convergent to xg if the set K(e) = {k € N: |z — x| > ¢} belongs to T for
any € > 0.

If Z = Fin then Fin-convergence coincides with the usual notion of convergence
of real numbers. If 7 is an admissible ideal then for a sequence of real numbers, the
usual convergence implies Z-convergence with the same limit. Several works were
carried out in this direction by many authors [3], [4], [19]. Throughout the paper
the ideal Z always stands for a nontrivial admissible ideal of subsets on N.

Now let us introduce the following notations. Throughout, R stands for the set of
all real numbers. We use the notation L for the o-algebra of Lebesgue measurable
sets on R and A for the Lebesgue measure on R [12]. Wherever we write R it means
that R is equipped with the natural topology unless otherwise stated. We use the
symbol 2% to denote the power set of R. By the “Euclidean F,, and Euclidean G set”
we mean F, and Gy sets in R equipped with the natural topology. The symmetric
difference of two sets A and B is (A\ B) U (B \ A) and it is denoted by AAB.
For any two sets A, B € L the fact that A(AAB) = 0 is denoted by A ~ B. By
“a sequence of intervals {J, }nen about a point p” we mean p € () J,. The length
of the interval J,, is denoted by |J,,|. nen

Definition 2.3 ([26]). For F € £ and a point p € R we say that the point p is
a classical density point of E if and only if

=1.
h—0+ 2h

Equivalently, we can say that the point p € R is a classical density point of E if

and only if
h—0+ 2h

The set of all classical density points of E is denoted by ®(FE). The collection

=0.

Ta={FeL: ECPE)}
is a topology in the real line [26] and is called the classical density topology.
Theorem 2.4 ([20]). For any set H € L,

AHAD(H)) = 0.
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The above theorem is known as the Lebesgue Density Theorem.

Definition 2.5 ([14]). We say that an operator ®: £ — L is a lower density
operator if the following conditions are satisfied:
(1) ®(0) =0, 2(R) = R;
(2) forall A,Be L, (AN B)=®(A)NP(B);
(3) forall A,Be L, A~ B= ®(A) = ®(B);
(4) forall Ae L, A~ ®(A).

Definition 2.6 ([14]). We say that an operator ¥: £ — 2% is an almost density
operator if the following conditions are satisfied:
(1) ¥(0) =0, U(R) = R;
(2) forall A,Be L, V(ANB) =Y(A)NY(B);
(3) forall A,Be L, A~ B = V(A) =¥(B);
(4) forall Ae £, A(W(A)\ A) =0.

Remark 2.7. A lower density operator is an almost density operator but not
conversely. For an example of almost density operator that is not a lower density
operator, see [14].

Theorem 2.8 ([14]). Let ¥: £ — 2% be an almost density operator. Then the
family Tg = {B € L: B C ¥(B)} forms a topology on R.

In [10] Filipczak and Hejduk introduced the notion of (s)-density as follows. Let S
be the family of all unbounded and nondecreasing sequences of positive reals. Every
sequence {s,} € S is denoted by (s). Then a new kind of density point is defined.

Definition 2.9 ([10]). Let (s) € S. We say that = € R is a density point of a set
A € L with respect to a sequence (s) € S or an (s)-density point of A if

lim MAN[z—1/sp, 2+ 1/84))

n—00 2/Sn =L

The point z is an (s)-dispersion point of A if z is an (s)-density point of R \ A.

Proposition 2.10 ([5]). Let A € £ and x € R. Then

MAN [z — b,z +h))

hlgng 2h =1
if and only if
lim MAN[z—1/n,x+ 1/n]) _1
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So if we choose, in particular, s,, = n for all n € N in Definition 2.9 then we obtain
the notion of classical density point.

For any sequence (s) € S and set A € L let
¢4y (A) = {z € R: 2 is (s)-density point of A}.

Proposition 2.11 ([10]). For every pair of Lebesgue measurable sets A, B € L
and a sequence (s) € S we have

(1) (I)(s) (@) = (Z)’ (I)(s)(R) =R;

Corollary 2.12 ([10]). The operator ®,y: L — L is a lower density operator.

Theorem 2.13 ([10]). For every sequence (s) € S the family
7?@ = {A el: AC (I)<S> (A)}
forms a topology such that Tg C Ts).
In [10] a characterization of the equality 73 = 7, was formulated.

Theorem 2.14 ([10]). Let (s) € S be a sequence, then Tq = T, if and only if

liminf s, /$p+1 > 0.
n— oo

3. Z(5)-DENSITY

Throughout we consider the ideal Z to be a nontrivial admissible ideal.

Definition 3.1 ([22]). A real valued sequence x = {x,}nen is said to be
Z-monotonic increasing (or Z-monotonic decreasing), if there is a set {k1 < ko <...} €
F(T) such that xp, < xg,,, (or xx, > xp,,,) for every i € N.

The family of all unbounded, Z-monotonic increasing positive real sequences is de-
noted by ¥7. If a sequence {s,, } nen is chosen from the family 37 it is denoted by (s).
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Definition 3.2. Now for A € £, p € R and (s) € ¥z, let us take a collection of
closed intervals about p like J, = [p — 1/s,,p + 1/sy] for n € N.

Now let us take z, = AANJ,)/|J.|. Then clearly © = {z,}nen is a se-
quence of non-negative real numbers. If Z — lim x,, exists then we denote its value
by Z(s) — d(p, A) which we call the I(S)—densrilty of A at the point p and clearly
Ty —d(p, A) =T — limz,,.

A point py € R is an Z()-density point of A € L if () — d(po, A) = 1.

If a point p9 € R is an Z(,-density point of the set R\ A, then py is an
Z(s)-dispersion point of A.

If in the above definition we take J,, = [p,p+1/s,] for n € N so that Z—limz,, =1
then the point p € R is a right Z(,)-density point of A and if we take .J,, = [pyi 1/5n, p]
for n € N so that Z — limz,, = 1 then the point p € R is a left Z(,)-density point
of A. We note that !

(aolp- e 2]) ool Lol s(an 2]

It can be easily proved that if a point p € R is both left and right Z,)-density point
of A, then the point p is an Z(,)-density point of A.

Note 3.3. The following three kinds of density points may be distinguished in
this context.

(1) If we take the sequence s, = n for all n € N then by Proposition 2.10 we obtain
the notion of classical density point.

(2) If {s,} € S then the notion of (s)-density point is obtained.

(3) For {s,} € ¥z we introduced the notion of Z(,-density point.

Example 3.4. Let us consider the ideal J of a subcollection of 2V where J
consists of all those subsets of N whose asymptotic density is zero. Let us take
the set A as the open interval (—1,1) and the point p to be 0. For any positive
real sequence {sy, }nen let us consider a collection of closed bounded intervals J,, =
[—1/8n,1/sy] for all n € N. We make a choice of the sequence {sy,}nen as follows:

{n! if n #m? where m € N,
Sp =
2

n if n =m* where m € N.

Then sy < s3 < s5 < S¢ < 87 < ... and also the set of positive integers
{2,3,5,6,7,8,10,...} = {n € N: n # m? where m € N} € F(J), since {n € N:
n=m? where m € N} has natural density zero. So, {s,}nen is J-monotonic
increasing and unbounded positive real sequence, i.e., {s,} € X 7.
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Now the sequence x,, = A(AN Jp,)/|Jn| for n € N becomes

-1

n ifn=m

1 if n #m? where m € N,
Ty = )

where m € N.

Therefore, since the subsequence {z,},—m,2 converges to 0 and the subsequence
{Zn}ngm2 converges to 1, lirrlnxn does not exist. Since for any ¢ > 0, {n € N:
|z, — 1| = e} C {n € N: there exists m € N such that n = m?} and {n € N:
there exists m € N such that n = m?} € J, so {n € N: |z, — 1| > ¢} € J. Thus,
J - liTILn r, = 1. Consequently, 0 is a J{4)-density point of A.

In order to establish that an Z(,)-density point is indeed a generalization of
(s)-density point we need the following proposition and its corollary.

Proposition 3.5. Let A€ L, z € R and (s) = {sp}nen € S. If {rn}nen be any
real sequence such that there exists ng € N, for which s, = r,, for n > ng, then x is
(s)-density point of A if and only if x is (ry)-density point of A.

The result is obvious, so the proof is omitted.

Corollary 3.6. In Definition 2.9 if we choose {s,} to be any unbounded positive
real sequence and there exists ny € N for which {s,,} forn > ng is nondecreasing, then
the definition remains valid as well and we can write without any loss of generality
that x is (s)-density point of A.

Note 3.7. In particular in Definition 3.2, if we take Z = Fin, then the collection
Y Fin contains unbounded and Fin-monotonic increasing positive real sequences.

Theorem 3.8. Let A € L, x € R and (s) = {sn}nen € Xrin. If 7 is a Finy-
density point of A then it is (s)-density point of A.

Proof. Let (s) € Lpin. So, (s) is a Fin-monotonic increasing positive real
sequence. Thus, there exists {k1 < k2 < k3 < ...} € F(Fin) such that s;, < sg,,, for
every i € N. Now if N\{k1 < k2 < k3 < ...} ={l1,l2,...,In}, then there exists some
ro € N such that Iy < k. So, {Sn}n>k,,.0 is nondecreasing. We claim that for ¢ € N,

(3.1) Erot(t+1) = K(ro+t) + 1.

Since {k1 < k2 < kg < ...} U{l1,la,...,In} =N and Iy < kg, S0 kpgti = ko + 1
for © € N. Thus we get consecutive natural numbers from k,, onwards in the set
{Ifl < ks <kg< }
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Now let = be a Fin,)-density point of A. So for any given ¢ > 0,

MAN[z—1/sn, x4+ 1/s,])
2/sn

{neN:1—5< <1+e}€]~'(Fin).

Thus,

B:{neN: l-e< /\(Aﬂ[x_;?zn’erl/S"]) <1+e}

N{k1 <k <ks<...}eF(Fin).

As aresult, B C {k1 < ko <ks<...}andso {k1 < ks <ks<...} =BUC for some
set C. Clearly,

C={ki<ke<ks<..}\B={ki<ke<ks<..}NnB"

Thus, C C B¢ and B € F(Fin) which implies C € Fin. So, C is a finite set. Conse-
quently,
B:{k1<k2<k3<...}\C.

Clearly, for any given € > 0,
MAN[z—1/sp, 2+ 1/84))
2/sn

{nEN:1—€< <1+€}
D {ki1 < ks < ks <...}\C where C is a finite set.

So there exists gy € N such that

{neN: l-e< ( 2= snzt1/s ])<1+6}D{kq0<kqo+1<k‘qo+2<...}.
2/sn
In particular, if we choose ki, = max{ky,, kg, }, then sk,, < Sk, 1 < Skpgin < -

and we note that by (3.1), kpyy+(4+1) = kmo+e + 1 for t € NU {0}.
Consequently, for all n > k,,, the set

AMAN[x—1 1

( [ /8n; @ + /Sn])<1+€}
2/sn

contains all consecutive natural numbers on and from ky,,, i.e.,

MAN[z—=1/sp, 2+ 1/84))
2/sn

{neN: 1—e<

1—-e< <1l4¢e foralln > ky,.
Thus,
lim AMAN [z —1/sp,x 4+ 1/s4))

= 1.
n—o00 2/5n

Now, by Corollary 3.6 we can conclude that x is (s)-density point of A. As a result our
definition of Z,)-density coincides with the definition of (s)-density when Z = Fin.
O
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In the next example we investigate the role played by sequences in Definition 3.2.
For any given set A C R we consider the set —A = {—xz: = € A}.

Example 3.9. This example gives some insight to the role a sequence plays in
the above case.

For the ideal J as in Example 3.4 there exists a set A € £ and sequences (s) and
(c) € ¥z such that 0 is a J()-density point of —A U A and 0 is a J,)-dispersion
point of —A U A. Now if we make a choice of the sequence {s, }nen as

{n! if n #m? where m € N,
Sp =
2

n if n =m* where m € N,

then we clearly from Example 3.4 have {s,} € ¥ and it is denoted by (s). Now let
us take a set

1
A= .
U[n-i-l "nlvn+ 1

Then A is Lebesgue measurable as it is a countable union of closed intervals. Since
A is a subset of [0,1], so AM(A) = w < 1 for some positive real number w. We put
Ty = $pA(AN[0,1/s,]) for n € N.

Now if n # m?, then

1 1 n! 1
n=saMAN]0,—|)=nr(ANn]0, =) < = :
= em(anfo]) =ma{anfo2]) € s - 2

If n = m?2, then

xn_SnA<Am [&iD _NAN0n]) _ A4) :%éi'

Sn n n

Since {z,} is a sequence of non-negative real numbers, so limz, = 0. Hence,
n
J —limxz, = 0. So, 0 is a right J(,)-dispersion point of A for (s) in X 7. Now if we
n
take

1
—A=
U { n—|—1 et

then by similar calculation it can be shown that 0 is a left J(,)-dispersion point of
—A for (s) € ¥ 7. We observe that —A U A is symmetric about origin. Clearly, 0 is
both right and left 7,)-dispersion point of —AU A for (s) in X 7. Consequently, 0 is
a J(s)-dispersion point of —AU A for (s) in X .

75



Now, instead of taking the sequence {s, }nen we make some other choice of the

sequence {¢;, }nen where

n-1 if n=m?2

{n!\/n—i—l if n #m? where m € N,
Cn =

where m € N.

Then, c3 < c3 < ¢5 < ¢ < ¢ < ... and so the set of positive integers
{2,3,5,6,7,8,10,...} = {n € N: n # m? where m € N} € F(J), i.e., {ca}tnen
is J-monotonic increasing and unbounded positive real sequence. So, {c,} € X7
and we denote {c,} as (c). We put y, = c,A(AN0,1/¢,]) for all n € N. Thus, for
n #m?,

yn = nlVn+ 1) (A " [0’ W%—HD

> n!\/n—ﬂ)‘<Am [(n—il— Y n'\/ib—ﬂ]>

So, clearly,

1 1
<1+ for all n # m?

7< < P
vn+1 Yn vn+1

Thus, {n € N: |y, — 1] < 1/v/n+1} 2 {n € N: n # m? where m € N}. For
arbitrary small € > 0, choose n large enough, say there exists ng € N so that for
n > ng we have 1/y/n+ 1 < e. Then,

for m € N.

{(neN: |y, —1] <e} D {neN: n#m? where m € N}\ {1,2,...,n0}.

Since {n € N: n # m?form € N}\{1,2,...,n0} € F(J),s0{n € N: |y, — 1| <e}e
F(J) and thus J — nlgngo yn = 1. Consequently, 0 is a right J(.)-density point of A.
By a similar calculation it can be shown that 0 is a left J(.)-density point of —A
for (c) in ¥ 7. Clearly, 0 is both right and left J.)-density point of —A U A for (c)
in ¥ 7. Consequently, 0 is a J.)-density point of —A U A for (c) in ¥ 7. Although 0
is a J{4)-dispersion point of —A U A for (s) in ¥ .

Remark 3.10. Thus in general, for any given set A C R, the notion of Z(y)-
density point of A with respect to the sequence (s) € Xz is dependent on the nature
of the sequence (s). It may vary from sequence to sequence.
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Proposition 3.11. For any two disjoint sets A, B € L and = € R,

I(S) —d(z,AUB) = I(S) —d(z, A) +I(S) —d(z,B) where (s) € ¥7.

Proof. The result follows from the fact that A(AU B) = A(4) + A(B). So the
detailed proof is omitted. O

Note 3.12. If in Proposition 3.11 we replace Z(,)-density by right (or left)
Z(s)-density then the result holds good as well.

4. 71(,;)-DENSITY TOPOLOGY

For any real sequence (s) € X7 and any set A € L let us consider the collection
<I>(IS)(A) = {x € R: z is Z,)-density point of A}.
Note 4.1. If Z = Fin, then by Theorem 3.8

(IJFSI)H(A) = {x € R: z is Fin(,)-density point of A}
= {z € R: z is (s)-density point of A}
=d,(A).

Definition 4.2 ([7]). We recall that the countable union of closed sets is
called F, sets. Countable intersection of F, sets is called Fy5. Thus, Fy5 = (Fy)s.

Lemma 4.3. If H,G € L, then |A\(H) — MG)| < AM(HAG).

The proof is omitted.

Proposition 4.4. For any set A € L and a sequence (s) € ¥z the set @é) (A) is
a F,s set.

Proof. For A € Land (s) € Xz, let us consider the function G(p,n): RxN — R
defined as

o =3(anfp- Lo+ 1)

n Sn
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Now for p,q € R and fixed n € N we get by Lemma 4.3,

IG(p,n) — G(g,n)| = ‘A(Aﬂ [p—i,priD _)\(Am [q_i’q+ sln]ﬂ
</\(<Aﬁ [p—i,eriDA(fm [q_i’“ib)
:A(Aﬂ ([p—iwé}ﬁ[q_i’“éb)

1 1 1 1
S|p-opt A 4= e+~
n n

n

< 2[p—ql.

Hence G(-,n) for fixed n satisfies the Lipschitz condition, thus it is continuous. So
for fixed n the function = snG(p7 n) is continuous with respect to p. Now, p € fbé) (A)
if and only if for any Fy = {k1 < k2 < ...} € F(I) such that si, < sp,.,
i € N we have for every r € N that there exists m € N such that for every n > m
and n € Fy,

for all

Sn 1
—G >1--.
2 (p,m) r

Hence,
S 1
r=1meNn>m,n€Fy

Since £5,G(p,n) is continuous with respect to p so {p € R: 15,G(p,n) >1— 1/r}

is a closed set. Therefore, <I>(IS)(A) € F,s. In particular @é) (A) eL.

Proposition 4.5. For every pair of sets A, B € L and a sequence (s) € ¥z we

have

(1) #,0) =0, 8,(%) = B

(2) @(,(ANB) = @f,(A) N, (B);
(3) A B:><I>(Ig)(A) <I>I (B)
(4) ©(A) CPry(A) C <I>(g) (A)

(5) @, (4) ~ A

Proof. (1) ‘Pé) (0) = 0 by voidness since an empty set has no points so it has
no Z,-density points.
Clearly, @{g)(ﬂ%) C R. Now, for any x € R let J, = [z — 1/sp,x + 1/s,] for all

n € N. Then

AMRNJ,) _ A(Jn) _ﬂ71 for all n € N.
[Tl | Tl |Jn]
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So for any given € > 0,

{neN: ‘M—l‘<e}—f\1€}'(l').

|l
Thus
7 m MROJR)

So, z € @%g)([R). Hence, @@(R) =R.

(2) Since ANB C Aand ANB C B, so @é)(AﬂB) C ‘bé)(A) and ‘I)é)(AﬁB) C

(I%g) (B). Consequently, ‘Pé) (ANnB) C ‘Pé) (A) N ‘Pé) (B). Now we are to prove
@{s) (A)nN @{s) (B) C @{s) (ANB). Let x € @{s) (A)nN @{s) (B). Thus z € @%g)(A) and

x € <I>(IS)(B). For J, =[x — 1/sp,x 4+ 1/s,] for all n € N and for any given € > 0 we
have

Aez{n: W>1_E}G}-(I) andBez{n: W>l—e}€f(1).

Now, since
MANT,) +AXBNJ,) —AMANBNJ,) < |Jn|

so for any {k; < ks < ...} € F(Z) such that si, < sp,,, for all i € N we have for
ne{k <k <...},

MANT,)  ANBNJ,)

. A(ANB)N Jy,)
| Tl | Tl

(4.1) ]

<1+

So for n € {k1 < k2 < ...} N A. N B, from the equation (4.1) we have

MANB)NJ,) < AMANJT,)  ABNJy,)

| T |Tn] |Tn]

Thus,
{ MANB)NJ,)
n: —|J |

and {k1 < ko <...}NA.NB. € F(Z). So,

>1—25}2{k1<k}2<...}ﬁA5ﬁBg

7 mMANBINL)
n |Jn|

Therefore, z € @é)(A N B). So we are done. As a corollary to this we can conclude

CI%S) (A) C @é)(B) for AC B, ie., CI%S)(') is monotonic.

79



(3) Let {Jn}nen be any sequence of closed intervals in R. If A(AAB) = 0, then
we claim that A(ANJ,) = A(BN.J,) for every interval .J,, C R. Now

A=AN(BUB)=(ANB)U(ANB)=(ANB)U(A\ B) C BU(AAB,).
So, for any n € N we have
MANT,) K A(BU(AAB)NJ,) <K A(BNJyp) + AM(AAB)N J,) = A(BNJy)

since

A(AAB) N J,) S MAAB) =0

Similarly, A(B N J,) < AM(ANJy,) for all n € N. So, we have A(ANJ,) = AX(BNJ,)
for all n € N. For (s) € ¥z let J, = [z — 1/sp,x + 1/s,] for all n € N. Then,

A
xe@{g)(A)@z—an =1
) n |Jn|

ANBnNJ,
@I—hm% 1
n n

&z € O, (B).

Consequently, CI%;)(A) <I>(Is) (B).
y Proposition rom we have - s . ow we claim that
4) By P ition 2 fi 10 h d(A ®(A4). N lai h
Q5 (A) C <I>(IS)(A). We notice that if 7 is an admissible ideal then Fin C Z. For any

r € Rlet x € &,y (A). Then by Note 4.1, x € @?I)H(A). Thus for any given ¢ > 0,

{ne N: ‘A(Am[x_l/s’“xﬂ/s”]) - 1‘ 25} € Fin.
2/sn
{ne N: MAN[z —1/sn,x +1/s4]) 1‘ 26} cT
2/sn
since Fin C Z. So, x € q)%_s)(A). Consequently, @, (A4) C ()
(5) We are to show /\(<I>(IS)(A)AA) = 0. Now, <I>(IS)(A)AA = (A4\ @é)(A)) u
(® (g)( )\ A4). Since ®(A) C CI%;)(A) so A\ CI%;)(A) C A\ ®(A). By the Lebesgue
Density Theorem 2.4, A(A\ ®(A)) = 0. So, A(A\ <I>I y(4)) = 0. Now we are to

show /\(<I>I (A)\ A) = 0. We note that <I>(IS)(A) ﬁ(bI (R\A) S)(AI’W (R\ A)) =
o (0) = (Z) Hence ®f,(A) C R\ ®(,(R\ A). S

()
Gy(ANAC (RN A\ (R\A) S (R\A)\ O(R\ A).

Thus,

o7 (A).

Since R\ A € L, so by the Lebesgue Density Theorem 2.4, A\((R\ A)\ ®(R\ A)) = 0.
Therefore, A(‘I)(IS) (A)\ A) = 0 since A is complete measure. Hence, /\(<I>I (A)AA)=0.
(]
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Corollary 4.6. The operator CI%;) : L — L is a lower density operator.

As a consequence of Remark 2.7, Theorem 2.8 and Corollary 4.6 we have the
following theorem.

Theorem 4.7. For every sequence (s) € ¥z the family ’7'(5) ={Ael: AC
‘I)é )(A)} forms a topology.

Note 4.8. We call ’T(f) to be the Z(,-density topology on the space of reals
and by Proposition 4.5 (4), since ®(A) C &, (A) C CI>(IS)(A) we can conclude that

Remark 4.9. As we have introduced the Z(,-density for (s) € ¥z and for
T = Fin, the (s)-density coincides with Z,)-density, so T, = 7'(2) if Z = Fin.

In the following theorem the natural properties of T(f)—topologies are listed.

Theorem 4.10. For any (s) € ¥z and A € 7'(2) we have

(1) A—i—xe’]'(f) for all v € R where A+xz={a+2xz: a € A},
(2) —Ae T(f) where —A = {—a: a € A}.

The proof is omitted.

5. CHARACTERIZATION OF EQUALITY FOR 7T; AND 7'(5)

The characterization of equality between 73 and 7,y as mentioned in Theorem 2.14
uncovers several important consequences which can be seen in [10]. So in this section
we will concentrate on the problem of characterization given below.

Problem. Isthere any characterization of equality for 7; and 725) as given in [10]
for Tq and T4 ?

The next theorem answers our question affirmatively. Here we have formulated
a weaker condition for the sequence (s) € Xz so that the classical density topology
coincides with the Z(,)-density topology.

Theorem 5.1. Let (s) € Xz be a real sequence. Then Ty = 7’&) if and only if for
any {n1 < ng < ...<ng < ...} € F(T) such that s,, < sn,,, for all k € N, the
condition lim inf s, /sy, > 0 holds.
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Proof. First suppose that the condition holds. It is sufficient to show that for
any Ae L, ®(A) = @é) (A), when (s) satisfies the condition given in the statement.
By Proposition 4.5 (4) we have ®(A) C <I>(IS)(A). Now, we need to show fbé) (A) C
®(A), ie., if x € R is an Z4)-density point of A, then z is a classical density point
of A. Since liminf s, /sn,,,, > 0 so there exists a subsequence of {s,, }ren, say

{Snkl }en, such that

. Sny,
lim L =0>0.
=00 Sn(k”_l)

Thus there exists Iy € N such that for any I > [y we have

Snkl 3o
Sn(n,41)

o
2
Since x is an Z,-density point of A, so clearly

7 lim MAN [z —1/sp,z+1/s,]) _
n—o0 2/sn

where A¢ denotes R \ A. Thus, for any given € > 0 the set

C. = {nEN: %A(Acﬁ {x—i,x-i—i]) < 6—0} € F(2).

Sn, Sn
Since C; € F(Z) and {n; < n2 < ... <mnp < ...} € F(Z),so C.N{ni < ns2 <

... <mnp <...} #0 and moreover it is an infinite set. Thus, there exists a natural
number pg > lp such that for some p € N we have

nk, €{n1 <ng <...<np<..}NCe

and for p > pg we get

Sn
%A(Acﬁ[a:— 1 T+ ! D<€—U.

Sny, Sny, 2

¥

We fix t € R such that 0 < t < 1/snkp0. So, there exists p > po for which ny, €
{n1 <mna <...<ng<...}NC: such that

1 1
<t <

S0y +1) Sng,,
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Hence, we have

AMAN [z —t,xz+t]) < AMAN [z — 1/Snkpax + 1/5nkp])

2t - 2/5n41)
_ AMAN [z — 1/snkp,x + 1/snkp]) Sn gy 11)
2/sn,, . Sni,
L02
2 o

Therefore, x is a classical density point of A.

Conversely, let Ty = 7'(5). We show for any {i; <ly < ...<l, <...} € F(Z) such
that s;, < sy, forall & € N, that the condition lim inf slk/sl(kﬂ) > (0 holds. Suppose
if possible there exists {n1 < ng < ... <mnp < ...} € F(Z) such that s,, < Sngest
for all k € N and liminf s, /sn, ., = 0. Then there exists a subsequence {sn, }ien
of {sn, }ken such that lliglo Sny, /Sng, 41y = 0. Thus for any given € > 0 there exists
lp € N such that for [ > [,

S,
(5.1) S
Sn(kz+1)

Now let us define a set

> 1
i—1 [”(k +1) \/snkisn(kwl)}

We are to show that 0 is a right Z,-dispersion point of A. It is enough to show
for any given € > 0 that {n € N: s, A(AN[0,1/sy]) < €} € F(Z). Now let us take
aj = min{r € N: s,, > s,,} for j € N. Thus, s,, > sy, for all j € N. We claim
that for any j € N, ’

o0
1 1 1
o] - [ o]
Sn; imay LM VI e 4 Sn

Now we consider the following two cases.
Case (i): Let s,, = s,, forall j € N. Since ko, < ko, +1 for all j € N, so

Mk, < Mg +1 for all 7 € N. Thus, Snka, < Sk, +1) Therefore,
1 1
<
Snka,+1) Ik,
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So,

1 1 1
(5.2) < <

~ ~ .
Snka it/ Tka; Tnhas 1) Sk

Also, since k; + 1 < kjyq for all i € N, so ko,—1 + 1 < kg, for all j. Thus,
Nk, 141 < Nk, for all j € N. Therefore, sn(ka]_1+1> < Stk for all j € N. Conse-

quently,

1 1
< for all j € N.

Snkaj Sn(kajfl‘*'l)

So we can conclude

1 o 1 1 1
m[o,_}zu[ , ]m[o,—]
Sn; imay LM VI e 4 Sn;

Case (ii): Let s,; < sp, for all j € N. From the choice of «; it is clear that
J
< Sp; < Sp,,, forall j € N. We claim that
J

s
k(o —1)

1 1
— < ——— foralljeN.

Snj o (kg 1+

If possible, let

1 1
< — forall j eN,

kg, 1+ Sy

ie., sp; < S"(karﬁl)' So j < k(a;—1) + 1 which implies j + 1 < k(q, 1) + 1 for all

J € N. Hence, j < k(1) and so n; < ng,, _,, for all j € N. Thus s, <
J J

S .
(e —1)

This is a contradiction. So,

1 1 1
<— <

s Sp, 8
Tha 3 (o -1 Tt

(5.3)

From the equations (5.2) and (5.3) we observe that

1 1 1 1
< < < — forall j eN.

SNk, +1) St ko, 41 ke, Sy

So we can conclude

1 o 1 1 1
an o] - 0 [—— |ofot]
Sn; imay LM VI e Sn;
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For o > lo,

1 o 1 1 1
s(an o)) oMUl == o)
Sn; ] S"(ki+1) Snp, S"(k,‘,+1) Sn;

= snj)\<

< snk% :

) N Oa -
SRS IEVATTS LT Sn;
1

\/ Snkaj Sn(k,l‘7 +1)

S,
= ‘— < ¢ by the equation (5.1).

Snku7 +1

Now take jo = min{j € N: a; > lo}. Then s, A(AN[0,1/s,, ]) <e. So,

1
{n e N: Sn/\(Aﬂ |:07 S_:|) < E} D {njo,nj0+1,nj0+2,...}.

Now, {njo, Mjo+1,Mjot2, - - -F = {N1, M2, M3, -, Ny - - .} \ {1, N2, ..., njy—1} € F(I).
Consequently, we have {n € N: s, A(AN[0,1/s,]) < e} € F(Z). So 0 is a right
T(s)-dispersion point of A. Clearly, 0 is an Z4)-dispersion point of X = (—A) UA.
Now let us take

o0 o0
1 1 1
j=1 \/ Fy S i Fnngeny Ty :1

J

where

1 1 1 1
C; = ( , and D; = , .
\/Snk] Sn(k]+1) Snkj S"k(]+1> Sn(kj+1)

Then, ANB = ) and AUB = (0,1/sp,, ). It can be easily seen that 0 is a right
Z(s)-density point of AU B.

Thus, by Proposition 3.11 we can say that 0 is a right Z,)-density point of B.
Now if we take Y = —B U B U {0}, then 0 is an Z,)-density point of Y. Also since
B C ®(B) C <I>I y(B) by Proposition 4.5 (4) so we can conclude that ¥ C q)%g)(Y).
Therefore, Y € ’Tf Further we show that Y ¢ Tj.
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First we see that

> 1
/Sn, S"(kz+1)/\(U C; N [0, 7})
j=1 VS S 1)

00 1

j=Il+1 Vv Sn, S"(kﬁ-l)
1
g A /Snkl Sn(’“l*“ . s
T(ky+1)
Snk
=,/—— —>0asl— 0,
S"(kz+1)
since 1 1
< .
Snk(l+1) Sn(kl+1)

o0
So 0 is not a right density point of |J C;. Next we see that
j=1

o0
1
(5.4) [Sn. Sy +1>\<U D; N [0, D
(1+1) (1+1) e /Snk(l+1) Snk(H_l)Jrl
> 1
= /Sn. _ Sn, )\< DJQ{O ])
E(141) k(41)+1 ) U ) /S”k(z+1) S”’“(z+1)+1

Jj=l+1

1
< N
Y Sy Sk gy 1

STk 141 +1
B
_ et
STk 141 +1

In the equation (5.4), since

Snkgg)
————— > 0asl—o00, 500
Sy +1

is not a right density point of U D;. Hence we can conclude that 0 is not a right

density point of B. Clearly 0 is not a density point of Y. So, Y ¢ ®(Y). Therefore,
Y ¢ Ty. This is a contradiction since Tg = ’T(f). Thus our assumption was wrong.
Thus for any {n1 <np <...<ng <...} € F(Z) such that s, < sp,,,, forallk €N,
the condition lim inf snk/smk+1> > 0 must hold. This completes the proof. O
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