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Abstract. We introduce the notion of I(s)-density point corresponding to the family
of unbounded and I-monotonic increasing positive real sequences, where I is the ideal of
subsets of the set of natural numbers. We study the corresponding topology in the space of
reals and investigate several properties of this topology. Also we present a characterization
of equality between the classical density topology and I(s)-density topology.
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1. Introduction

A series of important developments in density topology was evolved from the foun-

dational result of Goffman et al. [11] to the most remarkable work of Filipczak and

Hejduk in [10] where they defined the density point by families of sequences. Den-

sity topologies were studied extensively in several spaces like the space of real num-

bers [21], Euclidean n-space [25], metric spaces [18] etc. In the recent past the notion

of classical Lebesgue density point has been generalized by weakening the assump-

tions on the sequences of intervals and consequently several notions like 〈s〉-density
point by Filipczak and Hejduk [10], J -density point by Hejduk and Wiertelak [16],
S-density point by Strobin and Wiertelak [24] were obtained. A significant volume of
work in this area was carried out by distinguished researchers in the last few decades
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[1], [6], [9], [13], [15], [27]. In recent time Banerjee and Debnath have found a new

way to generalize density topology using ideals in [2].

The usual notion of convergence does not always capture the properties of a vast

class of nonconvergent sequences in fine details. In order to include more sequences

under purview the idea of convergence of real sequences was generalized to the notion

of statistical convergence [8], [23] followed by the idea of ideal convergence [17].

〈s〉-Density topology [10] is the object of our interest and plays a central role in our
study. The prime objective of this paper is to investigate a generalized density point

defined by families of sequences. In this paper we try to generalize the 〈s〉-density
point by involving the notion of ideal I of subsets of naturals. We have given the
notion of I(s)-density and induced I(s)-density topology in the space of reals. We
have shown that an I(s)-density point is dependent on the nature of the sequence (s).
Some natural properties of this topology have been studied. Also we have given

a characterization of equality between this topology and classical density topology.

2. Preliminaries

Let us recall the definition of asymptotic density. Here N stands for the set of

natural numbers and for K ⊂ N we denote by K(n) the set {k ∈ K : k 6 n}, |K(n)|
being the cardinality of K(n). The asymptotic density of K is defined by

d(K) = lim
n→∞

|K(n)|
n

,

provided the limit exists. The notion of asymptotic density was used to define the

idea of statistical convergence by Fast [8] generalizing the idea of usual convergence

of real sequences. A sequence {xn}n∈N of real numbers is said to be statistically

convergent to x0 if for any given ε > 0 the set K(ε) = {k ∈ N : |xk − x0| > ε} has
asymptotic density zero.

After this pioneering work, the theory of statistical convergence of real sequences

was generalized to the idea of I-convergence of real sequences by Kostyrko et al. [17]
using the notion of ideal I of subsets of N. We use the symbol 2N to denote the
power set of N.

Definition 2.1 ([17]). A nonvoid class I ⊂ 2N is called an ideal if A,B ∈ I
implies A ∪ B ∈ I and A ∈ I, B ⊂ A imply B ∈ I. Clearly {∅} and 2N are ideals

on N which are called trivial ideals. An ideal is called nontrivial if it is not trivial.

I is admissible if it contains all singletons. By Fin we denote the ideal of all finite
subsets of N. It is easy to verify that the family J = {A ⊂ N : d(A) = 0} forms
a nontrivial admissible ideal of subsets of N. If I is a nontrivial ideal, then the family
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of sets {M ⊂ N : N \ M ∈ I} denoted by F(I) is a filter on N and it is called the

filter associated with the ideal I on N.

Definition 2.2 ([17]). A sequence {xn}n∈N of real numbers is said to be

I-convergent to x0 if the set K(ε) = {k ∈ N : |xk − x0| > ε} belongs to I for
any ε > 0.

If I = Fin then Fin-convergence coincides with the usual notion of convergence

of real numbers. If I is an admissible ideal then for a sequence of real numbers, the
usual convergence implies I-convergence with the same limit. Several works were
carried out in this direction by many authors [3], [4], [19]. Throughout the paper

the ideal I always stands for a nontrivial admissible ideal of subsets on N.

Now let us introduce the following notations. Throughout, R stands for the set of

all real numbers. We use the notation L for the σ-algebra of Lebesgue measurable
sets on R and λ for the Lebesgue measure on R [12]. Wherever we write R it means

that R is equipped with the natural topology unless otherwise stated. We use the

symbol 2R to denote the power set of R. By the “Euclidean Fσ and Euclidean Gδ set”

we mean Fσ and Gδ sets in R equipped with the natural topology. The symmetric

difference of two sets A and B is (A \ B) ∪ (B \ A) and it is denoted by A△B.

For any two sets A,B ∈ L the fact that λ(A△B) = 0 is denoted by A ∼ B. By

“a sequence of intervals {Jn}n∈N about a point p” we mean p ∈ ⋂

n∈N

Jn. The length

of the interval Jn is denoted by |Jn|.

Definition 2.3 ([26]). For E ∈ L and a point p ∈ R we say that the point p is

a classical density point of E if and only if

lim
h→0+

λ(E ∩ [p− h, p+ h])

2h
= 1.

Equivalently, we can say that the point p ∈ R is a classical density point of E if

and only if

lim
h→0+

λ((R \ E) ∩ [p− h, p+ h])

2h
= 0.

The set of all classical density points of E is denoted by Φ(E). The collection

Td = {E ∈ L : E ⊆ Φ(E)}

is a topology in the real line [26] and is called the classical density topology.

Theorem 2.4 ([20]). For any set H ∈ L,

λ(H△Φ(H)) = 0.
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The above theorem is known as the Lebesgue Density Theorem.

Definition 2.5 ([14]). We say that an operator Φ: L → L is a lower density
operator if the following conditions are satisfied:

(1) Φ(∅) = ∅, Φ(R) = R;

(2) for all A,B ∈ L, Φ(A ∩B) = Φ(A) ∩ Φ(B);

(3) for all A,B ∈ L, A ∼ B =⇒ Φ(A) = Φ(B);

(4) for all A ∈ L, A ∼ Φ(A).

Definition 2.6 ([14]). We say that an operator Ψ: L → 2R is an almost density

operator if the following conditions are satisfied:

(1) Ψ(∅) = ∅, Ψ(R) = R;

(2) for all A,B ∈ L, Ψ(A ∩B) = Ψ(A) ∩Ψ(B);

(3) for all A,B ∈ L, A ∼ B =⇒ Ψ(A) = Ψ(B);

(4) for all A ∈ L, λ(Ψ(A) \A) = 0.

R em a r k 2.7. A lower density operator is an almost density operator but not

conversely. For an example of almost density operator that is not a lower density

operator, see [14].

Theorem 2.8 ([14]). Let Ψ: L → 2R be an almost density operator. Then the

family TΨ = {B ∈ L : B ⊆ Ψ(B)} forms a topology on R.

In [10] Filipczak and Hejduk introduced the notion of 〈s〉-density as follows. Let S
be the family of all unbounded and nondecreasing sequences of positive reals. Every

sequence {sn} ∈ S is denoted by 〈s〉. Then a new kind of density point is defined.

Definition 2.9 ([10]). Let 〈s〉 ∈ S. We say that x ∈ R is a density point of a set

A ∈ L with respect to a sequence 〈s〉 ∈ S or an 〈s〉-density point of A if

lim
n→∞

λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
= 1.

The point x is an 〈s〉-dispersion point of A if x is an 〈s〉-density point of R \A.

Proposition 2.10 ([5]). Let A ∈ L and x ∈ R. Then

lim
h→0+

λ(A ∩ [x− h, x+ h])

2h
= 1

if and only if

lim
n→∞

λ(A ∩ [x− 1/n, x+ 1/n])

2/n
= 1.
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So if we choose, in particular, sn = n for all n ∈ N in Definition 2.9 then we obtain

the notion of classical density point.

For any sequence 〈s〉 ∈ S and set A ∈ L let

Φ〈s〉(A) = {x ∈ R : x is 〈s〉-density point of A}.

Proposition 2.11 ([10]). For every pair of Lebesgue measurable sets A,B ∈ L
and a sequence 〈s〉 ∈ S we have
(1) Φ〈s〉(∅) = ∅, Φ〈s〉(R) = R;

(2) Φ〈s〉(A ∩B) = Φ〈s〉(A) ∩ Φ〈s〉(B);

(3) A ∼ B =⇒ Φ〈s〉(A) = Φ〈s〉(B);

(4) Φ〈s〉(A) ∼ A;

(5) Φ(A) ⊆ Φ〈s〉(A).

Corollary 2.12 ([10]). The operator Φ〈s〉 : L → L is a lower density operator.

Theorem 2.13 ([10]). For every sequence 〈s〉 ∈ S the family

T〈s〉 = {A ∈ L : A ⊆ Φ〈s〉(A)}

forms a topology such that Td ⊆ T〈s〉.

In [10] a characterization of the equality Td = T〈s〉 was formulated.

Theorem 2.14 ([10]). Let 〈s〉 ∈ S be a sequence, then Td = T〈s〉 if and only if
lim inf
n→∞

sn/sn+1 > 0.

3. I(s)-density

Throughout we consider the ideal I to be a nontrivial admissible ideal.

Definition 3.1 ([22]). A real valued sequence x = {xn}n∈N is said to be

I-monotonic increasing (or I-monotonic decreasing), if there is a set {k1 < k2<. . .}∈
F(I) such that xki

6 xki+1 (or xki
> xki+1) for every i ∈ N.

The family of all unbounded, I-monotonic increasing positive real sequences is de-
noted by ΣI . If a sequence {sn}n∈N is chosen from the family ΣI it is denoted by (s).
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Definition 3.2. Now for A ∈ L, p ∈ R and (s) ∈ ΣI , let us take a collection of

closed intervals about p like Jn = [p− 1/sn, p+ 1/sn] for n ∈ N.

Now let us take xn = λ(A ∩ Jn)/|Jn|. Then clearly x = {xn}n∈N is a se-

quence of non-negative real numbers. If I − lim
n

xn exists then we denote its value

by I(s) − d(p,A) which we call the I(s)-density of A at the point p and clearly

I(s) − d(p,A) = I − limxn.

A point p0 ∈ R is an I(s)-density point of A ∈ L if I(s) − d(p0, A) = 1.

If a point p0 ∈ R is an I(s)-density point of the set R \ A, then p0 is an

I(s)-dispersion point of A.
If in the above definition we take Jn = [p, p+1/sn] for n ∈ N so that I− lim

n
xn = 1

then the point p ∈ R is a right I(s)-density point of A and if we take Jn = [p−1/sn, p]

for n ∈ N so that I − lim
n

xn = 1 then the point p ∈ R is a left I(s)-density point
of A. We note that

λ

(

A ∩
[

p− 1

sn
, p+

1

sn

])

= λ

(

A ∩
[

p− 1

sn
, p

])

+ λ

(

A ∩
[

p, p+
1

sn

])

.

It can be easily proved that if a point p ∈ R is both left and right I(s)-density point
of A, then the point p is an I(s)-density point of A.

N o t e 3.3. The following three kinds of density points may be distinguished in

this context.

(1) If we take the sequence sn = n for all n ∈ N then by Proposition 2.10 we obtain

the notion of classical density point.

(2) If {sn} ∈ S then the notion of 〈s〉-density point is obtained.
(3) For {sn} ∈ ΣI we introduced the notion of I(s)-density point.

E x am p l e 3.4. Let us consider the ideal J of a subcollection of 2N where J
consists of all those subsets of N whose asymptotic density is zero. Let us take

the set A as the open interval (−1, 1) and the point p to be 0. For any positive

real sequence {sn}n∈N let us consider a collection of closed bounded intervals Jn =

[−1/sn, 1/sn] for all n ∈ N. We make a choice of the sequence {sn}n∈N as follows:

sn =

{

n! if n 6= m2 where m ∈ N,

n−1 if n = m2 where m ∈ N.

Then s2 < s3 < s5 < s6 < s7 < . . . and also the set of positive integers

{2, 3, 5, 6, 7, 8, 10, . . .} = {n ∈ N : n 6= m2 where m ∈ N} ∈ F(J ), since {n ∈ N :

n = m2 where m ∈ N} has natural density zero. So, {sn}n∈N is J -monotonic
increasing and unbounded positive real sequence, i.e., {sn} ∈ ΣJ .
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Now the sequence xn = λ(A ∩ Jn)/|Jn| for n ∈ N becomes

xn =

{

1 if n 6= m2 where m ∈ N,

n−1 if n = m2 where m ∈ N.

Therefore, since the subsequence {xn}n=m2 converges to 0 and the subsequence

{xn}n6=m2 converges to 1, lim
n

xn does not exist. Since for any ε > 0, {n ∈ N :

|xn − 1| > ε} ⊆ {n ∈ N : there exists m ∈ N such that n = m2} and {n ∈ N :

there exists m ∈ N such that n = m2} ∈ J , so {n ∈ N : |xn − 1| > ε} ∈ J . Thus,
J − lim

n
xn = 1. Consequently, 0 is a J(s)-density point of A.

In order to establish that an I(s)-density point is indeed a generalization of
〈s〉-density point we need the following proposition and its corollary.

Proposition 3.5. Let A ∈ L, x ∈ R and 〈s〉 = {sn}n∈N ∈ S. If {rn}n∈N be any

real sequence such that there exists n0 ∈ N, for which sn = rn for n > n0, then x is

〈s〉-density point of A if and only if x is 〈rn〉-density point of A.

The result is obvious, so the proof is omitted.

Corollary 3.6. In Definition 2.9 if we choose {sn} to be any unbounded positive
real sequence and there exists n0 ∈ N for which {sn} for n > n0 is nondecreasing, then

the definition remains valid as well and we can write without any loss of generality

that x is 〈s〉-density point of A.

N o t e 3.7. In particular in Definition 3.2, if we take I = Fin, then the collection

ΣFin contains unbounded and Fin-monotonic increasing positive real sequences.

Theorem 3.8. Let A ∈ L, x ∈ R and (s) = {sn}n∈N ∈ ΣFin. If x is a Fin(s)-

density point of A then it is 〈s〉-density point of A.

P r o o f. Let (s) ∈ ΣFin. So, (s) is a Fin-monotonic increasing positive real

sequence. Thus, there exists {k1 < k2 < k3 < . . .} ∈ F(Fin) such that ski
6 ski+1 for

every i ∈ N. Now if N\{k1 < k2 < k3 < . . .} = {l1, l2, . . . , lN}, then there exists some
r0 ∈ N such that lN < kr0 . So, {sn}n>kr0

is nondecreasing. We claim that for t ∈ N,

(3.1) kr0+(t+1) = k(r0+t) + 1.

Since {k1 < k2 < k3 < . . .} ∪ {l1, l2, . . . , lN} = N and lN < kr0 , so kr0+i = kr0 + i

for i ∈ N. Thus we get consecutive natural numbers from kr0 onwards in the set

{k1 < k2 < k3 < . . .}.
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Now let x be a Fin(s)-density point of A. So for any given ε > 0,
{

n ∈ N : 1− ε <
λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
< 1 + ε

}

∈ F(Fin).

Thus,

B =

{

n ∈ N : 1− ε <
λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
< 1 + ε

}

∩ {k1 < k2 < k3 < . . .} ∈ F(Fin).

As a result, B ⊂ {k1 < k2 < k3 < . . .} and so {k1 < k2 < k3 < . . .} = B ∪C for some
set C. Clearly,

C = {k1 < k2 < k3 < . . .} \ B = {k1 < k2 < k3 < . . .} ∩ Bc.

Thus, C ⊂ Bc and B ∈ F(Fin) which implies C ∈ Fin. So, C is a finite set. Conse-
quently,

B = {k1 < k2 < k3 < . . .} \ C.
Clearly, for any given ε > 0,

{

n ∈ N : 1− ε <
λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
< 1 + ε

}

⊃ {k1 < k2 < k3 < . . .} \ C where C is a finite set.

So there exists q0 ∈ N such that
{

n ∈ N : 1−ε<
λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
< 1+ε

}

⊃{kq0 < kq0+1 < kq0+2 < . . .}.

In particular, if we choose km0 = max{kr0 , kq0}, then skm0
< skm0+1 < skm0+2 < . . .

and we note that by (3.1), km0+(t+1) = km0+t + 1 for t ∈ N ∪ {0}.
Consequently, for all n > km0 the set

{

n ∈ N : 1− ε <
λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
< 1 + ε

}

contains all consecutive natural numbers on and from km0 , i.e.,

1− ε <
λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
< 1 + ε for all n > km0 .

Thus,

lim
n→∞

λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
= 1.

Now, by Corollary 3.6 we can conclude that x is 〈s〉-density point ofA. As a result our
definition of I(s)-density coincides with the definition of 〈s〉-density when I = Fin.

�
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In the next example we investigate the role played by sequences in Definition 3.2.

For any given set A ⊂ R we consider the set −A = {−x : x ∈ A}.

E x am p l e 3.9. This example gives some insight to the role a sequence plays in

the above case.

For the ideal J as in Example 3.4 there exists a set A ∈ L and sequences (s) and
(c) ∈ ΣJ such that 0 is a J(c)-density point of −A ∪ A and 0 is a J(s)-dispersion

point of −A ∪A. Now if we make a choice of the sequence {sn}n∈N as

sn =

{

n! if n 6= m2 where m ∈ N,

n−1 if n = m2 where m ∈ N,

then we clearly from Example 3.4 have {sn} ∈ ΣJ and it is denoted by (s). Now let

us take a set

A =
∞
⋃

n=1

[

1

(n+ 1)!
,

1

n!
√
n+ 1

]

.

Then A is Lebesgue measurable as it is a countable union of closed intervals. Since

A is a subset of [0, 1], so λ(A) = ω 6 1 for some positive real number ω. We put

xn = snλ(A ∩ [0, 1/sn]) for n ∈ N.

Now if n 6= m2, then

xn = snλ

(

A ∩
[

0,
1

sn

])

= n!λ

(

A ∩
[

0,
1

n!

])

6
n!

n!
√
n+ 1

=
1√
n+ 1

.

If n = m2, then

xn = snλ

(

A ∩
[

0,
1

sn

])

=
λ(A ∩ [0, n])

n
=

λ(A)

n
=

ω

n
6

1

n
.

Since {xn} is a sequence of non-negative real numbers, so lim
n

xn = 0. Hence,

J − lim
n

xn = 0. So, 0 is a right J(s)-dispersion point of A for (s) in ΣJ . Now if we

take

−A =

∞
⋃

n=1

[

− 1

(n+ 1)!
,− 1

n!
√
n+ 1

]

,

then by similar calculation it can be shown that 0 is a left J(s)-dispersion point of

−A for (s) ∈ ΣJ . We observe that −A ∪ A is symmetric about origin. Clearly, 0 is

both right and left J(s)-dispersion point of −A∪A for (s) in ΣJ . Consequently, 0 is

a J(s)-dispersion point of −A ∪ A for (s) in ΣJ .
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Now, instead of taking the sequence {sn}n∈N we make some other choice of the

sequence {cn}n∈N where

cn =

{

n!
√
n+ 1 if n 6= m2 where m ∈ N,

n−1 if n = m2 where m ∈ N.

Then, c2 < c3 < c5 < c6 < c7 < . . . and so the set of positive integers

{2, 3, 5, 6, 7, 8, 10, . . .} = {n ∈ N : n 6= m2 where m ∈ N} ∈ F(J ), i.e., {cn}n∈N

is J -monotonic increasing and unbounded positive real sequence. So, {cn} ∈ ΣJ

and we denote {cn} as (c). We put yn = cnλ(A ∩ [0, 1/cn]) for all n ∈ N. Thus, for

n 6= m2,

yn = n!
√
n+ 1λ

(

A ∩
[

0,
1

n!
√
n+ 1

])

> n!
√
n+ 1λ

(

A ∩
[

1

(n+ 1)!
,

1

n!
√
n+ 1

])

= 1− 1√
n+ 1

.

So, clearly,

1− 1√
n+ 1

6 yn 6 1 +
1√
n+ 1

for all n 6= m2 for m ∈ N.

Thus, {n ∈ N : |yn − 1| 6 1/
√
n+ 1} ⊇ {n ∈ N : n 6= m2 where m ∈ N}. For

arbitrary small ε > 0, choose n large enough, say there exists n0 ∈ N so that for

n > n0 we have 1/
√
n+ 1 < ε. Then,

{n ∈ N : |yn − 1| < ε} ⊇ {n ∈ N : n 6= m2 where m ∈ N} \ {1, 2, . . . , n0}.

Since {n ∈ N : n 6= m2 form ∈ N}\{1, 2, . . . , n0} ∈ F(J ), so {n ∈ N : |yn − 1| < ε}∈
F(J ) and thus J − lim

n→∞
yn = 1. Consequently, 0 is a right J(c)-density point of A.

By a similar calculation it can be shown that 0 is a left J(c)-density point of −A

for (c) in ΣJ . Clearly, 0 is both right and left J(c)-density point of −A ∪ A for (c)

in ΣJ . Consequently, 0 is a J(c)-density point of −A ∪A for (c) in ΣJ . Although 0

is a J(s)-dispersion point of −A ∪A for (s) in ΣJ .

R em a r k 3.10. Thus in general, for any given set A ⊂ R, the notion of I(s)-
density point of A with respect to the sequence (s) ∈ ΣI is dependent on the nature

of the sequence (s). It may vary from sequence to sequence.
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Proposition 3.11. For any two disjoint sets A,B ∈ L and x ∈ R,

I(s) − d(x,A ∪B) = I(s) − d(x,A) + I(s) − d(x,B) where (s) ∈ ΣI .

P r o o f. The result follows from the fact that λ(A ∪B) = λ(A) + λ(B). So the

detailed proof is omitted. �

N o t e 3.12. If in Proposition 3.11 we replace I(s)-density by right (or left)
I(s)-density then the result holds good as well.

4. I(s)-density topology

For any real sequence (s) ∈ ΣI and any set A ∈ L let us consider the collection

ΦI
(s)(A) = {x ∈ R : x is I(s)-density point of A}.

N o t e 4.1. If I = Fin, then by Theorem 3.8

ΦFin
(s) (A) = {x ∈ R : x is Fin(s)-density point of A}

= {x ∈ R : x is 〈s〉-density point of A}
= Φ〈s〉(A).

Definition 4.2 ([7]). We recall that the countable union of closed sets is

called Fσ sets. Countable intersection of Fσ sets is called Fσδ. Thus, Fσδ = (Fσ)δ.

Lemma 4.3. If H,G ∈ L, then |λ(H) − λ(G)| 6 λ(H△G).

The proof is omitted.

Proposition 4.4. For any set A ∈ L and a sequence (s) ∈ ΣI the set Φ
I
(s)(A) is

a Fσδ set.

P r o o f. ForA ∈ L and (s) ∈ ΣI , let us consider the functionG(p, n) : R×N → R

defined as

G(p, n) = λ

(

A ∩
[

p− 1

sn
, p+

1

sn

])

.
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Now for p, q ∈ R and fixed n ∈ N we get by Lemma 4.3,

|G(p, n)−G(q, n)| =
∣

∣

∣

∣

λ

(

A ∩
[

p− 1

sn
, p+

1

sn

])

− λ

(

A ∩
[

q − 1

sn
, q +

1

sn

])∣

∣

∣

∣

6 λ

((

A ∩
[

p− 1

sn
, p+

1

sn

])

△
(

A ∩
[

q − 1

sn
, q +

1

sn

]))

= λ

(

A ∩
([

p− 1

sn
, p+

1

sn

]

△
[

q − 1

sn
, q +

1

sn

]))

6

∣

∣

∣

∣

[

p− 1

sn
, p+

1

sn

]

△
[

q − 1

sn
, q +

1

sn

]
∣

∣

∣

∣

6 2|p− q|.

Hence G(·, n) for fixed n satisfies the Lipschitz condition, thus it is continuous. So

for fixed n the function 1
2snG(p, n) is continuous with respect to p. Now, p ∈ ΦI

(s)(A)

if and only if for any Fk = {k1 < k2 < . . .} ∈ F(I) such that ski
6 ski+1 for all

i ∈ N we have for every r ∈ N that there exists m ∈ N such that for every n > m

and n ∈ Fk,
sn
2
G(p, n) > 1− 1

r
.

Hence,

ΦI
(s)(A) =

∞
⋂

r=1

⋃

m∈N

⋂

n>m,n∈Fk

{

p ∈ R :
sn
2
G(p, n) > 1− 1

r

}

.

Since 1
2snG(p, n) is continuous with respect to p so {p ∈ R : 1

2snG(p, n) > 1 − 1/r}
is a closed set. Therefore, ΦI

(s)(A) ∈ Fσδ. In particular Φ
I
(s)(A) ∈ L. �

Proposition 4.5. For every pair of sets A,B ∈ L and a sequence (s) ∈ ΣI we

have

(1) ΦI
(s)(∅) = ∅ , ΦI

(s)(R) = R;

(2) ΦI
(s)(A ∩B) = ΦI

(s)(A) ∩ΦI
(s)(B);

(3) A ∼ B =⇒ ΦI
(s)(A) = ΦI

(s)(B);

(4) Φ(A) ⊆ Φ〈s〉(A) ⊆ ΦI
(s)(A);

(5) ΦI
(s)(A) ∼ A.

P r o o f. (1) ΦI
(s)(∅) = ∅ by voidness since an empty set has no points so it has

no I(s)-density points.
Clearly, ΦI

(s)(R) ⊆ R. Now, for any x ∈ R let Jn = [x − 1/sn, x + 1/sn] for all

n ∈ N. Then
λ(R ∩ Jn)

|Jn|
=

λ(Jn)

|Jn|
=

|Jn|
|Jn|

= 1 for all n ∈ N.
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So for any given ε > 0,

{

n ∈ N :

∣

∣

∣

∣

λ(R ∩ Jn)

|Jn|
− 1

∣

∣

∣

∣

< ε

}

= N ∈ F(I).

Thus

I − lim
n→∞

λ(R ∩ Jn)

|Jn|
= 1.

So, x ∈ ΦI
(s)(R). Hence, Φ

I
(s)(R) = R.

(2) Since A∩B ⊆ A and A∩B ⊆ B, so ΦI
(s)(A∩B) ⊆ ΦI

(s)(A) and Φ
I
(s)(A∩B) ⊆

ΦI
(s)(B). Consequently, ΦI

(s)(A ∩ B) ⊆ ΦI
(s)(A) ∩ ΦI

(s)(B). Now we are to prove

ΦI
(s)(A) ∩ΦI

(s)(B) ⊆ ΦI
(s)(A ∩B). Let x ∈ ΦI

(s)(A) ∩ΦI
(s)(B). Thus x ∈ ΦI

(s)(A) and

x ∈ ΦI
(s)(B). For Jn = [x− 1/sn, x+ 1/sn] for all n ∈ N and for any given ε > 0 we

have

Aε =

{

n :
λ(A ∩ Jn)

|Jn|
> 1− ε

}

∈ F(I) and Bε =

{

n :
λ(B ∩ Jn)

|Jn|
> 1− ε

}

∈ F(I).

Now, since

λ(A ∩ Jn) + λ(B ∩ Jn)− λ(A ∩B ∩ Jn) 6 |Jn|

so for any {k1 < k2 < . . .} ∈ F(I) such that ski
6 ski+1 for all i ∈ N we have for

n ∈ {k1 < k2 < . . .},

(4.1)
λ(A ∩ Jn)

|Jn|
+

λ(B ∩ Jn)

|Jn|
6 1 +

λ((A ∩B) ∩ Jn)

|Jn|
.

So for n ∈ {k1 < k2 < . . .} ∩ Aε ∩Bε from the equation (4.1) we have

λ((A ∩B) ∩ Jn)

|Jn|
>

λ(A ∩ Jn)

|Jn|
+

λ(B ∩ Jn)

|Jn|
− 1 > 1− 2ε.

Thus,
{

n :
λ((A ∩B) ∩ Jn)

|Jn|
> 1− 2ε

}

⊇ {k1 < k2 < . . .} ∩ Aε ∩Bε

and {k1 < k2 < . . .} ∩ Aε ∩Bε ∈ F(I). So,

I − lim
n

λ((A ∩B) ∩ Jn)

|Jn|
= 1.

Therefore, x ∈ ΦI
(s)(A ∩B). So we are done. As a corollary to this we can conclude

ΦI
(s)(A) ⊆ ΦI

(s)(B) for A ⊆ B, i.e., ΦI
(s)(·) is monotonic.
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(3) Let {Jn}n∈N be any sequence of closed intervals in R. If λ(A△B) = 0, then

we claim that λ(A ∩ Jn) = λ(B ∩ Jn) for every interval Jn ⊂ R. Now

A = A ∩ (B ∪Bc) = (A ∩B) ∪ (A ∩Bc) = (A ∩B) ∪ (A \B) ⊂ B ∪ (A△B).

So, for any n ∈ N we have

λ(A ∩ Jn) 6 λ((B ∪ (A△B)) ∩ Jn) 6 λ(B ∩ Jn) + λ((A△B) ∩ Jn) = λ(B ∩ Jn)

since

λ((A△B) ∩ Jn) 6 λ(A△B) = 0.

Similarly, λ(B ∩ Jn) 6 λ(A ∩ Jn) for all n ∈ N. So, we have λ(A ∩ Jn) = λ(B ∩ Jn)

for all n ∈ N. For (s) ∈ ΣI let Jn = [x− 1/sn, x+ 1/sn] for all n ∈ N. Then,

x ∈ ΦI
(s)(A) ⇔ I − lim

n

λ(A ∩ Jn)

|Jn|
= 1

⇔ I − lim
n

λ(B ∩ Jn)

|Jn|
= 1

⇔ x ∈ ΦI
(s)(B).

Consequently, ΦI
(s)(A) = ΦI

(s)(B).

(4) By Proposition 2 from [10] we have Φ(A) ⊆ Φ〈s〉(A). Now we claim that

Φ〈s〉(A) ⊆ ΦI
(s)(A). We notice that if I is an admissible ideal then Fin ⊂ I. For any

x ∈ R let x ∈ Φ〈s〉(A). Then by Note 4.1, x ∈ ΦFin
(s) (A). Thus for any given ε > 0,

{

n ∈ N :

∣

∣

∣

∣

λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
− 1

∣

∣

∣

∣

> ε

}

∈ Fin.

Thus,
{

n ∈ N :

∣

∣

∣

∣

λ(A ∩ [x− 1/sn, x+ 1/sn])

2/sn
− 1

∣

∣

∣

∣

> ε

}

∈ I

since Fin ⊆ I. So, x ∈ ΦI
(s)(A). Consequently, Φ〈s〉(A) ⊂ ΦI

(s)(A).

(5) We are to show λ(ΦI
(s)(A)△A) = 0. Now, ΦI

(s)(A)△A = (A \ ΦI
(s)(A)) ∪

(ΦI
(s)(A) \ A). Since Φ(A) ⊆ ΦI

(s)(A) so A \ ΦI
(s)(A) ⊆ A \ Φ(A). By the Lebesgue

Density Theorem 2.4, λ(A \ Φ(A)) = 0. So, λ(A \ ΦI
(s)(A)) = 0. Now we are to

show λ(ΦI
(s)(A) \A) = 0. We note that ΦI

(s)(A) ∩ΦI
(s)(R \A) = ΦI

(s)(A ∩ (R \A)) =
ΦI

(s)(∅) = ∅. Hence ΦI
(s)(A) ⊆ R \ ΦI

(s)(R \A). So,

ΦI
(s)(A) \A ⊆ (R \A) \ ΦI

(s)(R \A) ⊆ (R \A) \ Φ(R \A).

Since R\A ∈ L, so by the Lebesgue Density Theorem 2.4, λ((R\A)\Φ(R\A)) = 0.

Therefore, λ(ΦI
(s)(A)\A) = 0 since λ is complete measure. Hence, λ(ΦI

(s)(A)△A)=0.

�
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Corollary 4.6. The operator ΦI
(s) : L → L is a lower density operator.

As a consequence of Remark 2.7, Theorem 2.8 and Corollary 4.6 we have the

following theorem.

Theorem 4.7. For every sequence (s) ∈ ΣI the family T I
(s) = {A ∈ L : A ⊆

ΦI
(s)(A)} forms a topology.

N o t e 4.8. We call T I
(s) to be the I(s)-density topology on the space of reals

and by Proposition 4.5 (4), since Φ(A) ⊆ Φ〈s〉(A) ⊆ ΦI
(s)(A) we can conclude that

Td ⊆ T〈s〉 ⊆ T I
(s).

R em a r k 4.9. As we have introduced the I(s)-density for (s) ∈ ΣI and for

I = Fin, the 〈s〉-density coincides with I(s)-density, so T〈s〉 = T I
(s) if I = Fin.

In the following theorem the natural properties of T I
(s)-topologies are listed.

Theorem 4.10. For any (s) ∈ ΣI and A ∈ T I
(s) we have

(1) A+ x ∈ T I
(s) for all x ∈ R where A+ x = {a+ x : a ∈ A},

(2) −A ∈ T I
(s) where −A = {−a : a ∈ A}.

The proof is omitted.

5. Characterization of equality for Td and T I
(s)

The characterization of equality between Td and T〈s〉 as mentioned in Theorem 2.14
uncovers several important consequences which can be seen in [10]. So in this section

we will concentrate on the problem of characterization given below.

Problem. Is there any characterization of equality for Td and T I
(s) as given in [10]

for Td and T〈s〉?

The next theorem answers our question affirmatively. Here we have formulated

a weaker condition for the sequence (s) ∈ ΣI so that the classical density topology

coincides with the I(s)-density topology.

Theorem 5.1. Let (s) ∈ ΣI be a real sequence. Then Td = T I
(s) if and only if for

any {n1 < n2 < . . . < nk < . . .} ∈ F(I) such that snk
6 snk+1

for all k ∈ N, the

condition lim inf snk
/sn(k+1)

> 0 holds.
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P r o o f. First suppose that the condition holds. It is sufficient to show that for

any A ∈ L, Φ(A) = ΦI
(s)(A), when (s) satisfies the condition given in the statement.

By Proposition 4.5 (4) we have Φ(A) ⊆ ΦI
(s)(A). Now, we need to show ΦI

(s)(A) ⊆
Φ(A), i.e., if x ∈ R is an I(s)-density point of A, then x is a classical density point

of A. Since lim inf snk
/sn(k+1)

> 0 so there exists a subsequence of {snk
}k∈N, say

{snkl
}l∈N, such that

lim
l→∞

snkl

sn(kl+1)

= σ > 0.

Thus there exists l0 ∈ N such that for any l > l0 we have

σ

2
<

snkl

sn(kl+1)

<
3σ

2
.

Since x is an I(s)-density point of A, so clearly

I − lim
n→∞

λ(Ac ∩ [x− 1/sn, x+ 1/sn])

2/sn
= 0,

where Ac denotes R \A. Thus, for any given ε > 0 the set

Cε =

{

n ∈ N :
sn
2
λ

(

Ac ∩
[

x− 1

sn
, x+

1

sn

])

<
εσ

2

}

∈ F(I).

Since Cε ∈ F(I) and {n1 < n2 < . . . < nk < . . .} ∈ F(I), so Cε ∩ {n1 < n2 <

. . . < nk < . . .} 6= ∅ and moreover it is an infinite set. Thus, there exists a natural
number p0 > l0 such that for some p ∈ N we have

nkp
∈ {n1 < n2 < . . . < nk < . . .} ∩ Cε

and for p > p0 we get

snkp

2
λ

(

Ac ∩
[

x− 1

snkp

, x+
1

snkp

])

<
εσ

2
.

We fix t ∈ R such that 0 < t < 1/snkp0
. So, there exists p > p0 for which nkp

∈
{n1 < n2 < . . . < nk < . . .} ∩ Cε such that

1

sn(kp+1)

6 t <
1

snkp

.
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Hence, we have

λ(Ac ∩ [x− t, x+ t])

2t
6

λ(Ac ∩ [x− 1/snkp
, x+ 1/snkp

])

2/sn(kp+1)

=
λ(Ac ∩ [x− 1/snkp

, x+ 1/snkp
])

2/snkp

·
sn(kp+1)

snkp

<
εσ

2
· 2
σ
= ε.

Therefore, x is a classical density point of A.

Conversely, let Td = T I
(s). We show for any {l1 < l2 < . . . < ln < . . .} ∈ F(I) such

that slk 6 slk+1
for all k ∈ N, that the condition lim inf slk/sl(k+1)

> 0 holds. Suppose

if possible there exists {n1 < n2 < . . . < nk < . . .} ∈ F(I) such that snk
6 sn(k+1)

for all k ∈ N and lim inf snk
/sn(k+1)

= 0. Then there exists a subsequence {snkl
}l∈N

of {snk
}k∈N such that lim

l→∞
snkl

/sn(kl+1)
= 0. Thus for any given ε > 0 there exists

l0 ∈ N such that for l > l0,

(5.1)

√

snkl

sn(kl+1)

< ε.

Now let us define a set

A =
∞
⋃

i=1

[

1

sn(ki+1)

,
1

√snki
sn(ki+1)

]

.

We are to show that 0 is a right I(s)-dispersion point of A. It is enough to show
for any given ε > 0 that {n ∈ N : snλ(A ∩ [0, 1/sn]) < ε} ∈ F(I). Now let us take
αj = min{r ∈ N : snkr

> snj
} for j ∈ N. Thus, snkαj

> snj
for all j ∈ N. We claim

that for any j ∈ N,

A ∩
[

0,
1

snj

]

=

∞
⋃

i=αj

[

1

sn(ki+1)

,
1

√snki
sn(ki+1)

]

∩
[

0,
1

snj

]

.

Now we consider the following two cases.

Case (i): Let snj
= snkαj

for all j ∈ N. Since kαj
< kαj

+ 1 for all j ∈ N, so

nkαj
< nkαj

+1 for all j ∈ N. Thus, snkαj
6 sn(kαj

+1)
. Therefore,

1

sn(kαj
+1)

6
1

snkαj

.
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So,

(5.2)
1

sn(kαj
+1)

6
1

√

snkαj
sn(kαj

+1)

6
1

snkαj

.

Also, since ki + 1 6 ki+1 for all i ∈ N, so kαj−1 + 1 6 kαj
for all j. Thus,

nkαj−1+1 6 nkαj
for all j ∈ N. Therefore, sn(kαj−1+1)

6 snkαj
for all j ∈ N. Conse-

quently,
1

snkαj

6
1

sn(kαj−1+1)

for all j ∈ N.

So we can conclude

A ∩
[

0,
1

snj

]

=

∞
⋃

i=αj

[

1

sn(ki+1)

,
1

√
snki

sn(ki+1)

]

∩
[

0,
1

snj

]

.

Case (ii): Let snj
< snkαj

for all j ∈ N. From the choice of αj it is clear that

snk(αj−1)
< snj

< snkαj
for all j ∈ N. We claim that

1

snj

6
1

sn(kαj−1+1)

for all j ∈ N.

If possible, let
1

sn(kαj−1+1)

<
1

snj

for all j ∈ N,

i.e., snj
< sn(kαj−1+1)

. So j < k(αj−1) + 1 which implies j + 1 6 k(αj−1) + 1 for all

j ∈ N. Hence, j 6 k(αj−1) and so nj 6 nk(αj−1)
for all j ∈ N. Thus snj

6 snk(αj−1)
.

This is a contradiction. So,

(5.3)
1

snkαj

<
1

snj

6
1

snk(αj−1)+1

.

From the equations (5.2) and (5.3) we observe that

1

sn(kαj
+1)

6
1

√snkαj
sn(kαj

+1)

6
1

snkαj

<
1

snj

for all j ∈ N.

So we can conclude

A ∩
[

0,
1

snj

]

=

∞
⋃

i=αj

[

1

sn(ki+1)

,
1

√
snki

sn(ki+1)

]

∩
[

0,
1

snj

]

.

84



For αj > l0,

snj
λ

(

A ∩
[

0,
1

snj

])

= snj
λ

( ∞
⋃

i=1

[

1

sn(ki+1)

,
1

√
snki

sn(ki+1)

]

∩
[

0,
1

snj

])

= snj
λ

( ∞
⋃

i=αj

[

1

sn(ki+1)

,
1

√snki
sn(ki+1)

]

∩
[

0,
1

snj

])

< snkαj
· 1
√

snkαj
sn(kαj

+1)

=

√

snkαj

snkαj
+1

< ε by the equation (5.1).

Now take j0 = min{j ∈ N : αj > l0}. Then snj0
λ(A ∩ [0, 1/snj0

]) < ε. So,

{

n ∈ N : snλ

(

A ∩
[

0,
1

sn

])

< ε

}

⊃ {nj0 , nj0+1, nj0+2, . . .}.

Now, {nj0 , nj0+1, nj0+2, . . .} = {n1, n2, n3, . . . , nk, . . .} \ {n1, n2, . . . , nj0−1} ∈ F(I).
Consequently, we have {n ∈ N : snλ(A ∩ [0, 1/sn]) < ε} ∈ F(I). So 0 is a right

I(s)-dispersion point of A. Clearly, 0 is an I(s)-dispersion point of X = (−A) ∪ A.

Now let us take

B =

∞
⋃

j=1

((

1
√

snkj
sn(kj+1)

,
1

snkj

)

∪
(

1

snk(j+1)

,
1

sn(kj+1)

))

=

∞
⋃

j=1

(Cj ∪ Dj),

where

Cj =

(

1
√

snkj
sn(kj+1)

,
1

snkj

)

and Dj =

(

1

snk(j+1)

,
1

sn(kj+1)

)

.

Then, A ∩ B = ∅ and A ∪ B = (0, 1/snk1
). It can be easily seen that 0 is a right

I(s)-density point of A ∪ B.

Thus, by Proposition 3.11 we can say that 0 is a right I(s)-density point of B.
Now if we take Y = −B ∪ B ∪ {0}, then 0 is an I(s)-density point of Y . Also since
B ⊆ Φ(B) ⊆ ΦI

(s)(B) by Proposition 4.5 (4) so we can conclude that Y ⊆ ΦI
(s)(Y ).

Therefore, Y ∈ T I
(s). Further we show that Y /∈ Td.
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First we see that

√

snkl
sn(kl+1)

λ

( ∞
⋃

j=1

Cj ∩
[

0,
1

√snkl
sn(kl+1)

])

=
√

snkl
sn(kl+1)

λ

( ∞
⋃

j=l+1

Cj ∩
[

0,
1

√snkl
sn(kl+1)

])

6
√

snkl
sn(kl+1)

· 1

sn(kl+1)

=

√

snkl

sn(kl+1)

→ 0 as l → ∞,

since
1

snk(l+1)

6
1

sn(kl+1)

.

So 0 is not a right density point of
∞
⋃

j=1

Cj . Next we see that

(5.4)
√

snk(l+1)
snk(l+1)+1

λ

( ∞
⋃

j=1

Dj ∩
[

0,
1

√

snk(l+1)
snk(l+1)+1

])

=
√

snk(l+1)
snk(l+1)+1

λ

( ∞
⋃

j=l+1

Dj ∩
[

0,
1

√

snk(l+1)
snk(l+1)+1

])

6
√

snk(l+1)
snk(l+1)+1

· 1

snk(l+1)+1

=

√

snk(l+1)

snk(l+1)+1

.

In the equation (5.4), since

√

snk(l+1)

snk(l+1)+1

→ 0 as l → ∞, so 0

is not a right density point of
∞
⋃

j=1

Dj . Hence we can conclude that 0 is not a right

density point of B. Clearly 0 is not a density point of Y . So, Y 6⊂ Φ(Y ). Therefore,

Y /∈ Td. This is a contradiction since Td = T I
(s). Thus our assumption was wrong.

Thus for any {n1 < n2 < . . . < nk < . . .} ∈ F(I) such that snk
6 snk+1

for all k ∈ N,

the condition lim inf snk
/sn(k+1)

> 0 must hold. This completes the proof. �

86



References

[1] A.K.Banerjee: Sparse set topology and the space of proximally continuous mappings.
South Asian J. Math. 6 (2016), 58–63.

[2] A.K.Banerjee, I. Debnath: On density topology using ideals in the space of reals. Filo-
mat 38 (2024), 743–768. MR doi

[3] A.K.Banerjee, A. Paul: I-divergence and I
∗-divergence in cone metric spaces. Asi-

an-Eur. J. Math. 13 (2020), Article ID 2050139, 11 pages. zbl MR doi
[4] A.K.Banerjee, A.Paul: On I and I

∗-Cauchy conditions in C
∗-algebra valued metric

spaces. Korean J. Math. 29 (2021), 621–629. zbl MR doi
[5] K.Ciesielski, L. Larson, K.Ostaszewski: I-density continuous functions. Mem. Am.
Math. Soc. 515 (1994), 133 pages. zbl MR doi

[6] P.Das, A.K. Banerjee: On the sparse set topology. Math. Slovaca 60 (2010), 319–326. zbl MR doi
[7] A.Dasgupta: Set Theory: With an Introduction to Real Point Sets. Birkhäuser, New
York, 2014. zbl MR doi

[8] H.Fast: Sur la convergence statistique. Colloq. Math. 2 (1951), 241–244. (In French.) zbl MR doi
[9] M.Filipczak, T. Filipczak, G.Horbaczewska: Density topologies for strictly positive
Borel measures. Topology Appl. 303 (2021), Article ID 107857, 14 pages. zbl MR doi

[10] M.Filipczak, J. Hejduk: On topologies associated with the Lebesgue measure. Tatra Mt.
Math. Publ. 28 (2004), 187–197. zbl MR

[11] C.Goffman, D.Waterman: Approximately continuous transformations. Proc. Am.
Math. Soc. 12 (1961), 116–121. zbl MR doi

[12] P.R.Halmos: Measure Theory. Graduate Texts in Mathematics 18. Springer, New York,
1974. zbl MR doi

[13] J.Hejduk, S. Lindner, A. Loranty: On lower density type operators and topologies gen-
erated by them. Filomat 32 (2018), 4949–4957. zbl MR doi

[14] J.Hejduk, A. Loranty: Remarks on the topologies in the Lebesgue measurable sets.
Demonstr. Math. 45 (2012), 655–663. zbl MR doi

[15] J.Hejduk, A. Loranty: On abstract and almost-abstract density topologies. Acta Math.
Hung. 155 (2018), 228–240. zbl MR doi

[16] J.Hejduk, R.Wiertelak: On the generalization of density topologies on the real line.
Math. Slovaca 64 (2014), 1267–1276. zbl MR doi
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