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Abstract. We consider a Robin-Dirichlet problem for a system of nonlinear pseu-
doparabolic equations with the viscoelastic term. Based on the Faedo-Galerkin method,
we first prove existence and uniqueness. Next, we give a sufficient condition for the global
existence and decay of weak solutions. Finally, using concavity method, we prove blow-up
results for solutions when the initial energy is nonnegative or negative. Furthermore, we
establish here the lifespan for the equation via finding the upper bound and the lower
bound for the blow-up times.
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1. INTRODUCTION

In this paper, we consider the initial-boundary value problem for the system of
nonlinear pseudoparabolic equations with Robin-Dirichlet conditions

0
(L) = Mrtae = o (i (2, )us)

:fl(xvtauvvvutvvtvua’vvx;uzt;vzt); 0<£L’<1, O<t<Ta

t
Vg — AUz — 2(ug(x,t)vgg) —|—/ g(t — 8)vgz(z, s) ds
8]} 0
:f2($7t,U,U,’U,t,’Ut,’U,x,’Ux,Uxt,Uxt), 0<x<l, 0<t<T,
(1.2)  ug(0,8) = Cu(0,t) = u(1,t) = v(0,¢t) = v(1,t) =0,
(13) (U(IE,O),U({E,O)) = (ﬂo(:{:),'ﬁo(m)),
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where ¢ > 0, A1, A2 > 0 are given constants and g, u;, fi, (¢ = 1,2), uo, Uy are given
functions satisfying conditions specified later.
The pseudoparabolic equation

(1.4) Up — Ugzt = F (2,8, Uy Ugy Ug, Ugt), O0<z <1, ¢>0,

with the initial condition u(x,0) = up(zr) and with the different boundary conditions,
has been extensively studied by many authors see for example [1], [4]-[11], [16], [17],
[19]-[23], [26], [27], [29], [31], [32], [34]-[36], [38] among others and the references
given therein. In these works, many results about existence, asymptotic behavior,
blow-up and decay of solutions were obtained.

An important special case of model (1.4) is the Benjamin-Bona-Mahony-Burgers
(BBMB) equation

(1.5) Up + Uy + Uy — VUgy — @ Upgr = O.

It was studied by Amick et al. in [2] with v > 0, « = 1, z € R, ¢t > 0, in which
the solution of (1.5) with initial data in L' N H? decays to zero in L? norm as
t — oo. With v > 0, a > 0, z € [0,1], t > 0, the model having the form (1.5)
was also investigated earlier by Bona and Dougalis [3], where uniqueness, global
existence and continuous dependence of solutions on initial and boundary data were
established and the solutions were shown to depend continuously on v > 0 and on
a > 0. The results obtained in [2] were developed by many authors such as by Zhang
for equations of the form

m
Up — VUgg — Ugzt — Uz T U Uy = 0,

where m > 0, see [17], [37].

The linear version of (1.4) was first studied by Sobolev [28] in 1954. Therefore,
the equation of the form (1.4) is also called a Sobolev type equation. Mathematical
study of pseudo-parabolic equations goes back to works of Showalter (see [24], [26],
[27]) in the seventies. Since then, numerous of interesting results about linear and
nonlinear pseudoparabolic equations have been obtained. It is also well known that
the work [24] is the first paper on nonlinear pseudoparabolic equation. These equa-
tions appear in the study of various problems of hydrodynamics, thermodynamics
and filtration theory, see Meyvaci [17] and the references given therein.

Problem (1.1)—(1.3) is a type of viscoelastic pseudoparabolic problems, the
Volterra integral in the second equation of (1.1)—(1.3) is a memory term, so called
viscoelastic term, responsible for viscoelastic damping. In recent years, a great deal
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of attention has been paid to the pseudoparabolic equations with memory or vis-
coelastic term. For instance, Shang and Guo [23] proved the existence, uniqueness,
regularities of the global strong solution and gave some conditions of the nonexis-
tence of global solution for the nonlinear pseudoparabolic equation with Volterra
integral term

ur — f(U)gr — Upat — /0 At = s)(o(u(x, 8),uz(x,8)))s ds

= f(z,t,u,uz), 0<z<l1l, ¢>0.

In [29], Sun et al. considered the Dirichlet problem for the nonlinear pseu-
doparabolic equation with a power source term and a memory term as

¢
ur — Au — Ay + / gt — 7)Au(r)dr = [ulP"%u  in Q x (0,T),

0
u=0 on 09 x (0,7,

where Q is a bounded domain of R™ (n > 1) with smooth boundary 99, p > 2,
T € (0,00], up € H*(Q) and g: Ry — R, is a positive nonincreasing function. The
authors used the Levine’s classical concavity method and the improved potential
well method to obtain the global existence and the finite time blow-up phenomena
of solutions. Recently, in [19], general decay and blow-up results for a nonlinear
pseudoparabolic equation containing viscoelastic term

t
Ut — (:U(t) + 0‘(0%) (U:c:c + éux) + /O g(t—s) ('U'xx(s) + iux(s)) ds = f(z,t, u),
1 <z < R,t > 0, with Robin-Dirichlet condition have been also established. For
more results on global existence and blow up of solutions to the pseudoparabolic
equations with memory or viscoelastic terms, we refer to [16], [36], in which the
pseudoparabolic problems with nonlinearities of variable-exponent type were inves-
tigated. Moreover, the results given in [16], [36] can be considered a generalization
of the above problems with exponential nonlinearity when variable exponent is iden-
tified as a constant.

To the best of our knowledge, there are many publications on properties of solu-
tions to single parabolic/pseudoparabolic equations, but it seems that few results of
the system of these types are investigated. We refer here to some results as in [§8],
[12]-[14], [30] and the references therein. Very recently, in [20], Ngoc et al. have
just considered the initial-boundary value problem for a system of nonlinear pseu-
doparabolic equations with Robin-Dirichlet conditions and existence, uniqueness,

107



blow-up and decay estimates were established here. We note more that in [20], by
the mixed time and space derivative terms w;yq, vtz (Strong damping terms), and
memory terms in the form of Volterra integrals affect both equations of the system,
so the decay or blow up of solutions have been obtained in some cases of the ini-
tial energy and datum. Especially, with general decay difference kernels of memory
terms, the general decay of the solution has been proved.

Inspired and motivated by the idea of the above mentioned works, because of
mathematical context, we study the existence, uniqueness, blow-up and general decay
of solutions for Problem (1.1)—(1.3). It consists of five sections as follows.

In Section 2, we present preliminaries.

In Section 3, by using the linear approximating method together with the Galerkin
method, we establish the local existence and uniqueness of a weak solution.

In Section 4, we investigate Problem (1.1)—(1.3) with

fi($,t,U,U,Ut,vt,ux,vx,uxt,vxt) = fi(U,’U) + Fi(xat)7 1= 1) 2.

Because of the difficulties, when the memory term in form of a Volterra integral
impacts only the second equation of this system, some techniques used in [20] are
no longer correct. In order to obtain the decay result as in [20], we need to apply
techniques as in [18] with some necessary modifications, that is, adding the new
functional (g.{u)(t) asin (4.5) (see (4.5) below). Then, based on the energy method,
a sufficient condition for the global existence and decay of a weak solution is proved
in this section.

Finally, in Section 5, we consider the blow-up property for Problem (1.1)—(1.3) in
the special case f;(x, t, w, v, U, Ve, Uy, Ugy Ut Uzt ) = fi(u,v), ¢ = 1,2, with initial data
at suitable energy levels. By using concavity method, and applying techniques as
in [18], [20] with some necessary modifications, we prove blow-up results for solutions
when the initial energy is nonnegative or negative. Furthermore, we establish here
the lifespan for the equation via finding the upper bound and the lower bound for
the blow-up times.

2. PRELIMINARIES

In this paper, we put 2 = (0,1), Q7 = Qx(0,T), T > 0 and use the usual function
spaces LP = LP(Q)), H™ = H™(). Let (-,-) be either the scalar product in L? or
the dual pairing of a continuous linear functional and an element of a function space.

The notation |-|| stands for the norm in L? and we denote by |-||x the norm in
the Banach space X. We call X’ the dual space of X. We denote by LP(0,7T; X),
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1 < p < oo, the Banach space of real functions u: (0,7) — X measurable such that
HUHLP(QT;X) < oo with

T 1/p
(/ la()|% dt) 1< p< oo,
0

H'U'HLP(O,T;X) =
esssup |Ju(t)| x if p = 0.
0<t<T
Denote
0 , 02
u(t) = ule,0), () = wt) = S w0), ' (6) = walt) = S (2,1,
Oou 0%u

ug(t) = %(x,t), Uy () = @(x,t).

With f € CF([0,1] x [0,T*] x R®), f = f(z,t,91,...,ys), we put Dy f = Of /O,
Dof = 0f/0t, Diyof = 0f/0y;, with i =1,...,8 and D*f = D" ... D} f, a =
(a1,...,a10) € 21, Ja| = a1 +... + a1 < k, DOO f = DOF = f.

Similarly, with u € C*([0,1] x [0,T*]), u = u(z,t), we put Dy = Ou/Ox, Dop =
Op1/ot, and D= DP D1, = (B, o) € T2 18] = b + Bo < b, DOV = p

On H!, we shall use the norm

ol = (loll* + llva|%)!72,
and a closed subspace V of H' with
(2.1) V={ve H": v(1) =0}.
Then the following properties are true.
Lemma 2.1 (See [15]). The imbedding H' — C°(Q) is compact and
[vllcoqy <V2l|vllgn  for allv € H'.

Lemma 2.2 (See [15]). The imbedding V < C°({Q) is compact. Moreover, we
have

[|vg|| for all v € V,

@) lvllcogy <l
vzl < o]l g for allv € V.

(i) Llloll

NN
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Let ¢ > 0 and py € CY(Q x [0,T*]) such that pi(z,t) > p1. > 0 for all (z,t) €
Qx[0,7*]. On V xV, we consider the symmetric bilinear form a(-, -), and the famillies
of symmetric bilinear forms {a(t; -, -) }+epo, 7+ and {@'(; -, -) }+eo, 7+ defined by

(2:2) a(u, ) = (Uz, Pz) + (u(0)p(0),
a(t; u,p) = (pr (), pu) + Cpa (0, 1)u(0)¢(0),
a'(t;u, ) = (11 ()ua, @a) + (i (0,1)u(0)(0)

for all (u,p) e VxV, tel0,T7].
Then the following properties are also fulfilled.

Lemma 2.3. Let 1 € C°Q x [0,T7*]) such that pj € C°(Q x [0,T*]) with
p(x,t) = pae > 0 for all (z,t) € Q x [0,7*] and ¢ > 0. Then:
(i) The symmetric bilinear form a(-,-), and the family of symmetric bilinear forms
{a(t;-, ") }refo,r+) defined by (2.2) are continuous on V' x V' and coercive in V.
(ii) The family of symmetric bilinear forms {a'(t;-,-)}scjo,r+) defined by (2.2) are
continuous on V' x V.

Furthermore,
a(u,u) > ||lugl|* forallu eV,
la(u, 0)] < (14 Qlucllllpa]l  for all u,¢ €V,
a(t;u,u) = pysllul|? > pisllugl|®> forallu eV, t €[0,T7],
la(t; u, o) < llpallco@x o, llullallella
< lmallco@xio,r (L + Olluallllexll  for all u,p € V, ¢ € [0,T7],
@' (t;u, 0)| < [l co@xio.rp lullall@lla
< lutlleo@xpo, (1 + Olluelll@ell  for all u,p € V, t € [0,T7],
where

lulle=va(u,u) forallu e V.

Furthermore, we have the following lemma.

Lemma 2.4. Let ¢ > 0. Then there exists the Hilbert orthonormal base {¢;}
of L? consisting of the eigenfunctions ¢; corresponding to the eigenvalue \; such that

{0<X1<X2<...</\j< , lim X; = oo,
]~>oo
a(gj, ) = Nj(@j,p) forallpeV, j=1,2,...
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Furthermore, the sequence {%/ \/Z } is also the Hilbert orthonormal base of V
with respect to the scalar product a(-,-), and 25]» satisfies the following boundary
value problem:

—Ag; = Aj¢; in (0,1),
B (0) = (6;(0) = ¢;(1) =0,
$; € C=(Q),

Proof of Lemma 2.4 can be found in [25], p. 87, Theorem 7.7, with H = L%, V de-
fined by (2.1), and a(-,-) defined by (2.2).

Remark 2.1. The sequence {5]/ Xj —l—X?} is also the Hilbert orthonormal
base of H? NV with respect to the scalar product(u, ¢) — (Au, Ap) + a(u, ).

Remark 2.2.

(i) On V and H{, three norms v +— |vgll, v = |||z, v = |Jv]la =(|ve]]® +
¢v%(0))Y/? are equivalent.
(i) On H? N H}, two norms v +— ||v| g2, v — vl g2nmy = (J[vz]|? + |vee]|?)'/? are
equivalent.
(iii) On H2 NV, two norms v — |v||g2, v = ||[v]|lm2ay = (|vl|2 + [Jvee]|?)Y/? are
equivalent.

3. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION

Consider T* > 0 fixed. For each M > 0 given, we put Qy; = [0,1] x [0,T%] x
[~ M, M])* x [—v/2M,/2M]*. We make the following assumptions:

(Hy) (t9,00) € (H>NV) x (H2N H}), o, (0) — Cig(0) = 0;
(H2) w1, po € C?([0,1] x [0,T*]), and there exist the positive constants fi1., j2. such
that p;(x,t) > p for all (z,t) € [0,1] x [0,T*], i =1,2;
(Hs) g € H'(0,7);
(Hq) fi € C1([0,1] x [0,T*] x R®), i = 1,2, such that
(1) f1(1,£,0,92,0,94,Y5, Y6, y7,ys) = f2(0,%,91,0,93,0,9s5, 6, y7,ys) = fa(1,2,
y1,0,v3,0,95, Y6, Y7, ys) = 0 for all t € [0,T%] for all y = (y1,...,ys) € RE,
(ii) there exists a positive constant ¢ such that
(G) 0 <o < e /511, with i, = min{1, 14, fi2x, A1, A2},
(33) max{||D*fillcoa,,: ¢ =5,6,9,10} < o for all M > 0.
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For each T € (0, T*] we denote

Wr = {(u,v) € L>®(0,T; (H*NV) x (H*N H})):
(u',v') € L=(0,T; (H*NV) x (H* N H}))Y,

a Banach space with respect to the norm

[ (w, v) [l wy = max{]|(u, U)HL°°(O,T;(H20V)><(H2ﬂH(1)))7

[ (u’, U/) HLx(o,T;(HQmV) x (H2ﬁH(1)))}'

Definition 3.1. For every T € (0,T*], the pair (u,v) € Wr is a weak solution
of Problem (1.1)—(1.3) if (u,v) satisfies the variational problem

(W(0),9) + Mau (8), ) +alt; u(t), @) = (fulu,)(1), ),
(3.1) (V1 (6),) + Ao (1), ) + (ot (1), )

- / gt — ) (02 (3), 00) ds + (falu, 0] (1), )

for all (p,%) € V x H}, and a.e. t € (0,T), together with the initial condition

(3.2) (u(0),v(0)) = (uo, o),
where
(3.3) filu, v](z,t) = filx, t,u, v, wp, U, Uy, Vay Uty Vat),  © = 1,2

For each M > 0 given we define the constants Ky = K (f1, f2), Ky =
Kar(pa, p2) by

FM = I_(M(fla f2) = {Izl?)é Hfi”Cl(QM)’
K = K(p, p2) = max || uil o2 0,1)x (0,7

with

||fi||cl(QM) = ‘rglagi HDafiHCO(QM) = FM(fi)v

1D fillco@nry = sup{| D fila, tyn, - ys)l: (@, 6501, -, y8) € Qur},

lrslo=(io.1xi0m-1) = 1 107 il ooy o)) = K (i) = K

1D il o o,11x[o,7+) = sup{|DP pi(z, t)|: (x,t) € [0,1] x [0, T*]}.
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For every M > 0 we put
Bp(M) = {(u,v) € Wr: [|(w, v)|lwr < M}.

Now, we establish the recurrent sequence {(tm,vm)}. First, we choose (ug,vo) =
(0,0), and we suppose that

(3.4) (tm—1,0m_1) € Br(M).

We will associate (1.1)—(1.3) with the following problem: Find (um,,vm) € Br(M)
(m > 1) satisfying the linear variational problem

(Wl (8),0) + Ml (£), @) + alt; um(t), @) = (Fum(t), &),
(0 ()18} + Ao (W (8), ) + (p2 (60 (£), )
(3.5) :Ag@—@@m@x%wm+w%wxw

for all (p,1) € V x H{, a.e. t € (0,T),
(’U,m(O),Um(O)) = (ﬂo,i}/o),

where
(36) Fim(xvt) :fi[umflvvmfl](xat)v i=1,2.
Then we have the following theorem.

Theorem 3.1. Let (H;)—(H4) hold. Then there exist constants M, T > 0 such
that for (ug,vo) = (0,0), there exists a recurrent sequence {(um,vm)} C Br(M)
defined by (3.4)—(3.6).

Proof. The proof of Theorem 3.1 consists of three steps.

Step 1. The Faedo-Galerkin approrimation. Let {qgj} be a basis of H} formed
by eigenfunction ¢] of the operator —A = —9?/02? such as —Ad; = \;d;, ¢; €
Hj N C>([0,1]), ¢j(x) = V2sin(jnz), A= ()2 j=1,2,..., and let {gg]} be the
basis of V' as in Lemma 2.4. Put

k k
ul®)(t Z&>%$u S d¥(6)d;,

Jj=1
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®) )

where the coefficients ¢ satisfy the system of linear integrodifferential equa-

tions "

() (1), 67) + Ma(al) (), ;) + a(t; u) (1), 6;) = (Fum (1), &),

(05 (£), 65) + Ao (O (1), Bja) + (2 ()Vina (1), B
(3.7) /t ®) oy - ,

= 0 g(t—8)<’l)mx(8),¢]x>d8+<F2m(t),¢]>, 1<] <ka

(uh (0), 05 (0)) = (o, Tow),

in which
k ~
Uok = Z ozgk)cﬁj — p strongly in H>N'V,

(3.8) =t

k
Uok = Z B](»k)éj — T strongly in H? N H{.

System (3.7) is written as

1 t
59 @0=af+ 1 [R5 LY [
0

01 015

i=1
t
d®) = 8P + /MM)%S~—Z/ ()d2)(s) ds
02j 0
+— dT/ T—Sd(k) (s)ds, 1<j<k,
02;

where

Ulj:1+>\1Xj; o2 =1+ Xa)j, 1<j<k,
Gy (t) = alt; di, 05),  ay(t) = (p2(t)div, djo),  1<4,5 < k.

Omitting the indices m and k, system (3.9) is rewritten in the form of a fixed-point
equation as

(3.10) (¢,d) = Ul(c, d)],
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where

(e d)(t) = (e1(t), .. cx(t): du(2). ... di (1)),
Ul(e, d)(t) = (T l(e. (D). ... Usil(e, d)](8)) = G(t) + L{(e. d)](8),
G(t) = (G1(t),...,G2x(t)),
Li(e, d))(t) = (Ia[(e, ))(0), - ., Laxl(c, D)(1)).
Gi(t) =GV (1) =™ 4 — [ (Fin(s).d;)ds, 1<) <k,
015 Jo
Gryj(t) = G(Q)(t) = 5j(k) + i /t<F2m(s),gz_S]> ds, 1<j<k,
025 Jo
k t
Lyl(e, d)(t) = L[ 1) —Uil, Caywatds 1<i<k
J =1
k t
Lesslled)(0) = L0 = o= Y [ ay(s)is)as

Applying the contraction principle, system (3.10) has a unique solution (¢, d) in
[0,T]. The proof is given below.
Let v > 0 such that

1 Amax Amax 1 S\k
b =3 + )+ 2k o<1,
! 'Y< o11 o921 V27 01 llgll 20,7+

where we denote

k
Apax = sup max E Apax = sup max g |@i;(¢)
1<z<k — 1<7,<k

O<t<T O<t<T

It is well known that X = C°([0,T]; R?*) is a Banach space with respect to the
norm

le,d)]ly,x = sup e |(c,d)(t)h,

Itx

(e, d)()]1 = Z(ICj(t)l +ld®))), (e.d)eX

Clearly, U: X — X. We will prove that U: X — X is contractive as follows.

115



we have

Ul(e,d)] - Ul(e,d)] = L{(c,d)] — L]

SO

k
= > I;le. a)e) ~ Usl(e. )] = (L O] + L E )
J; 1 ) t j=
< Z;(TUZ;/O a'ij(s)zz(s)ds)
k 1 k t—“ _ & ‘ . L
+j§:1('_gj;/0 a”()%(s)ds—’_agj A dT/O g(T s)zj(s)ds>
1 t k

t k

<011 ; fggkzm |Z|Zz |d5+_ ) fgggkzm |Z|Zz )| ds
J= 1 ]:1

k

o )9 Z 75 (s)

g(@ max)/ |(2,2)(s |1ds—|——/ dT/ lg(T — 9)||(2,2)(s)|1 ds
011

Amﬁ.x AIII X
<C——+—i)/wﬂ@amxm
011

b <h/|g 1™ (2221 ds
021

Amux Amax
< Amax ) €7 e VI
( o011 + 091 ) v [€2 Z)H7X+ H9||L2(0T) ||( Z)|ly,x
e e = 06 ) — (Dl

ds

where

It follows that

e U[(c, ))(t) = U@ )l < 04]l(c.d) — (. d
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which leads to

1Ul(e, )] = UL(e,d)]ll.x < 05ll(c.d) = (€,d)]l5.x forall (c,d), (c.d)€X

By 0<#6,<1,U: X - X is contractive. Then (3.10) has a unique solution
(¢,d) € X. Thus, system (3.7) has a unique solution (u £,’f)( t), ol (t)) on interval
[0,7].

Step 2. A priori estimate. We put

(3.11)  SW@) = [aP (¢

m

@Ol + ||©£’§%( )II2 + M| Aa) (¢ )II2 + ol A (1))
+a(tuly) (1), )+ 1V (D Au) (1))
+ [V p2(t) "“) ||2+ 1V k2 (t) A (¢ ||2

t
+ 2/ Nl ()12 + (1 + M) e (s))12 + M| Aalk) (s)]|?] ds
0
1
2/ N8 ()11 + (14 A2) [958 ()12 + Az | A ()] ds
0
Then it follows from (3.7), (3.11) that
(3.12) @S (t) < SV (t) = Somn
t 1
+ [a’(s;us,?(s),u;’?(s)) + [ e, A ) da] as
0 0
/ ds/ Nz x,s) |v(k) (z, s)|2 + |Av,(,]f)(:c,s)|2) dx
—29(0)/0 HoEL(s))1? + |AvE) (s)]1%] ds
t
+ / g(t — 5)2(0E)(5), o8 (1)) +

Y mx

(AvF) (5), 22400 () + AotM (1))] ds
2 / a7 [ 97 = 6 o) + (Beff(5) Aufp ()] ds
— 2 (), Au’“<>>+2/0t<
— 2(jaa, (1)) (8), Avd) (1) +2/0t
- (Fe im0 20 ) -

(o (a8 (5)), Au<k><s>> ds

Plo Plo

(e (508 (5)), Ao <s>> ds

P
gl

(ua(tyo 8 (¢ >>,A1>$;><t>>
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+2 /Ot[<F1m(S)7 ) (s) = Aafy) (s)) + (Fam(s), 03 (s) — Ao (s))] ds

+ (Fun(8), =Aal) () + (Fam (), —A05) (1))
14

= Somk +le)

j=1

where fi. = min{1, p1., o, A1, A2},
(313) S () = lufy OlFzny + v Ol Fznm + a5 (@)l72qy

t
1Oy +2 | Oy + 1689y s

Somk = Somk + 2(p112(0)Uoka, Atiok) + 2{p22(0)Voka , Alok),
Somk = a(0; ok, Tok) + | V/112(0)Boka | + | v/111.(0) Atio||*
+ {1V 112 (0) ATigr >
Using the inequality 2ab < Ba? + 3712 for all a,b € R with 8 = ji,/12 and the

inequalities

Wiz, s)| < K; <K, i=1,2,
"t ulk) (1), ulP (1) < Kl ()12,
v (1)) + (Aol (s), 2805 (t) + Ab() (1))
2[0S ()05 0 + [ Av () (1AvS ()] + 1A5 (1))
2([[05) ()17 + 180 ()1 + | A0S (s)]17)1/2
x ([oSEL (0N + [|AvSE ()17 + (a0 (1)]) /2
<2(Jv® ()iznm + 108 (N Frenm)
X (105 (M orznay + 105 Ol 2 )

<2v2\/S® (s)0/SP (1),
() (5), 08D (7)) + (AvE) (5), A (7)) < /B (s)1/ B (7),

we shall estimate respectively the terms I1;—I5 on the right-hand side of (3.12) as
follows:

va)
~ Q |

2(via(s),

//\ //\

10141 = [ [l 060 + [0 ) ar] as

0

Zr,Ss)(|v 1‘82 ’U(k)l‘S2 T
+ [ /m (e ) + A0z, 9)) d

< [
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I = —24(0) / el(5)[12 + 1808 (5)]12] ds < 2]g(0) / 51)(s) ds,

Iy = /t g(t = $)[2(u52 (s), 52 (8)) + (A0 (), 2805 (1) + A0S (1))] ds
0

<2v2 [l - S5 0 as
2
<5 ( / o(t ®)(s >ds)

< 5B + 2Nlaor-) / S8 (s) ds
t T
= =2 [ dr [ g = et e + (Befd(s), Aol (7)) ds
0 0

t T
<2/ dT/ lg' (7 — )/ SE (s)\/ S (r) ds
0 0
t
SZ\/T*HQIHLQ(O,T*)/ S%)(S)ds
0

In order to estimate the terms Ig—I14, we need the following properties. Let us
omit the details of proof.

Lemma 3.1. The following estimates are fulfilled:
0

0 | gm0 < VERVED 0
(i) | 310200 < VER VSR 0,

(1) [} (UL < 1112 (0)ione | + V2R / V3® (s
(iv) [lpe2e (£) 0L ()] < |2z (0)Pona || + V2K / VS () ds

2 ~ /=
) m(m(ﬂﬂ%(ﬂ)“ < 28\/5 (),
) 0? o) = Jalk)
(61) || s a0l (00 | < 25 0),
0
(vil) || 3= (i (Duih (¢ H H— 111 (0)tioka) +2K/ VSR (s)
(viii) 8 DAQ H H— 12(0) ok +2K/ \/S

(ix) || Fim ()] < 40M + || fi(+, 0, g, Vo, 0, 0, Uz, Vo, 0, 0)|| + T'(1 +4M)FM, i=1,2.
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Using Lemma 3.1, we have

(3.15) Ig+ I =

Iz + Iy

Iio + I1q

120

— 2pma(ubL (1), Al (1)
=1 <§<mx<> 1)), Au<k><>>d

< 2|l (B ul) (¢

+ 2 Hlx

(k) H (k)
<SM() + g||u1x(t)u5:§;<t)||2 + 2\/51? / S (s) ds
0
_ 2 ~ t_
<eSM (1) 4 - (||u1x(0)ﬂ0kx||2 + 2K%T* / 5k (s) ds)
0
t
+2\/§K/ S (s)ds
0
_ 2 1 —~ ~ [t
=eSW (1) + —||u1m(0)ﬂokz||2 + 2\/5(1 + g\/ﬁKT*)K/ Sk (s)ds
0

= — 2pau (1)) (1), Aul) (1))

t
2 [ ()l a0 ) ds
0 0s
t
eSO (t) + §|qu(0)ﬂomll2 + 2\/5(1 + é\/ﬁKT*)K/ 55 (5) ds
0

N

- <§<u1<t>u&§;<t>mu&’? )~ 5) (a(Opftdo), A0l )
<[z enon| V5o + | ool /sPo

< B) + 2 (H—ml(t)u&’;;(t

H— o (88 0)

ot [0

+2K/ \/7 )

<eSW (1) + (H— 111 (0)tioks ) +4K2T*/ Sk (s d)
+§( +4K2T* /O §5j;>(s)ds>

2
=eSP(t) + : (Hg(m(())ﬂmm) c’fx (12(0)Voka)

)

< 6S(k) (H— 11(0)%oka)

+2 8( (
Oz M2 Uom

2 o

)

+ KQT*/S



Lz =2 /Ot[<F1m(S)7d§ff)(5) = Aa) () + (Fam(s), 083 (5) — Ao (s))] ds

t
< 2/0 P ()l ()] + [ Aal (s)]])
+ [P () ([0 ()] + |45 (s)])] ds
t t
< 4FM/ V/SE (s)ds < 4TF?\/[+/ S5k () ds,
0 0
Ly = (Fun (1), = A0 () < |[Fin (0] A0l (1))
— 1
<eSW ) + — || Fim(®)|?
eSm’ (1) + I Fim (1)
— 1 o~ o~ ~ o~
g gssﬁ)(t) + 4_6(4UM + Hfl('a07u07U070507u0$7U0$7050)||
+T(1+4M)K p)?
— 12 3 ~ o~ ~ o~
g 63%)(75) + ?UQMQ + 4—€||f1(',0,’U,Q,UO,O,O,’U,Q;C,UQ;C,O,O)HQ
+ 437’2(1 +4M)?K3,,
e
Lia = (Fam (t), = A0S (1))
_ 12 3 ~ -~ -
< Esgi)(t) + ?UQMQ + 4_€||f2('a07u0;v070a07u0177}0z70a0)”2
+ iT2(1 +4M)?K3,.
4e
Combining (3.12), (3.14), and (3.15) with € = fi, /12 leads to

t
(3.16) SK) () < Somk + T M? +TD1(M) + Do(M) / S5 (s) ds,
0

with @, = 57602 /12 and

2
~ 2 — 18 JU SO
(317) Somk = ﬂ_SOmk + ? Z Hfi('voaumvmovoauogmUOI;070)|‘2

* =1

48 ~ ~
+ ?(Hum(o)uOmHQ + {11112 (0)tora 1)
)

2 ~ 12 ~ ~
Do(M) = — [1 + K+ 4\/§<1 + H—\@KT*)K +2[g(0)] + 2VT*||¢' || L2 (0.7+)

*

96 0 - 0 ~
+ 5 ([ g a0 P + | gt 07
2 18

Di(M) = M_(4+ /Z_T*(l +4M)2)F?\4a

48

+ ?[IIQH%%QT*) +16K°T].
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Note that 0 < 0 < f1,/511, which yields

(3.18) Ty =

57602 576 ( . \° 576
<

_\ p— 1.
2 ST \51) T B T

The convergence given in (3.8) implies that there exists a constant M > 0 inde-
pendent of k and m such that

1-0.

(3.19) Sompk < M? for all m, k € N.
In the case of 0 < 0 < fi./511, we have the following lemma.
Lemma 3.2. For every T € (0,7*] we put

(3.20) kr =4/ AWM, T, o) exp(TA(Q)(M7 7)),

where

2 2 —
AV(M,T,0) = - < 5 TK%W+16J>,
s — 0 \ s — O

1
AP (M, o) = -

By — 0O

4”9”%2(0,T*) )

By — O

(7 + 2901+ 2V oo +
Then we can choose T € (0,T*| such that

(3.21) Q) (H_TE*MQ + TDl(M)> exp(TDa(M)) < M2,

Proof. Note that 0 < o < fi,/511 is equivalent to /5120 /(fi. — o) < 1.
We have

140, 140,
lim ( Ty TDl(M)> exp(TDs(M)) = —-Z= M2 < M2,
T—04 2 2
and

. . (2) 5120'
lim kr =4 lim /AW (M, T,0)exp(TA® (M,0)) =4/ = <1

T*}O+ T*}O+ /J/* — 0

Therefore, Lemma 3.2 is proved. 0
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By (3.16), (3.19) and (3.21);, we obtain
(3.22) SR (1) < M2e=TP2(M) 1 Dy(M) /0 t 5K (s)ds
By using Gronwall’s Lemma, we deduce from (3.22) that
(3.23) S(t) < MPem TP tD2(M) < py2
for all ¢ € [0,T], for all m, k € N. Therefore, we have

(3.24) (u v *)y e Bp(M) forallm and ke N.

m

Step 3. Limiting process. From (3.24) we deduce the existence of a subsequence
of {(uﬁ’f), qulf))}, which we still denote by {(uﬁ,’i), Um )} such that

W oY S (U, vm) 0 L0, T3 (H2N V) x (H2NV)) weak®,
(3.25) @R oy = (ul,,vl) in L0, T; (H2NV) x (H2 N HY)) weak*,

m? - m

(U, Vm) € Bp(M).

Passing to the limit in (3.7), we have (u,, vy, ) satisfying (3.5), (3.6) in L2(0,T).
This will be checked as follows:
Multiplying both sides in (3.7); and (3.7)2 by ¢ € C2°(0,T), then integrating with

respect to time, we obtain

T _ T
(3.26) / (@) (2), &) (1) di + A / a(a® (), 3,)p(t) dt
/ (t;ulP (1), §;)o(t) dt

T

:/ (Fim(0), 3,)(t) dt
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By (3.25)1,2, we obtain

(3.27) /OTd(t;ugf)(t)@j) ¢ dt—>/Td (tum (1), 6;)p(t) dt

/ (o (D)0 (1), B olt) dt — / 13(8) O (1), By} 0(E)

0
) (¢
/o (U, dt—>/ dt,
[ aww.anemar— [ e, de0a.
0 0

T _ T
M / a(@®(8), §)(t) dt — Ay / aluly (1), &;)o(t) dt,
T B T B
Ao / EL(1), i) plt) dt = Ao / (Vs (£), B )iplt) dt
On the other hand

([ ottt a5 )t

= Tv(k)s b ' — 8 s
/O<m< ). 8; / olt - s)p(t) dt)d

where ®(s) = ¢, f g(t —s)p(t)dt and ® € L(0,T; (H?NV)'). Therefore,

(3.28) / : < / gl — )b s >,<ﬁjx>ds>s@<t> dat
:/0 (W) (s) ds—)/ Uma (8)
=/OT(/0tg<t—s><vm< X3 >d5)s0()dt-

It follows from (3.26), (3.27) and (3.28) that (3.5), (3.6) holds.
Theorem 3.1 is proved.

O

Based on Theorem 3.1 and the compact imbedding theorems, in the following we

prove the existence and uniqueness of a weak local solution of Problem (1.1)—(1.3).

We first note that the space
Wi(T) = {(u,v) € C°([0,T|; V x H}): (u/,v") € L2(0,T;V x H})}
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is a Banach space with respect to the norm (see Lions [15])

1w, )llwacry = (s )l eoo, v gy + 1@ V) Lo, < 13-

Theorem 3.2. Let (Hy)—(Hy) hold. Then the recurrent sequence {(tm,vm)}
defined by (3.4)—(3.6) converges strongly to a function (u,v) in W1(T') and (u,v) €
Br (M) is the unique weak solution of Problem (1.1)—(1.3). Moreover, we have the
estimate

| (s vm) — (u,0)|lw, () < Crky for allm € N,

where kr € [0,1) is defined by (3.20) and Cr is a constant depending only on T, fi,
f2, 9, H1, p2, Uo, Vo and k.

Proof. First, we prove the local existence of Problem (1.1)—(1.3). We need
to prove that {(um,vm)} is a Cauchy sequence in Wi(T'). Let Gy = Umi1 — Um,
TUm = Um41 — Um. Then (&, T,,) satisfies the variational problem

(i, (1), ) 4+ Ara(iiy, (t), ) + at; Um(t), ) = (Fim (1), ¢),
(O (£), ) + A2 (075 (1), V) + (p2(8)Vma(t), ¥oa)
(3.29) = Ot g(t = 8)(Vma(s), ) ds
+(Fom(t),v) for all (p,v) € V x H}, ae. t € (0,T),
(@m(0),7m(0)) = (0,0),

with

Fim(t) = Fim41(t) — Fim(¢), i=1,2.

Taking (¢, ) = (4, (t),7,,(t)) in (3.29)1 2 and then integrating in ¢, we have
(3.30)

5 (t) < / [a’<s;am<s>,am<s»+ / 1y (2, 8)52 (2 8) d — 2(0) [T ()7 ] ds

—|—2/0 g(t—s)(@mm(s),fvmm(t)}ds—2/o dr
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where fi, = min{1, g1, t2x, A1, A2} and
(3.31) Si(t) = lam O3 + [Tma (1)
t
+ /0 (g ()17 + 175, ()1 + |27, ()17 + 177, (5) %) ds

Next, with v = (fi. — 0)/4, we will estimate the integrals on the right-hand side
of (3.31) as follows:

n=f st (o () + [ (a9, 4 — 20(0)[Ta ()7 di
< (& +20g0)) [ S as
T=2 | 90t = ) Tma(s), T (1) s
<2 [ ot~ By /Sutt) s
<Sa0+ ([ |g<t—s>|\/%ds)2

_ 1 t
<38n) + ol / Su(s) ds

t T
I3 = — 2/ dT/ (7 = 8) (Uma(8), Uma (7)) ds
0 0
t T
< 2/ dr/ 197 — )1/ Fn(5)1/ S (7) ds
0 0
t
< 2\/T*H9/HL2(0,T*)/ Sm(s)ds
0
With the integral I, applying the mean value theorem to the function fi, we get

Fin(t) = Finy1(t) — Fin(t)
= D3 f[z,](0)um—1(t) + Daf[Z5,](#)0m-1(t)
+ D5 fZ5,) ()5, —1 (t) + Do f[Z, ] (1) 0,1 (¢)
+ D7 fZ5,] () Viim—1(t) + Ds f[25,,](t) VOm_1(t)
+ Do f[2,,](t)Vitiy, 1 (t) + Do f[27,] () VT, _1 (1),

where

—%

Zr =t U1 + Ol 1, Vi1 + O 1,0, + 00, 4,00, + 600, 4,
V-1 + O0VUm—1,VUm—1 + V01, Vu,, 1 + 0V, 4,
Vol +60VY, _,, 0<60<]1.
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Therefore

[F1m (O] < K s (£1) (1m 1 O] + 1[0 -1 0]) + o ([, 1 O] + [T (B)]])
+ K (f)(IVam—1 ()] + [|VTm-1(£)]])
+ oIV, Ol + VT, 1 ()]])
< 2K [ (@1, 1) w1y + 20V2(| Vi, 1 ()]
+ (Vo1 (O],

Similarly

[Fom (D] < 2K ar | (-1, Tm—1)llws (1)
+20V2([| Vi, s ()7 + V2,1 (4)]*) 2.

Hence

Iy = 2/0 [(F1m(s), iy (5)) + (Fam(s), T, ()] ds
< 2/0 E 1 () 11t ()] + [ F2m ()11, () 1] ds

8, — _
< <;TK§W + 160) (@1, B2 1, ) + (7 + 0) S (£).

From the estimates for I, I, Is and 14, we deduce that

t
(3.32)  Sn(t) < AWM, T, a)||(am,1,®m,1)||%V1(T) +A® (M, a)/o S (s)ds,

with
2 2T K?
AD(M,T, o) = — <3 M +160>,
s — 0 \ Hx — O
@) ! (& S 4917z 0,7+)
A¥ (M, o) = fin — 0 K +2[g(0)] +2VT*||g HL%O,T*)‘Fﬁ .

Using Gronwall’s Lemma, it implies from (3.32) that

S () < AWM, T, 0) || (@tm—1,0m—1) iy, () expRTAP (M, 0)).

Thus

(@, Tr) Iy (1) < k[ (Gm—1, Tm—1)llwy () for all m € N,
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where the constant kr = 4\/AM (M, T, o) exp(TA®) (M, o)) € [0,1) is defined as in
Lemma 3.2, which gives

M
| (Wmtpy Vmtp) — (’U:rm'Um)HWl(T) S 1—k

k7 for all m,p € N.
T

It follows that {(um,vm)} is a Cauchy sequence in Wi(T'). Then there exists
(u,v) € Wi(T') such that

(3.33) (U, Um) = (u,v) strongly in W1 (T).

Note that (um,vm) € Br(M), then there exists a subsequence {(um,;,vm;)} of
{(um; vm)} such that

(U Um,) = (u,v)  in L®(0,T; (H* NV) x (H? N H{)) weakly*,
(3.34) (Wnn, s Vg, ) — (W', 0") in L2°(0, T (H>NV) x (H?> N H})) weakly*,
( u, ) € BT(M)

‘We note more that

(3'35) ”Fim - fi[uyv]H%z(QT) < 8(TF?\/[ + 202)

[ (um—1 =t vm-1 =)y (1), 1=1,2.
Therefore it follows from (3.33), (3.35) that
(3.36) Fim — filu,v] strongly in L*(Qr), i=1,2.

Letting m = m; — oo in (3.5), (3.6) and using (3.33), (3.34)1,2 and (3.36), it is
clear that there exists (u,v) € Bp(M) satisfying (3.1)—(3.3). The existence is proved.

It remains to prove the uniqueness. Let (u1,v1), (u2,v2) € Br(M) be two weak
solutions of Problem (1.1)—(1.3). Then (u,v) = (u1,v1) — (uz2,v2) = (u; —ug,v1 —v2)
satisfies the variational problem

(W' (t),0) + Ma(u'(t), ) + a(t;u(t), ) = (F1(t), @),
(0" (), 9) + Ao (v (£), a) + (p2(t)va(t), Ya)

(3.37) i g(t — 5) (v (s), ) ds + (Fa(t), )

for all (p,v) € V x H}, ae. t € (0,T),
(u(0),v(0)) = (0,0),

where
Fi(t) = filur,v1](t) = filua,va](t), i=1,2.
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Taking (p,1) = (u'(t),v'(t)) in (3.37)1,2 and integrating in time from 0 to ¢, we
obtain

(3.38) aZ(t) < [ a'(s;u(s),u(s))ds

/ot (/ (e, 5)uz (@, 5) do 2g<0>|vx<s>|2) as
T 2/0t9<t — ) (ve(s), vz (1)) s

_|_

— 2/0 dT/O 9 (1 = 8)(vp(8),v:(7)) ds
42 [[(F2().0/(5) + (Falo). v/ (5))] ds,
0
where fi, = min{1, 1., fi2«, A1, A2} and
(3.39) Z(t) = [lu(®)|Z + lloa(t)]]? +/0 ([’ ()12 + 10, (5)]%) ds.
Put

K, =

2(llgl 20,2 + 4F?\4))

K +2|g(0)| + 2VT*| ¢’ .
(& + 200001+ 2Tl ey + =L

e — 4o
From (3.38) and (3.39) we get

Z(t) < K. /t Z(s)ds.
0

By Gronwall lemma, it follows that Z(t) = 0, i.e., (u,v) = (u1,v1) — (uz,v2) =0
The uniqueness is proved. Theorem 3.2 is proved completely. 0

4. GENERAL DECAY OF THE SOLUTION
In this section, Problem (1.1)—(1.3) is considered with the form as follows:

0
Ut — M Utpz — %(M(x,t)ux) = fi(u,v) + Fi(z,t), 0 <z <1, t>0,

Vi — NoUspz — (,%(,ug(a:, t)vy) +/0 g(t — 8)vzy(x,8)ds
= fo(u,v) + Fa(x,t), 0 <z <1, t >0,

um(oat) - Cu(oat) = u(]-at) = U(Oat) = U(]-vt) =0,

(’U,(J?, O)a U(J?, O)) = (ﬁo(l‘), 50(‘23))7

(4.1)
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where ¢ > 0; A1, A2 > 0 are given constants and g, p;, fi, F;, (i = 1,2), up, Up are
given functions satisfying conditions specified later.

a. Local existence and uniqueness.

Based on the results obtained in Section 3, we can propose the following as-
sumptions to obtain the local existence and uniqueness of a weak solution for Prob-
lem (4.1).

(Hy) (i, 00) € V x H};

(Hy) g1, po € C1([0,1] x Ry), and there exist the positive constants ji1,, fi2. such
that p;(x,t) = p for all (z,t) € [0,1] X Ry, i =1,2;

(Hs) g € CY(Ry; Ry);

(H,) there exist the function F € C2(R2;R) and the positive constants
(i) 0F/0u = fi(u,v), OF Jov = fa(u,v) for all (u,v) € R?
(i) F(u,v) < do(1+ |u|® + |v|?) for all (u,v) € R

(H5) F; € L2(Ry; L?), i =1,2.

Using the standard arguments of density, based on Theorem 3.2, we obtain the
following theorem.

Theorem 4.1. Let (H;)—(Hs) hold. Then there exists T > 0 such that Prob-
lem (4.1) has a unique weak solution (u,v) € C°([0,T};V x H}), and (u/,v") €
L2(0,T;V x HY).

b. Global existence and General decay of the solution.
We strengthen the above assumptions as follows.
(Hy) (To,00) € V x HJ;
(HE) 1, po € C1([0,1] x R,), and there exist the positive constants ji1., pi2« such
that p;(x,t) = i, ph(z,t) <0 for all (z,t) € [0,1] x Ry, i =1,2;
(HY) g € CY(Ry) N LY(Ry), and there exists the function ¢ € C1(R.) such that
(i) ¢'(t) <0< ((t) forall t >0, [;°¢(t)dt = oo,
(ii) ¢'(t) < —C(t)g(t ) 0 <g(t) <g(0) for all £ >0
(il) Ly = pox — f3° g(s)ds > 0;
(HY) there exist the functlon F € C%(R?;R) and the positive constants
(i) OF/0u = fi(u,v), OF Jov = fa(u,v) for all (u,v) € R?
(i) wfi(u,v) +vfa(u,v) < doF(u,v) for all (u,v) € R?,

%ﬂu

(iil) F(u,v) < do % 4 |v|%) for all (u,v) € R?;
=1
(HY) F; € L?(R4; L?) such that there exist two constants Co > 0, o > 0, satisfying
IFL(@))1? + [[Fa(t)]|* < Coe™ 70" for all t > 0.

(HE) p > max{2,d>}.
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Remark 4.1. The following specific functions g(t), fi(u,v), fa(u,v) satisfy

(), (1)
g(t) = aexp<— / () ds),

f1(u,v) = aky|ul 2u + o ks|u|* ~2ulv)?,

falu,v) = 6k2|v|ﬁ*2v + Bﬂf3|u|al|v|ﬁ172v7
where o, k1, ko, ks > 0, a, 8, a1, B1 > 2 are constants, ¢ € Cl(R+) such that C'( ) <
0<((t) forallt >0, f[;~ ¢(t)dt = co. Indeed, by ¢'(t) = —o((t) exp(— fo =
—((t)g(t), (HY) holds. On the other hand, the function F € C?(R?; R) with .F(u, v)
Eylul® 4 ko|v|® 4 ks|u|®t|v|®* has the following properties:

D1 F(u,v) = fi(u,v), DyF(u,v) = fo(u,v) forall (u,v) € R?
wfi(u,v) +vfa(u,v) < doF(u,v) for all (u,v) € R?,

where dy =max{a, 3, a; +3; }. Moreover, the inequality |u|* [v]|t < (Ju|?* +|v]?51) /2
implies that

2
Fu,v) < da(ul® + [u? + [0 + o) =d2 > (jul® +|v

i=1

%) for all (u,v) € R?,

where dy = max{ky, k2, k3/2}, 1 = @, @2 = 201, 1 = 3, @2 = 2/31. Hence, (H) holds.
We now consider the Lyapunov functional as

(4.2) L(t)=E({t)+0¥(t), t>0,
where § is a positive real number, which will be chosen later, and
1~ — 1 ~ — 1 1)\ = 1
43) B0 =3E0 - F0) = 550 - F0 = (5 - 3 )BO + 510
1 1 A A
() W)= 5l + §||v<t>||2 + 2 @2 + 201,

(4.5) E(t) (g2 0u) () + (g % v) (1) +alts ut), () + | V/rDva (B2 — GO0 (B)]2,
/]—‘ (z,0),v(z, b)) dz, I(t) = I(u(t)) = E(t) — pF(t),
(g 0)(t) = / 9(t — 9)l|va(t) — va(5)]2 ds, g(t):/o o(s) ds,
(g.0u)(t) = / gu(t — ) [ (5) 12 ds,

with g.(t) = 2)\*e’25*t, k., A, are constants with &, >0, 0 < A\, < 1.
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In the following, we prove that if

1(0) = a@(0; o, o) + |11/ p2(0) Vo || —p/o F(to(z), Uo(x)) dz > 0,

and if the initial energy is small enough, then global existence is obtained and the
energy of the solution decays as t — oc.
We first estimate E'(t).

Lemma 4.1. Suppose that the hypotheses (Hy), (H%)—(HZ) hold. Then

(16) B0 < - (1-3 - 3 )@ + 1/ 01)

= Fa(g:00)(1) - 5600 * )0 + 50

for all &1 > 0, for all t > 0, where o1(t) = ||Fy(¢)||* + || F2(2)]]2.
Proof. Multiplying equation (4.1) by (u/(z,t),v'(z,t)) and integrating on (0, 1),
we obtain
a0 B = 3 |@ o)+ [ b dendd - 0 -3 orP
— [ @O = Al @7 = Aelloz (O = (g Ou) ()
2 #0)(0) — ST DI+ (0,00 + (), (2.

On the other hand, we also have

+

@8) @00 + [ e <o,
(@17 + 101 + 520,

1
(¢ *v)(t) < —§§(t)(g xv)(t) foralle; >0 forallt>0.

(Fa(t),u' (1)) + (F2(t),0'(1)) <

&
2

N | =

Then (4.7) and (4.8) leads to (4.6). Lemma 4.1 is proved. O

Next, using Lemma 4.1, we prove the following lemma to obtain the global exis-

tence.

Lemma 4.2. Assume that (HY)—(HZ) hold. Let (uo,%) € V x H} such that
I(0) > 0 and the initial energy E(0) satisfies

N N
(4.9) n* = L, — pdy max{z R%i=2, ZRZ”’_Q} >0,

i=1 i=1

0<g(00) = [ g(s)ds < v
0
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where

(4.10) L. = min{p1x, pax — g(oo)} >0, R, = %,
B = BO+ 1 [ 0B O1 + IR0

Then I(t) > 0 for all t > 0
Proof. By the continuity of I(¢) and I(0) > 0, there exists 77 > 0 such that

(4.11) I(t) = I(u(t),v(t)) >0 forall t € [0,T1].

From (4.3), (4.11), we get

(4.12) E(t) > <% - E)E(t)

p
L =2

> 5, g 0u)) + (g v)(1) + L(u(®]Z + o= (0)]*)]

for all ¢t € [0, Ty].
Combining (4.6) in Lemma 4.1 and (4.12), we get

2pE(t) 2pE, 2
4.13 u(t)|)? + v ()])* < < =R, foralltel0,T1].
@13) @+ a0 < 25 < oy 0,73

By (Hf) i), (4.13) implies that

(4.14) / Flula,t), 0w, 8)) do < dZ(Hu(t) o+ o(®)]%,)

< pds max{Z RE72, ZR‘“}(iu( 2 + [los (5)]12).

i=1 i=1

Thus
(4.15) I(t) = (g:0u)(t) + (g *v) () + 0" ()| + lvz(£)]1?) = 0 for all ¢ € [0,T].

Put T, = sup{Th > 0: I(t) > 0 for all ¢t € [0,T4]}. Suppose that T, < co. By
the continuity of I(¢), we have I(Tw) > 0.

1 1(2) =0, 419 s (000 T 01T = T 2= 00 (Too) | =
which leads to fo —s)|lu/(s)]|*ds = fo — 38)|lve(s)||* ds = 0. Because
of the continuity of functlon s gu(Too—38)||0 (s )||2 on [O7 Too] and ¢4 (Too—s) > 0 for
all s € [0,T], it follows that u/(s) = 0 for all s € [0, Ts]. Then u(0) = u(T) = 0.
Similarly v(0) = 0, so I(0) = 0. We have a contradiction since I(0) > 0.
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Therefore, I(T) > 0. By the same arguments as above, we can deduce that there
exists Tho > Tho such that I(£) > 0 for all ¢ € [0, 7). This is a contradiction to the
definition of Th..

Thus To, = 00, ie., I(t) > 0 for all ¢ > 0. Lemma 4.2 is proved. O

Now, we investigate the decay for Problem (4.1). Put
(4.16) Ei(t) = (g Qu)(t) + (g% 0)(8) + [lu(®) 12 + [[oa (O)[* + 1(2).

We will prove Lemmas 4.3, 4.4 as below.

Lemma 4.3. There exist the positive constants 31, Ba, B1, B2 such that

(1) ﬂlEl(t) ( ) NS ﬂgEl( ) for all t 2 0,

Proof. (i) Obviously, with

. [(—-2)L. p—2 1
p=mind P r2
we have
L(t) > E(t) = (% - %)E(t) + ]—1)I(t)
> (5 3 )L Cu@IZ + 10O + 00000 + g+ 0] + 3110
> B1E(1).
Similarly, by 0 < pi(2,t) < pi(w,0) < max pi(2,0) = pff < p* = maxpf = p,
we get o ’
L(t) = <% - %)E(t) + %I(t)
+ g(IW(ﬁ)H2 + @1 + Mllu@)1Z + Xofloa(8)]]7)
<|(G-3)u+ 5(1+A*>}<nu<t>ni+|vx<t)|2>
+ (573 )le-000 + g+ 001+ 10
< B2 EA (1),
where
1 1\ (1 1), ¢ N1 .
62_max{(§_5>’(§_5>” +2<1+>\)ap}7 A {1, Aa )
(ii) It is similar to (i). Lemma 4.3 is proved. O
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Lemma 4.4. The functional U(t) satisfies the estimation

1
2¢e3

do ds 51d2
o >(g>kv)(t) + —(g*<>U)( ) — 71( )

(1- 2 ). - 2| oo
(1= %) .~ 3(00) = ez + 223(00)

% o (8)]2 + 1mw

417) V() < (

[1—51 +

*
*

[1—51 —n" +

for all 61 € (0,1) and &2, e3 > 0, where 01(t) = ||F1(t)||* + || F2()]|?.
Proof. By multiplying (4.1) by (u(x,t),v(z,t)) and integrating over (0,1), we

obtain

(4.18)  W'(t) = —a(tu(t), ul®)) = [V u2(t)va ()] + /Og(t—8)<vx(8)avx(t)>d5
), v(t))

+ (fi(u(t), v(t)), u(®)) + (f2(u(t), v(t)), v(1))
+ (F1L(), u(t)) + (Fa(t), v(t))-

We also have

(419)  (Fi(®),u(t)) + (Fa(t), v(t) < Z ()2 + on(1)]?) + —91( );

‘»— N’|l\7

| att=9)o(s). a0y as < @MWH(;+QWM%@M

2¢e3

(4.20)  (fi(u(t), o)), w(t)) + {f2(u(t),v(?)), v(t))

) = LEw) - 10)) = 25 _ o - Ak
<d25’:(t)*p[E(t) I(t)]pr() (1 51)p1() » 1(t)
< 2B - (1= 002y ()2 + a0 - 2100
< L{(g.0u)(0) + (5= )0 +altsu(0),u(0)
+ [V p2(t) Um O =g [loz ()]
-(1- 51);77 (Hu(t)HiJr [z (D)11*) — ey I().
Therefore, by (4.19), (4.20), it leads to (4.17). Lemma 4.4 is proved. O

The main result in this section is stated as follows.
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Theorem 4.2. Assume that (H$)—(HZ) hold. Let (i, v0) € V x H} such that
I(0) > 0 and let the initial energy E(0) satisfy (4.9). Then there exist positive
constants C, 7 such that

t
(4.21) u(®)]|2 + |lva(t)]|* < Cexp <— '7/0 ¢(s) ds> for allt > 0.

Proof. First, by definition of £(¢) and inequalities (4.6), (4.17), we obtain

€1

(4.22) LM< —1-r-3

Yl @17 + 1 (OIF) = B39+ Ou)(2)

001d ~ ~
- ]1) 21(t) = 601 [[u(t)|I2 — 502 v (1)1

with
1 do
4.23 d3 = — + —
(4.23) T2 T
~ ~ d2 dg 13
01 =01(5 =(1-61)—=n" 1-— . — =,
1 1(01,€2) = ( 1)p77 +< p)'ul 5

By = oo, en,es) = (150 2oy ¢ (1 _ %) (20 — (00)
- %(52 + e3G(00)),

O3 =k — —.
p

By p > dz and 0 < §(00) < pio«, we also get

) ~ da da
4.24 1 01(0 = —=n* 1—— * )
( ) 61—>0jg12—>0+ 1( 1762) pn N < p)Ml >0
| _ ds dy a0\
61_>0+7€211_I>%+7€3_>0+ 92(51,62,53) = |:?77 + (1 - E)MQ* - (1 - ;)g(oo)] > 0.

Thus, we can choose 1 € (0,1) and €2, €3 > 0 small enough such that
(4.25) 01 = 01(61,22) >0, 0y =05(81,62,e3) > 0.
By 1 — A\, > 0, we also can choose § > 0 and £; > 0 small enough such that
(4.26) 93:k*—6—>0, I—X——=>0.
p 2
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Put

(4.27) 0, = min {551, 502, 0, 001d; }
it follows from (4.22), (4.25), (4.26), (4.27) that
(4.28) L'(t) < = 0:[[u@®l + [lox (O] + (g:0u)(t) + 1(1)]

w0 + 5 (2 + 2 a0

< 0B 1)+ 0.+ 3) g+ 0)0) + 5 (£ + 2

€1 13

Combining (4.6) and (4.28), we have

COLH) <~ 0.LOBD) + (0. -+ ds)C(1)(g ) (1)
+3(2+ 2 )com

€1 13

N

— 0.C(t)E1(t) + 2(0. + dd3) { —E'(t)+ %gl(t)}

2
35+ 2 )t
—0.C(t)E1(t) — 2(0. + dd3)E'(t)

+ {% + % <l + i)C(O)] o1(t)

€1 13
< — 0.C(H)E1(t) — 2(04 + 0d3)E'(t) 4+ Cre 70!,

oo st 11, Yol

€1 2\e1 &2

where

Considering the functional

L(t) = C(£)L(t) + 2(0. + 6ds) E(t),

then

L(t) < [C(0)B2 + 2(04 + 0ds)Ba) Er (t) = B Eu(t),
and
(4.29) L'(t) = (L) + ()L (t) + 2(0. + dd3) E'(¢)

< —0.C(H)EL(t) + Cre™ 7" < _g_*g(t)L(t) + Cre 0t
3
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Choosing 7, 0 < 7 < min{6./B3,%0/¢(0)} from (4.29), we obtain
(4.30) L'(t) + 5¢(t)L(t) < Cre 7oL

Integrating (4.30) it leads to

C,
(4.31) L(t) < (L(O) + (] ) exp ( / (s )
Moreover,
(4.32) L(t) = 2(0. + dd3) E(t) > 2(0« + 0d3)B1F1(t)
> 2(0. + 8d3)Br ([u®)I7 + [lva ()]1%).

Therefore, (4.31) and (4.32) imply that (4.21). Theorem 4.2 is proved. O

5. BLOW-UP AND LIFESPAN OF THE SOLUTION

First, we make the following assumptions:
(Hi) (iio, o) € V x H;
(HZ) u1, po € C1([0,1] x R,), and there exist positive constants fi1., 2. such that
1i(2,t) = pris, pi(,t) <0 for all (z,t) € [0,1] x Ry, i =1,2;
(H?) g € CY(Ry) N LY (Ry) such that
) <

(i) ()>0 g'(t) <0 forallt >0,
(i) [y g(s)ds < p(p — 2)pa./(p — 1)°, where p > 2;

(HZ) there eX1sts the function F € C?(R?;R) and a positive constant d; > p such
that

(i) 0F/0u= fi(u,v), OF JOv = fa(u,v) for all (u,v) € R?, i=1,2,
(i) wfi(u,v) +vfa(u,v) = diF(u,v) =0 for all (u,v) € R2.

Remark 5.1. The functions fi(u,v), fa(u,v) given in the example of Re-
mark 4.1 also satisfy (HF) (ii), because of

wfy(u,v) + vfo(u,v) = ak;u|® + Bkalv]® + (a1 + B1)ks|u|* [v]*
> min{a, B, a1 + Bu} (k1 |ul® + k2|v]” + kslu|* [v])
=d F(u,v) =0 for all (u,v) € R?

where d; = min{«, 3,1 + f1}.
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We now consider the symmetric bilinear forms @;(-,-) (¢ = 1,2) defined by

a1 (u, p) = (u,p) + Aa(u, @), (u,9) €V XV,
62(1))1/}): <U71/)>+)\2<Uzﬂ/)x>, (’Uﬂ/}) GH(I) XIT[(I)7

with W(t) defined as in (4.4). Denoting

lulla, = vVai(u,u), uweV,

lvlla, = Vaz(v,v), ve Hp,

we can rewrite ¥(¢) as

W(t) = (@2, + [oO)2,).
We also consider the functional E(t) defined as
(5.1) B(0) = £ (9+0)(1)+ paltu(t), u(t)) +3 (1@ (O]~ 5(0)lva (1))~ F (1)
with .
F(t) = /0 Flulz, t), v(z, 1)) da.

We note more that E(t) is the functional E(¢) as in (4.3) corresponding to g. = 0.
Furthermore E(0) = E(0).

Lemma 5.1. Assume that (H), (HB), (HB) and (H2) hold. Then we have

SE0+ [aver ek

Moreover, the following energy inequality holds:

¢
(5.2) E(t) +/0 (v ()12, + v ()112,) ds < E(0).
Proof. Multiplying equation (4.1) by (u/(z,t),v'(z,t)) and integrating on (0, 1),
we obtain
t
d[= / 2 / 2
(5.3) T |[FO + | (' ()3, + [1v'(s)lI3,) ds
[, !
=5la (tut),u®) + | whlz,t)v2(z,t)de
0
1 1_ )
26 = 0)1) — L300 <0
for any regular solution (u, v). We can extend (5.3) to weak solutions by using density
arguments. Combining (H;), (HS), (HZ) and (H?), Lemma 5.1 is proved. O
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a. Blow-up solutions with negative initial energy.

Theorem 5.1. Assume that (H?), (HY) and (HP) hold. Then for any initial
conditions (ug,v0) € (V x H}) such that E(0) < 0, the weak solution (u,v) of
Problem (4.1) blows up at finite time and the lifespan To, of this solution satisfies

8(p-DYO) _
p(p_ 2)2E(0) oo max-

(5.4) T <

Furthermore, if in addition:

(HP.) there exist the constants dy > dy, da >0, ¢; > 2, ¢ >2 (i =1,...,N), such
that

(1) wfi(u,v) +vfa(u,v) < doF(u,v) for all (u,v) € R?, for all (u,v) € R?,
N

(i) F(u,v) <dg . (Jul% + |v|%) for all (u,v) € R2; for all (u,v) € R2,

i=1

(HE.) Jao)d2/Gr(2) < =8(p = 1)(T(0)/p(p — 2)*E(0)),

where
4g(c0 N _
(5.5) Gi(z) = gA 2 (L do)ds Y (1 + 2072 4 20/2),
* i=1
_ 2 (Ii/2 2 @/2
Ax = min{A, Ao}, d3—d2max{(/\—) ,(/\—> , i—l,...,N},
then T, satisfies
© dz

(5.6) T >

= Too min-
¥ (0) G1(2)

Proof. Before proving Theorem 5.1, we will explain the validity of the hypoth-
esis (HE,).
We note that

(IFolI* + 101,

N | =

1, - _ _
v (0) = 5(|\Uoll2 + [[Tol* + Mo |2 4 A2l Doz )1?) =
1 o _ oo _
E(0) = 5(5(0;UO,Uo) + {13/ 12(0) oz [|*) —/ F(uo(z),vo(z))dx <0,
0

therefore

—8(p = D¥(0) _ 4(p — D(llto]* + [[70]*)
plp—2)2E(0) = plp—2)*(-E(0)

while the right-hand side of (5.7) is independent of A\, = min{A1, A2}.

(5.7)
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On the other hand, from (5.5) we can deduce that

_ 2 q,¢/2 2 (j,;/2
d3=d3()\*)=d2max{(>\—> ,(A_) 7Z':l,...,ZV}—>OO7

as A\, — 04,

N
4_ —
Gi(z2) = gioo)z + (L4 da)ds D (142572 4 28/2) > dy(A)(1+ 2072,
* i=1
Hence
© o _dz 1 /oo dz
5.8 < — 0, as Ay — 04
( ) [I’(O) Gl('z) dS(/\*) T(0) 14 za/2 +

This leads to the existence of A, > 0 sufficiently small such that

(5.9)

1 /°° dz A(p = 1)([[ao]l* + [vo]*)
d3(As) Jw(oy 1+ 20/2 p(p—2)*(=E(0))

From (5.7)—(5.9), we conclude that (HZ,) holds true.

Now, we first prove that the solution (u,v) obtained here is not a global solution
in Ry. Indeed, by contradiction, we will assume that the weak solution exists in the
whole interval R .

For E(0) < 0,

—pE(0) 20(0)
0<PSo=T Ty
and
b7
(p—2)pT —29(0)’

we define the auxiliary functional I': [0, 7] — R as

To =

t
(5.10) T(t) = 2/ W(s)ds +2(Ty — W(0) + Bt +7)°, 0<t<Th.
0
By direct computation, we have
t
(5.11)  T(t) = 20(t) — 20(0) + 28(t +7) — 2/ V(s)ds + 26(t + 1)
0

= 2/0 31(u'(s)7U(s))ds+2/0 (v (s), v(s)) ds + 28(t + 7),
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and
(5.12) I(t) = 20'(t) + 28.

Since (5.10) and (5.11), we see that I'(¢) > 0 for all ¢ € [0, Tp] and I (0) = 287 > 0.
By the Cauchy-Schwarz inequality, we get from (5.11) that

(5.13) |F’ [/ a1 (u |ds+/ |aa (v Ids+ﬁ(t+7)}
< [/0 [ (s)lla llu(s)lla ds+/0 10 (8) I, llv(s)lla, ds+6(t+7>]

< (/t [/ ()113, ds>1/2 (/Ot )2 ds)l/z
(/ 10" ()12, 018)1/2</01t ||”(8)||%2ds>1/2+5(t+7)

<LA|U@W%ds+/¢M%$%JB+ﬂrm
X [/Ot lu(s)II3, ds + (/ ()12, ds) +ﬂ(t+7)2]1/2

— ROV = Vo,

where

(5.14) o(t) = o1(t)oa(t),

t
0= [ WO as+ [ I s

/|u|ﬁ®+/me&®+mqu
:2/0 U(s)ds+ Bt +7)°,
then it follows from (5.14) that
(5.15) o(t) > £|F’(t)|2 for all ¢ € [0, 7)),
Therefore, since I'(t) = o2(t) + 2(To — t)¥(0) > 02(t), we get

(5.16) 2pI'(t)o (t) = 2poa(t)or(t) = 2po(t) > §|F'(t)|2-
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It follows from (5.16) that

(5.17) (@)rt) — §|F'(t)|2 > 21(t) BF”(t) — po1 (t)} =2I'(t)D(t)
with
(5.18) D(t) = %I‘”(t) — pai(2).

Furthermore, by multiplying equations in (4.1) by (u(x,t), v(x,t)), and then in-
tegrating over (0,1), we deduce from (5.12) that

(5.19) D(t) = 5T (1) — poa(t) = B+ ¥'(t) — pou(t
— B — a(t; ult), u(t)) — |V/im(Dva(t)]

4 / 9t — 8) (v (5), va (£)) ds
o(t)),ul®)) + (Fau(t), v(t)), o(6))

—p[/ o (5)]I2, ds+/t|v'<s>||%2ds+/3}.

The terms on the right-hand side of (5.19) can be estimated as

6200 [ =9 0a0)ds > L w0 + (1- 1) Ol 0])
and
(5:21) (Fr ult) 0(8)), 0(8) + (o(u(2) o(8), (1) > 42T 1),

It yields from (5.1), (5.2), (5.20) and (5.21) that

(5.22)  D(t) = B —a(t;u(t),u(t)) — |\ pa(t)ve ()]

)
(t) -
= Blawoe) + (1= 52 ) @Ol
+ 0 (0) — p B0 + /Hu ()12, ds+/t||v'<s)|%2ds+/3]
+ Sllg* 0)(®) + alts u(t), u(t))
Vi@ 0 - g0 o0 - 27()
> - a(t; u(t) >—|m7vx Ol + (1 5 )@@l OI)

+ (1)~ pE(0) ~ pf
+ 5 @t u(t), u®) + Vi O O17) - 55001 - pF ()
= —pE(0) - (p 1B + (d = p)F (1)

143



+ 222 (o), ) + Vi 01) - L g0 0017

> —pE(0) — (p— 1)B + (dy — p)F(t)

_ _ 2
+ 222 02 + iz oa 0) — L g0 a0

— _pE(0) = (p— 1) + (di — p)F(H) + EDH 2

2
@—Uzp@_mm*__m e
2p (p—1)2 (00) [ vz ()[|7 =0,

because of d; > p > 2,0 < §(00) <p(p — 2)p2./(p — 1)? and 0 < B —pE(0)/(p — 1).
From (5.17) and (5.22) we obtain

+

21P/2(0) 1

for all t € [0,%,,;
(p _ 2)1’\/(0) T* _ t or a E [ Y m1n)7

(5.23) TP (1) >

where tpin = min{T}, To,}, with T, = 2I'(0)/((p — 2)I7(0)).

By -
—pE(0) 27(0)
O<fs——r T>6@—%
and By
.
T2 —2) —20(0)
we have
o 20(0)  2T0(0) + B
24 S EI0 R e

From (5.23) we get lim I'(t) = co. This is a contradiction. Therefore, the solution
t—T,

(u,v) blows up at finite time.
Now, we find an upper bound for T,. It is clear to see that

2
1 < 2T (0) + B

(p—2)B7
is equivalent to
B2 ~
(5.25) T < = 9)8r —23(0) for all (8, 7) € D(uo, Vo),
where E(0) 27(0)
Do, o) = {(,@,T) ERZ: 0<B< ]f_ = 7> 6(p—2)}'
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Considering the function

67—2 7_2

h(Tv B) = (p — 2)67— — 2\11(0) = (p — 2)(7_ — T*)’ (ﬂvT) ED(ﬂo,”Jo),
with
10
" Bl-2)

Let 3,0 < B3 < —pE(0)/(p— 1) be fixed. We have

oh T(T — 274)
— =————""— forall 7> 7,

87_(7',6) =2 =) orall > 71

which implies that the function 7 +— h(7, ) is decreasing in (7, 27 ), and increasing
in (274, 00), so

_4r.  8Y(0)
(5.26) h(r.B) 2 hor. ) = 15 = 2
> 8 (0)
~ —pE(0)(p—2)%/(p—1)
_ M T'oo max for all (6’7—) c ﬁ(ao,:l}o),

From (5.25) and (5.26), we get Too < —8(p — 1)¥(0)/(p(p — 2)2E(0)) = Too max-
Thus, (5.4) is proved.

Next, we seek a lower bound for the blow-up time T,. We have

(6.27) V(1) = —altiu(t),u(t) — [Vie®v. Ol + / gt — $){v,(s), va(1)) ds
+ {fuult), o) u(®)) + (Folult), (1)), v(b)).

The terms on the right-hand side of (5.27) are also estimated as

6:28) [ gt = 9)a(s),0a(0) ds < 3lg < 0)(O) + 370 s ()]
0

(529) () o0), ulb)) + {a(ult), o), o(0) < BT ),

(6:30) el + a0 < (), with A, = minfAr, o},
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N N
(5.31) F(t) <dz Y (u(®)]fa + llo(t) Z (lu@lE + lo@IIE;)

[(%W)q’ﬂ ‘ (%W) b

where

_ 2 (Ii/2 2 (772/2
d3:d2maX{<>\—) ,(}\—) ,i=1,..., N}.

On the other hand,

(5.32) E(t)+F(t )—%a(t u(t), u(t))— H\/uz ve ()| =70l (1)]%) = (g*v)(t)

Combining (5.2), (5.28)—(5.32), it leads to
(5.33)

(1) < — alt;u(t),u(®) ~ |V Oe 0] + 59 0)(0)
5(00) v ()2 + ds 7 (1)

—a(t;u(t), u(t)) — [/ p2(t)ve(t

+—Em+fm—§mmw ——n¢m Dea®)? = 56) oa (D))
+ 25(0)ue(t)P + dF (1)
< 1)~ Sat: u(t). u(t)) — 2|/ 0 + 29(00) [0 + (1 + ) F (1)
< 29(00) s (O] + a+@vm<@<mwmw (1 + ) ()
N
< Dy 1) 4 1+ )y 31+ () + (W)
= Gi(¥(0)
where
Gi(z) = ) (14 dy)a g:a b o0/2 4 L0/
1 - )\* 2)U3 r

is defined as in (5.5).
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From (5.33), it gives that

L U(s)ds RGP
! 2/o G ¥(s) Lm) Gie)

Therefore, we derive the lower bound for T, as

* dz

T = =T min-
> U (0) Gi(z) =

Theorem 5.1 is proved. (|

b. Blow-up solutions with nonnegative initial energy.
First, we put

(5.34) () =v20(0) = /@2, + o),

then

(5.35) VAV @2+ Tos (012 < y(8) < VI+ AV u®)]2 + o212

with

A = min{Ag, A2}, A" = max{\, \2}.
By (f)), (H)-(HP), (H£.) and (5.35), we have

where

B(t) = o+ 0)(t) + %&(t;u(t), u(t))
£ 5 (Wm0l g0l 0)]?) - F)
N
> LI + oa1?) = & 3 (@) + o))
L) 1 R R
SP R EST —dzlgsgv{( Wror WW};[@@)) + ()]
N
— 5 50 - & M) + )] = Gl
N
G(A) 14{3* [1 2 -d ;(/\‘“+X1 )] for all A
- (T+X%)d

S 8 (o v
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Then we can prove the following lemma, let us omit its proof.

Lemma 5.2.

(i) The equation G'(A\) = 0 has a unique positive solution Ay satisfying

N
1=d.Y (aMN T2+ a2 =0;
=1

(i) G(0) =0, lim G(X) = —oc;
—00
(iii) G’(\) > 0 if A € (0, \0) and G'(\) < 0 if A > Ag.

We need more the following lemma, which is similar to the lemma used firstly by
Vitillaro in [33].

Lemma 5.3. Assume that E(0) < G()\g). Then:
(i) ify(0) = y/llwoll2, + [70l|2, > Ao, then there exists X2 > Ao such that

y(t) > 3\\2 for all t € [0, Tw);

(it) if y(0) = y/llwoll2, + [Tol|2, < Ao and E(0) > 0, then there exists A1 € [0, X0)

such that
y(t) < Ay forallt €[0,Ty).

Proof. The argument used is similar to that of [19], [20], [33]. O

Theorem 5.2. Let (HFP)-(HP) and (HL) hold. For any initial conditions

(o, 7o) € V' x Hj such that \/|[uol|Z, + [|[Vol|Z, > Ao, in addition assume that

0 < E(0) < min {G()\o), %ng},
] =2 0= Tpp = 2pae

o= min{ 20, B (PRI - g0e0)
< dz o 8(p —Al)\I/(O)
w(0) G2(2)  (p - 2)2(0\} — pE(0))

with

(5.36) Ga(2) = E(0) +
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where the constants ., ds are defined as in (5.5). Then the weak solution (u,v) of
Problem (4.1) blows up at finite time and the lifespan T, is estimated by
< dz 8(p—1)¥(0)

=T min < T < =, —
wo) Ga(z) 7 T (p—2)2(0N] - pE(0))

TOO max-

Proof. We also prove that the solution (u,v) obtained here is not a global
solution in R;. By contradiction, we also assume that the weak solution exists in
the whole interval R.. By the same method as in proofs of Theorem 5.1, with

0< B(0) < Loz,
0<p <22 _pF(O)’
- T
, min{ (p 22)%, (p 2p1> p(ij _23)’;2* —§(°°>] }
2
. 6?57(—0)2) and T, >(p_2)§:_2\1/(0),

we can define the auxiliary functional I': [0,7] — R as
I'(t) —2/(:\1/( Yds +2(Ty —t)¥(0) + B(t +7)%, 0<t< Ty,
From (5.22) and Lemma 5.3 (i), it follows that
Gan D> —pE( )~to- 19+ M|| Ol

[(1 2. = 3090

(p— )5+9 I\U(t)HQJr [[va (1))
(p—1)8+ 0N3> 0,

E()
—pE(0) -

since 0 < (p—1)B < QX% — pE(0).
Because of 0 < 3 <(oA3 — pE(0))/(p — 1),

=2 p—1)2[plp —2)uae  _
o= min {2 LU 00D g,

which implies from (5.17) and (5.37) that

VoWV

217/2(0) 1

(5.38) rP271(1) > RSO

for all t € [0, ¢, )5

where i = min{7Ty, To,}, with T, = 2I'(0)/((p — 2)I7(0)).
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A3 — pE(0) 29/(0)
0<pg=2 "2 >
B p—1 Blp —2)
and )
BT
>
102 =28 —200)
we get

T 2(0)  2T50(0) + Br?
-0 (p—2)pT

From (5.38), it leads to lim I'(t) = co. This is also a contradiction, so the solution
t—T,

€ (0, Tp].

blows up at finite time.
As in proofs of Theorem 5.1, we also have

8(p —1)¥(0)

T, < AN
(p = 2)%(0A3 — pE(0))

= Too max-

Finally, we will find a lower bound for the blow-up time T, for the solution (u,v).
We have

(539 V(1)< E() ~ saltu), ult) — 3 |vr@w.0)
+25(00) s ()] + (1 + do) (1)

(
< E(0) 4 25(00) |ve ()]1> + (1 + d2) F ()
)

4g(c0)

() + (1 +do)ds NE/2 4 (W(t)%/?

Mz

1,=1

where G2(z) is defined as in (5.36). From (5.39) we get

© dz
=T min-
w(0) Ga2(2) =

Too >

Theorem 5.2 is proved. O
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