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Abstract

We give a definition of coisotropic morphisms of shifted Poisson (i.e. P,) algebras which is a
derived version of the classical notion of coisotropic submanifolds. Using this we prove that
an intersection of coisotropic morphisms of shifted Poisson algebras carries a Poisson structure
of shift one less. Using an interpretation of Hamiltonian spaces as coisotropic morphisms we
show that the classical BRST complex computing derived Poisson reduction coincides with the
complex computing coisotropic intersection. Moreover, this picture admits a quantum version
using brace algebras and their modules: the quantum BRST complex is quasi-isomorphic to the
complex computing tensor product of brace modules.
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Introduction

The goal of the present paper is to introduce the notion of a coisotropic structure on shifted
Poisson algebras on the level of 1-categories and show that it satisfies some expected properties
such as:
e Moment maps provide examples of coisotropic structures,
e A derived intersection Bj ®HA Bs of coisotropic maps A — By and A — By, where A is an
n-shifted Poisson algebra, carries an (n — 1)-shifted Poisson structure up to homotopy.

The homotopy theory of such coisotropic structures is further studied in [MS16| and [MS17].

Coisotropic intersections Motivated by Lagrangian Floer theory and Donaldson—Thomas
theory, Behrend and Fantechi [BF10| showed that the cohomology of the algebra of functions
on a derived intersection of two holomorphic Lagrangian submanifolds of a complex symplectic
manifold carries a (—1)-shifted Poisson (IP) structure.
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Pantev, Toén, Vaquié and Vezzosi [PTVV] gave a derived-geometric interpretation of this
result. Namely, it was shown that a derived intersection of two algebraic Lagrangians carries a
(—1)-shifted symplectic structure. More generally, they have shown that a derived intersection
of two Lagrangians in an n-shifted symplectic stack is (n — 1)-shifted symplectic.

Baranovsky and Ginzburg [BG09| generalized the Behrend—Fantechi result in a different
direction. Namely, they have shown that the cohomology of the algebra of functions on the
derived intersection of two coisotropic subvarieties of a Poisson variety carries a Py-structure. It
is thus natural to ask whether one can lift the Baranovsky—Ginzburg construction to the chain
level.

Calaque, Pantev, Toén, Vaquié and Vezzosi [CPTVV] introduced n-shifted Poisson structures
on derived stacks and derived coisotropic structures on morphisms of stacks. Let us recall their
definitions in the affine setting. Let A be a commutative dg algebra. By a theorem of Melani
[Mel14], an n-shifted Poisson structure on A is the same as a P, ;-structure on A, i.e. a Poisson
bracket of cohomological degree —n. For B another commutative dg algebra, CPTVV define a
coisotropic structure on a morphism A — B to be the same as a P,-structure on B together
with the data of an associative action of A on B in the category of P,-algebras. To define
such a notion, they use a result announced by Rozenblyum (Poisson additivity) which identifies
P, 1-algebras with associative algebra objects in the co-category of P,-algebras. This definition
is expected to give rather easily a P,-structure on a coisotropic intersection. However, Poisson
additivity is not given by explicit formulas, so the explicit Poisson structure on the coisotropic
intersection would be difficult to write down.

In this paper we develop coisotropic structures in the affine setting, i.e. for arbitrary commu-
tative differential graded algebras. We model an action of the P,,41-algebra A on a P,-algebra
B by a Py, 41-morphism A — Z(B) (Definition 1.8). Here

Z(B) = Homp (Symp(Qp[n]), B)

is the complex of (n — 1)-shifted polyvector fields with the differential twisted by the Poisson
structure on B which is a derived version of the Poisson center of B.

Note that the P, 1-structure on Z(B) is very explicit: it is given by the Schouten bracket (i.e.
by the commutator of multiderivations). Using this definition we prove the following theorem
(Theorem 1.18).

Theorem. Let A be a Py y1-algebra and A — By, A — By two coisotropic morphisms. Then the
derived intersection By ®HA By carries a homotopy Py, -structure. Moreover, the natural projection
pr ® By — B, ®EA By is a P,,-morphism where B‘fp denotes the same commutative dg algebra
with the opposite Poisson bracket.

The proof of this theorem uses ideas from Koszul duality. Since one can identify by Poisson
additivity a P,yi-algebra with an associative algebra object in P,-algebras, one expects the
Koszul dual coalgebra of a P, 1-algebra to carry a compatible P,,-structure; indeed, it is given by
explicit formulas using the bar complex (Proposition 1.14). Similarly, we show that the Koszul
dual to the A-module B; carries a homotopy P,-structure given by the coisotropic structure.
Finally, the derived tensor product B ®% By can be written as an underived cotensor product
on the Koszul dual side.

After the present paper was posted on the ArXiv, the proof of Poisson additivity was written
down in [Safl6]. In the same paper it was shown that our definition of coisotropic morphisms is
equivalent to the one of [CPTVV].
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Moment maps We give an application of derived coisotropic intersection to Hamiltonian re-
duction.

Let us recall that given a symplectic manifold X with a G-action preserving the symplectic
form, a moment map is a G-equivariant morphism p: X — g* which is a Hamiltonian for the
G-action. Hamiltonian reduction is defined to be the quotient

X//G = pH(0)/G.

If 0 is a regular value for p and the G-action on p~1(0) is free and proper, the quotient is
a symplectic manifold as shown by Marsden and Weinstein [MWT74]. If one of these conditions
fails, the quotient is only a stratified symplectic manifold which hints that it is a shadow of a
derived symplectic structure.

Indeed, passing to the setting of derived algebraic geometry we can rewrite

X//G = pt /G Xge ) X/ G-

Moreover, as shown in [Call3] and [Saf13], Hamiltonian G-spaces are the same as Lagrangians
in the 1-shifted symplectic stack g*/G. Therefore, X//G is a Lagrangian intersection and so
carries a derived symplectic structure.

In this paper we show similar statements in the affine Poisson setting. Namely, if B is a
P;-algebra (a dg Poisson algebra) with u: Symg — B a moment map for a g-action on B we
show that the induced morphism

C*(g,Symg) — C*(g, B)

is coisotropic. Here C®(g, —) is the Chevalley—Eilenberg cochain complex and C*®(g, Sym g) is the
Py-algebra (i.e. Gerstenhaber algebra) of functions on the quotient g*/G with G formal.
The coisotropic intersection

C.(g7k) ®%‘( ) C.(gaB)

g,Symg

is thus a derived Poisson reduction which we show to be quasi-isomorphic (as a commutative dg
algebra) to the classical BRST complex as defined by Kostant and Sternberg [KS87].

Let us note that this perspective on Poisson reduction is somewhat orthogonal to the one
obtained by computing coisotropic reduction of p=1(0) C X using the BFV complex (see
e.g. [Sta96]). Indeed, in that approach one considers a coisotropic reduction of the O-shifted
coisotropic morphism p~1(0) — X. On the other hand, in our approach we consider a coisotropic
intersection of the 1-shifted coisotropic morphism X/G — g*/G. The precise relationship be-
tween the two approaches is not clear to the author.

Quantization We also develop quantum versions of our results in the sense of deformation
quantization. Namely, while deformation quantizations of IP;-algebras are dg algebras, deforma-
tion quantizations of Py-algebras are Eo-algebras, i.e. algebras over the operad of little disks,
which we model by brace algebras following [MS99]. We introduce a notion of a brace module
M over a brace algebra A which provides deformation quantization of the notion of a coisotropic
morphism from a Ps-algebra A to a Pj-algebra M. One way to think of it is as follows: the
pair (brace algebra, brace module) is conjectured to be the same as an algebra over the Swiss-
cheese operad introduced by Voronov [Vor98|. We prove the following quantum version of the
coisotropic intersection theorem (Theorem 3.10).
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Theorem. Let A be a brace algebra, By a left brace module and Bs a right brace module over
A. Then the derived tensor product By ®% By carries a natural dg algebra structure such that
the projection B{® ® By — By ®% By is an algebra morphism, where B{® is the algebra with the

opposite multiplication.

We apply this result to quantum moment maps. Recall that a quantum moment map is given
by a morphism of associative algebras Ug — B, where B is an associative algebra. These are
to be thought of as deformation quantizations of Poisson maps Symg — B (classical moment
map), where B is a Poisson algebra.

A quantization of the Py-algebra C*(g, Sym g) is the brace algebra CC*®(Ug, Ug), the Hochschild
cochain complex of the universal enveloping algebra Ug. We show that a quantum moment map
Ug — B makes CC*(Ug, B) into a brace module over CC*(Ug, Ug). The tensor product

CC*(Ug, k) @%C.(UQ,UQ) CC*(Ug, B)

computing derived quantum Hamiltonian reduction is therefore a dg algebra which is shown to
be quasi-isomorphic to the quantum BRST complex [KS87].

This point of view on quantum Hamiltonian reduction allows one to generalize ordinary (i.e.
E;) Hamiltonian reduction to E,-algebras (algebras over the operad of little n-disks) which we
sketch in Section 4.5.

Both classical and quantum constructions can be put on the same footing if one starts with
a deformation quantization for which we use the language of Beilinson—Drinfeld algebras [CG16,
Section 2.4]. We end the paper with some theorems that interpolate between classical coisotropic
intersections and tensor products of brace modules.

Acknowledgements The author would like to thank Thel Seraphim for collaboration at an
early stage of the project and the referee for many useful comments. This research was supported
by the EPSRC grant EP /1033343 /1.

Notation We work over a field k of characteristic zero. We adopt the cohomological grading
convention. By a dga we mean a differential graded algebra over k not necessarily non-positively
graded. For A a dga and M and N two modules we denote by M ®HAj N the resolution given by
the two-sided bar complex.

An (n,m)-shuffle 0 € S, is a permutation o € Sy, such that o(1) < --- < o(n) and
on+1)<---<o(n+m).

1. Shifted Poisson algebras

1.1 Polyvector fields Let A be a cdga. We denote by T4 = Der(A, A) the A-module of
derivations which is a dg Lie algebra over k. We define the complex of (n — 1)-shifted polyvector
fields to be

Pol(A,n — 1) = Hom(Sym 4(Q}4[n]), A).

Pol(A,n—1) has a natural weight grading under which 9}4 has weight —1 and we can decompose

Pol(A,n —1) @PolAn—l @HomA Sym% (Q4[n]), A).
k
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We denote by _ the natural duality pairing between Pol(A,n — 1) and Sym 4(Q![n]). Given
a polyvector v € Pol(A,n — 1)¥ we define

v(a,...,ax) =vi(dgr ® -+ - @ dgr) (a1 @ - -+ ® ay), (1)

where the formal symbol dggr is put in degree —n to fix the signs and a; € A. The symmetry of
v implies that
U(a’lv az, ... 7ak) = (71)‘0‘1"&1'4_””(&2’ ai, ... 7ak‘)‘

We define the Schouten bracket of v € Pol(A,n — 1)¥ and w € Pol(4,n — 1) to be

v, wl(ar, . akm1) = D sgn(0) (1) 0(w(ag()s - o)) Gt - > To(hbio1))
oES k-1

= Y sen(0)" (DT Pw(0(as(ys -5 Ga)s Gaiat)s - s Balirit));
oESk,1-1

where (—1)¢ denotes the sign coming from the Koszul sign rule applied to the permutation o of
a; and the signs ¢; are

e1 = (Jw| + 1) (k+ )n+ |vn
ea = (Jv| = kn)(Jw| — In) + n(k + 1)(|w| + 1) + |v|n.

The product of polyvector fields is defined to be

(U . w)(al, ey ak-l—l) = Z Sgn(O’)n(—l)H—elU(aa(l), ey aa(k))w(aa(k+1), ey aa(k_H)),
0€Sk.

where the sign is

k
e = [wlkn + Y laga|(nl + w]).
=1

1.2 Algebras Let us begin with the basic object in this section which is a weak (and shifted)
version of Poisson algebras.

Definition 1.1. A @n—algebm is a cdga A together with an L..-algebra structure of degree 1 —n
such that the Lo, operations [, are polyderivations with respect to the multiplication. More
explicitly, [ are multilinear operations of degree 1 — (k — 1)n satisfying the following equations:

e (Symmetry).
le(a, ..., a;,ai41,-..,a5) = (—1)|ai|lai+1|+"lk(a1, e Qi1 gy e ey Q).
e (Leibniz rule).
l(at, ... agaps1) = lk(ar, ..., ax)ak11 + (—1)|ak“ak+1‘lk(a1, ey Q1) Qe

e (Jacobi identity).

0= Z(_l)nk(mik) Z Sgn(a)n(_l)elm—k+1(lk(aa(1)7 B ao(k:))a Ao (k+1)5 - - - )aa(m)))
k=1 Uesk,mfk

where € is the sign coming from the Koszul sign rule.
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Given a @n—algebra A, the opposite algebra AP is defined to be the same cdga together with
operations ;7 = (—1)*1].

There is also a strict version of Poisson algebras as follows.

Definition 1.2. A P,-algebra is a I/Esn—algebra such that the operations [ vanish for £ > 2. In
this case we denote the operation Iy by {a,b}.

Definition 1.3. A morphism of I@n—algebms f: A — B is a chain map of complexes f: A - B
strictly preserving the multiplication and the L., operations [y.

Here is an important example of a P, ;i-algebra. Observe that the Schouten bracket on
Pol(A,n — 1) has cohomological degree —n.

Proposition 1.4. Let A be a cdga. The product and Schouten bracket define a Ppy1-structure
on the complex of (n — 1)-shifted polyvector fields Pol(A,n — 1).

A P,-structure on a cdga A is given by a bivector w4 € Pol(A,n — 1) of degree n+ 1, so that
{a,b} :=ma(a,b).
The Jacobi identity for the bracket then becomes
[ma, ma] = 0.
Given a IP,,-algebra A, we can naturally produce a P, 1-algebra Z(A) as follows.

Definition 1.5. Let A be a P,-algebra. Its Poisson center is the P, i-algebra given by the
completion

Z(A) = Pol(A,n — 1)

of the algebra of (n — 1)-shifted polyvector fields with respect to the weight grading. The Lie
bracket is given by the Schouten bracket. The differential has two components: the differential
on the module of Kéahler differentials and [r4, —].

Remark 1.6. Suppose A is a non-dg Poisson algebra. Then Z(A) coincides with the Lichnerowicz—
Poisson complex C7 (A, A), see [Fre06, Section 1.4.8], whose zeroth cohomology is the space of
Casimir functions. See also [CW13, Theorem 2| for a relation between Z(A) and a Poisson analog
of the Hochschild complex.

Remark 1.7. We believe that if A is cofibrant as a commutative dg algebra, Z(A) is a model of
the center of A € Algp in the sense of [Lu, Definition 5.3.1.6]. We will return to this comparison
in a future work.

We have a morphism

Z(A) — A

of commutative dg algebras given by projecting to the weight zero part of polyvector fields.
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1.3 Modules Let A be a P,,41-algebra and M a cdga.

Definition 1.8. A coisotropic structure on a morphism of commutative dg algebras f: A - M
is a P,-algebra structure on M and a lift

Az
(|
M

where f: A — Z(M) is a morphism of P, -algebras.

)

Here is a way to unpack this definition. A coisotropic structure consists of maps
fi: A — Homyy (Sym* (3 [n]), M)
for k > 0, where fo = f is the original morphism. We define the maps
fr: A® M®F — M[—nk]

by
fela;my,...omy) = fr(a)(ma,...,mg).
They satisfy the following equations:

e (Symmetry).
fk(a; My e ooy MGy Mj4-1,5 - - - ,mk) = (—1)|mi‘|mi+1|+nfk(a; M,y ooy M1, MGy oy mk) (2)

for every a € A and m; € M.
e (Derivation).

fk(aa miy,... amkmk-i-l) = fk(aa miy,... amk)mk-l—l + (_1)|mk||mk+1‘f/€(a7 mi,... 7mk+1)mk
(3)
for every a € A and m; € M.
e (Compatibility with the differential).

dfi(a;my,...,my) = (4)
fe(da;mq,....,myg) + i( )|“|+Z; 1 |m]|+”kfk(a; my,...,dmg, ..., mg)
i=1
— Z ”(‘“H’Z D-+mil S5 |m]|{fk 1lasma, ..o Mg, oo omy),mg )
+ Z(—l)‘mi‘ izt Il 32 e Im’|+n(i+j)+|a‘fk_1(a; {mi,m;},ma, .o me, o my, L omy)
1<j

for every a € A and m; € M.
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e (Compatibility with the brackets).
For every ai,as € A and m; € M we have

fr{ar,a2};ma, ... my)

= > ) sen(o)" (=D filars (a2 Moy, - M)y Mo(41)s - -2 M)
’i+j:k’+10'€Sj’i_1

= D) sen(o) (=) filag; £i(a13 Moy, - M) M) - - Moy,
i+j=k+1 O'ESj’i_l

where the signs are
e1 = (Jaz| + )@ + n + |ay|n
e2 = (la1] — jn)(laz| —in) + n(j + 1)(Jaz| + 1) + [a1|n.

e (Compatibility with the product).
For every ai,as € A and m; € M we have

frlarag;my, ..., my) (6)
= Z Z Sgn(o-)n(_l)e+61 f’i(al; M) - - 7m0'(i))fj(a2; Me(i41)y - - - ’ma(k))7
’i-l—j:k O’ESiyj

where the sign is ¢; = |ag|ni + Y)_, Myl (ng + |az).
Remark 1.9. Equation (5) for k = 0 reads as

folar,az}) = (1) f1(a1; folaz)) — (—1)"azbtDFlarllazl g (q5; fo(ay)).

In particular, the kernel of fy is closed under the Poisson bracket and so Spec M — Spec A

is a coisotropic subscheme in the usual sense.

Ezample 1.10. Several examples of coisotropic structures as above are constructed in [JS15,
Examples 3.20 and 3.21| from shifted Lagrangian structures.

Remark 1.11. The above definition can be made into a two-colored operad P, ;) so that a
Ply11,n-algebra is given by a triple of a P, 1;-algebra A, a P,-algebra B and a morphism of
P, +1-algebras A — Z(B). This allows one to define an oco-groupoid of coisotropic structures
which is studied in [MS16]. In particular, in [MS17, Section 2.3] Melani and the author show
that arbitrary smooth coisotropic subschemes possess a coisotropic structure in this sense up to
homotopy.

1.4 Koszul duality For a complex A we denote by Te(A[l]) the tensor coalgebra. As a

complex,
To(All]) = P A% [K].
k=0
We denote an element of A%* by [a1].. . |ax] for a; € A. The canonical element in A®? is denoted
by [J.

The coproduct is given by deconcatenation, i.e.

k

Alar]. . ag] =D [ar] ... |ai] @ [ais] - .- |ax].
=0
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Let us denote by A the concatenation product:
[a1] ... |ai] Alais1] .- |ag] = [a1] ... |ag].

Note that the deconcatenation coproduct and concatenation product do not form a bialgebra
structure.

If A is a cdga, we can introduce the bar differential on T¢(A[1]) and a commutative multi-
plication given by shuffles. That is,

k
i—1 .
dlar]. . Jax] =Y (=1)=e=1 190 gy | |day] .. Jag]
=1
k—1 , ‘
+ 3 (1) Za=t 9 i g | agaigal . Jag)
=1
and
la1] . - lak] - lagsr] - - Jarem] = D> (=D ao@)] - [@grm));
O'G,S'kym

where the sign € is determined by assigning degrees |a;| —1 to a;. The element [| € T4(A[1]) is the
unit for the shuffle product. We refer the reader to [GJ90, Section 1] for a detailed explanations
of all signs involved.

Now let A be a P, ti-algebra. Then we can define a Lie bracket on Te(A[1]) by

{laal.. - lag], [ba] .- - [bm]} (7)
- Z(—l)eﬂa"”nﬂ([al! coJaiza] bl [bj—]) A [{ais b A (Jaia] - - - fag] - [bja] - - - [bm]).-

The sign € is determined by the following rule: an element b moving past {a.—} produces a sign
(—1){b+D(al+7) - For instance,

{la], [ble]} = (=1)"*" 1 [{a, b} ] + (=1) 10 bl {a, c}).

Remark 1.12. The same Poisson bracket was previously introduced by Fresse [Fre06, Section 3]
under the name “shuffle Poisson bracket”.

Definition 1.13. A P,-bialgebra is a P,-algebra A together with a coassociative comultiplication
A — A ® A which is a morphism of P,,-algebras.

Proposition 1.14. The differential, multiplication, comultiplication and bracket defined above
endow Te(A[l]) with a P,-bialgebra structure.

Proof. See [GJ90, Proposition 4.1] for the proof that Te(A[l]) is a commutative dg bialgebra.
We just need to show that the bracket is compatible with the other operations.

Let us first show that the Lie bracket is compatible with the coproduct. We will omit some
obvious signs arising from a permutation of a and b.
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{Alar] ... Jax], Alba] ... [b]}
—Z{alw i) @ [airt] - Jarl, bl .. . o] @ [yl - [bu]}

—Z Hlaal. . -las], [ba] . - 16,1} @ ([aita] - - - |ar] - [bjt1] - - - [bm])

+Z “(lar] .- -lai] - [br] .. - [b5]) @ {[ait1] .- - |ag], [bjta] - - [bm]}

= Z “(laa] - fap-1] - [ba] - - 1bg-1]) A {ap, bg}] A (lapta| - - fai] - [bg4al .- - |bs])
1,J,0,9

® ([ai+1| Aag] - [bjgal - b))
+ Y (=D([aal .- - lai] - [ba] ... [b5])

i.7,0,
® ([aiy1]. .- lap—1] - [bjal- - - [bg—1]) A [{ap, b} A ([ap1l. - - |a] - [bg1] - - . [bm])
=A{[a1].. |ag], [b1] .- [bm]}
In the last equality we have used that the tensor coalgebra with a shuffie product is a bialgebra.
The fact that the Lie bracket is symmetric is obvious from the graded commutativity of the

shuffle product.
The Jacobi identity and the Leibniz rule are morphisms f: Te(A[1])®3 — T4(A[1]) satisfying

Ar,app o f=(f@m+m® f)o Ap,appes,
where m: To(A[1])®3 — T¢(A[1]) is the multiplication map.
These are uniquely determined by the projections
TL(AL) = Tu(A[L) - Al
to cogenerators. Therefore, to check the relevant identities, we just need to see that the compo-
nents landing in A are all zero.

e (Jacobi identity). The Lie bracket has a component in A only if both arguments are in A.
Therefore, the Jacobi identity in Te(A[1]) reduces to the Jacobi identity in A itself.
e (Leibniz rule). The Leibniz rule

{a,bc} = {a,b}c+ (=1)Vl{a c}b,  a,b,c € To(A[1])

has components in A only if either ¢ or b are 1. In that case the Leibniz rule is tautologically
true.
e (Compatibility with the differential). The compatibility relation

d{a,b} = (=1)"* Hda, b} + (—1)l9H" {4, db}

has components in A if either both a and b are in A or one of them is in A and the other one
is in A®2. In the first case the compatibility of the bracket on T4(A[1]) with the differential
reduces to the compatibility of the bracket on A with the differential. In the second case
the A component of the equation is

(—1)P1{a, by 3oy + (—1)0rllelnt D, 1g by} = (—1)P11{a, bybo}.

After multiplying through by (—1)I we get the Leibniz rule for the bracket on A.
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O

Remark 1.15. For A a P,,41-algebra the coalgebra To(A[1])°P with the opposite coproduct is
isomorphic to Te(A°P[1]) as a P,,-bialgebra via

[a]. .. |ag] — (=1)FFZicslal+D e+ 1g, 0 gy (8)

1.5 Coisotropic intersection Let us now describe a relative version of the previous state-
ment. Let A be a P,,41-algebra and f: A — M a coisotropic morphism. We are going to define
a P,,-algebra structure on To(A[1]) ® M, the one-sided bar complex of M. As before, we denote
elements of Te(A[1l]) ® M by [a1]...|ax|m].

Recall that the bar differential is given by

k
i—1 .
dlar] .. |aglm] = (=1)Za=1 1l gy | day] . |ag|m]

=1

(=) o=t loal TR [ | ag|dm)
k—1 _ ‘

+ > (—n)Ze= 9 | agaiga] - |ag]m]
=1

(= 1) o= leal R [ | agm).

One has an obvious coaction map making Te(A[1l]) ® M into a left dg Te(A[1])-comodule.
As a graded T¢(A[1])-comodule, Tq(A[l]) ® M is cofree.

Introduce a commutative multiplication on Te(A[1])®M where the multiplication on Te(A[1])
is given by shuffles as before and the multiplication on M is coming from its cdga structure. The
Lo operations we are about to introduce are multiderivations, so by the relation

[a1]...|ag|m] = [a1]...|ag|1] - [m]
it is enough to specify them when the arguments are either in To(A[1]) or in M. If all arguments
are in To(A[1]), we define the brackets as before. We let
lesa (] - Japl1], [mal, . fma]) = (1) Ba=s 192000, g fr(apima, . mi)] (9)
and
la([ma], [ma]) = {m1, ma}], (10)

where the Poisson bracket on the right is the bracket in M. All the other brackets are defined
to be zero.

Definition 1.16. A left ]/I\”n—comodule M over a P,-bialgebra A is a @n—algebra M together with
a coassociative left coaction map M — A ® M which is a morphism of P,,-algebras.

Proposition 1.17. The differential, coaction, multiplication and Lo, operations defined above
make To(A[1l]) @ M into a left Pp-comodule over To(A[1]).

Proof. To prove compatibility of the L., operations with the coaction, it is enough to assume
each argument is either in M or in T4(A[1]). If all arguments are in Tq(A[1]), the compatibility
with the coaction was checked in Proposition 1.14. If all arguments are in M and k = 2 we have

Aly([ma], [ma]) = [ © [{ma1, ma}]
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and
l2(A([ma]), A([ma])) = l2([] ® [mu], [| ® [ma2]) = [] ® [{m1, ma}].

If all but one arguments are in M and k is arbitrary we have

le(Alaa]. .- ap|1], | ® [ma], ..., [] ® [my—1])
p
= Zlk([alf o ad] @ [aial - lap[1], | @ [mal, - ] @ [mg—a])
=0
= Z(—l)zézl loal == gy | Jai] @ L([aigal - - laplL], [mal, .., [me—1])
=0
= 3 (—1)Za= el ==y | ag] @ [aigal - | frot(apsma, . mg—y)]
=0
and
Alg([ar]. .. |ap|1], [ma], .. ., [my—1])
= (—1)25:1 \aq|(1—(k—1)n)A[a1’ e \ap_1|fk_1(ap; mi, ..., mk_l)]

P
» (k—
= (—1)2a=t 19l 00N Mo | ag] @ [ai - - | et (apima, - mi—1)]-
i=0
Therefore, as before it is enough to check symmetry, the Leibniz rule and Jacobi identity only
after projecting to M. The operation I has a component in M if either all but one arguments
are in M and one argument is in A or £ = 2 and both arguments are in M.
e (Symmetry). Symmetry is clear for lo(mq,ms). For lx(a,mq,...,mg_1) symmetry in the
m; variables follows from the symmetry property (2) of fi_1.
o (Leibniz rule). If k = 2 we need to check that

la([ma], [mams]) = la([ma], [ma])[ms] + (—1)"20ms11y([ma], [ms]) [mo).

This is just an expression for the Leibniz rule in M. For any k£ we also need to check that

e([al1], [ma], ..., [mp—amg]) = Le([al1], [ma], - . . [me—1]) [ma]
+ (=)l (faf 1], fmal, - o) [
This immediately follows from the derivation property (3) of fir_1
o (Jacobi identity).
The Jacobi identity has a component in M in the following four cases:
1. All arguments are in M. In this case we get the Jacobi identity for the bracket in M.

2. One argument is in A, the rest are in M.
The Jacobi identity is

0 =(=1)"ls1 ([dal1], [, ..., [re])
+ dlgy1([al1], [ml]’ s [mu])
S DI I (a1 ] [l )

+ 2 (=1 U((alt], {ma], ]} )

DI g (ay] ], . ), ),
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where the sign is

i—1 j-1
¢ = |mil Y Impl +lmy| Y mp|+n(i+5) + (o] +1)(1 = n).
p=1 p=1,p#i

Substituting lj in terms of fi_; from equation (9) we obtain

0 =(—1)"*(=1)llC=k) £ (daymy, ..., my)
+ (—1)(|a|+1)(link)dfk(a; mi,... ,mk)
+ Z |a|+2; 1 \mj|+nk+(|a|+1)(1—nk)fk(a;ml, o dma, . my)
+ Z(_l)lmil S Impl+imy | 071, Imp|+N(i+j)+(|a|+1)nkfk_l(a; {mi,m;},...)
i<j

+Z |m2|zg et maltint (el 1){1=n (k= 1){fk’ l(a‘;mlv"'amiv"'7mk)7mi}'

After clearing out the signs, the equation coincides with (4).
3. Two arguments are in A, the rest are in M.
The Jacobi identity is

0= (-1 )I“1‘+n+1lk+1([{a1,a2}\1]a [mal, ..., [mx])
+ Z n(j+1)(k—j—1) Z Sgn(a)n(_l)m(_1)nj+(|a1|+1)(1+nj)><
Z+] k‘+1 UES]'JC_]'

li-&-l([al‘l] j+1([a2‘1]’ [mo(l)]’ SR [ma(j)])v [ma(j—i-l)]’ SER) [mcr(k)])

+ Z n(j+1)(k—j—1) Z sgn(o)?(—1)m (—1)"U D+ (azl+D(nstaal) o
i+j=k+1 O'ESjyk,j
livi([a2|1], L1 ([ar 1], [meq)s - - - M), [Mo(1))s - - - [Mo()])-

Substituting I in terms of f_1 from equation (9) we obtain

0= (-1 )|a1\+n+1(_ )(‘“'Ha?‘_”ﬂ)(l_”k)fk({a1,ag};ml, )

+ Z n(j+1)(k—j—1) Z sgn(o)(—1)cm el F)nlk+ 1)+ (a2l +1)A+ng)+ng o
i+j=k+1 0€S; k—j

fi(a1'fj(a2; (1)7'~7ma(j))7ma(j+1)7-")ma(k))

Y (Cr D ST () (—1)x

i+j=k+1 O‘ESj’k,j

fi(a%fj(al;mo‘(l)""ama(j))7ma(j+1)>"'7ma(k;))7
where the last sign is
¢ = e+ (Jaz| + DA = n(k + 1) + |aa]) + (Jaa| + (1 = ng) + n(j + 1).

After rearranging the signs, we get (5).
4. One argument is in (A[1])®2, the rest are in M.
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The Jacobi identity is

0= (=1)"l11(d [allazll] [mal, - [ma]) + dlgra ([aafaz[1], [mal, - [mg])

Z Z Sgn nk(]—l—l)—i—e

i+j=ko€S;;
1,5>0

lita (lj+1([a1\a2|1], [mg(l)]7 R [ma(j)])’ [mo(j—i-l)]v SRR [mo(k)])

The projection of each term to M is

lev1(dfaraz|1], [ma], ..., [ma])
= (- )'“”Hlkﬂ([al@\l] [mal, ..., [mx])
+ (=Dl (o] fo(az)], [ml],...,[mk])
( )|a1|+1+ lat|+]az|+1)(1— nk‘)fk(
+ (_1)|a1|+|a2|(1+25:1 \mi|)+(\a1|+1)(1—nk)fk(a1; mi,...,my) folaz),
dler1([aa]az|1], [ma], ... [mg]) = (—1)lerl ol lazD=n0) g (q,) £ (agsma, .. ),
liv1(lja([ar]az(1], [mo(n))s - - -5 [moh))s Mol - - -5 [Mow)])

= (—1)UarFHeDA=n9)g; 1 ([ | £ (a2 moays - - Mo()]s [Moan)s - - - [Mo@)])
_ (_1)(|a1|+|a2|)(1—nj)+(|a2\+2f:1 M (i) [415) on] (Mo () |+ [+1) (1—ni) %

aiag;mi, ..., mg)

fi(al; mg(j+1), PN ,mg(k))fj(ag; ma(l), PN ,mg(j))

Let us denote by ¢ € S;; the shuffle obtained from o by swapping the blocks
o(1),...,0(j) and o(j + 1),...,0(k). That is, o(p) = o(j + p) for 1 < p < i and
a(p) = o(p—1i) for i < p < k. Denote by € the Koszul sign corresponding to the
shuffle 7. We have

sen(@) = sgn(o) (~1)7*7)

and , ,
(_UE — (_1)6(_1)ZZ:1 Imam\Zﬁ;{ ‘ma(j-&-p)'.

The Jacobi identity becomes

( 1)|a1|+ |a1|+|a2|)(1_”k)fk(a1a2; My, ... 77’)’Lk)
= (—)lerbHaal iy I a0 £ a1 my ) fo(as)
—(-1) la1]|+(la1]|+|az])(1—nk) fO(al)fk(a% my, ..., mg)
+ Y Y sen@) " (D) fil @My Mo(r) f5(a2: Moy Mo (),
i+j=k;i,j>005€S; ;
where the sign is
k—j
= (joa| + laz))(1 = 1) + (a2l +79) D 1Mo | + (Jaa] + D(1 = i) + () + k).
p=1

Rearranging the signs, we obtain (6).
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In the same way we can make M ® To(A[l]) into a P,-algebra compatibly with the right
coaction of Te(A[1]). The bar differential on M ® Te(A[1]) is given by

d[mlai]...|a,] =[dml|ai]...|a,]

n
i—1 .
+ 3 (=)=t lea I gy | day] . fan)
i=1

(=) mHa g | ag]
n—1 ) ‘

+ 3 (—n)Ze=t bt gy | agaig) . o).
=1

Moreover, M ® Te(A[1]) is isomorphic to Te(A°P[1])°P @ M°P as right Te(A[1])-comodules
using the isomorphism (8). Here M°P represents the same cdga with the opposite bracket and
the coisotropic structure given by f,?p = (=1)*f,. Using the previous theorem, we can make
M ® To(A[1]) into a right P,-comodule over T,(A[1]).

Let us now combine left and right comodules.

Theorem 1.18. Let A be a P, y1-algebra and A — M and A — N two coisotropic morphisms.
Then the two-sided bar complex N ®H;1 M has a natural structure of a P,-algebra such that the
natural projection N°P @ M — N ®HA M is morphism of Py, -algebras.

Proof. Let A =T4(A[1]), N=N® A and M = A® M. Then A is a P,-bialgebra, N a right
@n—comodule and M a left ]/I\”n—comodule over A.

We will first show that the cotensor product N @AM is closed under the @n—structures coming
from N @ M.

Recall that i

N@AM:=eqNoM=N®A® M),

where the two maps are coactions on M and N and the equalizer is the strict equalizer in the
category of complexes. By definition the coaction

MY Ao M
is a morphism of @n—algebras, )
. c de®Ay ~ -
Neil "5 Ne Ao

is also a morphism of I@n—algebras, but the forgetful functor from I@n—algebras to complexes creates
limits, so the equalizer is also a P,-algebra.
To conclude the proof of the theorem, we are going to construct an isomorphism

N oA N = N ok .
The coproduct A: A — A ® A induces an isomorphism
ArAseqA A= AR AR A),
where the two maps are A ® id and id ® A. Therefore,
N @% M =N @ Tuo(A[l]) @ M VEESM N o T, (A1) @ To(A[1]) @ M

induces an isomorphism N ®% M = N @4 M. O
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Remark 1.19. Suppose A — M and A — N are two coisotropic morphisms as in the previous
Theorem. Then any model of their derived intersection is quasi-isomorphic to the two-sided bar
construction N ®HA M and hence by the homotopy transfer theorem [LV12, Section 10.3] we get
an induced homotopy P,,-structure on the given model.

2. Classical Hamiltonian reduction

Let g be a finite-dimensional dg Lie algebra over k concentrated in non-positive degrees. In this
section we apply results of the previous section to the Py-algebra A = C*®(g, Sym g). The results
of this section generalize in a straightforward way to n-shifted Hamiltonian reduction in which
case we replace A by the P4 o-algebra C*(g, Sym(g[—n])).

2.1 Chevalley-Eilenberg complex Let V be a g-representation. The Chevalley—Eilenberg
complex C*(g, V) is defined to be

C*(g, V) = Hom(Sym(g[1]),V)
with the differential
(df)(x1y...,xn) =df(x1,...,20)

n .
+ Z(_l)Z;le |Ip‘+|f|+n+1f(w17 cee 7dxi7 ce ,(L’n)
=1

+ 3 (-~ St ool 2508 o a3 ([ 2], 1, By By e )
1<J
T Z(_l)lzil@z‘:ﬁ lapl HF DAL f (B ). (11)
%

Here |f] is the degree of f in Hom(Sym(g[1]), V') and we have used the décalage isomorphism
as in (1) to identify Hom(Sym(g[1]), —) with antisymmetric functions on g.
The product
—:C*%g,A)®C*(g,B) > C*(g,A® B) (12)

is defined to be

(v—w)(z1,...,Ths1) = Z sgn(a)(—1)€+61v(:cg(1), s T (k) @ W(To(kt1)s -+ To(ktl))s
0ESk.1

where the sign is
k
€1 = [wlk + ) |2 (1 + |w]).
i=1
Remark 2.1. Due to our finiteness assumptions on g, we have an isomorphism
C*(g,V) = Sym(g'[-1]) @ V.

In particular, if V' is a semi-free commutative algebra, so is C*(g, V).

The algebra Sym g has the Kirillov—Kostant Poisson structure given on the generators by
7(x1, x2) = [x1, 22] for x; € g. The center of this Pj-algebra can be computed to be

Z(Symg) = C*(g,Sym g)
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with the bracket

[v, w](z1,. .., Tpy1-1) = Z sgn(0) (1) T 0 (w(Z(1)s - - - To@))s To(+1)s - - - > To(kti—1))
0ES k-1

= Y sen(@) (DT Pw0(@a1)s - To()s Ta(r)s - - To(hrio1));
UGS}C,[,1
where (—1)¢ denotes the sign coming from the Koszul sign rule applied to the permutation o of
x; and the signs ¢; are

€1 = (lw| +1)(k+1) + |v]
e2 = ([v| = k)(lw| = 1) + (k + D) (jw| + 1) + [v].

2.2 Hamiltonian reduction Let B be a Pj-algebra with a g-action preserving the Poisson
bracket. We denote by a: g — Der(B) the action map.

Definition 2.2. A g-equivariant morphism of complexes p: g — B is a moment map for the
g-action on B if the equation

{u(x), b} = a(x).b

is satisfied for all € g and b € B. In this case we say that the g-action is Hamiltonian.

Remark 2.3. One can replace g-equivariance in the definition of the moment map with the
condition that the induced map Sym g — B is a morphism of P;-algebras.

Definition 2.4. Suppose B is a [Pi-algebra equipped with a g-action and a moment map u: g —
B. Its Hamiltonian reduction is

B//Symg := C*(g,k) @s (q.5ymg) C* (8, B)-

g,Symg

We will introduce a Pj-structure on this complex later in Corollary 2.7. Let us just mention
a different complex used in derived Hamiltonian reduction called the classical BRST complex
[KS87]
C*(g, Sym(g[1]) ® B).

Here the differential on Sym(g[1]) ® B is the Koszul differential: given
1A ANxp, ®b € Sym(g[l]) ® B

we let

dzy A Axp ®Db) = Z(_l)(\xi\Jrl)(Z;;ll \xq\ﬂ'*l)dwi ATIA - AZiA-ANxp @b
i=1

n )
S (1) S (e S e D g A A G A A © ()b
=1

+ (=) Za= [Ty Ao A 2, @ db.

One can introduce a Poisson bracket on the classical BRST complex as follows. As a graded
commutative algebra, the classical BRST complex is generated by g*[—1], g[1] and B. We keep
the bracket on B and let the bracket between an element ¢ € g*[—1] and an element = € g[1] be
the natural pairing: {¢,z} := ¢(x). Then d is a derivation of the bracket precisely due to the
moment map equation. In this way the classical BRST complex becomes a Pi-algebra.
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2.3 Hamiltonian reduction as a coisotropic intersection As a plain graded commutative
algebra, C*(g, B) = B ® Sym(g*[—1]), so its module of derivations is isomorphic to

Tp ® Sym(g*[~1]) © B ® g[1] ® Sym(g*[-1])

with the differential given by the sum of internal differentials on each term and the action map
g — Tp. Therefore, the Poisson center of C*(g, B) is

Z(C*(g, B)) = C*(g, Sym(T 5[~1]) @ Sym(g))-
Given a Hamiltonian g-action on B, let us define the morphism
C*(g,Symg) = Z(C*(g, B))
as follows. The cdga C*(g, Sym g) is generated by C*(g, k) and g C Symg. We let
C*(g.k) = C*(g, Sym(T5[~1]) ® Sym(g))
be the natural embedding. The map
g = C*(g, Sym(T5[~1]) ® Sym(g))

is given by x — u(x) — z for v € g.

Proposition 2.5. Let B be a Pi-algebra with o Hamiltonian g-action. Then the morphism

C*(g,1): C*(g,Symg) — C*(g, B)
18 coisotropic.

Proof. 1t is enough to check that the morphism we have defined on generators commutes with
the differential and the brackets.
Indeed, it is clear that the embedding C®(g, k) — Z(C*®(g, B)) commutes with differentials.
Forx eg
dp(@) + [, p(x)] — dz — (=1)la(z) = dp(e) — de = p(dz) — dz,

where in the first equality we have used the moment map equation

[, u(@)](0) = (1) (), b} = (~1)"a(z).b.

It is also clear that the morphism commutes with brackets as B Poisson-commutes with

C*(g,Sym(g)) = Z(C*(g, B))- m

Example 2.6. Let B = k with the trivial g-action and pu = 0.
The morphism C*®(g, Sym g) — C*(g, k) given by the counit Sym g — k possesses a coisotropic
structure given by the composite of the antipode S: Sym g — Sym g with the completion map

[ ] S [ ] o ~ ° 5
C*(g,Symg) = C*(g,Symg) — Z(C*(g, k)) = C*(g, Sym(g))-
Corollary 2.7. The Poisson reduction

B//Symg = C*(g,k) @¢e(gsymg) C" (g, B)

g,Symg

carries a natural @1-structure. Moreover, there is a zig-zag of quasi-isomorphisms of cdgas be-
tween B//Symg and the classical BRST complez.
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Proof. Combining Proposition 2.5 with Theorem 1.18, we see that

C*(g, k) @e(gsymg) C" (0, B)

g,Symg

carries a ]@ystructure.
The two-sided bar complex k ®]§ym . Bis the geometric realization of the simplicial complex
Ve where
Vi, =k ® (Symg)*" @ B.

We also denote by W[} the simplicial complex whose geometric realization is
Sym(g*[_l]) ®H§ym(g*[fl}) Sym(g*[_l])

and by W2 the constant simplicial complex with WZ = Sym(g*[-1]).

The two-sided bar complex C*(g, k) ®]L.( 0,.Sym ) C*(g, B) is computed as the geometric real-
ization of the simplicial complex V, ® W/} with the Chevalley-Eilenberg differential (11). The
multiplication map gives a weak equivalence of simplicial complexes W} — W2 which extends
to a weak equivalence of simplicial complexes Vo @ W} — V, ® W2 which acts as the identity on
Ve. This implies that the multiplication map gives a quasi-isomorphism of cdgas

C.(gak) ®%‘( )C.(ng) %C.(gak(@%ymg B)

g,5ym g
We have a quasi-isomorphism of g-representations
L
Sym<g[1}) ®@B—=k ®Symg B

given by the symmetrization

T1 /\ e /\xn®bH Z (—1)5[330.(1)’...‘$o(n)‘b}.
O’GSn

This gives a quasi-isomorphism of cdgas
C*(g.Sym(g[1]) ® B) = C*(g.k ®5ym g B)-
Combining these two quasi-isomorphisms we obtain a quasi-isomorphism
B//Symg — C*(g,Sym(g[1]) ® B)
to the classical BRST complex. OJ

Remark 2.8. We do not know whether the classical BRST complex is quasi-isomorphic to
B//Symg as a I@’l—algebra for general g. However, let’s restrict to the case g is an abelian
Lie algebra.

We have a splitting of the multiplication map

Sym(g*[~1]) ® Sym(g*[~1])*" ® Sym(g"[~1]) — Sym(g*[-1])
given by sending z — x ® 19" ® 1. This gives a splitting
C*(8,k @Symg B) = C*(8,k) @ (g 8ymg) C* (9, B) = B//Symg.
It is easy to check that the composite map
C*(g,Sym(g[1]) @ B) = C*(8,k @5ymq B) — B//Symg

is compatible with the Poisson structures.
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3. Brace algebras

In this section we introduce quantum versions of Po-algebras called brace algebras introduced
by Gerstenhaber and Voronov, see [GV95] and [GV94]|. By a theorem of McClure and Smith
[MS99] the brace operad controlling brace algebras is a model of the chain operad of little disks
Es.

3.1 Algebras

Definition 3.1. A brace algebra A is a dga together with brace operations A @ A®" — A[—n)]
for n > 0 denoted by x{y1,...,yn} satisfying the following equations:
e (Associativity).

{y1, .y {21, 2m) = Z(—l)ex{zl, oo Zins Yi{Zing1s - b Un{ Bt - b Zm b

where the sum goes over the locations of the y; insertions and the length of each y; brace.

The sign is
n ip
€= Z(‘yp| +1) Z(’Zq‘ +1).
p=1 q=1

e (Higher homotopies).

d(x{ylv R 7yn}) - (dl’){yl, cee 7yn}
1 |x\+ZZ;11 \yq|+ix{y1’ o dyi )

o{Y1, - Yilhitl, - Yn}

+2.1)
4 Z(—l)'f”“zé:l |yq|+i+1

— (=) Iy 2y, )

n—1
_1)|I|+Zq:1 ‘yq|+n${y1’ . 7yn71} “Yn.

—

o (Distributivity).

n

k
> o~ et bl g L)y daa kg, und = (@1 22){n, - e
k=0

In the axioms we use a shorthand notation z{} = x.
Remark 3.2. These axioms coincide with the ones in [GV95] if one flips the sign of the differential.

For instance, the second axiom for n = 1 is equivalent to
vy — (=1 Wyz = (—1)ld(a{y}) - (~1)"(de){y} + ={dy}.

In other words, the multiplication is commutative up to homotopy.
One has the opposite brace algebra A°P defined as follows. The product on A°P is opposite

to that of A:
a-P b= (—1)lllly. q

while the braces on A°P are defined by

a{y1, ...y} = (_1)Zi<j(‘yi|+1)(‘yj|+1)+nx{yn’ ok
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3.2 Modules Let A be a brace algebra. We are now going to define modules over such
algebras.

Definition 3.3. A left brace A-module is a dga M together with a left A-module structure
and brace operations M ® A®" — M|[—n] denoted by m{x1,...,z,} satisfying the following
equations:

e (Compatibility). For any z,y; € A one has

(x'l){yly--'ayn} :x{yla--'ayn}'l‘

e (Associativity). For any m € M and x;,y; € A one has

mize, .z Yt Y = Y (-

m{y1, .« Ui, T1{Yir 415 Foye ooy TndYin 41y Foe ooy Um S

where the sign is
ip

Z |zp| +1) Z ygl +1).

q=1

e (Higher homotopies). For any m € M and x; € A one has

d(m{zi,...,xn}) = (dm){x1,..., 20}
+ Z |m|+2q 1 |$q|+lm{x1 dxl’, ey $n}
+ Z |m|+2q 1 |xq|+z+1m{x1, B 7 o7 HTS I $n}
B

- <_1)‘m‘+22:_11 ‘$Q|+nm{x17 RN xn—l} * Ty

e (Distributivity). For any m,n € M and x; € A one has

(mn){z..... 2} = Z DSl {3

FEzample 3.4. If A is a brace algebra, then it is a left brace A-module using the brace operations
on A itself.

Remark 3.5. Note that left brace modules are unrelated to the general notion of modules over
an algebra over an operad, [LV12, Section 12.3.1]. Our definition is analogous to the notion of a
left module over an associative algebra while an operadic module over an associative algebra is
a bimodule.

We define right brace A-modules to be left brace A°P-modules. If M is a left brace A-module,
then M°P is naturally a right brace A-module with the brace operations mirror reversed.

3.3 Koszul duality Let A be a brace algebra. Recall from Section 1.4 the bar complex
Te(A[l]) which is a dg coalgebra. Since A is not commutative, the shuffle product is not com-
patible with the differential, so we introduce a slightly different product.
A product
Te(A[l]) ® To(A[1]) — Te(A[1])
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is uniquely specified by the projection to the cogenerators
AP @ A®™ 5 Al —n —m).

We let the maps with n = 1 be given by the brace operations and the maps with n # 1 be
zero. Our sign conventions are such that

[] - [l yn] = [2{yr, - und] + o

i.e. the leading term carries no extra sign.

Extending the product to the whole tensor coalgebra we obtain

1]z -l -yl = ) (<1)°x

{ipvlp}gzl
[l Jyalz{yi+n - v o Wit - Vit - unds
where the sign is

n ip

e=> (apl +1) D (lygl + 1)

p=1 g=1

Example 3.6. Let A be a commutative algebra considered as a brace algebra with vanishing brace
operations. Then the product defined above coincides with the shuffle product.

The following statement is shown in [GV94, Lemma 9].

Proposition 3.7. Let A be a brace algebra. The multiplication on Te(A[l]) defined above makes
it into a dg bialgebra.

Proof. By definition the product is compatible with the comultiplication and we only have to
check associativity and the Leibniz rule for d.

It is enough to check the components of the identities landing in A[1].

e (Associativity). The equation
([l -yl fynl) - 2] - Jzm] =[] - ([l ynl - [21] - 2m])
has the following A component:

‘x{yla e 73/71}{217 e 72771}
= Z (—I)Ex{zl,...,zil,yl{zi1+1,...,zilHl},...,yn{zin_,_l,...,zian},...,zn}.

{iplp}p=1

This exactly coincides with the associativity property for brace algebras.
If we replace [z] by [z1]...|xn] for m > 1, the associativity equation will have a trivial A
component.

e (Derivation). The equation

d([z] - [yal - - lyn)) = [d2] - [ - - Jym] + (=) (2] - dlw] - - [yn]
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has the following A component:

A(@{y1, .- yn}) + (—D)PFEam el g gy g Yy, =
- (_1)(\y1|+1)|z\y1 : x{:’/?v cee ;yn} + (d$){y1, ceey yn}

n
i—1 .
+ Z(—l)ZFl al el fon o dyiy . yn )
i=1

n—1 )
+ 3 (=)= W by i
=1

This follows from the higher homotopy identities for brace algebras.
The equation

d(fzrfao] - [yl - - lya]) = dlzi|z2] - ] ya] + (D21 2o] - dlya] - fya]

has the following A component:
n

Z (_1)(‘332“_1)( ZL:l IyQ|+m)(_1)|zl|+Z;n:1 |yQ|+m+1x1{y17 R Z/m}$2{ym+17 s 7yn}

m=0

= (=) @y@) {y1, - yn -

This follows from the distributivity property for brace algebras.
If we instead have [z1]... |z, for m > 2, this equation will have a trivial A component.

O

Remark 3.8. It is not difficult to see that Te(A[1])°P = T4(A°P[1]) under the isomorphism (8).
Here (...)P refers to the same dg algebra with the opposite coproduct and A°P is the opposite
brace algebra.

Let us move on to a relative version of this statement. Let A be a brace algebra as before
and M a left brace A-module. Recall the differential on the bar complex To(A[l]) ® M. We
are going to define a dg algebra structure on Te(A[l]) ® M compatibly with the left coaction
of Te(A[1l]) such that M and T.(A[l]) are subalgebras. Thus, we just need to define a braiding
morphism

M ® To(A[l]) — Te(A[l]) ® M.

Compatibility with the To(A[1])-comodule structure allows one to uniquely reconstruct this map

from the composite
M @ Te(A[l]) = Te(A[l]) @ M — M.

We define it using the brace A-module structure on M. That is, the product is given by

n

[m] - [z1] . .. |zn|1] = Z(_1)\m\<22=1 2D (| il md@ig, - 2}
i=0
Proposition 3.9. Let M be a left brace A-module. The previous formula defines a dga structure
on Te(A[1l]) @ M compatibly with the left To(A[l])-comodule structure.

Proof. By construction the product on Te(A[1]) ® M is compatible with the T4 (A[1])-coaction,
so we just need to check the associativity of the product and the derivation property of d. Due to
the compatibility with the T (A[1])-coaction, it is enough to check the properties after projection
to M.
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e (Associativity). The equation
[mn] - [z1] . fap[1] = [m] - ([n] - [z1]. . |2p|1])

has the M component identified with the distributivity property of left brace modules.
Similarly, the equation

[m] - ([ea] a1 - o] fym[1]) = (fm] - ] fen[1]) - Tl - Jyml1]

has the M-component identified with the associativity property of left brace modules.
o (Derivation). The equation

d([m] - [z1]. .- |2a[1]) = [dm] - [21] .. |2l 1] + (= 1) [m] - d[a] .. [n]1]

has the M component identified with the higher homotopy identities of left brace modules.
O

We have the same statement for right brace A-modules. Indeed, one can replace A by A°P in
the previous proposition and observe that the bar complexes Tq(A[1])°°P @ M and M ® T4(A[1])
are isomorphic.

We can combine left and right modules as follows.

Theorem 3.10. Let A be a brace algebra, M a left brace A-module and N a right brace A-
module. Then the intersection N ®g M carries a natural dga structure so that the projection
NPQM — N ®% M is a morphism of dg algebras.

Proof. By Proposition 3.7 the bar complex To(A[1]) is a dg bialgebra.

Now let M = T4(A[1]) ® M and N = N ® T4(A[1]). By the previous proposition M is a left
T, (A[1])-comodule while N is a right Te(A[1])-comodule.

The two-sided bar complex N ®a M is isomorphic to the cotensor product N @T«(AMD A7,
As both N and M are dg algebras which are compatible with the coaction of T4(A[1]), their
cotensor product is also a dga. O

Remark 3.11. Given a model for the derived tensor product of the right A-module N and a left
A-module M, it is quasi-isomorphic to the two-sided bar complex N ®HA M, so by homotopy
transfer one can induce a homotopy associative structure on the given model.

4. Quantum Hamiltonian reduction

4.1 Hochschild cohomology Let A be a dga and B an A-bimodule. We define the Hochschild
cochain complex CC*®(A, B) to be the graded vector space

CC*(A,B) = éHom(/@", B)[—n]
n=0
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with the differential
(df)(x1y... xn) =df(x1,...,20)

n ) — .
+ Z(_1)|f‘+z;:11 ‘xq‘+z+1f($1) cee 7d$i7 cee 7xn)
i=1

n—1 )
+ Z(_1)|f|+zq:1 ‘mql—i_zf(xla sy LTl - mn)
i=1

+ (=)D g Fag, ) + (—1)22;11 gl f 2y et ).
Given two A-bimodules By and By we have a cup product map
CC*(A,B;) ® CC*(A, By) — CC*(A, B; ® By)

given by

n

(Fr = F) @1, zn) = D (- D £ () @ fo(isn, ).

=0

A relation between Hochschild and Chevalley—Eilenberg cohomology is given by the following
construction. Let V be a Ug-bimodule. Then V% is a g-representation with the action given by

|z{[v]

zw:i=xv— (=1)""oyx, zeg, veW

Consider f € Hom((Ug)®",V)[-n] ¢ CC*(Ug, V). We get an element f € C*(g, V) by the
following formula:

Flar, . mn) = (D)=t Dl N (1) f(ap), o o),

O'GSn

where € is given by the Koszul sign rule with z; in degree |z;| + 1.
The following theorem can be found in [CR11, Theorem 2.5].

Proposition 4.1. Let A =Ug and V be a Ug-bimodule. Then the morphism
CC*(Ug, V) — C*(g,V)

we have defined is a quasi-isomorphism. Moreover, it is compatible with cup products.

4.2 Hochschild cohomology and braces Gerstenhaber and Voronov [GV95] observed that
the Hochschild cochain complex CC®(A, A) is a brace algebra which was the motivating example.

We define the brace operations as follows:
x{xy, ...,z t(ar, ..., am)
= Z(—l)%(al, e @iy (i1 ey Qigtdy )5 e T (@it 1y - ey Qi )5 -+ -5 Gm),  (13)

where the sign is determined by the following rule: z; moving past a; produces the sign (|z;| +
D([as] +1).
A multiplication on A determines a degree 2 element m of CC*(4, A) via

m(z,y) = (~1) " zy.
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The differential on CC®(A, A) is the sum of the natural differential on &,Hom((A[1])®", A) and
the differential m{f} + (=1)/If{m}. The cup product on CC®(A, A) is given by the formula
fi— fo= (=) m{ s, fo}.
We will also need a variation of this example. Let B be a dga and pu: A — B a morphism.
Using the brace operations as above, one can turn CC*®(A, B) into a left brace CC*(A, A)-module.
We can also use the Hochschild cochain complex to give an interpretation of brace modules
similar to Definition 1.8.

Proposition 4.2. Let A be a brace algebra and M a left brace A-module with the module structure
given by a morphism of algebras fo: A — M. Then we have a lift

where f is a morphism of dg bialgebras.

Proof. A morphism of coalgebras f: Te(A[l]) = Te(CC®*(M, M)[1]) is uniquely specified by the
composite Tq(A[1]) = To(CC*(M, M)[1]) — CC*(M, M)[1] which consists of morphisms

fon: M®™ @ A®" — M[1 —n —m).
We define fp,, = 0 for m > 1. The operations f , are given by

fin(m,z1,...,zn) = m{z, ..., 20}

A straightforward computation shows that the first two axioms in Definition 3.3 are equivalent
to the compatibility of f with the multiplications and the last two axioms are equivalent to the
compatibility of f with the differentials. O

Remark 4.3. A triple (A, M, f) of a brace algebra A, a dga M and a morphism of brace algebras
f: A — CC*(M, M) is expected (see [Kon99, Section 2.5]) to be the same as an algebra over
chains on the two-dimensional Swiss-cheese operad. The corresponding statement in the topo-
logical setting has been proved in [Th10]. Partial progress has been made in [DTT09] where the
authors show that the pair (CC*(M, M), M) is indeed an algebra over the Swiss-cheese operad.

4.3 Hamiltonian reduction Let B be a dg algebra with a g-action. We denote by
a: g — Der(B)

the action morphism. Under deformation quantization the notion of a moment map for Poisson
algebras (Definition 2.2) is deformed as follows.

Definition 4.4. A g-equivariant morphism p: g — B is a quantum moment map if the equation
[u(z),b] = a(z).b
is satisfied for all z € g and b € B.

We refer to [Et07] for details on quantum moment maps.
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Remark 4.5. As in the case of classical moment maps, one can replace g-equivariance by the
condition that p extends to a morphism of dg algebras Ug — B.

Definition 4.6. Suppose B is a dga equipped with a g-action and a quantum moment map
w: Ug — B. Its quantum Hamiltonian reduction is

B//Ug = CC*(Ug, k) ®¢ce(ugug CC(Us, B).

In this bar complex we use the left CC*(Ug, Ug)-module structure on CC®*(Ug, B) coming
from the moment map Ug — B and the right CC®(Ug, Ug)-module structure on CC*(Ug, k)
coming from the counit. We put a dga structure on B//Ug in Corollary 4.7.

There is a quantum version of the BRST complex introduced in [KS87]. As a complex, it
has the following description. We will assume that the Lie algebra g is unimodular, i.e. the
representation det(g) is trivial.

Recall the Koszul complex Sym(g[1l]) ® B that we have defined in Section 2.2. We are going
to deform it to the Chevalley-Eilenberg differential as follows. Given

1A ANxp, ®b € Sym(g[l]) ® B

we let

dzy A Axp ®Db) = Z(_l)(m\+1)(22;11 \xq\ﬂ'*l)d%. ATIA - AZiA-ANxp @b
=1

n .
_ Z(_l)mz‘ ZZ=i+1(‘xq|+1)+Zz_:l1(|zq|+1)+|zi|$1 Ao NEIN - ATy ® ,Uf(xz)b
=1

+ (=) Za= g Ao Az, @ db
+ Z(_l)(\m\ﬂ)(z;;ll g +0)+ (o [+1) (027 sy Jeal+5—1) %
1<j
><[l‘i,l’j]/\SL‘l/\...,EL‘\Z',...,S/C\j,...,l‘n(@b. (14)
The quantum BRST complex is then
C*(g, Sym(g[1]) ® B).

We refer the reader to [KS87, Section 6] for a detailed description of the quantum BRST
complex together with a dga structure.

4.4 Hamiltonian reduction as an intersection Let B be a dga with a Hamiltonian action
of g. Recall that CC*(Ug, B) is then a left brace module over CC*(Ug, Ug). Similarly, CC*(Ug, k)
is a left brace module using the counit map Ug — k and hence CC*®*(Ug, k)°P is a right brace
module. Using Theorem 3.10 we therefore have a natural multiplication on the tensor product

of CC*(Ug, k) and CC*(Ug, B).
Corollary 4.7. The quantum Hamiltonian reduction
B//Ug = CC*(Ug, k) @¢ e uguq) CC* (Ug, B)

carries a natural dga structure. Moreover, it is quasi-isomorphic to the quantum BRST complex.
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Proof. The zig-zag of quasi-isomorphisms mentioned in the statement of the theorem is as follows:

CC*(Ug, k) @ ¢ e (uguq) CC°(Us, B)
CC*(Ug, k @y, B)

CC*(Ug, Sym(g[1]) ® B)

C*(g, Sym(g[1]) ® B).
e The morphism
CC*(Ug, k) @cce (ug.ug) CC°(Ug, B) = CC*(Ug, k &3, B)

is given by the cup product. The fact that it is a quasi-isomorphism is proved as in Corollary
2.7.
e The morphism
CC*(Ug, Sym(g[1]) ® B) < CC*(Ug, k @y, B)

is given by including the Chevalley—Eilenberg chain complex into the bar complex.
e The morphism
CC*(Ug, Sym(g[1]) ® B) — C*(g, Sym(g[1]) © B)

is the restriction morphism which is a quasi-isomorphism by Proposition 4.1.

O

Remark 4.8. As for the classical BRST complex, we do not know if the quasi-isomorphism above
is compatible with the multiplication.

4.5 [E, Hamiltonian reduction The interpretation of quantum Hamiltonian reduction as a
tensor product of brace modules allows one to formulate an E,, version of quantum Hamiltonian
reduction. In this section we sketch what such a notion looks like in the oco-categorical setting.
We refer to |Ginl3] for some basics of E,-algebras that we will use.

Let E,, be the chain operad of little n-cubes. For instance, the operad [E; is quasi-isomorphic
to the associative operad and Es is quasi-isomorphic to the brace operad. Given a morphism
of E,-algebras f: A — B one has the E, -centralizer Z(f) which is an E,-algebra satisfying a
certain universal property |Ginl3, Definition 24|. For f =id: A — A we denote Z(id) = Z(A),
the center of A, which is an associative algebra object in [E,-algebras, i.e. an E,;-algebra by
Dunn—Lurie additivity [Lu, Theorem 5.1.2.2]. Note that in the case of associative algebras (i.e.
n = 1), Z(A) coincides with the Hochschild complex and its zeroth cohomology is the center of
A in the usual sense.

One has a forgetful functor from E,-algebras to Lie algebras which on the level of underlying
complexes is A — A[n — 1]. The left adjoint to this forgetful functor is called the universal
enveloping E,-algebra functor and is denoted by Ug,, see [Ginl3, Section 7.5|.

Let B be an E,-algebra with an action of the Lie algebra g, i.e. we have a morphism of Lie
algebras a: g — Tp to the tangent complex of B.
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Definition 4.9. A gquantum moment map for the g-action on B is a morphism of Lie algebras
g — B[n — 1] fitting into the diagram

Bln—1—>Tp

~
N
N a
~N
~

g

of Lie algebras.

By adjunction the morphism of Lie algebras g — B[n — 1] gives rise to a morphism of E,-
algebras u: Ug, (g) — B. By the defining property of centralizers we see that Z(u) is a left
module over the E,i-algebra Z(Ug, (g)) in the co-category of E,-algebras. Alternatively, we
can view the pair (Z(Ug, (g)),Z(r)) as an E,-algebra in the oo-category LMod of pairs of an
associative algebra and a module.

Remark 4.10. Note that using |Ginl3, Theorem 14| one can identify Z(u) = C*(g, B).

Let €: Ug, g — k be the counit map. If n > 0 one can choose an isomorphism
Z(Ug,9) = Z(Ug,g)”"

making Z(€) into a right module over Z(Ug, g). Thus, if we denote by BiMod the co-category of
triples (A, M, N) of an associative algebra A, a left A-module M and a right A-module N, then
we see that the triple (Z(Ug,g),Z(u), Z(€)) becomes an E,-algebra in BiMod. In particular, for
any E,-algebra (A, M, N) in BiMod, the bar construction N ® 4 M is still an E,-algebra.

Definition 4.11. Let B be an E,-algebra with a g-action and a moment map p: Ug,(g) — B.
Its E,, Hamiltonian reduction is the E,-algebra

B//Ug,(8) = Z(€) @z(us, ) Z(11)-

For instance, consider the case n = 1. Then Ug,(g) coincides with the usual enveloping
algebra. Indetifying centralizers with the Hochschild complex, we get the formula

B//U(g) = CC*(Ug, k) ®cce(ug,ug) CC*(Ug, B)

recovering quantum Hamiltonian reduction given in Definition 4.6.

5. Classical limits

In this section we relate some constructions in Section 1 to those in Section 3. Namely, we
formulate precisely in which sense constructions in Section 3 are quantizations. Along the way
we also relate Baranovsky and Ginzburg’s construction [BG09| of the Poisson structure on a
coisotropic intersection to our formulas.

5.1 Beilinson—Drinfeld algebras A precise sense in which associative algebras are quan-
tizations of Poisson algebras is given by Beilinson—Drinfeld (BD) algebras [CG16, Section 2.4].
Let us recall the definition.

Definition 5.1. A BD;-algebra is a dgla A over k[h] together with an associative k[A]-linear
multiplication satisfying the relations
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o n{z,y} =zy — (—1)F¥lya,
o {z,yz} = {z,y}z + (-1)*Wy{z, 2}.

To understand this definition, recall that dg algebras are naturally Lie algebras with the
bracket given by the commutator. The notion of a BID;-algebra then captures the fact that the
Lie bracket vanishes to the first order at 4 = 0. In the classical limit we have an isomorphism of
operads

BD, /7 = P,

while in the quantum case h # 0 we have
BD; [h1] 2= Ass @y, k()

since the bracket is then uniquely determined from the multiplication. In other words, the operad
BD; interpolates between the Poisson operad Py and the associative operad Ass.

Remark 5.2. One can show that BD;(n) is free as a k[h]-module.

Let us also mention that there is a canonical isomorphism of operads
P, ® k[h]/h* = BD, /K>
al|b
given by sending the multiplication to %2)”"’7@

Given a BIDj-algebra A, we let A°P be the opposite algebra with the operations

a-Pb=(=1)llp.q

{a,b}? = —{a,b}.
There are also lower-dimensional and higher-dimensional versions of the BD,, operad.

Definition 5.3. A BDg-algebra is a complex A over k[h] together with a degree 1 Lie bracket
and a unital commutative multiplication satisfying the relations

e d(ab) = d(a)b+ (=1)l*ad(b) + i{a, b},

o {z,yz} = {x,y}z + (-D)WIF{z, 2}y,

In the classical limit we have an isomorphism
BDy/h = Py

since then the multiplication is compatible with the differential. In the quantum case /i # 0 we
have

BDo[hi Y] = Eo ® k(h),

where the operad I/B:Jo is contractible, i.e. quasi-isomorphic to the operad Eq controlling complexes
with a distinguished vector.

Let coBD; be the cooperad obtained as the k[A]-linear dual to the operad BD;. It has a
natural Hopf structure, so following Calaque and Willwacher [CW13| we can consider its brace
construction

BD2 = Breopp;, -

By construction we have that

BD, [h_l] = Brco]B]D)ﬂh*l} = Breoass @ k((h),
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where Breoass is a dg operad quasi-isomorphic to the operad Br controlling brace algebras, but
where the product is merely A...
Moreover,
BDy/h = Breop, = Po,

where the last quasi-isomorphism is given by [CW13, Theorem 4| (we remind the reader that
en 2P, for n > 2).

5.2 Modules Let us now describe modules over BID;-algebras.
Recall that a coisotropic morphism A — B for A a Pj-algebra is the data of a Py-algebra on
B and a morphism of P;-algebras

A= Z(B) = Sym(Tg),

where for simplicity we have assumed that Q}B is dualizable as a dg module over B.

For B a commutative graded algebra we denote by ﬁh(B) the completed algebra of h-
differential operators. That is, it is an algebra over k[A] generated by elements of B and Tp
with the relations

VW — (—1)‘””“"101) = hlv,w], v,weTp

vb — (—1)|“||b|bv =hv.b, veTp, weB

completed with respect to the increasing filtration given by the order of differential operators.
If B is a BDg-algebra, the data of the differential on B determines a Maurer—Cartan element
in IS;L(B) and we denote by Z(B), the BDy-center of B, the algebra ﬁﬁ(B) with the differential
twisted by that Maurer—Cartan element. It is clear that Z(B) is a BID;-algebra.
More generally, if B is a commutative graded algebra, the data of a Maurer—Cartan element
in f)h(B) will be called a I@o—algebra structure on B. Note that BDg-structures correspond to
those Maurer—Cartan elements which have order at most 2.

Remark 5.4. Suppose By is a cofibrant commutative dg algebra over k. We can trivially extend
it to a BDy-algebra B = By ® k[h] with the bracket defined to be zero. Then we expect that
Dy (B) coincides with the center of B € Algpp, in the sense of [Lu, Definition 5.3.1.6]. Note that
given any BDg-algebra B, its BDg-center at i = 0 becomes (S/y?n(TBO), 7By, —]), the Pg-center
of By = B/h.

Let A be another BID;-algebra.

Definition 5.5. A [left BD;-module over A is a BDg-algebra B together with a morphism A —
Z(B) of BD;-algebras.

A right BD1-module over A is the same as a left BD;-module over A°P.

It is clear that the definition at A = 0 reduces to the definition of a coisotropic morphism.
Thus, one can talk about quantizations of a given coisotropic morphism Ag — By: these are
BD;-algebras A and BDg-algebras B reducing to the given algebras Ay, By at h = 0 together
with a left BID;-module structure on B.

One can similarly define BDy-modules as follows. Given a complex B, we denote by coBD; (B)
the cofree conilpotent BIDi-coalgebra on B. Given a BIDj-algebra B, we define its center to be
the complex

Z(B) = Hom(coBD:(B), B)
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twisted by the differential given by the BD;-structure on B. By the results of [CW13|, Z(B) is
a BDy = Breopp,-algebra, so we can give the following definition.
Let A be a BIDy-algebra.

Definition 5.6. A [left BDy-module over A is a BIDi-algebra B together with a morphism A —
Z(B) of BDg-algebras.

Remark 5.7. Just like for Poisson algebras, we expect that the BIDj-center of a BD-algebra
B € Alggy, satisfies the universal property of [Lu, Definition 5.3.1.6]. See also Remark 1.7.

5.3 From BD; to BDy We are now going to prove a BID;-version of Theorem 1.18.

Let A be a BDj-algebra. In particular, it is a dga and so we have a dg coalgebra To(A[1]).
Introduce a commutative multiplication on Te(A[1]) given by the shuffle product and the Lie
bracket given by (7).

Since A is not necessarily commutative, the differential is not compatible with the shuffle
product. But its failure is exactly captured by the bracket.

Proposition 5.8. Let A be a BD;-algebra. The differential, multiplication and the bracket make
Te(A[l]) into a BDg-algebra compatibly with the coalgebra structure.

Proof. To prove the claim we just need to show that the relation between the differential on
Te(A[1]) and the product is exactly the one that appears in the definition of BDy-algebras.
Due to the compatibility of the operations with the coproduct on Te(A[1]), we just need to
check the corresponding relation after projection to A[1].
For a,b € A we have

d([a] - [¢]) = d([al] + (= 1)UFDUFD [pla])
= [dalb] + (=1)"*a|db] 4 (—1)IF+DEFD [dba] + (—1)llPHD [p]da]
+ (=1)lalt 1 gh] 4 (—=1)lal (P D g
Similarly, we have
[dal - [b] + (=1)/“**[a] - [db] = [da[b] + (=) “11*H D blda] + (~1) " [a]dp] + (~1) DI D dpja).
Their difference is given by
(=11 ab] + (= 1)/ 0HD ba] = B(~1)/H41 [{a, )]
— h{lal, [b]}.
O

We can also add modules in the picture. Let M be a left BD;-module. Then To(A[l]) @ M
carries a differential and L, brackets given by equations (9) and (10). Moreover, To(A[1]) ® M

carries a natural multiplication.

Proposition 5.9. Let A be a BD-algebra and M a left BDq-module. Then To(A[l])®@ M carries
a natural structure of a left BDg-comodule over To(A[1]).

Proof. By construction the differential and the brackets on Te(A[l]) ® M are compatible with
the Tq(A[1])-comodule structure, so we just have to check that the projection of the differential
on M has symbol given by the brackets.

The differential lands in M in the following two cases:
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1. The symbol of d: M — M is given by the Poisson bracket on M since it is a BDg-algebra.
2. The symbol of the action map A ® M — M is given by the A = 0 limit of the action map
A — Dy(M) which coincides with the Poisson brackets on To(A[1]) ® M given by formula

9).

O

Finally, suppose M and N are a left and right BID;-modules over A respectively. Then on

the two-sided bar complex

N @ To(A[l]) ® M

we can introduce the usual bar differential and the shuffle product.

Theorem 5.10. Let A be a BD-algebra, M a left BD,-module and N a right BIDy-module over
A. Then the two-sided bar compler N @ To(A[l]) ® M has a BDg-structure.

At h = 0 this construction recovers the @o—structure of Theorem 1.18.
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