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Abstract

A nice differential-geometric framework for (non-abelian) higher gauge theory is provided by
principal 2-bundles, i.e. categorified principal bundles. Their total spaces are Lie groupoids,
local trivializations are kinds of Morita equivalences, and connections are Lie-2-algebra-valued 1-
forms. In this article, we construct explicitly the parallel transport of a connection on a principal
2-bundle. Parallel transport along a path is a Morita equivalence between the fibres over the end
points, and parallel transport along a surface is an intertwiner between Morita equivalences. We
prove that our constructions fit into the general axiomatic framework for categorified parallel
transport and surface holonomy.
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1. Introduction

Many different concrete models for 2-bundles (sometimes called categorified bundles or gerbes)
have been developed so far. For most of them, there exists a notion of a connection. For some of
them, it is proved that there exists a corresponding parallel transport along paths and surfaces.
However, to my best knowledge, in none of these models the relation between the connection
and the parallel transport is concretely realized. The aim of the present paper is to fill this gap
by constructing the parallel transport in one of these models: principal 2-bundles.

Let me try to clarify some of above statements. First of all, our categorified bundles live
over a smooth manifold M, and their structure group is a strict Lie 2-group. Familiar models
of 2-bundles with connection are (non-abelian) bundle gerbes [5, 1|, G-gerbes [4], (non-abelian)
differential cocycles [3|, and principal 2-bundles [14, 9, 13].

In joint work with Urs Schreiber [11], based on earlier work of Baez-Schreiber [2|, we have
developed a model-independent, axiomatic framework for the parallel transport of connections
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in categorified bundles, called “transport 2-functors”. Such a transport 2-functor is a 2-functor
tra: Po(M) — C,

where Po(M) is the path-2-groupoid of M and C is some bicategory that depends on the model.
The basic idea is that the objects of Pa(M) are the points x € M, the morphisms are all smooth
paths v in M, and the 2-morphisms are fixed-ends homotopies ¥ between paths (“bigons”).
Then, tra(x) is the “fibre over z”, tra(y) is the parallel transport along the path ~, and tra(X)
is the parallel transport along the surface . The axioms of a 2-functor describe how parallel
transport behaves under gluing and cutting of paths and surfaces. The most difficult aspect
of this framework is to axiomatically characterize smoothness conditions for the transport 2-
functor. This has been worked out in [11]. It was proved there that — after picking particular
bicategories C — the bicategory of transport 2-functors is equivalent to several bicategories of
above-mentioned models.

In all cases discussed in [11], these equivalences are given by spans of 2-functors which are in
general not canonically invertible. This means, for instance, that not even for an abelian bundle
gerbe with connection one can associate in a canonical way a transport 2-functor. In particular,
there is no clear answer to the question, what the parallel transport of such a bundle gerbe along
a path is. This is unsatisfying, in particular regarding the applications to higher gauge theory,
where the parallel transport along a path constitutes the coupling of strings to gauge fields.

In the present paper we consider the model of principal 2-bundles and provide a solution to
this problem. Principal 2-bundles have been introduced by Wockel [14]| and further worked out
by Schommer-Pries [9]. A principal 2-bundle is the most direct categorification of an ordinary
principal bundle: its total space is a Lie groupoid on which a Lie 2-group I' acts in a certain
way making it fibre-wise principal. Morphisms between principal 2-bundles — in particular,
local trivializations — are not smooth functors between Lie groupoids but a generalization called
anafunctor, a kind of directed Morita equivalence. Connections on principal 2-bundles have
recently been introduced in [13]. We recall the central definitions in Section 2. The main part
of this article is to construct the parallel transport of these connections:

(1) If vy is a smooth path in M starting at x and ending at y, then we construct a I'-equivariant
anafunctor F, : P, — P, between the fibres of P over these points. This is the content
of Section 3.

(2) Suppose the connection is fake-flat. If ¥ is a smooth fixed-ends homotopy between paths
7 and 72, then we construct a I'-equivariant transformation ¢y, : F,, = F’,, between the
anafunctors associated to the two paths. This is the content of Section 4.

In principle, constructions (1) and (2) are performed in a very similar way as for ordinary principal
bundles. The basic idea is to lift paths and homotopies “horizontally” to the objects of the total
space Lie groupoid. There are two main differences compared to ordinary principal bundles:
horizontal lifts (i) exist only locally and (ii) are not uniquely determined by an initial condition.
Local existence requires to compensate differences with structure on the morphisms of the total
space Lie groupoid; this makes the whole construction more complex. Non-uniqueness requires
to consider all possible horizontal lifts at one time; this forces us to consider anafunctors instead
of ordinary functors. All these issues are carefully discussed and resolved in Sections 3 and 4.
The following is the main result of this article.

Theorem 1.1. Our constructions (1) and (2) of the parallel transport of a principal T'-2-bundle
fit into the axiomatic framework of transport 2-functors. This means:
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(a) For every principal T'-2-bundle P with fake-flat connection the assignments x +— P,
v = F,, and ¥ — @y, form a transport 2-functor

trap : Po(M) — T'-Tor

with target the bicategory of I'-torsors.
(b) The assignment P +— trap is compatible with the bicategorical structure of principal I'-2-
bundles in the sense that it extends to a 2-functor

2—Bun¥ff(M) — Transp(M,T'-Tor)

between the bicategories of principal I'-2-bundles with fake-flat connections and the bicate-
gory of transport 2-functors.

Theorem 1.1 is proved in Section 6 as Theorems 6.11 and 6.13. We will show in a forthcoming
paper that the 2-functor in (b) is actually an equivalence of bicategories. This means that the
model of principal I'-2-bundles with connections comprises all aspects of categorified parallel
transport.

This article is organized in a straightforward way. In Section 2 we offer a short review about
principal 2-bundles and connections. This review covers all material sufficient to understand
the statements and constructions of this article. By intention, understanding all details of the
proofs might require to consult [13|. Therefore, all definitions, notations, and most symbols
used in this article coincide with the corresponding ones in [13]. Sections 3 and 4 contain
the constructions of the parallel transport, in Section 5 we reduce these constructions to two
important subclasses of principal 2-bundles, and Section 6 contains the proof of our main result.
In an appendix we summarize and slightly extend results of [10] about path-ordered and surface-
ordered exponentials, which provide the “local” foundations for parallel transport.

Admittedly, some constructions and proofs we perform in this article are quite laborious.
However, we believe that our results — once established — provide a rather complete and convenient
“calculus” for categorified parallel transport in the well-established context of Lie groupoids.

2. Principal 2-bundles

We give a very short introduction to principal 2-bundles and connections. A comprehensive
treatment is given in [13|. There is a bicategory LieGrpd whose objects are Lie groupoids, whose
1-morphisms are called anafunctors (a.k.a. bibundles, Hilsum-Skandalis maps, Morita equiva-
lences,...), and whose 2-morphisms are called transformations (bibundle maps, intertwiners,...).
Ordinary (smooth) functors form a proper subset among all anafunctors. Ordinary (smooth)
natural transformations correspond to all transformations between functors. The purpose of en-
larging the set of 1-morphisms from functors to anafunctors is to invert certain functors (called
weak equivalences). One effect of this enlargement is that LieGrpd is equivalent to the bicategory
of differential stacks [7].

In this paper, a Lie 2-group is a Lie groupoid whose objects and morphisms are equipped with
Lie group structures, so that the structure maps are Lie group homomorphisms. Lie 2-groups are
in one-to-one correspondence with crossed modules of Lie groups. Often this version of a Lie 2-
group is called “strict”. A smooth right action of a Lie 2-group I" on a Lie groupoid X is a smooth
functor R : X x I' — X satisfying strictly the axioms of an action. Now, there is a new bicat-
egory, whose objects are Lie groupoids equipped with smooth right I'-actions, whose morphisms
are I'-equivariant anafunctors, and whose 2-morphisms are I'-equivariant transformations.
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Finally, we fix the following conventions. If X is a smooth manifold, we denote by Xy;, the
Lie groupoid with objects X and only identity morphisms. A smooth functor ¢ : X — ) is
called surjective/submersive, if it is so on the level on objects.

Definition 2.1. Let M be a smooth manifold.

(a) A principal T-2-bundle over M is a Lie groupoid P, a smooth, surjective and submersive
functor m : P — My;,, and a smooth right action R : P xI' — P such that ToR = wopr;
and the smooth functor (pry, R) : P x I' — P x s P is a weak equivalence.

(b) A I-morphism between principal I'-2-bundles is a I'-equivariant anafunctor J : P; — Py
such that my o0 J = 7.

(¢) A 2-morphism between 1-morphisms is a I'-equivariant transformation.

Principal I'-2-bundles over M form a bigroupoid that we denote by 2-Bun(M). Moreover,
the assignment M +—— 2-Bunp(M) is a stack over the site of smooth manifolds [6, Theorem
6.2.1].

Remark 2.2. We describe some notation and technical features related to our 1-morphisms,
which will be used later in the paper. Let P; and Py be principal I'-2-bundles over M.

(a) The anafunctor underlying a 1-morphism J : P; — P9 consists of a total space J, anchor
maps o : J — P1 and «, : J — Py, and commuting smooth groupoid actions p; :
Mor(P1)sx o, J — Jand p; : J, x;Mor(Py) — J, which we will often denote by poj and
jop, respectively. Its I'-equivariance consists of a smooth right action p : J xMor(I') — J,
usually denoted by j -y, that is compatible with the groupoid actions in the sense that

R(p1,71) 0 (j 7)o R(p2,72) = (p1ojop2) - (y10v072)

whenever all compositions are defined, see [13, Definition 2.4.1 (b)].

(b) If ¢ : Py — Py is a smooth functor that preserves the fibres and strictly commutes with
the I'-actions, then it induces a l-morphism with total space Jy, := Obj(P1) ,x; Mor(P2),
anchors oq(p, p) := p and a,(p, p) := s(p), groupoid actions no (p, p) := (¢(n), ¢(n) o p) and

(p,p)on := (p,pon), and Mor(T')-action (p, p) -~y := (R(p,t(7)), R(p,7)), see [13, Remarks
2.3.3 (a) & 2.4.2 (b)].

(c) A smooth natural transformation 7 : ¢ => ¢’ induces a transformation f, : Jy = Jy
by fn(p,p) = (x,n(p) o p). If  is I'-equivariant then f, is also I'-equivariant, hence a
2-morphism, see [13, Remark 2.4.2 (b)].

(d) Let ¢ : Py — P9 be a smooth, fibre-preserving, I'-equivariant functor, and let J :
P1 — Py be a l-morphism. For a smooth map [ : Obj(P1) — J we consider three
conditions:

(T1) ai(fy(p)) = p and o, (fy(p)) = ¢(p)

(12) a0 fy(p) o f = Jy(t(a)) 0 9(a) 0 B

(T3) f+(R(p,9)) = f5(p) - idy. .
There is a bijection between smooth maps f satisfying (T1), (T2) and (T3) and 2-
morphisms f : Jy => J. This bijection is established by the relation f(p) = f(p, ¢(idp)),
see [13, Remarks 2.3.3 (c) & 2.4.2 (b)].

Next we come to connections. If X is a Lie groupoid and v is a Lie 2-algebra, then there
is a differential graded-commutative Lie algebra Q*(X,~) of y-valued differential forms on X
[13, Section 4]. If ¢ : X — Y is a smooth functor, then there is a “pullback” Lie algebra
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homomorphism ¢* : Q*(Y,~) — Q*(X,~). If v is the Lie 2-algebra of a Lie 2-group I, then there
is an adjoint action of T on Q*(X,~). Further, ' carries a “Maurer-Cartan™form © € Q! (T, ~).

Definition 2.3. A connection on a principal I'-2-bundle P is a y-valued 1-form Q € QY (P, ~)
such that

R*Q = Ad];rlF (prpQ2) + pr1©
over P x I', where pry and prp are the projections to the two factors.

Let us spell out explicitly all structure and conditions that are packed into Definition 2.3.
For this purpose, we assume that the Lie 2-group I is given as a crossed module (G, H,t, «),
where t : H — G is the Lie group homomorphism, and «: G x H — H is the action of G on
H. We will denote by oy € Aut(H) the action of a fixed g € G on H, and for h € H we denote
by &y : G — H the map defined by a,(g) :== h™ta(g, h). The correspondence between I' and
(G,H,t,a) is Obj(I') = G and Mor(I") = H x, G, with s(h,g) = ¢g and t(h,g) = t(h)g. The
associated Lie 2-algebra is the crossed module (g, b, ¢, ), where g and h are the Lie algebras of
G and H, respectively, and t, and ay are the differentials of ¢t and «. Throughout the whole paper
we will work in exactly this setting of crossed modules. We point to a formulary for calculations
collected in |13, Appendix A], which we will eventually use without further mentioning.

Now, a connection 2 on a principal I'-2-bundle P consists of three components € =
(Q2,0b Q°), which are ordinary differential forms:

Q% € Q(Obj(P),g) , Qe Q'(Mor(P),h) and Q° € Q*(Obj(P),h).

These satisfy the following conditions:

R*Q" = Ad, ' (p* Q%) + g0 over Obj(P) x Obj(T') (1)
R*QP = (ag-1)« (Ad,;l(p*ﬂb) + (ap)«(p*s™ Q) + h*Q) over Mor(P) x Mor(T) (2)
R*Q° = (ag-1)«(p" Q) over Obj(P) x Obj(T").  (3)

Here, p, g and h denote the projections to either Obj(P) or Mor(P), G and H, respectively.

The 2-form curv() := DQ+3[QAQ] € Q2(P,) is called the curvature of 2. The connection
Q is called flat if curv(Q2) = 0. Between general connections and flat connections are fake-flat
connections: these satisfy the conditions (with A :=¢* — s¥)

A"+ S[Q"A Q) +14.(2) =0 and  AQ°+dQ° + Z[Q° A QY] + a.(s7Q" A QP) = 0.

1 1
2 2

If J: Py — Py is a 1-morphism, then pulling back a connection €29 on Py to P; requires
the following additional structure on J, as explained in [13, Sections 4.3 & 5.2].

Definition 2.4. An Qs-pullback on a l-morphism J : P; — Py is a pair v = (v,v1) of
differential forms vg € Q'(J,h) and vy € Q2(J, h) which are compatible with the Ps-action p, in
the sense that

prvy = pryvo + er/Ior(TQ)Qg and  prv1 = Pryvi + Pryjo(p,) A0

over J, x; Mor(Pz2). An Q-pullback is called:
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(a) connective, if it is compatible with the Mor(T")-action p in the sense that
pvo = (g-1)s (Ad;l(pri'}uo) + ()« (pryeQ3) + h*0)
prvr = (ag-1)s (Ady (i) + (@)« (te(prja;Q3)))

over J x Mor(T"), where g and h are the projections to the factors of Mor(I') = H x G.
(b) fake-flat, if dvy + L[vo A vo] + (i Q3 A ) + 14 = 0.

Given an (y-pullback v on P9, one can define a 1-form J}€y on P; that depends on the
choice of v. If v is connective, then J}y is a connection on P;, and if 23 and v are fake-flat,
then J}Qg is fake-flat (|13, Proposition 5.2.12|). If a connection €4 on P; is given, then we say
that v is connection-preserving if 01 = J}$s.

A 2-morphism f : J => J’' between l-morphisms J,J : P; — Py equipped with Qs-
pullbacks v and v, respectively, is called connection-preserving if v = f*/. We form two bi-
categories of principal I'-2-bundles with connection:

e A bicategory 2-BunY.(M) consisting of principal I'-2-bundles with connections, 1-
morphisms with connective, connection-preserving pullbacks, and connection-preserving
2-morphisms.

e A bicategory 2—Bun¥ff (M) consisting of principal I'-2-bundles with fake-flat connections,
1-morphisms with fake-flat, connective, connection-preserving pullbacks, and connection-
preserving 2-morphisms.

There is a classification result showing that these bicategories correspond to non-abelian differ-
ential cohomology [13, Theorem 5.3.4]. Moreover, it is straightforward to see that they form
presheaves of bicategories over the category of smooth manifolds, i.e., there are consistent pull-
back 2-functors along smooth maps.

Remark 2.5. We describe how smooth functors can be turned into 1-morphisms in the setting
with connections. Suppose ¢ : P; —= P5 is a fibre-preserving, I'-equivariant smooth functor
between principal I'-2-bundles equipped with connections €1; and €23, respectively. Let Jy =
Obj(?P1) 4%, Mor(P2) be the associated anafunctor (Remark 2.2 (b)).
(a) A “canonical” Qy-pullback on Jy is defined by v := pr5Q} and vy := —prjs*Q§ + pri¢*Qs.
It is always connective, fake-flat if {29 is fake-flat, and connection-preserving if 23 = ¢*(,.
See [13, Remark 5.2.10 (a) — (c)].
(b) The canonical Qs-pullback v on Jy can be shifted by a pair k = (ko, 1) of differential forms
ko € Q(ODbj(P1),h) and k1 € Q%(Obj(P1), h), and the shifted pullback is again connective
provided that these forms are G-equivariant in the sense that R*r; = (o, r;l)*(pril{,i) over

Obj(P1) x G. See [13, Remark 5.2.10 (e) — (g)].

3. Parallel transport along paths

Let P be a principal I'-bundle with a connection Q. For z € M we denote by P, := 7~ ({x}) the
fibre of P over x, which is a Lie groupoid with smooth right I'-action. In this section we define
for each path v : [0,1] — M a I’-equivariant anafunctor

Ey 2 Pao) — Py

which we regard as the parallel transport along «y. For this purpose, we first introduce and study
in Section 3.1 the notion of a horizontal path in the total space of P. In Section 3.2 we give a
complete definition of the anafunctor F,. In Sections 3.3 to 3.5 we derive several properties of
F, with respect to path composition, 1-morphisms between principal 2-bundles, and pullback.
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3.1 Horizontal paths We start with some basic terminology and notation. By a path in a
smooth manifold X we understand a smooth map 7 : [a,b] — X, where a,b € R with a < b.
If z := ~v(a) and y := ~(b), we use the notation v : z — y. If no interval is specified, then the
unit interval [0, 1] is assumed. The tangent vector at ¢ € [a, b] is denoted by ¥(t) or 9yy(t). The
constant path at a point z € X will be denoted by z or id,. If f: X — Y is a smooth map,
we write f(vy) for the path fo~. Further, if R: X x I' — X is a right action of a Lie 2-group
I' on a Lie groupoid X, we will write R(p, g) instead of R(p,id,), for p € Mor(X) and g € G.
For instance, if 8 is a path in Obj(X) and g is a path in G, then R(f,g) stands for the path
t = R(ﬁ(t), ldg(t))
First we discuss horizontality for paths in the objects a principal 2-bundle P with connection

Q. A path 8 : [a,b] — Obj(?P) is horizontal, if Q%(3(t)) = 0 for all t € [a, D).
Proposition 3.1. Let P be a principal I'-2-bundle with connection €.

(a) Suppose B : [a,b] —= Obj(P) is a path. Then, there exists a unique path g : [a,b] — G

with g(a) = 1 such that B"°" := R(B, g) is horizontal.
(b) Suppose B : [a,b] —= Obj(P) is a horizontal path and g € G. Then, R(B,g) is horizontal.

Proof. For (a) we claim that the following statements are equivalent:

(1) g is a solution of the differential equation ¢(7) = —Q*(8(7))g(7).
(2) Bhor = R(B, g) is horizontal.

Equivalence is proved by following the calculation using Eq. (1):
QBT = QUOR(B,9)) = R*Q(B,§) = Ad; 1 (Q°(8)) + 97 '¢.

Now, existence and uniqueness of g follow from existence and uniqueness of solutions of linear
initial value problems. (b) follows immediately from the transformation behaviour of %, see
Eq. (1). O

Next we turn to paths in the morphisms of P, and collect various statements that we will
use throughout this article. A path p : [a,b] —= Mor(?P) is horizontal, if Q°(p(t)) = 0 for all
t € [a,bl.

Proposition 3.2. Let P be a principal I'-2-bundle with connection €.
(a) Suppose p : [a,b] —= Mor(P) is a path. Then, there exists a unique path h : [a,b] — H
with h(a) = 1 such p"" := R(p, (h,1)) is horizontal.
(b) Suppose 3 : [a,b] — Obj(P) is a path. Then, the path idg in Mor(P) is horizontal.
(c) Suppose p : [a,b] —= Mor(P) is a path. Then, p is horizontal if and only if its pointwise

L 4s horizontal.

groupotd tnversion p-

(d) Suppose p1,p2 : |a,b] — Mor(P) are horizontal paths with s(p2) = t(p1). Then, their
pointwise composition ps o p1 is horizontal.

(e) Suppose p : [a,b] — Mor(P) is a horizontal path and v € Mor(I'). Then, R(p,~) is
horizontal.

(f) Suppose p : |a,b] —= Mor(P) is a horizontal path and g : [a,b] — G is a path. Then,
R(p,g) is horizontal.

(g) Suppose p : [a,b] —= Mor(P) is horizontal, and of the paths s(p) and t(p) in Obj(P) one
s horizontal. Then, the other is horizontal, too.

(h) Suppose By, B2 : [a,b] —= Obj(P) are horizontal, and wo 1 = 7o By. Then, there exists a
horizontal path p : [a,b] — Mor(P) and g € G such that 1 = R(s(p), g~ 1) and B2 = t(p).
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Moreover, if there is py € Mor(P) such that s(pg) = B1(a) and t(po) = Pa2(a), then one can
choose p and g such that p(a) = pp and g = 1.

(i) Suppose p,p’ : [a,b] — Mor(P) are horizontal paths such that s(p) = s(p') is horizontal
and t(p) = t(p'). Then, there exists a unique h € H with t(h) =1 and p' = R(p, (h,1)).

Proof. For (a) we claim that the following statements are equivalent:
(1) h is a solution of the differential equation h(r) = —Qb(p(7))h(7) — (n(r)) (2% (s4(p(7))))-
(2) pl" is horizontal.

Equivalence is proved by the following equation obtained using Eq. (2),
Q") = Ad;, 1 (Q°(9)) + (an)« (% (s(p))) + b~ M.

Now, existence and uniqueness follow like in the proof of Proposition 3.1 (a). For (b) we have
QY(8idg) = id*Q°(B) = 0 since id*QP = 0. For (c) we use inv*Q¥ = —QP, and for (d) Q¥ =
priQb + pri0’. (e) is trivial. For (f) we check

Q(0R(p, (1,9)) = R*Q°(5,(0,9)) = (ag)(2"(9)) = 0.
For (g) we use that t*Q% — s*Q® = t,(QP). Since p is horizontal, we have
0 = £.(Q(3)) = Q2 (D1(p)) — 2 (B4t(p)).

For (h) we note that (51, 52) is a path in Obj(P) x 37 Obj(P). By [13, Lemma 3.1.6] there exists a
transition span p : [a,b] — Mor(P) along (1, 82) with transition function ¢ : [a,b] — G, i.e.
B1 = R(s(p),gt) and B = t(p). If there is py € Mor(P) such that s(py) = B1(a) and t(pg) =
B2(a), then by [13, Lemma 3.1.4] there exists hg € H such that R(p(a), (ho,g(a)™!)) = po and
t(ho) = g(a). Then we use p := R(p, (ho,t(ho)~!)) and § := gt(ho)~!, satisfying R(s(p),g~!) =
R(s(p),g7') = B1 and t(p) = t(p) = B2, as well as j(a) = po and G(a) = 1. By (a) there
exists h : [a,b] — H with h(a) = 1 such that R(p,(h,1)) is horizontal. Then, by (f) also
o = R(p,(h,t(h)~1)) is horizontal, and t(p') = t(p) = B2. We set ¢’ := gt(h)~!. Then,
R(s(p'),g'") = R(s(p),t(h)~'¢'"") = R(s(p),g~") = B1. Now, by (g), it follows that s(p’) is

horizontal. A short calculation shows that 0 = Q%(1) = —¢’g’~"; hence ¢’ is constant. For (i) we
obtain by [13, Lemma 3.1.4] a smooth map h : [a,b] — H with t(h) = 1 and p' = R(p, (h,1)).
Again, a short calculation shows 0 = QP(/) = h~'h; hence h is constant. O

Finally, we consider a 1l-morphism J : P; — Ps in Q—Bung(M) between principal I'-2-
bundles over M, connections £2; and €2 on P; and P, respectively, and a connective, connection-

preserving Qs-pullback v = (v9,v1) on J. A path X : [a,b] — J is horizontal, if vo(A\(t)) = 0
for all ¢ € [a, b)].

Remark 3.3. Suppose ¢ : Py —= Py is a smooth functor, Jy = Obj(P1) 4x, Mor(P2) is the
associated anafunctor (Remark 2.2 (b)), and v is the canonical Qo-pullback on J, (Remark 2.5).
Then, a path A = (v, p) in J, is horizontal if and only if p is horizontal in Mor(P2). If k = (Ko, K1)
shifts the canonical Qs-pullback, then ) is horizontal if and only if Q5(p) + ko(¥) = 0.

Proposition 3.4. Let J : Py — Py be a 1-morphism in 2-BunY (M).
(a) Suppose X : [a,b] — J is horizontal, and v : [a,b] — G is a path. Then, X -id, is
horizontal.
(b) Suppose X : [a,b] —= J is horizontal, and of the paths ay(\) and . (\) one is horizontal.
Then, the other is horizontal, too.
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(c) Suppose X : [a,b] — J and p : [a,b] — Mor(P2) are paths with o, (X) = t(p). If of the
three paths A\, p, and X o p two are horizontal, then the third is horizontal, too.

(d) Suppose X : [a,b] — J and p : [a,b] —= Mor(P1) are paths with s(p) = oy(N). If of the
three paths A, p, and p o X\ two are horizontal, then the third is horizontal, too.

(e) Suppose X : [a,b] — J is a path. Then, there exists a unique path h : |[a,b] — H with
h(a) =1 such that A (t) := X(t) - (h(t),1) and Aa(t) := X(t) - (h(t),t(h)~") are horizontal.

Proof. (a) follows since v is connective. (b) is exactly as Proposition 3.2 (g), using that
v is connection-preserving, which implies t.(v9) = a;Qf — Q3. For (c) we check that
vo(Orpr(N, ) = o(A) + Q5(p), and (d) is analogous. For (e) we claim that the following three
statements are equivalent:

(1) Ag is horizontal.

(2) Aq is horizontal.

(3) h solves the differential equation h(t) = —vg(A(t))h(t) — (ah(t))*(ajﬂg(/'\(t)))).
Equivalence between (1) and (2) is (a). Equivalence between (2) and (3) is proved by the following

calculation, using connectivity:

vo(Ar) = p*1o(A, (h,0)) = Ady " (ro(V) + (@n)+ (a7 Q5 (N)) + R~ O

3.2 Definition of parallel transport along paths Let P be a principal I'-2-bundle over M
with connection 2. Let «y : [0,1] — M be a path in M. In this section we define the anafunctor
Fy : Py0) — Py1). We proceed in the following four steps: Step 1 is to define a set F,(t)
with respect to a fixed subdivision ¢ of [0,1]. Step 2 is to define anchors and actions for F,(t)
with the required algebraic properties. Step 3 is to get rid of the subdivision via a direct limit
construction, resulting in a set F’,. Step 4 is to equip F’, with the structure of a smooth manifold,

and to show that anchors and actions are smooth.

3.2.1 Step 1: Total space with respect to a fixed subdivision We consider for 0 < n € N the set
Ty = {(ti)i~y | 0 =1to < t1 < ... < t, = 1} of possible n-fold subdivisions of the interval [0, 1],
and define for t € T;, the set

F(t) == {({pi}ico, {vitic1) | pi € Mor(P), i : [ti—1,ti] — Obj(P) horizontal paths,
oY = Y1) tpi) = vir1(t:) and s(p;) = vi(t:)}/ ~  (4)

where ~ is an equivalence relation defined below. In words, F,(t) consists of locally defined

horizontal lifts 4; of the pieces 7| together with morphisms p; between the endpoint of

i—1,ti)>
each lift to the initial point of the next} one. We think about the elements of F,(t) as “formal”
compositions of paths in Obj(P) and and morphisms of P, and we will use the notation £ =
Pr ¥ Yn ¥ ... % p2 % 71 * po for a representative £ of an element in F,(t).

The equivalence relation in Eq. (4) is generated by relations {~;}i<j<, defined as follows:

we define a relation
Pr % Y ¥ e KV PO G P ¥ Y K s ® Y] PG (5)

if there exist a horizontal path p : [t;_1,t;] — Mor(P) such that

v =s(p) and ~f=t(p), (6)
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and 7, =; for all 1 <i<mn,i#j, as well as

Py =pti1)opi1 and  pf = pjop(t;) " (7)

and p} = p; for all 0 <i < mn,i+# j,j — 1. We will use the terminology that the relation Eq. (5)
is via p. It is straightforward to check using Proposition 3.2 (g) that given one representative
€ = pn *Yp * ... %71 * po and a horizontal path p with v; = s(p), then one can turn Egs. (6)
and (7) into definitions, producing another element p), * v}, * ... x v} * p{, related to & via p.

Lemma 3.5. (a) For each 1 < j <n, ~j is an equivalence relation.
(b) For 1 <i<j<mn and &' ~; & ~; €2, there exists & such that £ ~; & ~; 2.

Proof. To (a): For reflexivity put p(t) := id, ), which is horizontal by Proposition 3.2 (b). For

1

symmetry assume that £ ~; ¢’ via p. Then, p' := p~" is horizontal by Proposition 3.2 (c), and

we have &' ~; § via p/. Transitivity goes analogously using Proposition 3.2 (d). To (b): We let
€l ~; & be via pt and & ~; €2 be via p2. We define % := p?. We define ¢” such that &' ~; &”
via p%. Now one can check that & ~; &2 via p!. O

3.2.2 Step 2: Anchors and actions Next we define a left P -action and a right P -action on
the set F(t); their anchors are

Q- Fv(t) —= Pyt pp kY * o x Y1k po S(pO)

r t Fy(t) —= Pyt pp s yp % .o y1 % po —= t(pn).

These maps are obviously well-defined under the equivalence relation.

Lemma 3.6. The map Mor(P,) X, Fy(t) — F,(t) defined by

sy
. -1
PO (Pp % Yn koo kYL % P0) 2= Pk Yn Kk kY1 % (poOp )

is a well-defined left action of P, on F,(t) with anchor oy, and keeps o, invariant.

Proof. For the well-definedness, only ~; has to be checked, which is done via Eq. (7). The other
statements are obvious. O

Lemma 3.7. The map F,(t),, x, Mor(P,) — F,(t) defined by

(P * Yo % oo ¥ V1% P0) O P = P L 0 Pk Y ¥ oo kY1 % o

[e?

is a well-defined right action of P, on F,(t) with anchor a., it keeps oy invariant, and it commutes
with the left action of Lemma 3.6. Moreover, if £,&" € F, with oy(§) = oq(&'), then there exists
a unique p € Mor(Py) such that {op=¢'.

Proof. Well-definedness and the properties of an action are straightforward to check. More
difficult is to prove existence and uniqueness of p; this is exactly the point where our equivalence
relation becomes relevant. For existence, suppose

E=pp*yn*..xy1xpy and & = pl xql x.oxq] % g
satisfy a;(€) = a;(¢'). This implies that pfy o py ' € Mor(?P) satisfies s(pj o py*) = t(po) = 71 (to)
and t(p) o pgt) = t(py) = 7i(to). By Proposition 3.2 (h) there exists a horizontal path p :
[to, t1] — Mor(P) with p(to) = ph o py ', 8(p) = 71 and t(p) = +,. Via  we obtain a relation

1 1 1
R R O S R et ey o
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(1) (1)

(1) - t(p) =1 and py ' = p(to)opo = pj. Now we are in the situation that s(p; ') = s(p}),

with v,
and can use ~9 in the same manner as ~1 before. After n steps, we arrive at a relation

P % A % o k1% po ~ P sy x AL x pl.

Now we define p := p&f”) o p/=1: this definition yields £ o p = &'

Next we show that p is unique, i.e. we prove that a relation £ o p ~ £ implies p = id. Putting
& = pp % Yp * ... kY1 * pg, the assumption is

Pr % Yo % ook Y1k P~ (P71 0 pp) % g % kY1 % o,

where ~ is a finite chain composed of the relations ~1, ..., ~,. By Lemma 3.5 we can assume
that this chain is ordered with descending ¢ and each ¢ appears at most once. If the chain ~

1

is empty, we must have p, = p~" o py; this proves p = id. If it is non-empty, we proceed by

induction over the minimum j of occurring relations ~;. We write the chain ~ as

Pr % Yo % e kY1 % P~ plx A Kk Y] % pl ~j (P70 p) K ek 1 o,

with ~" a chain composed only of the relations ~j;1, ...,~y,. Since ~' does not affect the parts
before pj, we have v} = ~; for 1 < i < j and p} = p; for 0 < i < j. We claim that ~; implies
coincidence of the remaining parts: (A) v; = ; for j <i <n, (B) p} = p; if j <n, (C) p; = p;
for all j < i <n, and (D) pl, = (p~* 0 pn). Given the claim, we obtain

pn*yn*...*vl*powl (p_lopn)*’yn*---*Vl*PO,

and have hence shifted the induction parameter from j to j + 1. At the end the minimum is
shifted to n + 1, meaning that the chain of relations becomes empty.

In order to prove the claim, we assume that ~; is via p. Since ’75- = v; and p;;l = pj_1, we
have t(p) = s(p) and p(tg) = id. This shows (A) and (C). If n = j, then we have by Eq. (7)
P = p~topjop(t;)~t. If j < n, then we have by Eq. (7) Py =pjo p(t;)~t and pf, = p~1 o py,.
We show that p(t;)~! = id, which proves the remaining claims (B) and (C). Indeed, we observe
that p and id,, satisfy the assumptions of Proposition 3.2 (i), and since p(t;_1) = idy(t;_q), We
have p = id,,. O

Next we define the Mor(I')-action on F,(t), which at the end constitutes the I'-equivariance
of the anafunctor F,.

Lemma 3.8. The map Fy(t) x Mor(I') — F,(t) defined by

(P % Yo * ook 1% p0) - (hy 9) 1= R(pn, 9) % R(n, 9) % .. ¥ R(71,9) * Rpo, (k™ t(h)g))

is a well-defined action and compatible with the left Py-action and the right Py-action in the
sense of Remark 2.2 (a).

Proof. The axioms of an action are straightforward to check on the level of representatives. In
order to check well-definedness, we can then write (h,g) = (h,1) - (1,9) and check separately.
For well-definedness with respect to elements (1, g) € Mor(I"), it is straightforward to see that if

P % oo kY1 % o~ Pl K ok Y] E P

via p, then
(pn* ok y1 % po) - (L,g) ~j (py % - x 71 % pp) - (1, 9)
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via R(p,g), which is horizontal by Proposition 3.2 (f). For well-definedness with respect to
elements of the form (h, 1), it suffices to consider ~1, which is easy. The compatibility with the
anchors and the left P -action hold on the level of representatives and are straightforward to
check. Compatibility with the right P,-action, however, only holds on the level of equivalence
classes: we claim that

(€op)-((hsg) o (hrygr)) = R(p™", 9r) * R(E, gr) * R(idy(g), (hy 'R, t(R)g)) (8)
and
(g ’ (hyg)) o R(p7 (hmgr)) = R(,O_l, (h;la g)) * R(&, g) * R(lds(ﬁ)a (h_17 t(h)g)) (9)
are equivalent. This relation will be proved by induction over the length of €. We start with the
case n =0, i.e. £ = pg. Then, Egs. (8) and (9) are, respectively,
po == R(p™", 9r) o R(po, gr) 0 R(id(py), (hy 'h ™", t(h)g))
pg = R(pila (h;lag)) o R(po,g) o R(ids(po)a (hilv t(h)g)).
Both expressions are in fact equal; in particular, pj ~ pj. Now let n > 1 and & = py, * ... * po.
Then, Eq. (8) is an element & consisting of
pn = R(p~", gr) © R(pn, gr) pi = R(pi, g;) for 1<i<m
po = R(po, 9r) © R(idyey, (b " h ™", t(h)g)) % = R(vi,9,) for 1 <i <.
We use ~1 with p := R(id,,, (hr, gr)); this is horizontal by Propositions 3.2 (e) and 3.2 (f), and

satisfies s(p) = R(y1,9-) = 7}. Then, we obtain an equivalent representative &’ with & ~q &,
which consists of the components v{ := t(p),

P = piop(ty) ™" = R(p1,9,) © R(idy, 1y), (B ', 9)),
po = p(0) o pg
= R(id, (o) (hr; 9r)) © R(po, gr) 0 R(idy(e), (hy 'R, t(R)g))
= R(po, (™", t(h)g))
= R(po, 9) o R(idy(e), (h™",t(h)g)),
as well as v/ 1=~/ and p} := p} for all other indices i. We define £~ := p,, * ... * p1, g, = gr,
p~:=p, hy :=h.and h~ :=1, and g~ := g. With this new notation we can rewrite " as
A
=R(p~ 1, g,) % R(pp * ... ¥ p1, gr) * R(id, 4, (ht9))
« R(71,9) * R(po, ) o Ridy(g), (h ™, t(h)g))
=R((p7) ", 97) % R, g7) * Rlidgey, (hy) " (A7) t(h7)g ™))
% R(71,9) * R(po, g) o R(idye), (b, t(h)g)).
Now the first line of the last result is precisely in the form where we can apply the induction
hypothesis; thus, we have

& ~R((p7) " ((hy) g ) * R(E,97) * R(idye, (A7), t(h7)g7))
* R(71,9) = R(po, g) o R(idye), (k™ t(h)g))
~R(p™", (h;',9)) % R(pp * .. % p1,9)
* R(idy, (1), (1,9)) * R(11,9) * R(po, g) o R(idy(e), (h ™", t(h)g))
~R(p~", (b ', 9)) = R(€, 9) * R(idye), (k™" t(h)g)).
This is Eq. (9). O
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3.2.8 Step 3: Direct limit So far we have worked relative to the fixed subdivision ¢ € T, of the
interval; the next step is to get rid of this parameter. The set T' := | |,y 75 is a directed set,
where ¢ < t"if {t;} C {t;} as subsets of R. For ¢t <t' we have a map

few o By(t) — Fy(t)

defined by adding identities p; = id and splitting ~; in two parts, at all additional points. These
maps give {F,(t)}er the structure of a direct system of sets. Its direct limit is denoted by F,.
It is straightforward to see that the anchors o, and «y, the actions of Lemmas 3.6 and 3.7, and
the Mor(I')-action of Lemma 3.8 descent to F.

3.2.4 Step 4: Smooth structure Next we equip F, with the structure of a smooth manifold.
Consider a point py € P, and choose an element & € F, with o;(&) = po. Such an element &
exists: choose t € T such that there exist sections o; : U; — Obj(P) defined on open sets U; with
Y([ti—1,ti]) € U;. By [13, Lemma 3.1.6] there exist p € Mor(P) and g € G such that ¢(p) = o1(x)
and R(s(p),g7 1) = po. We set pp := R(p,g~!) and ] := R(al(fy][tmtl]),g*l). By Proposition 3.1
(a) there exists 1 such that 7(y1) = w(y]) and v1(to) = i (to). We set p; := 1 (¢t1) and
proceed in the same way until ¢ = n. We end up with an element { = p,, * ... x 1 * pg with
(&) = s(po) = po.

Given &y we construct an open neighborhood U of pg with a local section against o.
Choose an open neighborhood U C Obj(P) xar Obj(P) of (po,po) together with a transi-
tion span p and a transition function g ([13, Lemma 3.1.6]). We consider the smooth map
ip, : Obj(P) —= ODbj(P) xar Obj(P) with ip, (p) := (po,p), and define U := i;ol(ﬁ) C Obj(P,).
We define a map o¢, 4 : U — F, by setting

Oto,pg(D) = (P(PO,IDV1 0 &) - (1,g(p0,p)*1).

By Lemmas 3.6 and 3.8 we have oy (0¢, .4(p)) = p, i.e. 0¢, .4 Is asection against a;. It determines
a map

(l)&OvaQ : UO(TOO'&O’p’gXt Mor(?y) - al_l(U) : (p’ ﬁ) — UanPvQ(p) © p7

which is a bijection due to Lemma 3.7.

Lemma 3.9. There ewists a unique smooth manifold structure on F., such that all bijections
O¢o,p,g A€ SO0LH.

Proof. The bijections ¢¢, , 4 induce a topology on F, which is Hausdorff and second countable.
It remains to prove that the “transition functions” are smooth.

We write o := o, , 4 and consider another section o’ := og s+ U' —= F, constructed in
the same way around pj, = a;(§(), such that W := U NU’ is non-empty. The transition function
is the unique map p: W — Mor(P) with

¢t 0.9 (P) = 00,p.9(P) © P(P) (10)

for all p € W. In order to show that p is smooth, we compute it explicitly. We fix ¢ € W. By
Lemma 3.7 there exists a unique p, € Mor(P) such that o(q) = 0’(q) o pg. With [13, Lemma
3.1.4] there exists a smooth map h : W — H such that

R(p(po, p), (h(p), 9(po. p) ' 9(a, )g(po.q))) = p(po,q) o R(p(q,p), 9(po,q)) (11)
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t(h(p))g(po,p)~"9(a,p)g(po, q) = 1 (12)

for all p € W. The definition of o and Eq. (11) imply that

a(p) = (R(p(q,p)~", (a(g(po, q), h(p)), 1)) 0 " (q) © fg) - (1,9(po, @)9(po,p)~").  (13)

Analogously, for the primed quantities, there exists a smooth map h’' : W — H with

o'(p) = (R(¢'(a.0) ™", (g’ (0, 0), 1 (p)). 1)) 0 0"(a)) - (1,9 (00, )9 (00 2) ™). (14)
Again by [13, Lemma 3.1.4] there exists another smooth map n: W — H such that

R(p(q.p), (m(p), 9(a.p)"'d'(a.p))) = p'(a,p).

Solving for p(g,p)~' and substituting in Eq. (13) gives

a(p) = (R(¢'(q,p)~", (n(p)a(g(po, 9), h(p)), 1)) 0 ' (q) © pg) - (1, 9(po, 0)g(po, p) ).

Forcing Eq. (14) into this expression yields
a(p) = (o' (p) © R(pg, 9" (0, )9 (0, 2) 1)) - (h(p), t(h(p)) ),

where h(p) := a(g'(ph,p)g'(Ph, @), alg' (ph, @), b ()~ ")n(p)alg(po, a), h(p))). Using the com-
patibility of the I'-action with the right Py -action, we can write

a(p) = o' (p) o (R(pg, (1, ' (5, 0)g' (0, ) ") - (A(p), t(h(p)) ™).
This is an explicit expression for the transition function p, and it depends smoothly on p. O

Proposition 3.10. The smooth manifold F., together with the anchor maps oy and o, the
actions of Lemmas 3.6 and 3.7, and the Mor(I')-action of Lemma 3.8, define a I'-equivariant
anafunctor F : Pp — Py,

Proof. In a chart ¢, we have oj o ¢ = pr; and o, o ¢ = s o pry hence oy and «, are smooth and
surjective submersions. The right Py-action is in a chart ¢(p,p)op’ = a(p)opop’ = ¢(p,pop’),
hence it is smooth. We consider the smooth bijection F, , x; Mor(®,) — F, , x,, F,; that
its inverse is smooth is — in charts — precisely the smoothness of the transition function p of
Lemma 3.9. Thus, F), is a principal Py-bundle over P,.

For the left P -action, consider a section o, ,, defined in an open neighborhood U around
po, and a morphism py € Mor(P;) such that s(py) = po. We set pj := t(po) and & := pg o &.
Choose a transition span p’ : U’ — Mor(P,) with transition function ¢’ defined in an open
neighborhood U’ C Obj(P,) xar Obj(P,) of (po,po). This makes up another section Ot ol g
defined in an open neighborhood U’ of pf. Let V := s~1(U) nt~1(U’) € Mor(P,). Using [13,
Lemma 3.1.4| there exists a unique smooth map h: V' — H such that

R(p'(ph,t(n)) ™" 0 po, (h(n), g(po, s(n) ™)) =m0 R(p(po, s(n) ™", (L, g(po,s(m)~"))  (15)
t(h(n))g(po. s() ™" = ¢’ (P, t(n) ™", (16)

for all n € V. Then we have

s(p2) = R(t(p(po, s(m)), 9(po, s(n)) ™) = R(po, 9(po, 5(n)) ") = R(s(p1), 9(po, s(n)) )
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t(p2) = t(n) = R(s(p' (0, t(n))), 9" (o, () ~") = R(t(p1), g’ (P, t(n)) ™).

By [13, Lemma 3.1.4] and there exists a unique h,, € H such that

R(p1, (h, g(po,s(n) ™) =p2  and  t(hy)g(po,s(n)~" = ¢ (ph, t(n)) ™",

and the map h : V —= H : n+—= h, is smooth. Using these formulas, one can check that the
left action is given in charts by 0o ¢, ,4(p,p) = g .o (t(n), R(P, (h(n),9(po,p)~1))), and is
hence smooth.

It remains to verify the smoothness of the Mor(I')-action. Consider again a section og, , 4
defined in an open neighborhood U of a point py, and a morphism (h,g) € Mor(I'). We recall
that p is a transition span defined in an open set U C Obj(P,) x 3 Obj(P,), and that U = i;ol((}).
Let go := t(h)g and p{ := R(po, go). Choose open neighborhoods V' C Obj(T") of go and U’ C
Obj(Ps) X ar Obj(Px) of (pp,pp) such that (R(z',§~), R(y',§~")) € U and (po, R(p,dgy ') € U
for all (po,p) € U, («',y') € U’ and § € V. Using [13, Lemma 3.1.4] one can construct a smooth
map h : U x V — H such that parameterizes the dependence in the second argument of p
under the action be group elements of the form gg, Lfor g € V, in the sense that

R(p(po, p), (h(p,f]),g(po,p)_légalg(po, R(p,395)))) = p(po, R(p, Ggy ) (17)
(h(p,3))9(po, ) 395 ' 9(po. R(p, §g5 ') = 1. (18)

Next we translate the transition span p along go, and obtain another transition span p’
U’ — Mor(P,) with transition function ¢’ : U’ — G by setting

p'(@'y) == R(p(R(=', 95 ), R 95 ")), (h,9)).
g @) =g5"9(R@, 95"), R 95 ))g

We set ) := 50 (h, g); this satisfies oy (50) R(a(&0), 90) = po Now we have defined another
section g v o in a neighborhood U" =i, o L(U") of pfy. Welet V :=t~1(V) € Mor(T"). Now, the

action in Charts of (h,§) € V is given by gbgmpg(p,p) (h,§) = bt ot g (p', ') with p’ :== R(p, go),
and

= R(p, (he(Ggy " g(po, R(p Gogy ™))™, h(p, o)) 390 " 9(pos R(p, dogy ) ™H),

where gg := t(ﬁ)f]. Both expressions depend smoothly on p, p, h, and §; this shows the smooth-
ness. O

Remark 3.11. If T" is topologically discrete (in the sense that objects and morphisms form 0-
dimensional manifolds), then a principal I'-2-bundle P is an example of a 2-covering space in the
sense of [8, Definition 4.47|. Further, P admits precisely one connection  with all components
zero. In general, 2-covering space have a path lifting property [8, Prop. 4.63]. In case of a
principal 2-bundle for a topologically trivial 2-group I', the path lifting property coincides with
our result that oy : F, — P, () is surjective, for every path v (Proposition 3.10). The path
lifting property implies that the fibres of a 2-covering space over points in the same connected
component are pairwise weakly equivalent [8, Prop. 4.66]. In case of a principal I'-2-bundle,
this follows abstractly from the definition (every fibre is weakly equivalent to I'), and a concrete
equivalence between P, and Py is given by F, (for x = v(0) and y = (1)), see Corollary 6.4.
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3.3 Compatibility with path composition In this section we describe the compatibility
of the parallel transport along paths with the composition of paths. In the transport 2-functor
formalism described in Section 6.2 they constitute the functoriality of the 2-functor on the level
of 1-morphisms.

Before we come to path composition, we look at the constant path id, at x € M. We define
a I'-equivariant transformation

ug : idp, = Fiq,,

which expresses the fact that the parallel transport along a constant path id, is canonically
2-isomorphic to the identity 2-functor on the fibre P,. We define u, using Remark 2.2 (d). The
underlying smooth map i, : Obj(P;) — Fiq, is defined by @,(p) := idy,, where id,, denotes the
constant path at p. Verifying (T1) to (T3) are straightforward calculations; alone in (T2) one
has to use once the equivalence relation on Fiq,.

Two paths 1,72 : [0, 1] — M are composable, if v1(1) = v2(0) and the usual path concate-
nation o *y; is smooth. In the following, we will often assume composability without explicitly
mentioning it; at no place we use piecewise smoothness or any other regularity. We construct a
transformation

Cyiye @ Frg 0 By = Frpuy s

which expresses the fact that the parallel transport along a composite path is canonically 2-
isomorphic to the composition of the separate parallel transports. In order to define c,, -, we
consider & € F,, and & € F,, such that o, (&) = (&), i.e. (&1,&) € F,y, o F,,. Its image
under cy, , is the element & * {1 € F,,.,, obtained by reparameterizing all path pieces, and
composing the last morphism of & with the first of £&. This is obviously anchor-preserving and
action-preserving, and preservation of the Mor(I')-action can easily be checked.

If 1, 2, and 3 are paths, and 73 * (72 *y1) and (73 * 72) 7 are again paths (i.e. smooth),
then the canonical reparameterization between -3 * (y2 % y1) and (73 *y2) * 1 induces an obvious
transformation oy, o~y @ F

73
then directly from the definition of ¢y, ,.

«(y2571) = Fl(y3470)#y:- The following coherence property follows

Proposition 3.12. Let P be a principal I'-2-bundle with connection. Then, the following diagram

commutes:
Fyyo Fy, 0 Fy

Fyy 0 Fopuyy Fpuyy 0 Fyy
073772*W1\ /Y3*’Y2a’Y1
F.

Y3+ (72%71) Ty g Flygs)em

Next we observe a compatibility condition between the transformations c,, ., and u;. For this
purpose, we first identify transformations , : F, => F,4q, and r, : F, => Fjq ., associated to
a path v : 2 — y. Indeed, given { € F,, we reparameterize all path pieces by ¢ - % + %t, and
add (using the formal composition *) the constant path [0, %] St > oq(§) at the beginning; this
gives an element of F.,iq,, and defines the transformation [,. The transformation r, is defined
analogously. The following result follows directly from the definitions.
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Proposition 3.13. Let P be a principal I'-2-bundle with connection. For every path v :x — y
the following diagrams commute:

Fyoidp, ———F, idp, o Fy ———F,
idoqu/ H]l’y and uyoidH “7"7
Iy o Fa, o> Frysid, Fa, o Fy e Fid, sy

3.4 Naturality with respect to bundle morphisms Suppose J : P — P’ is a 1-morphism
between principal I'-2-bundles with connections € and €/, respectively, equipped with a connec-
tive, connection-preserving (Y-pullback v. Let v : [0,1] — M be a path with z := «(0) and
y :=7v(1). We construct a I'-equivariant transformation

F
?x%ipy

l 7
T Jy L
4

/ /
ipx??y

Jy

relating the parallel transport F in P with the parallel transport F,’Y in ?’. Involving the definition
of composition of anafunctors ([13, Remark 2.3.2 (a)]) J, is induced by a map
Jy i Fy o, Xy Jy == Jz o, %0, Fys

ar ar

which we define in the following. We start with the following terminology: a horizontal lift of
£ € F, to J is a collection £ = (n,t, {pi}i_y, {7i}}—1) consisting of n € N, a subdivision ¢t € T,
morphisms p; € Mor(P,) and horizontal paths 4; : [t;—1,t;] — J such that o;(3:(t;)) = s(pi)
and a;(3;(ti—1)) = t(pi—1) for 1 <i < n, and

§ ~ pn * al("N)/n) * Pn—1 ¥ ...k O‘l(:}/l) * Po-

This means, in particular, that the paths a;(51) are horizontal. It is easy to see, e.g. using
Propositions 3.4 (a) and 3.4 (e), that every { € F, admits horizontal lifts.

If j € J such that a,(¢) = a(j), then the j-target of a horizontal lift € is an element
(7',€') € Ju o, Xq, I, defined in the following way. We set v; := a,(3;). Since 4; and a;(%;)
are horizontal, 4/ is horizontal by Proposition 3.4 (b). We proceed for an index 1 < i < n, and
note that ay(p; 0 3i(t;)) = ay(Fi41(t:)). Since oy : J —= Obj(P) is a principal P-bundle, there
exists a unique pj € Mor(P') such that p; o %;(t;) = Fit1(t:) o pj, and we get t(p) = v, (t:)
and s(p}) = 7(t;). The case i = n is treated separately involving the element j. We have
a1(pn 0 An(1)) = ay(j). Hence, there exists a unique p}, € Mor(P") such that p, o ,(1) = jo pl,,
satisfying s(p),) = 7/, (tn). The relations we have collected assert that we can combine the
morphisms p; and paths 7 and set {' = pf, * 7], * ... x4} xid € F,. Finally, we put j' :=
Pyt ©41(0) € J,. The pair (j,¢') is by definition the j-target of E.

Lemma 3.14. The j-target is independent of the horizontal lift: if & and & are horizontal lifts
of € and j € J with oy (€) = aq(j), then the j-targets of & and & coincide.
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Proof. If the lifts are & = ({p1.:}, {71.4}) and & = ({p2.i}, {F2.}), then we have
P * (Yin) * prn—1 % ok q(Y1,1) * p1,0 ~ p2n * 1(Y2,n) * P2n—1 % .. x r(F2,1) * p2,0-

Thus, there exist horizontal paths ¢; in Mor(P,) with s(¢;) = ay(31,:) and t(¢;) = a;(32,), as
well as

$1(0)opro=p20 , Pin=p2noon(l) and @ip1(t;) o pri = p2,io di(ts). (19)

We have a;(¢i(t) o ¥1,4(t)) = q(52,i(t)), so that there exist unique paths ¢} in Mor(P,) with
;) = ar(F2,:) = 73,; and 5(¢}) = ar(Y1,6) = 71,3, such that

Gi(t) 0 A1,i(t) = F2.(t) o Pi(t) (20)

By Propositions 3.4 (c) and 3.4 (d) it follows that ¢, is horizontal. Next we collect the necessary
identities Egs. (21) to (23) that prove that the paths ¢} constitute an equivalence between ]
and ¢} (0)~! o &. We consider for 1 < i < n the defining relations

prioi(ti) = Arivi(ti) o pr;  and  paioFai(ti) = Foiv1(ti) 0 pa
for p} ; and py ;. Combining with Eqgs. (19) and (20) we get
o, 0 i(ti) = Py (ti) 0 P4 (21)

At i = 0 we have p} o, = phy = id. But ¢ (0)~! o & has as its first morphism not ph o but
0/2/,0 = 0/2’0 o ¢} (0), so that we have

Pll,o © ¢/1(0) = Pg,o (22)

At i = n the defining relations are p1,091,,(1) = jopi,, and pa,0an(l) = jops,,. Combining
with with Egs. (19) and (20) gives

Pam © Pn(1) = Pl (23)

Finally, we have p1 o j; = 31,1(0) and pap o j5 = 42,1(0). Combining with Eqs. (19) and (20)
we get jh o ¢ (0) = ji. Thus, we have

(71, €1) = (75, © 61(0), #1.(0) ™! 0 &) = (43, &5);
this shows the claim. O
By Lemma 3.14 we have a well-defined map
Sy Fy o, %oy Jy = Je o, Xa, F»/y 26 0) (7€)
Lemma 3.15. The map J induces a transformation Jy o I, = F§ o Jy.

Proof. Again consulting [13, Remark 2.3.2 (a)| we have to check first that

J’Y(gopvpil Oj) = J’Y(&?])

Let &€ = ({pi}, {3:}) be a lift £ with j-target (j/,€’). Then, a lift ¢ of £ o p is obtained from & by
only changing p,, to p, := p~1 o p,. We compute the j-target (j’,¢’) of € and the (p~! o j)-target
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(7,¢") of C. The only difference is at their last morphisms p/, and j/,, whose defining identities

are pp 0 Yn(1) =j op% and pp O:Yn(l) = p_l
equality 7/ = j7” is obvious from their defining identities; this shows the claim. Now we have a

o j o pl,, showing that g/, = p/, and thus & = ¢’. The

well-defined map J, o F,, = Ff{ o J, and have to check that it is a I'-equivariant transformation.
That J, is anchor-preserving is straightforward to see. It also respects the actions: for the

right action we have to show that

Jy(&jop)=(5"&op),

where (j/,¢) is the j-target of a horizontal lift £ = ({p;},{5i}) of & The same £ is also a
horizontal lift of £, and the only difference between its j-target and its (j o p)-target is at the

1

last morphisms, where we get instead of p/, the morphism p/! = p=" o p/,. Thus, its (j o p)-target

is (5/,& o p), as claimed. For the left action we have to show

Jv(pog,j) = (poj/,fl).

We choose for po ¢ the horizontal lift € with only py changed to g = pgo p~t. Correspondingly,
§' changes to j' = p o j', while ¢ remains unchanged. This shows the claim.
We check that the Mor(I')-action is preserved, which is equivalent to the identity

JW(& : (hag)7j ’ idg) = (]/ ) (hag)7§, : g)

see [13, Remark 2.4.2 (a)]. Here we have again fixed a choice € = ({p;}, {%}) of a horizontal lift
of ¢, and defined (j',¢') as the j-target of €. For

¢+ (h,g) = R(pn,g) * R(Yn, ) * ... * R(71,9) * R(po, (h ™", t(h)g))

we choose the horizontal lift ({p;}, {¥; - idg}) with p; = R(p;,g) for 1 < i < n and py :=
R(po, (h=1,t(h)g)). We compute its (j - id,)-target. We obtain the paths R(v/,g) and the
morphisms R(p}, g), and hence & -id,. The change in pg only enters the defining identity for ;'
from pg o 5" = 41(0) to R(po, (h~1,t(h)g)) o j' = 71(0) - id,, ending up with j/ = j’ - (h, g); this
shows the claim.

Finally, we check that our map J, is smooth. We consider a chart of F, , x,, Jy,

UaT00507p,gxt MOI‘(?y)SXal Jy - afl(U) arxal Jy : (p7ﬁ7]) — (O-ﬁ()m,g(p) Oﬁ)j)>

where o, , 4 is the smooth section defined in Section 3.2. Using the approved compatibility with

the various actions, we obtain

Jy(0eyp.g(0) © 5:5) = (p(po, p) " 0 Jy (€0, (5o d) - (1,9(po,p)))) - (1, 9(po,p) ™). (24)

Now let € be a horizontal lift for &. Let (5/,&') be its j-target (note that j = (50 ) (1,9(po,p))
for p = id and p = py). Now we compute its ((p o j) - (1, g(po,p)))-target for general p and p.
The change does not affect j', and we denote it by (5,&(p, p, 7)), with £ (po,id, j) = . In fact,
the change only affects the last morphism p),(p, p, j) of &(p, p, j). Its defining identity is

P 0 (1) = (poj) - (1,9(po,p)) © pr (D, P, 5)-

Since oy : J — Obj(P;) is a principal Py-bundle, this shows that p},(p, p,j) depends smoothly
on all parameters. We can write & (p, g, ) = & o (p}, o pl.(p, 5, 5)~1). Thus,

Jy (&0, (B0 4) - (1,9(po,p))) = (5. 0 (o, 0 P(p, 5. 3) ™)) = (5, &) o (p}y 0 o (0, 5, 5) 7).



76 K. Waldorf, Higher Structures 2(1):57-113, 2018.

Inserting into Eq. (24) gives our final result for the map J, in above chart:

Jy(020,0.9(P) © 5, 5) = (p(po,p) " 0 (5, o (P, 0 pr(p, 5,5) 1)) - (1, g(po,p) ).

The right hand side is an expression of smooth functions in (p, p,j) using operations that are
smooth by Proposition 3.10; thus, it is smooth. OJ

Remark 3.16. Suppose ¢ : P —= P’ is a fibre-preserving, smooth, I'-equivariant functor such
that @ = ¢*Q'. Then, there is a well-defined map ¢ : F, — F,’y defined by associating to

§ = pn* ...k py € F, the element ¢(§) = d(pn) * d(vn) * ... * d(po) € F,. Now let
J = Obj(P) %t Mor(%’) be the associated anafunctor equipped with its canonical £'-pullback v,

see Remark 2.5. Then, the transformation
Iyt Ey g Xy Jy = Tz o, %o, F
can be expressed in terms of the functor ¢ by the formula

Jy(& (0, 0") = (0 idg)), 9(€) © p'),

where p = o,.(€) and p = oy(€). Indeed, a horizontal lift € = ({p;},{%:}) of € is obtained by
choosing a representative § = pp * 7y, * ... * po and setting 7; = (7;,1dg(,,)). By Remark 3.3
and Proposition 3.2 (b), 4; is horizontal with respect to v. We compute the (p, p')-target (j',&’)
of &: first we obtain 7} = ¢(v;). It is then straightforward to check that p} = ¢(p;) (for 1 <i < n)
as well as pl, = p'~1 o ¢(py), so that

€' = (P70 6(pn)) * $(n) * ... x (1) *id = ¢(po) 0 H(€) 0 .
Finally, we obtain j' = (ay(£), ¢(po)~!). The result is

(7,€") = ((aa(€), 6(po) ™), d(po) © $(€) 0 p) = ((cu(€).1d), 6(€) © p),

as claimed.

Now we suppose that k = (kg, k1) shifts the canonical {'-pullback v to another connection-
preserving and connective pullback v*. The connections 2 and Q' are then related by the formulas
of [13, Remark 5.2.10 (e)]. Our lifts 4; = (v, idg(,)
V. By Proposition 3.4 (e) there exist unique paths h; : [t;—1,t;] — H with h;(t,—1) = 1 such
that 3 := 5; - (hi, t(hs) ') = (vi, R(idg(,), (hi, t(hi)™1))) is horizontal. From Remark 3.3 one
can conclude that h; solves the initial value problem

hi(t) = —hi(t)ko(%i(t)) and  hi(tiy) = 1. (25)

) are no longer horizontal with respect to

Since a;(3F) = ~; it is clear that &% = ({p;}, {§F}) is a horizontal lift of £&. We compute
the (p, p)-target (j',€) of £%. We get 7/ = R(é(v:),t(h;)~"), and for the morphisms we get
P = R(¢(pi), (hi(t:), t(hi(t:)) ™)) for 1 < i <, pfy = p'~" 0 R(¢(pn), (hn(1),t(hn(1))7")), and

7' = (p,#(po)~1). Summarizing, we have

Ty (& (P, p') = (P, idgp)), 87(€) @ ),
where p' := oy (§) and we now define
B () 1= Pl 0 * Plr x o xx

from the following components: 7/ is given by above formulae, with h; determined by Eq. (25),
pi = R(P(pi), (hi(ts), t(hi(t:)) 1)) for 1 < i < n, and pg := ¢(po).
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The following result describes in which way the transformation .J, is compatible with path
composition. In the 2-functor formalism described in Section 6.2 it is one of the axioms of a
pseudonatural transformations between the transport 2-functors associated to the two principal
I'-2-bundles.

Proposition 3.17. Let J : P1 — P5 be a I-morphism in 2-Bun¥(M). The associated transfor-
mation J is compatible with path composition in the sense that the following diagram commutes
for each pair of composable paths v1 : x — y and vo : y — z:

J,oF,,oF,

/
FwOJyOFM Jz 0 Flpuy

idoJ\ S

F., oF) oJ; = Fpuy 0y
“¥172°

Proof We consider an element (€1, &2, j) € Fyy4, X o, Fran, X a,Jz- We choose separately horizontal

lifts & and & of £; and & to J. Let (j,&}) be the j-target of &, and let (57, &!) be the j'-target
of 51. Then, going counter-clockwise, we have

(517627.7‘) — (Ehj/?gé) — (jllvgiugé) = (.jﬂafé *gi)

Under the obvious reparameterization and renumbering one can combine the horizontal lifts &
and & to a lift & « & of Cyi o (&1,&2) = & x & A straightforward computation shows that its
j-target is (5", &5 % &}). This shows that the diagram is commutative. O

Further, J, is compatible with the composition of bundle morphisms in the following sense:

Proposition 3.18. Suppose J : P — P" and K : P’ —= P are 1-morphisms in 2-Buny. (M).
Then, the following diagram commutes for each path v :x — y:

(KoJ)y

KyoJyoF, F”oK oJ,
N %d
K, oFWOJ

Proof. We start with an element (£,7,k) in F, , X, Jyq,%q, Ky Let £ = ({p/},{3/}) be a
horizontal lift of £ to J, and let (¢',5') be its j-target. Let & = ({pf},{55}) be a horizontal lift
of ¢ to K, and let (k',£") be its k-target. Then, going counter-clockwise results in (5, &, £").
In order to compute the clock-wise direction, we notice that ({p?}, {(7/,75)}) is a horizontal
lift of £ to K o J, using the definition of the pullback on the composition K o J (see [13, Lemma
4.3.5 (a)]). A straightforward computation shows that its (4, k)-target is (', k', £"). O

Finally, there is a compatibility condition with 2-morphisms, which is responsible for an
axiom of a modification in the 2-functor formalism of Section 6.2.
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Proposition 3.19. Suppose J,J' : P —= P are 1-morphisms in 2-Buny.(M), and f: J = J'
s a connection-preserving 2-morphism. Then, the following diagram commutes for each path
yir— Yy

Jy ,
JyoF7:>F,yoJI

fyoid“ “ido fa

!/ / /
Jyo Fy——=FjoJ,.
ol

Proof. Suppose (§,7) € Fy,, %o, Jy- Let ({pi}, {7:}) be a horizontal lift of £ to J, and let (5',&’)
be its j-target. Then, ({pi},{f(%i)}) is obviously a horizontal lift of £ to J’, and it is easy to
show that its f(j)-target is (f(5'),&’). This shows commutativity. O

3.5 Naturality with respect to pullback Suppose P is a principal I'-2-bundle over N
with connection Q, f : M — N is a smooth map, and v : [0,1] — M is a path. We denote
by P’ := f*P the pullback bundle, obtain a I'-equivariant smooth functor f : P —= P, and
Q) := f*Q is a connection on . We construct a transformation

We first recall that Obj(P") = M ;x_ Obj(P) and Mor(P) = M ,x. Mor(P), using that m :
Obj(P) — M and 7 : Mor(P) — M (defined as T = m ot = 7 o s) are submersions. We can
hence canonically identify P! = P (), so that the functor fo: P— P f(z) 1s just the identity.
It remains to construct a transformation

fy i Fl = Fpor.

Suppose £ € F!, i.e. & = py *Yn % ... % p1 * 71 * po, with ~; horizontal paths in P’ such that
7' (7i(t)) = y(¢). Tt is clear that f o~y; are horizontal paths in P with 7((f o ~;)(t)) = (f o ¥)(¢).
Thus, fy(f’) = fpn) % (foryn)*...x fpo) € Foy. It is straightforward to show that this definition
indeed defines a I'-equivariant transformation.

4. Parallel transport along bigons

A bigon in a smooth manifold M is a smooth, fixed-ends homotopy between two paths v and +/
with common end-points # and y. More precisely, a bigon is a smooth map ¥ : [0,1]2 — M
such that 3(s,0) = z and X(s,1) =y for all s € [0,1], and v(¢) = X(0,¢) and ~/(t) := 3(1,¢) for
all t € [0,1]. We use the notation X : v => +/, and the instructive picture

Y

TN
X .
N7

/

o

X

Bigons represent directed pieces of surfaces, along which we are going to define parallel transport.
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Let P be a principal I'-bundle over M with a fake-flat connection 2. That parallel transport
along surfaces can only be defined for fake-flat connections is a well-known phenomenon [11]. In
this section we define for each bigon X : v = 7/ a I'-equivariant transformation

ox By — F

between the parallel transports along v and +/. For this purpose, we first introduce in Section 4.1
the notion of a horizontal lift of a bigon to the total space of P. In Section 4.2 we give a complete
definition of the transformation ¢y;. In Sections 4.3 to 4.5 we derive several properties of ¢y with
respect to the composition of bigons, 1-morphisms between principal 2-bundles, and pullback.

4.1 Horizontal lifts of bigons Let P be a principal I'-2-bundle over M together with a
fake-flat connection (2.

Definition 4.1. Let ¥ : v => 7/ be a bigon and £ € F,. A horizontal lift of ¥ with source £ is a
tuple (n,t,{®;}" 1, {pi}i o, {9i}7_,) consisting of n € N, a subdivision ¢ € T}, and smooth maps
B, 0,1] x [ti1,t] — Obj(P)
e p; :[0,1] — Mor(P) with py and p,, constant
e gi:[0,1] — G with g;(0) =1
such that the following conditions are satisfied:
(a) ®;is alift of X, ie., mo ®; = Yo 1)x[t;_, 1) for all for 1 <i <n
(b) t(pi(s)) = Pip1(s,t;) for all 0 < i < n and s(p;(s)) = R(Pi(s,t;),gi(s)) for all 1 <i <n.
(c) The paths ’yl( )= ®,(1,t), vi(s) :== ®i(s,ti—1) and p; are horizontal for all 1 < i <mn.
(d) €= pn*yn * .. k71 % po With () := ;(0,1) and p; := p;(0)

We begin with “small” bigons: a bigon X : v => v/ is called small, if there exist n € N, t € T},
and sections o; : U; — ODbj(P) defined on open sets U; such that

2({(8,t) | ti—l S t S ti,O S S S 1}) g Uz

Lemma 4.2. For every small bigon ¥ : v => +' and every & € F, there exists a horizontal lift

with source &.

Proof. We choose for 1 < i < n sections o; : Uy — Obj(P), and fr 1 < ¢ < n transition
spans 0;41 : Uy N Uj — Mor(P) along (0, 0411) together with transition functions g; ;41 :
UiNUjt1 — G. These choices can successively be adjusted such that g;;41(X(0,¢;)) = 1.

We set, for 1 <i <n, ®; := 0y 0 Xjg 1]x[t,_, +,]; this satisfies (a). We also set, for 1 <i < n,

pi(s) = R(03i41(2(s, 1)) gii1(B(s, 1)) ™) and  gi(s) := giig1(S(s, ;)7

above adjustment achieves g;(0) = 1. Further, we set po(s) = idg (2), pu(s) = idg,(y)
and gn(s) := 1. This satisfies (b) by definition of a transition span. Next we perform
some modifications. Let & = p), x4, * ... * 7] * p{, be a representative. ~We choose for
1 <i < n paths p; : [ti—1,t;] — Mor(P) and g; : [ti—1,t;] — G such that s(p;(t)) = vj(t) and
t(pi(t)) = R(®;(0,t),di(t)). By Proposition 3.2 (a) there exist a unique path h; : [t;_1,t;] — H
with h;(t;—1) = 1 such that §°" := R(p;, (hs,1)) is horizontal. Successively, this data can be
arranged such that ¢(h;(;))~ gl(ti)_1§i+1(ti) = 1. We define:

Pl(s,t) .= R(Pi(s,t),gi(t)t(hi(t))) for1<i<n
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pi(s) == R(pi(s), Git1(t:)) for0<i<n
Pr(8) = pn(s)

94(3) = t(hi(tz‘))ilgi(tz‘)ilgz‘(3)§Z‘+1(ti) forl<i<n
I (8) = t(hn(tn)) " Gn(tn) " gn(s)

This modification does not affect (a) and still satisfies (b). Since

s(pi (1)) = 7i(t) and  ¢(pl (1)) = @4(0,1),

we can apply the equivalence relation to the horizontal paths ﬁﬁwr, S0 that & = pp * Y * ... %Y1 % pg

with ~;(t) := ®(0,t) and some new py, ..., pp, € Mor(P). This makes up the first part of (d);
we have not yet achieved that p; = p}(0). Note that by (b) we have t(p;) = vi+1(0) = t(p}(0))
for 0 < i < n and s(p;) = (1) = s(p;(0)) for 1 < ¢ < n. By [13, Lemma 3.1.4] there
exist, for 1 < ¢ < n unique h; € H with t(h;) = 1 such that p;, = R(p;(0),(h,1)). We set
pl(s) = R(pi(s), (hi,1)). At the endpoints we define pfj(s) := po and pl/(s) := py; this still
satisfies (b). Now {®%, p, g/} satisfy (a), (b) and (d).

Next we look for the first part of (c), horizontality of the 7. By Proposition 3.1 (a) there
exist, for 1 <1 < n smooth maps g; : [ti—1,t;] — G with g;(t;—1) = 1 and t — R(®;(1,1), 3i(t))
horizontal. We define ; : [0,1] X [ti—1,t;]] — G by @i(s,t) := gi(s(t — ti—1) + ti—1). We put

(s, t) := R(Pj(s, 1), 0i(s,t)) , pi=p; and g :=g; 1 - gi.

Obviously, () is not affected. For (b) we check
t(p; (s)) = t(pi(s)) = Riy1(s,ti) = D41 (s, ti)
since p;y1(s,t;) = §i+1(0) = 1, and
s(p (5)) = s(pi(s)) = R(®}(s,t:), gi(s)) = R(®}(s,t:), Gils) (s, ti)gi(s)) = R(®] (s, t:), 7 (s)).

Since ¢;(0,t) =1, (d) is also not affected, and the new ~; are horizontal.
Next we look for horizontality of the v;. There exist paths g; : [0,1] — G with §;(0) =1
and s = R(v;(s), gi(s)) horizontal. We set p!, := p,, and

®i(s,1) = R(i(s,1),5i(s)) »  pi(s) == R(pi(s), Giv1(s)) and  gi(s) == Gi(s) ™ 6i(5)Gir1(s)-

Obviously, (a) is not affected. For (b) we check
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Further, since v; is constant, we have §; = 1, meaning that p{ remains constant. Since g;(0) =
1, (d) is not affected, and since 4} is shifted by constant g;(1), horizontality of +/ is not spoiled.

Finally, we look for horizontality of the p;. By Proposition 3.2 (a) there exist paths hi
[0,1] — H with h;(0) = 1 and s — R(p;(s), (hi(s),1)) horizontal. By Proposition 3.2 (f) also
s +— R(pi(s), (hi(s),t(hi(s)~1))) is horizontal. We set

© =@, pi(s) = Rlpi(s), (hi(s),t(hi(s) 1)) and  gi(s) := gi(s)t(hi(s)) ™"
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Obviously, (a) is not affected. For (b) we check

t(pi(s)) = q)itl(sati) =D} (s,t:) ~
s(pi(s)) = R(s(pi(s)),t(hi(s)) ™) = R(Pi(s,t:), gi(8)t(hi(s)) ") = R(®(s,t:), gi(s))-

Since hi(0) = 1, (d) is not affected, and since ®; is unchanged, horizontality of ! and u/

~
—
)
STS
—
»
~—
~—
I

persists. O

Next we define the target of a horizontal lift of a small bigon. We set p;(s) := ®;(s,t;); then
we can reformulate (b) as:

s(pi) = R(pi,gi) forall 1 <i<n and t(p;) = vy forall 0 <i < n.

We consider a bigon-parameterization ¥; of ®;, see Remark C.2, and the associated surface-
ordered exponential h; := soeq(X;) € H defined in Section C.

Lemma 4.3. We have t(h;) = g;(1)™! for all 1 <i <mn.

Proof. We have ¥; : fi; *9; = 4} * I, where fi; is thin homotopic to p;, and similar for the other
paths. Since v;, v; and 7, are horizontal, we have by Proposition C.1 (b) t(h;)poeqa(u;) = 1.
Since p; and t(p;) are horizontal, s(p;) is horizontal by Proposition 3.2 (g). Together with
Proposition B.2 (a) we obtain

1 = poeqa(s(pi)) = poeqa (R(1i, 9:)) = gi(1) ™ poeqa (s). O

We define
po:=po(1) and  pf:= R(pi(1), (h; ", g:(1) 7). (26)
It is straightforward to check that this gives an element &' := p}, * ... % 7] * p, in F,/, which we
call the target of the horizontal lift.

Lemma 4.4. If ¥ : v =« is a small bigon and { € F, then the target of a horizontal lift of
> with source £ is independent of the choice of the horizontal lift.

Proof. Let (n,t, ®;, p;, g;) and (7,1, P, pi» §i) be horizontal lifts of 3 with source &. First of all,
we can assume that 7 = n and ¢ = ¢, since we can introduce new points t,_; < t’ < t; and then
cut a horizontal lift at ¢’ (it is easy to see that one can arrange the new path s — ®;(s,t’) to
be horizontal by compensating with the map g).

Next, we note that we have two sections ®; and <i>; into Obj(?P) along (o, 1)x[t,_,,¢.]- BY [13;
Lemma 3.1.6] they admit a transition span ¥, with transition function G;. In the following we
show that we can assume a couple of properties for ¥; and G;.

The condition that our horizontal lifts have the same source, £, means that there exist
horizontal path n; : [t;_1,t;] — Mor(P) with s(n;(t)) = ®;(0,t) and t(n;(t)) = ®;(0,t) and
pion;(ti) = nit1(t;)op;. Comparing the transition spans (n;, 1) with (¥;(0, —), G;(0, —)) we obtain
by [13, Lemma 3.1.6] a smooth map h; : [t;_1,t;] — H such that R(¥;(0,), (h;(t),G;(0,t)7!) =
ni(t) and t(h;(t)) = G;(0,t). We consider

Wl(s,t) :== R(W(s,1), (hs(t),G;(0,£)™) and  Gi(s,t) := Gi(s, t)t(h(t)) L,

which satisfy t(W)(s,t)) = ®;(s,t) and s(¥)(s,t)) = R(P;(s,t),Gi(s,t)). This shows that we can
always choose our transition spans ¥; such that ¢ — W;(0,¢) is horizontal, G;(0,¢) = 1 and

pi o Wi (0,t;) = Wiy 1(0,2;) o p;. (27)
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Next we consider the path s — W,(s,t,_1). By Proposition 3.2 (a) there exist paths h; :
[0,1] — H with h;(0) = 1 such that R(V;(—,t;—1), (hi, 1)) is horizontal. We consider

Ul(s,t) :== R(U;(s,t), (hi(s),t(hi(s))™!)) and Gi(s,t) :== Gi(s, t)t(hi(s)) L,

this gives by Proposition 3.2 (f) a horizontal path, satisfying t(Wi(s,t)) = ®;(s,t) and
s(Wi(s,t)) = R(®;(s,t),Gi(s,t)). Since the quantities at s = 0 are unchanged, we can add
the horizontality of s = W;(s,t;—1) to our assumptions.

Finally, we consider the path ¢ — W;(1,¢). By Proposition 3.2 (a) there exists a path
hi :[0,1] — H with h;(0) = 1 such that R(¥;(1,—), (hs, 1)) is horizontal. We consider

Wis, 1) == R(¥i(s,1), (hi(sy==4), thi(s7=4=2))7")
Gi(s,1) == Gi(s, t)t(hi(s =),

ti—ti—1

satisfying (W’ (s, t)) = ®;(s,t) and s(V)(s,t)) = R(®;(s,t),G(s,t)). Since the quantities at s =
0 and ¢t = t;_; are unchanged, we can add the horizontality of ¢ —= W;(1,¢) to our assumptions.

We continue with choices ¥; and G satisfying all assumptions collected above. We notice
the following: since W;(—,t;_1) is horizontal, and t(¥;(—,t;—1)) = éi(—,ti_l) = 1; is horizontal,
we have by Proposition 3.2 (g) that s(¥;(—,t;—1)) = R(v;, Gi(—,ti—1)) is horizontal, too. But
since v; itself is horizontal, it follows that s — G;(s,t;—1) is constant, i.e. G;(s,t;—1) = 1. With
the same argument, we have that ¢t — G;(1, t) is constant, i.e. G;(1,t) = 1.

Next we consider bigon-parameterizations ¥; : 3; = Bl of ¥; and Gi: i = wi of Gy, see
Remark C.2. We have by Propositions B.8 (d) and B.8 (f)

ha(Bi) = ha(Wi(—,t:)) - a(poeqa(s(¥i(—, ), ha(Pi(0, —))) = ha(¥i(—,t))
ha(B) = ha(Pi(1, —)) - a(poeqa(s(Vi(1, -))), ha(Ti(—,ti-1))) = 1

Further, we have soeq(R(s(¥;),G; ")) = h; and soeq(t(¥;)) = h;. Now Proposition C.4 implies

hi - ho(B;) ! = hy. (28)
We notice that
Wit1(s,ti) o pi(s) and  gi(s)
pi(s) o R(Vi(s,t:),gi(s)) and  Gi(s,1:)gi(s)

are two transition spans with transitions functions along s — (®(s, ;), ®(s, t;)). Hence, by [13,
Lemma 3.1.6] there exists a unique path n: [0,1] — H with

gi(s)t(n(s)) = Gi(s,1:)gi(s)
R(pi(s) o R(Wi(s,t:), §i(s)), (n(s), t(n(s) 7)) = Wisa (s, ti) 0 pi(s) (29)

From Eq. (27) we conclude that n(0) = 1. Eq. (29) is equivalent to:
R(Wi(s,t;), Gils,t:) ") = R(pi(s) ™" o Wira(s,ti) 0 pils), (n(s) ™", gi(s) ™).

In their dependence on s, this is an equality between two paths in Mor(P). We compute hq on
both sides. On the left, we obtain hq(8;) via Proposition B.8 (a). On the right we compute:

ha(R(pi(s) ™! o Wira(s,t:) o pi(s), (n(s) ", gi(s) ™))
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= ho(R(R(pi(s) ™" o Wiya(s,t:) 0 pils), (n(s) ™", 1)), 9i(s) ™))
Proposition B.8 (a)
= a(gi(1), ha(R(pi(s) ™" o Wiri(s,1;) 0 pils), (n(s) 71, 1)), 1))

Propositiin B.8 (g)

In the last step we have used that p;(s)™' o W;,1(s,t;) o p;(s) is horizontal (Proposition 3.2

(d)) and has horizontal source s(p;) (since p; is horizontal and ¢(p;) = v;4; is horizontal, see

Proposition 3.2 (g)). Summarizing, we have n(1) = a(g;(1)~, hq(B;)). Thus, we get from
Eq. (29):

pi(1) o R(¥i(1,t:), (ha(Bi, pi), 9i(1))) = Wita(1,t:) 0 pi(1). (30)

Now we consider the paths ¢ — W/(t) := ¥;(1,¢) in Mor(P) which are horizontal and have

t(¥)) =74, and s(V;) = ~,. We claim that they establish an equivalence between the targets of
the two horizontal lifts. This is confirmed by the following calculation:

pi o Witi) = pi(1) o R(W;(1, 1), (h; ', 1))
Eq. (28)
2 5i(1) o RO(L, 1), (o5, 1)
= R(pi(1) o R(¥;(1,t;), (ha(B;), 9:(1))), (h; 1, gs(1) 1))
Eq. (30)
= R(Wip1(1,t:) 0 pi(1), (b ', (1))
= Wi (ti) o i ]

4.2 Definition of parallel transport along bigons The results of the previous section
show that choosing a horizontal lift of a small bigon and computing its target establishes a
well-defined map goszma” : I, — F./. Before we extend it to arbitrary bigons, we discuss some

properties.

Lemma 4.5. The map cpszma” has the following properties:
(a) It preserves the anchors o and .
(b) It is equivariant with respect to the left Py-action and the right Py-action.

(c) It is equivariant with respect to the Mor(I')-action.
(d) It is smooth.

Proof. (a) is straightforward to check using that pp and p,, are constant. In (b) is even more
obvious. In (¢) we have to prove coincidence between

S (v % kv % po) - (B, g) = R(pl,g) * R(Y), g) * ... % R(Y4, ) * R(pp, (R, t(h)g))
and

small

3" ((pn * i * ok 1% po) - (hy )
= goszma”(R(pn, 9) * R(Yn, ) * ... * R(71,9) * R(po, (b1, t(h)g))).



84 K. Waldorf, Higher Structures 2(1):57-113, 2018.

Let a horizontal lift of p,, * vy, * ... x y1 % pg consist of ®;, p; and g;. We consider for 1 < i < n the
data of ®; := R(®;,g), pi := R(pi,g) and §; := g~ gig, as well as po := R(po, (h~1,t(h)g)). It is
straightforward to check that this is a horizontal lift of (p,, * v, *...xy1 % pg) - (h, g). The target of
(®;, pi, gi) consists by definition of the paths ~/(t) := ®;(1,t) and the morphisms pf, := po(1) and
ph = R(pi(1), (hi',9:(1)71)), where h; := soeq(%;) and %; is a bigon-parameterization of ®;.
Now we compute the target of (®;, pi, §i). We have 7/(t) = ®;(1,t) = R(®;(1,1),9) = R(7i(t), 9).
We use the bigon-parameterization (s, t) := R(X;(s,t),g) and h; := soeq(X;). By Corol-
lary C.5 we get h; = a(g~", h;). Then, a short calculation shows that ), = R(pf), (=1, t(h)g))
and p; = R(p},g). This shows the required coincidence. For (d) we consider a chart ¢, , 4 of
F,, and a chart qb%’ p,g Of Fyy with &) = @%m“”(&)). In these charts, goszma” is the identity, as one
can see using (b) and (c); in particular, it is smooth. O

Next we extend gpszm“” to arbitrary bigons. For an arbitrary bigon X : v => 7/ there exists a
subdivision s € T}, (i.e., 0 = 59 < ... < s, = 1) such that the pieces X;(s,t) := X((s; — si—1)s +
Si—1,t) are small. We define

small o small )

ex(s) = o3, e O P5y
Lemma 4.6. The map px(s) is independent of the choice of s.

Proof. 1t suffices to prove that, for a small bigon X, px(s) = ¢x(s’), where s € Ty and s’ € T)
with 0 = s < s < s5 = 1. Thus, we have to show that

Qp%mall — sOgvgall o SO%r;mll, (31)
where Xy and X, are (reparameterizations of) Xljg )xj0,1] and X|[g 1x[0,1], respectively. We
choose a horizontal lift (n,t, ®;, p;, 9;) of ¥ with source { € F,. By a slight modification of
the arguments in the proof of Lemma 4.2 we can assume that the paths 7.(t) := ®;(s],t) are
horizontal. We consider the elements h; € H and &" := pll « v/ % ... x v{ * p{j with 4/ (t) :=
®;(1,t), pi := po(1), and pf := R(p;(1), (h;*,g;(1)™")). By restriction of all parameters s to
0 = sp < s < s} and reparameterization to [0, 1], we obtain a horizontal lift (n,t,(b%,pzl,gil) of
¥ with source £&. We consider the elements h! € H and the target & = p, 7}, * ... x| * pl, with
V1(t) = BH(L, 1), gy = pb(1), and gl := R(pH(1), (b)), g} (1)), et (B2 72,32) denote the
restriction of (®;, p;, ;) to 8§ < s < s, = 1. Define the following modification:

po(s) = ro(s) » pi(s) = R(5(s),(h) 1 gi()7Y))  and  gf(s) = Gigi (1)~

Then, (n,t, CID?, pg, gf) is a horizontal lift of X5 with source &’. We consider again the correspond-
ing elements h? € H. We have g2(1) = g;(1)g} (1)~! and
hi = hia(poeqa (ui), hi) = hia(g? (1), hi) = hia(t(hi)™" hi) = hih;.

)

Then we obtain ®?(1,t) = ~//(t), p3(1) = p§ and R(p?(1), ((h3)~%,¢2(1)71)) = p/. This shows
Eq. (31). O

By Lemma 4.6, we simply write oy, for any of the maps ¢x(s), and summarize the properties
of Lemma 4.5 as follows.

Proposition 4.7. The map ¢y : F, — F., is a I'-equivariant transformation.
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4.3 Compatibility with bigon composition Bigons can be composed in two ways, verti-
cally and horizontally, which can most easily be described by a picture:

7
Y1 Y2
b
YeX =z ”{ﬁz% and 22*21:$\31V4y Yo 2
!
b 7 Vs
3

A more detailed description of bigon composition can be found in [10, Section 2.1]. The content
of the following two propositions is that parallel transport along bigons is compatible with these
two compositions. In the transport 2-functor formalism described in Section 6.2 they prove the
functoriality of the 2-functor on the level of 2-morphisms.

Proposition 4.8. Let P be a principal I'-2-bundle with fake-flat connection. Suppose % :
v1 => v2 and X' : v9 => 3 are vertically composable bigons. Then,

Pyo ®PY; = PYoex and Pid, = idF»Y-
Proof. This follows immediately from the definition of ¢y. O

Proposition 4.9. Let P be a principal I'-2-bundle with fake-flat connection. Suppose 1 :
y1 => 7] and X9 : y9 => 4 are horizontally composable bigons. Then, the following diagram is

commutative:
90220‘1021
F’YzOF’Yl FwéoF'y{
Cy1 ,’qu ch{ 7
_
F’Yz*’Yl SIS F’Yé*’Yi

Proof. Given (§1,62) € Fy, ,,%,, Fy, we choose horizontal lifts (@1, pl,g}) and (2, p?, g?)
of ! and %? with sources & and &, respectively. We have t(p3) = ®%(s,0) and s(pl) =
R(®L(s,1),9k(s)), as well as s(p3) = «(&2) = ar(&1) = t(pl), by Definition 4.1. Tt is now
obvious that under the usual reparameterizations of paths, the collection consisting of the fam-
ilies (®1,...,®L @2 ... . ®2), (pd, ..., pL_1,p3 0 pL, p2, ..., p2) and (g1, ..., 91,43, ..., 92) is a horizon-
tal lift of ¢y, 4,(&1,&2). Computing the separate targets, we get from Eq. (26) p = pk and
Pk = R(pk(1), (RF)~L, gF(1)71)), giving us &, = p& « vF « ...« p}’. For the target of the com-
bined lift, we obtain in the middle the morphism

R(pgopr, ((he) L gr(1)7h) = pi o pl.

This shows that ©s, ., (€117, (1, 62)) = 47 41 (€1, €5)- O

4.4 Naturality with respect to bundle morphisms In this section we compare the parallel
transports along a bigon in two isomorphic principal I'-2-bundles. In the 2-functor formalism of
Section 6.2, this is one axiom for a pseudonatural transformation associated to J.

Proposition 4.10. Suppose J : P — P is a I-morphism in Z-Bungff(M). Let X3 : v = 7y
be a bigon between paths v1,7v2 with x := 71(0) = 12(0) and y = v (1) := y2(1). Let J,, and
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Jy, be the transformations associated to J defined in Section 5.4. Then, the following diagram
18 commutative:

idopysy
Jyon :>JyoF72

F“/ﬂ ijﬁF% o Jy
Proof. We start with (£1,7) € Fy, o, %o, Jy- Let ({®:},{pi},{g:}) be a horizontal lift of ¥ to
P with source &1, and let & be its target. Let & = ({pi}, {7i}) be a horizontal lift of &; to J,
and let (j/,&]) be its j-target. We can assume that the induced representatives for &; coincide,
ie. ay(7i) = ®(0,—) and p;(0) = p;, and j' := py* 0 41(0). Finally, let ({®}}, {p}},{g}}) be a
horizontal lift of 3 to P with source &, and let &, be its target. We can assume that the induced
representatives for &| coincide, i.e. the path pieces of & are a,(3;) = ®7(0,—), the the jumps
p;(0) satisfy po(0) = id and p; 0 %i(ti) = Fi1(t:) 0 p;(0) for 1 <7 <n and pp 0 (1) = j o p,(0).
We have to prove that J,,(&2,7) = (j/,&). For this purpose we provide a horizontal lift & of &
to J with j-target (5/,&5).

Due to Proposition 4.8 it suffices to discuss small bigons. We can even assume by [13, Lemma
3.1.9] that the image of ®; x @/ is contained in an open subset V; C Obj(P) x s Obj(P") that
supports a transition spans 7; : V; — J, with transition functions p;. We define ¥; : [0,1] x
[tic1,ti] —= J by W(s,t) := 7:(Pi(s,t), Pi(s,t)) and similarly G;(s,t) = pi(P;(s,t), Pi(s,1));
these satisfy oy(¥;(s,t)) = ®i(s,t) and a,(¥;(s,t)) = R(PL(s,t),Gi(s,t)). After performing
several adjustments analogously to the ones of Lemma 4.2 we can assume that W;(0,t) = 7;(t);
in particular, ¢ — ¥;(0, t) is horizontal, and we can assume that s — W;(s,0) and t — ¥;(1,¢)
are horizontal. Since the left anchors of these three paths are horizontal, their right anchors are
also horizontal by Proposition 3.4 (b). But since the corresponding three paths in ®/(s,t) are
horizontal, too, it follows from the uniqueness of Proposition 3.1 (a) that G;(0,t) = G;(1,t) =
Gi(s,tifl) =1.

We use this in the following way. We write & = (,, * By, * ... % 81 * (o, and obtain from the
definition of &, as the target of the chosen horizontal lift §8;(t) = ®;(1,t), (o := po(1) and (; :=
R(pi(1), (h; !, gi(1)71)), where h; is the surface-ordered exponential of a bigon-parameterization
of ®;. We define 4/(t) := ¥;(1,t). Then, & := ({{}, {3/}) is a horizontal lift of & to .J. It remains
to prove that its j-target is (j/,&5). There are three parts: the path pieces of &), the morphisms
pieces, and the element j'. First, the paths are a, (7)) = a-(¥;(1, —)) = R(P)(1,t),Gi(1,t)) =
®’(1,t); these are indeed the paths of &.

Second, the morphisms (] are characterized by ¢y = id and (; o ¥j(t;) = ;. (t;) o ¢j (for
1 <i<mn)and ¢, 04,(1) = jo(,. We have to show that they coincide with the result of
computing the target of the horizontal lift of ¥ to P, namely

o :=ro(1) and (= R(pi(1), (hi gi(1)7)),
where R is the surface-ordered exponential of a bigon-parameterization of ®,. We have ({j =
p6(1) = p(0) = id at the beginning. For the pieces in the middle, let 7 : [0,1] — Mor(P’) be
the unique path such that
R(pi(s), gi(s) ") o Wi(s,t;) o 7(s) = (Wir1(s, t) 0 p(s)) - idy,(s)-1- (32)
It is straightforward to check using [13, Lemma 3.1.4] that

7(s) = Rlida(s,1,), (1(5), 6i(5)gi(s) ™))
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for a unique smooth map 7 : [0,1] — H with t(n(s)) = Gi(s, t;)gi(s)g.(s)71. At s =0, Eq. (32)
results by construction in 7(0) =id, i.e. 7(0) = 1. We claim that

n(1) = hythl. (33)
Using this claim we get

GioFit:) = R(pi(1), (hi ", 9:(1)™1)) 0 Wi(1, 1)
(R(pi(1), (1)) 0 Wi(L, ;) 0 7(1)) - (g (1), 1), gi(1)gi(1) ™)

= (Wira(1,8) 0 (1)) - (1,9:(1)71) - (algs(1), by 1), gs(1)gi(1) )
= Wi1 (L, ;) o R(pi(1), (b, gi(1)71))
= :Yz{—i-l(ti) ° Cz{;

this proves the desired property of the ¢/. In order to prove Eq. (33) we write Eq. (32) in the
equivalent form

Ns 7= Wi(s, 1) - Gi(s, 1) " gi(s) = (pils) ™t o Wiga (s, 1) 0 pi(s)) - ((gi(s) ™ m(s) ™), 1) =2 A

This is an equality between two paths \jps and A.ps in J. We compute the path-ordered exponen-
tial poe,, separately on both sides. On the right hand side, the path s — p;(s) " o W, 1(s,t;) 0
pk(s) is horizontal by Proposition 3.4 (c) and (d). Its right anchor is s(p}); since p} and t(p}) are
horizontal by Definition 4.1, this is horizontal by Proposition 3.2 (g). Hence, by Proposition B.3
poewy (Arns) = a(gi(1) =1, n(1)).

On the left hand side, the right anchor of ;s is again s(p}) and thus horizontal. Hence,
by Proposition B.11 we have poey,(Ains) = a(gh(1), hu(Nns - g 1)), Let ; : A = X, be a
bigon-parameterization for ¥;, where \; = W;(—,¢;) o ¥;(0,—) and A\, = ¥;(1,—) o ¥;(—,0) up
to thin homotopy, and let ©; : 7; => 7/ be a bigon-parameterization of G; with analogous ~;
and /. Then, oy(%;) is a bigon-parameterization for ®; and R(a,(%;),0; ") is one for ®,. Now
Proposition C.6 implies

By hy(Ni )T = b (X T T B

Note that ), is horizontal with horizontal right anchor. By Proposition B.11 we get h, (\,-7/ 1) =
a(vi(1), poey, (N;)) = 1. The same applies to the first half of the path A;; hence by Proposition B.4
(a) we have

hy (i =77 h) = B (Wi(—, t)Gi(—, 1)) = ho(Ains - g5 ).

Summarizing collected identities, we obtain poey,(Ans) = a(gi(1), h; 'h}). Equating with the
result of the right hand side yields the claim Eq. (33).

Third, for i = n, we obtain from Proposition C.6, similarly as above, h], = h,, and we have
gn(1) = g/,(1) = 1. Using this it is straightforward to show that ¢, 07/ (1) = joR(p, (1), (h,1,1));
this is the correct characterization for ¢/,. Third, we show that the element j' is reproduced:

¢ oA (0) = po(1) ! o Wy (1,0) = po(0) 0 W1(0,0) = g 071(0) = 5.

This completes the proof. O
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4.5 Naturality with respect to pullback Suppose P is a principal I'-2-bundle over N with
fake-flat connection €2, and f : M — N is a smooth map. We denote by P’ := f*®P the pullback
bundle, obtain a I'-equivariant smooth functor f : P — P, and O = f*Q is a connection on
P’. We recall from Section 3.5 that we have associated to each path v : x — y a I'-equivariant
transformation fv : fy o Fl = Fyy o0 o

Proposition 4.11. Suppose P is a principal I'-2-bundle over N with fake-flat connection ), and
f: M — N is a smooth map. Let ¥ : v => 2 be a bigon in M with x := ~v1(0) = ~2(0)
and y := y1(1) = y2(1). Let F, and ¢, denote the parallel transport in the pullback bundle f*P.
Then, the following diagram is commutative:

~ idOLp/E ~

fy OF’él fy OF’;Z
ﬂ H
Fran o fe =g Frem © Ja

Proof. Like in Section 3.5 we identify canonically P, = Py, so that fr = id, and fy :
F, = Fy(y) is given by pp * vn * ... ¥ po > f(pn) * f(7n) * ... * f(po). Suppose we have a
horizontal lift ({®;}, {p:i}, {gi}) of £ to P’ with source £. Let & be its target, so that & = ¢&(€).
Since ' = f*Q and f is D-equivariant it is clear that ({f o ®;},{f o pi},{g:}) is a horizontal
lift of f(X) to P with source f;(g) Using the naturality of the surface ordered exponential
under pullbacks (Proposition C.1 (e)), its target is f,y(f’ ); this shows that commutativity of the
diagram. O

5. Backwards compatibility

We exhibit our constructions of Sections 3 and 4 for two particular classes of principal I'-2-
bundles: trivial 2-bundles and 2-bundles induced from ordinary principal bundles.

5.1 Trivial principal 2-bundles It is certainly important to see what the parallel transport
constructions of Sections 3 and 4 reduce to in case of the trivial bundle. Also, we will need the
results of this section in the proofs in Sections 6.2 and 6.3.

In the following remark we relate (in a functorial way) I'-connections on M to connections
on the trivial principal I'-2-bundle. The next remark identifies what that relation is over a
one-point-manifold.

Remark 5.1. Let J := My;s X I" be the trivial bundle. We summarize three constructions of [13,
Section 5.4; also see Section A for the categorical structure of I'-connections:

(a) Every (fake-flat) I'-connection (A, B) on M defines a (fake-flat) connection Q4 g on J; we

denote by J4 p the trivial bundle equipped with that connection. In more detail, we have

Vg =Ad (P A)+g"0 . QY p = (ag-1):((@n)«(P*A)+h*0) and QG g = —(ay1).(p*B),

where g, h and p denote the projections to G, H, and M, respectively.

(b) Every gauge transformation (g, ¢) between I'-connections (A, B) and (A’, B') on M defines
a l-morphism Jy , : Ja g —= Ja p in 2—Bun¥(M). If the I'-connections are fake-flat, this
is a 1-morphism in 2—Bun¥ff(M).
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(c) Every gauge 2-transformation a between gauge transformations (g1, ¢1) and (g2, p2) defines
a 2-morphism fq : Jyg, o1 = g 00-
(d) By [13, Proposition 5.4.4], (a) to (c) yield a 2-functor Lﬁ : Con{:f(M) — 2—Bun¥ff(M).

Remark 5.2. We reduce the structure of Remark 5.1 to the one-point manifold M = . It
is easy to see that Con{:f (x) = Conp(x) = BT, the delooping of I": this bigroupoid has a single
object, whose Hom-groupoid is I". In order to identify 2—Bun¥ff(*) we fix the following definition:
a ['-torsor is a Lie groupoid P together with a smooth right I'-action R of I on P such that the
functor

7:=(pr;,R) : PxT — Px?P

is a weak equivalence. The bicategory I'-Tor is the full sub-bicategory of the bicategory of Lie
groupoids with smooth I'-action. Then we have 2—Bun¥ff(*) = 2-Bunp(x) = I'-Tor.

(a) The canonical I'-torsor is P :=T" with R given by the 2-group structure.

(b) For every g € G there is a 1-morphism iy : I' — I' in I'-7or, which can be given as a
smooth functor: we set i,(¢") := g¢’ and i4(h,¢") := (a(g,h),gg’). This is a functor and
strictly equivariant with respect to the I'-action. Hence it induces a 1-morphism in I'-7or.

(c) For every (h,g) € Mor(I') we define a natural transformation i, 4y : iy = iy), Whose
component at g is i(, 4y(g’) := (h, gg’). The natural transformation i,y is I'-equivariant
in the sense that

ith,g)(9'9") = i(ng)(g) - idgr.

Hence we can regard it as a 2-morphism in I’-7or.

(d) It is straightforward to verify directly that (a) to (c¢) form a (strict) 2-functor i
BI' — I'-Tor. Further it is easy to check that under the identification of J, = {z} xI' =T
the restriction of the 2-functor Lﬁ to M = % is exactly 7. Finally, one can show that i is
an equivalence of bicategories.

Now we start to identify the parallel transport along a path v : * — ¥ in the trivial principal
I'-2-bundle J4 g, where (A, B) is a I'-connection. We show that the anafunctor F is canoni-
poea(y) Of Remark 5.2 (b), where
poea(y) € G is the path-ordered exponential of A along 7, see Section B. For this purpose we

cally 2-isomorphic to (the anafunctor induced by) the functor i

define a I'-equivariant transformation

Myt ipoeA(w) - F,y. (34)

For simplicity we set g := poe4(y). We define 7, using Remark 2.2 (d); the underlying smooth
map 7}y : G — F, is defined as follows. Let & : [0,1] — G be the solution of the initial value
problem

k(t) = —A(§(t))k(t) and k(0) =1, (35)
so that g = k(1). Consider the path (v, ) in Obj(P) = M x G. It is horizontal:
%.8(3(1), () = Ad_ ) (A(5(1))) + 0(4(2)) = 0.

For ¢’ € G the path (v, kg’) is then horizontal, too, by Proposition 3.1 (b). Thus, we obtain an
element £y = id(y oy * (7, £9') * id (g ¢y € Fy. We set 71,(g") 1= &y

Lemma 5.3. The map 1), satisfies (T1) to (T3).
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Proof. We have o(éy) = (x,¢') and a,(§y) = (y,9¢’), this is (T1). For morphisms a €
Mor(P;) = Mor(T') (with s(a) = ¢') and 8 € Mor(P,) = Mor(I") (with ¢(3) = gg’) we have

aoily(g)of=B""x(v,kg) x o™ ~ (B 0ig(a)™h) x (v, kt(a)) x id = 7jy (t(a)) 0 dg(a) 0 B,

where ~ denotes one application of the equivalence relation on F, performed as follows. Consider
the path p = (v,1d,-«) in Mor(P) satisfying s(p) = (v, kg') and t(p) = (v, kt(«)). It is horizontal
by Propositions 3.2 (b) and 3.2 (f). Thus, id * (v, xg’) * @~ ! is equivalent to

p(1)™" (v, mt(a)) * (p(0) 0 a™h) = (idg - @) ™" % (v, kt(a)) * ((id1 - @) 0 a")
=ig(a) ™t % (v, t(a)) *id.

This shows (T2). Finally, we have £y -idg = &4, this is (T3). O

Proposition 5.4. Let (A, B) be a I'-connection on M, and let F., denote the parallel transport

in the associated trivial principal I'-2-bundle J 5 g. Then, the transformation 1., : = F,

Tpoc(7)
18 compatible with path composition: if vo and 1 are composable paths, then we have

Thasn = Cyz ® (The © )
where ¢y, ~, : Fy, 0 By, = F,4y, was defined in Section 3.3.

Proof. On the level of the corresponding smooth maps 7j,, the claim becomes

Thyasy1 (g/) = Cyi,72 (77’71 (g/)7 Trya (glg,))

for all ¢’ € G. Let k1,k2 : [0,1] — G be the solutions to the initial value problems Eq. (35)
corresponding to 1 and 72, respectively, so that 7., (¢") = id * (7;, kig") *id. Then, & := kog1 * k1
(composition of paths in G) is the solution for yox7y1, .. Myysy, (¢) = idx(y2x71, Rg)*id € Fypury, .
In the direct limit definition of F,.,,, this is equivalent to id * (y2, R2g19’) * id * (y1, kK1g') * id,
which is precisely ¢y, v, (74, (9'), 72 (919"))- O

Remark 5.5. Let P be a principal I'-bundle with a connection €2, (A, B) be a I'-connection
on M, and J : 4 p — P be a l-morphism in 2-Buny¥.(M). Such “trivializations” always exist
locally. Combining the transformation 7, with the transformation J, from Section 3.4 we obtain
a transformation

ioe
poe 4 () T

l e

:L’%:P
Fy Y

In this sense, parallel transport in any principal I'-2-bundle is — locally — multiplication with the
path-ordered exponential of a local connection 1-form A along the path.

Suppose (4, B) and (A’, B') are I'-connections on M and (g, ¢) is a gauge transformation. By
Remark 5.1 (b) there is a 1-morphism J := Jy, : Ja g —= Ja p in 2-Buny(M). It is induced
from a smooth functor ¢4, whose restriction to a point z is the functor i,4,) determined by the
gauge transformation g and Remark 5.2 (b). Thus, we have J; = i4(,). According to Section 3.4,
J determines a transformation J, : J, o ), = F§ o J, for each path v : z — y. The goal of
the following proposition is to determine J, in the present case of J = J; ..
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We consider hg () € H explained in Section C. By Proposition B.4 (b) it satisfies

-1

poear () - g(@) = t(hgw (7)) - 9(y) - poea(). (36)

In other words, agy () = (hgo(7)7t, g(y)poea(y)) € H x G = Mor(T') is a morphism with
source g(y)poe(y) and target poe s (v)g(x). Associated to ay () is by Remark 5.2 (c) a natural
transformation

lag,e () * Tg(y)poea(y) = Tpoey (g(a)-
The following proposition shows that 4, () corresponds to J, under the transformation of

Eq. (34).

Proposition 5.6. Let (g,¢) : (A,B) — (A',B’) be a gauge transformation between T-
connections, and let J : Jo p —= Ja g be the associated 1-morphism in 2—Bun¥(M). For every
path v : x —= y the diagram

. io‘g,tp(’Y) .
Lg(y)poea(y) =7 Lpoe 41 (7)g(x)

9(y) © tpoea(v) tpoe 41 (7) © Ly(x)
idony n4,0id
J oF, ——o0mnnus [ o]
Y il Jy o7 x>

is commutative, where I, n, and Ff/, nﬁ/ denote the parallel transports and the transformations
of Eq. (34) for Ja g and J s pr, respectively.

Proof. The diagram is an equality between two transformations from a smooth functor to an
anafunctor. We express them under the correspondence of Remark 2.2 (d), getting counter-
clockwise the smooth map

9/ — J’Y(n’y(g/)v (y,poeA(’y)g/, idg(y)poeA(v)g’)) (37)
and clockwise the smooth map
g/ = ((:L'v gla idg(m)g’)7 TN],/Y(Q(ZE)Q/)) ° Z.ozg,g;(v) (gl)' (38)

We show that both expressions coincide. In the clockwise direction, we employ the definition of
1, and obtain after some straightforward manipulations

((, ¢, idg(ayg)s (Y, hgp(7), poear (7)g(x)g') * (v, K g(x)g") * id (g g(2)97))- (39)

Counter-clockwise, we write £y = 1,(¢9') = id(y k1)) * (7,k9") * id(z 4. The result of J,
will be computed using Remark 3.16 and the following facts about J = .J,,, which can be
looked up in [13, Section 5.4|. The first fact is that J has an underlying functor ¢4, and the
second fact is that the canonical © 4/ p/-pullback on J is shifted by a pair of forms (¢o, ¢1), with
Yo = (ozprc_;yg,l)*(pr*M«p), see [13, Eq. 5.4.4]. Now, Remark 3.16 implies

J’Y (‘Sg/v (ya poeA(’y)g', idg(y)poeA(v)g’)) = (($, gla idg(z)g’)a ¢§ (fg/))v (40)



92 K. Waldorf, Higher Structures 2(1):57-113, 2018.

where

5 (&) = (y, (alg(y)r(1)g', (1)), g(y)s(1)g t(h(1) 1)) * (v, (1) kg t(R) ) * iz ga)gr):

and h is the solution to the initial value problem

Oeh(t) = —h(t)po(7(1), k(t)g') and  h(0) = L. (41)

The key to the proof that Egs. (39) and (40) coincide is to understand the relation between &,
k, and h. The relation between x and &’ is established by the gauge transformation, which gives
Ady(A) — g*0 = A’ + t.(¢). From the proof of [11, Lemma 2.18] we have

R (t) = t(h(t)) " g(v(t)K(t)g(x) " (42)

where h : [0,1] — H is a smooth map such that the pair (h, &) solves the initial value problem

O(h(t), k(1)) = —((0 (1)), A'(Oey (1)) - (h(t), £'(t)) and  h(0) =1, &'(0) = 1.

Splitting this into components, one obtains as an equivalent characterization that h solves the
initial value problem

B(t) " Oha(t) = —Ady (2@ (D) + (Gn(e)- (@' (R (1)) and  h(0)=1.  (43)

By construction, k(1) = poea(7y), k(1) = poeas(7y), and h(1) = hg (7). Evaluating at t = 1,
Eq. (42) implies Eq. (36). We claim that

h=a(gd ' g(y)™"h). (44)

Given that claim, we have coincidence of Egs. (39) and (40), established by the two equalities

(7. 9(MRg t(R) 1) = (7, K'g(2)g)
(alg(y)r(1)g’, h(1)), 9(1)K(1)g t(h(1) 1) = (hgp (), poea (v)g()g),
which can easily be deduced from Eq. (44). It remains to prove the claim, Eq. (44). For this

purpose we prove that h as defined in Eq. (44) solves the initial value problem Eq. (41). We
have h(0) = 1 and obtain

Och(t) = (an) (9"~ () g (v(£)) T + g () T Dg(7(8)) ) + (agrtm(a)-1g(r(0y) -1 ) (Oeh(t)).

Taking derivative in the inverse of Eq. (42) gives

g g(@) o ()T (h(E) T = g o) T Tg(v(®) T+ g () T dg (v (1) T
+ g k() T g(v (1) T (Oeh(t)R(E) ) (45)

Using Eq. (45) the differential equation of Eq. (41) follows. O]

We continue our discussion of parallel transport in the trivial principal I'-bundle J4 g with
the parallel transport along bigons, now assuming that (A, B) is fake-flat.



Parallel transport in principal 2-bundles 93

Proposition 5.7. Let (A, B) be a fake-flat T'-connection on M. For a bigon % : v => " we let
ox : I, = F,, denote the parallel transport in the associated trivial principal I'-2-bundle J4 p.
We set g == poea(7), g = poea(y') and h := soes g(X). Then, the diagram

. My
ig :>F'Y

7:h,,g“/ “/502

’Lg/ :>77»y’ F,y/

is commutative, where iy and iy are the functors of Remark 5.2 (b) and igp is the natural
transformation of Remark 5.2 (c).

Proof. The diagram is an equality between transformations from a functor to an anafunc-
tor. In terms of the corresponding smooth maps of Remark 2.2 (d) the commutativity means
05 (1y(9)) = 74 (g) 0 in,g(g). We recall that in order to compute 7, and 7,» we have the paths &
and «’. In fact, since v and + are homotopic via the bigon X, there is a family x4 of paths such
that kg = k and k1 = '

We construct a horizontal lift of 3 with source 7}, () = idy gq) * (7, £7) * id (5 5), in the sense
of Definition 4.1. It is given by ®; : [0,1]> — M x G defined by ®1(s,t) := (3(s,t), ks(t)g),
po = id(z5), p1 = id(yq5 and gi(s) := G 'ks(1)71gg, and all other data trivial. Its target is
ex(y(9)) = p) * (7, K'g) *id(, 5) where p| has to be determined. We claim that p = (h,gg)~";
given this claim we have

(2 (ﬁv@)) = pll * (’7,7 K‘/.g) * id(az,g) = (id(y,g’g) * (7/7 '%/g) * id(w,g)) © (h79§) = ﬁ'y/ (g) © ih7g(§);
this proves the commutativity of the diagram.

In order to prove the claim, we recall the definition of the target in Eq. (26), resulting in p} :=
R(id(y,g5)5 (hy%,91(1)7Y)). In order to compute hy we have to choose a bigon-parameterization
¥ of ®;. It will suffice to chose a bigon-parameterization = of (s,t) — ks(t)g, so that = :
gggl—l * kg => K'g *1dj is a bigon in G. Then we may choose ¥ := (X,Z) = R((%,1),E). The
canonical section s : x = (z,1) satisfies s*QQ* = A and s*Q¢ = —B; thus Proposition C.1 (e)
gives

soeq (X, 1) = soeq(s(X)) = soea p(2). (46)

Now we obtain

Corollary C.5 Eq. (46) Proposition C.1 (b)

) )
by 2= soea (1) = a((¢9) ", soea(S, 1) = a(g 'y~ g

1
(g g, s0ea (X)) =alg g, h).

Now a straightforward computation shows the claim. O

5.2 Ordinary principal bundles Consider an ordinary principal G-bundle P over M with
connection w € QY(P,g). As discussed in [13, Example 5.1.11] the action groupoid P/ H for
the right H-action on P induced via t : H — G is a principal I'-2-bundle over M, and it is
equipped with a connection €2 induced by w. For a point z € M we have (P/H), = P,//H.
For a path 7 : x — y in M, we have the ordinary parallel transport map 7, : P, — P,. It is
G-equivariant, hence H-equivariant, and thus induces a smooth functor

¢y : Pp)H — P, /H
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between action groupoids. It is straightforward to check that it is I'-equivariant. We claim that
there exists a canonical I'-equivariant transformation

fy i dy, = Fy

between the anafunctor induced by ¢, and F,. We construct f, using Remark 2.2 (d); the
underlying smooth map f, : P, — F, is defined by f,(p) := idy_ () * Jp * idp, where 7, is the
unique horizontal lift of v with initial point p.

Lemma 5.8. The map f} satisfies (T1) to (T3).

Proof. (T1) is obvious. For (T2) we compute for a« = (p,h) € P x H = Mor(P,JH):
ao fy(p)oB=p8""xFpxa”!

~ (87 0 (3p(1): 1)) * gy * (0 @)

= (870 63(p, h) ™) * Fu(ay * idya)

= [ {t(@)) o gy(@) 0 B

Here we have applied the equivalence relation in F, to the path p(t) := (3,(t), h) € P x H, which
is horizontal: following [13, Example 5.1.11] we have Q° = (dpr,, )«(prpw) + pryf and hence
Q°(p(t)) = 0. Finally, (T3) is a straightforward calculation. O

Summarizing, in the principal I'-2-bundle P// H, parallel transport along a path + is given, up
to canonical isomorphism of I'-equivariant anafunctors, by the smooth functor ¢,. It is obvious
that this identification is compatible with pullbacks, bundle morphisms, and path composition.

Proposition 5.9. Let P be a principal G-bundle with flat connection w. Let X : vg => 71 be a
bigon. The diagram

Soy = Jo,,

f’YOH/ H/f’yl

F’YO o F’Y 1

is commutative, where oy, : Iy => F,, denotes the parallel transport in the principal I'-2-bundle
PJH. In particular, px, only depends on vy and 1 but not on the bigon X.

Proof. Since w is flat, the induced connection 2 on P/ H is fake-flat. Further, since the parallel
transport of a flat connection only depends on the homotopy class of the path, we have 7.,, = 7,,,
thus ¢, = ¢4,, and in turn J,, = Jy . In order to prove commutativity, we specify a horizontal
lift of ¥ in the sense of Definition 4.1, with source f,,(p) for some p € P,. Let v, : [0,1] — M
be defined by ~,(t) := X(s,t), and let 75, be the unique horizontal lift into P of v with initial
point p. Let ®(s,t) := 7,,(t). Because w is flat, we have ®(s,1) = ¢ for some constant point
q € P,. Taking all other data trivial, ® is indeed a horizontal lift of ¥ with source fw (p). Since
Q¢ = 0, we have soeq(®) = 1 by Proposition C.1 (f); hence, the target of this horizontal lift is

:)’l,p = f:ﬂ (p) -



Parallel transport in principal 2-bundles 95

6. The parallel transport 2-functor

In this section we prove the main result of this article, namely that the parallel transport con-
structions of Sections 3 and 4 fit in the axiomatic framework of transport 2-functors. This
framework is formulated for thin homotopy classes of paths and bigons. In Section 6.1 we pro-
vide a way to push our constructions into the setting of thin homotopy classes. In Section 6.2 we
show that the various properties we have proved in Sections 3 and 4 show that parallel transport
is a 2-functor, and in Section 6.3 we show that this 2-functor is a transport 2-functor.

6.1 Thin homotopy invariance We study the dependence of the parallel transports along
paths and bigons under thin homotopies, i.e. smooth homotopies with non-maximal rank. Here,
by rank of a smooth map we mean the supremum of the rank of its differential over all points.
All kinds of reparameterizations are special cases of thin homotopies.

Two bigons 3, Y : ¥ => 7/ between paths v,+' : ¥ — y are called homotopic, if there exists
a smooth homotopy h : [0,1]> — M (i.e., h(0,s,t) = X(s,t) and h(1,s,t) = ¥'(s,t)) that fixes
all boundaries, i.e. h(r,s,0) = x, X(r,s,1) = y, h(r,0,t) = v(¢t) and h(r,1,t) = +/(t) for all
r,s,t € [0,1]. Two bigons are called thin homotopic, if they are homotopic by a homotopy of
rank less than 3.

Proposition 6.1. Let P be a principal I'-2-bundle with fake-flat connection. Then, the parallel
transport along bigons depends only on the thin homotopy class of the bigon, i.e., if ¥,% :
~ => v are thin homotopic bigons, then oy, = Qsv.

Proof. We first note that every thin homotopy can be split into finitely many small ones, so that
it suffices to prove the claim for a small thin homotopy. By “small” we mean that there exist
n € N, t € T,, and sections o; : U; — Obj(?P) defined on open sets U; such that

h({(r,s,t) [ tisg <t <t;,0<r,s<1}) CU;.

We think of X" := h(r,—,—) as a smooth family of small bigons. We claim that we can
consistently choose a smooth family of horizontal lifts with a common source { € F,. This
means, there exist ®] : [0,1] x [t;—1,t;] — Obj(P), pi : [0,1] — Mor(P), and g/ : [0,1] — G
depending smoothly on r (this means, for instance, that [0,1] x [0,1] X [ti—1,t;] — ODbj(P) :
(r,s,t) = ®I(s,t) is smooth), such that (®], pl, gI) is a horizontal lift of 3" with source £, and
®7(s,t) has rank less than 3. Additionally, we can require ®7(0,t) and pj (0) are independent of r,
and we require that there exist smooth maps k; : [0,1] — G, denoted k], such that klo =1 and
®r(1,t) = R(®Y(1,¢), (k7)~1). This claim can be proved by repeating the proof of Lemma 4.2 in
families.

We remark that p?(1) and pf(1) satisfy

R(t(p} (1)), (kf1)™h) = R(®F (L, tim1), (ki) ™h) = 1 (1, tio1) = (] (1))
R(s(pi (1)), g (1)1 (k) gl (1) = R(®7 (1, 1), (K]) 19} (1)) = R(®}(1,t:), 9} (1)) = s(p; (1))

By [13, Lemma 3.1.4], there exist unique 7 € H, smoothly depending on 7, with 7{ = 1 such
that

(1) = R} (1), (n], 7 ()71 (k) g (1)) and t(n)gy (1) M (kD) T gi (1) = (Kfyy)™h (47)

Next we perform the following pre-computations (recall the notion of a bigon-parameterization
from Remark C.2):
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(a) Consider a bigon-parameterization © : (; = (! in G of (r,t) — (k)1 with ¢; =
(k7)7!xidy and ¢ = idy * (k;)~'. Then, Z; := R(id,0,©) is a bigon-parameterization

of (r,t) — ®I(1,t), going between the paths r;(r) = R(yP(t;), (kI)™Y) and kl(r) =
R(yP(ti—1), (kI)~1). By Corollary C.5 we have

soeq(Z;) = soeq(R(id, w0, 0)) = oG soeq(id,n)) = 1.
(b) We note that r — ®[(s,t) is a homotopy between bigons
(id,pn 0 W) @ (E; 0id,0) @ (idy, o ¥) and X!e(¥;0id,,),

both going from k;oulov; to yitovl. Since ®7(s,t) is thin, the surface-ordered exponentials
of both bigons coincide (Proposition C.1 (a)). Using Propositions C.1 (b) and C.1 (¢) we
get ¥ - a(k}, b)) = h} - ;. With Eq. (50) we can rewrite this as

hY - f = hy - (48)

(c) We consider bigon-parameterizations Y; : p; (1)%p? => p} in Mor(P) of (r, s) —= pl'(s) and
0; : g; (1)xg) => g} in G of (r,s) —= g (s). Note that W;1 :=t(Y;) : Kip10pdy; => piyy

is a bigon-parameterization of (r,s) — ®j ,(s,t;11), and that ¥} := R(s(Y:),0; 1) :

ki ov? = vl is a bigon-parameterizations of (r,s) —= ®(s,t;_1). We set ¢} := soeq(¥!)
and 1; := soeq(V¥;). We compute the quantity hq of the source and target paths of ;.
Since pj are horizontal with horizontal target vj, ; (and hence also horizontal source), we
have by Proposition B.8 (g) ha(p}) = 1. Further, we calculate

Eq. (47)

!
ha(p; (1)) = ha(R(p (1), (17, 97 (1)~ (k]) " g7 (1))
= ha(R(R(p{(1), (0}, 1)), (1,90 (1) 7" (k]) g7 (1)))))

Proposition B.8 (a)

v 1 —171 0 0 T

=a(g; (1) kigi (1), ha(R(p; (1), (n;,1)),1))
Proposition B.8 (f)

2 alg (1) KD, () )
Now, Proposition C.4 gives
Vi - alkig) (1),m) = alg; (1), ¥i11). (49)
(d) Since ©? and v} are horizontal, we have from Proposition B.2 (a)
L= t(y))poeqa () = t(¥i)k;. (50)
Summarizing our pre-calculations, we obtain:
Eq. (48)
DAY S Wl )t
Eq. (50)
= hivia(ki, (b))~ 'ni R (hi)
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Lemma 4.3

1
= a(gf ()™ vi)alg (1) kgl (1), n)

Eq. (49)
=i (51)

In order to show the statement of the proposition, we have to prove that the elements

/0 10 /0 /0 /1 /1
PO A0 x ko and il wox itk )

are equivalent, where pi" = R(pl(1), ((h7)~1, g7 (1)7!)) according to the definition of the tar-
get of a horizontal lift. We consider the paths p; : [ti—1,t;] — Mor(P) defined by p;(t) :=
R(id 40 (t) s (YL, )) They are horizontal by Propositions 3.2 (b) and 3.2 (e), and have s(p;) =
and t(p;) = /1 using Eq. (50). It remains to check that the paths p; convey the required

equivalence:

Eq. (47)
. R(R(p{ (1), (ni, g7 (1) (k) "1 (1)), (A3) ™ 93 (1)) 0 R(id oy, s (47, 1))
= R(p7 (1), (nagg ()™ (k7)™ (hg) ™ Heg? (1)~ 0), g5 (1))
Eq. (50) an(i Lemma 4.3
= R(p{ (1), (nj a(t(R)t(45), (hi) ™ He(t(h)), 47), 97 (1))
= R(p{ (1), (n; hwi(hi) = (B) ™, g2 (1))

pit o pilti)

Eq. (51)
= R(p} (1), (i1 ()1 0! ()7H)
= pis1(ti) o pf’ m

Next we come to the paths, where the situation is more complicated. First of all, two paths
~v,7 : x — y are called thin homotopic, if there exists a bigon ¥ : v => +/ of rank less than
two. The complications arise because the anafunctors F, and F’,/ associated to thin homotopic
paths are not equal. The following proposition shows that they are canonically 2-isomorphic,
which is the best that we can expect. The 2-isomorphism is the I'-equivariant transformation px
associated to a thin homotopy X : ¥ => /. The important point is that this does not depend
on the choice of the bigon.

Proposition 6.2. Let P be a principal I'-2-bundle with fake-flat connection. Then, the parallel
transport along a thin bigon is independent of the bigon, i.e., if ¥, %' : v1 => 9 are bigons of
rank less than two, then px, = pyr.

Proof. We prove the equivalent statement that a thin homotopy X : v => ~ induces the identity
¢x; = idpg,. Proposition 6.1 allows us to change % within its thin homotopy class, so that we can
assume that ¥ has the following properties:
(a) There exists € > 0 such that ¥(s,t) =z for 0 <t < e and X(s,t) =y for 1l —e <t < 1.
(b) There exists € > 0 such that ¥(s,t) =y(¢) forall0 <s<eandall 1 —e < s < 1.
We define a smooth map f : S — M by (19, ) := Y(x, 7T) where 0 <9 <mand 0 < p <27
are spherical coordinates. This is well-defined due to (a) and smooth due to (b). Obviously
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f has rank one. By [13, Corollary 5.3.6] there exists a principal G-bundle P over S? with
flat connection w, together with a l-morphism J : PJ/H — f*P equipped with a fake-flat,
connective, connection-preserving pullback. We define the map Z : [0,1] — S? by Z(s,t) :=
(2mt,s). This is a bigon E : u => p, where u is the ¢ = 0 meridian passing from north pole N
(9 = 0) to south pole (¥ = 1). We have v = f op and ¥ = f o Z. Combining Propositions 4.10
and 4.11 we obtain the following the “tin can” equation between transformations:

F[L’ F[,,L,
— T — T
PyJH ¢ PsJH  PyJH Py H

~_ Vv 7
P
JN -]S JN

Js

P, P, P, o> P,
\_/ W
F, F,

Here, F l; denotes the parallel transport along g in f*P, and F l’] denotes the parallel transport in
P/ H. From Proposition 5.9 we conclude that ¢ = idpy. Thus, ps = idp,. O

Let [7] be a thin homotopy class of paths. We define the set

Fiyy = |_|Fv [~

el

where £ € F, and ' € F,/ are defined to be equivalent if ¢ = ¢x(€) for some (and hence by
Proposition 6.2 all) thin homotopy ¥ : v => 4/. By Lemmas 4.5 (a) to 4.5 (¢) it is clear that
anchors and actions are well-defined on the set F{,).

Lemma 6.3. There exists a unique smooth manifold structure on Fl, such that F},) is a I'-
equivariant anafunctor, the projections i~ : I, —= Fp,; are I'-equivariant transformations, and
the diagram

Fq/ 2] F.

Y
x i,y/

Fiy

is commutative for all thin bigons ¥ : v => +/

Proof. We consider the open cover {U,},¢[y of Pz, where U, := Obj(P;). Over each open set
U, we have the principal P,-bundle F,. Over each double overlap (U, NU, = Obj(P;)) we have
a bundle isomorphism ¢y, : F, — F./, for some choice of a thin homotopy ¥. Over each triple
overlap, these satisfy the cocycle condition due to Proposition 6.2. Our definition of FJ,) realizes
the descend construction for the stack of principal P,-bundles over P;; hence F|,) is a principal
P,-bundle. Now, the remaining statements follow. O
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Now we are in position to re-define parallel transport in a setting of thin homotopy classes
of paths and bigons. To a thin homotopy class [y] of paths between z and y we associate the
I'-equivariant anafunctor

Fr: e — Py

Two bigons ¥ : v => 71 and ¥’ : () => ] will now be called thin homotopic, if there exists a
homotopy h between them of rank less than three, that fixes the endpoints « and y, and restricts
to homotopies hg : 70 = 7, and hy : 73 => 7] of rank less than 2. This generalizes the relation
introduced at the beginning of this section in that the bounding paths do not have to be equal
but can be thin homotopic themselves. For a thin homotopy class [¥] : [y9] => [y1] of bigons we

define
1

PIs] = iy O PR Oy
It is straightforward to check using Proposition 6.1 and Lemma 6.3 that this definition is inde-
pendent of the choice of the representative . Similarly, the transformations u, and c,, 5, of
Section 3.3 induce well-defined transformations

Ug - F[idw] - id{pz and C K F[W] o F[’Yl] - F[VQ}

712 o[m]-

At this point we have the following result.
Corollary 6.4. If v :x — y is a path in M, then F,) : P, —= Py is a weak equivalence.

Proof. Let 74 be the reversed path. Then, we have transformations Fis) o Fl,] = Fgsy = Fjiq,) =
idp, and, analogously, F},| o Fl5) = idp,. O

Finally, suppose J : P; — P2 is a I-morphism in 2—Bun¥ff (M). Then we define a transfor-
mation

Jiy) = (iyoidy,) @ Jy e (idy, o 2;1) Jy o Fly = F[/v] o Jy.

Using Proposition 4.10 one can check that this definition is independent of the choice of the
representative y. Summarizing, all our definitions of Sections 3 and 4 persist under the passage
to thin homotopy classes. In the following section we will see the main advantage of this passage,
namely that it allows an organization in bicategories.

6.2 Organization in bicategories The path 2-groupoid of M is the 2-groupoid Py(M)
whose objects are the points of M, 1-morphisms are thin homotopy classes of paths in M, and
2-morphisms are thin homotopy classes of bigons in M. A detailed definition is in [10, Section
2.1]. In this subsection we assemble the parallel transports of the previous subsection into a
2-functor trap : Po(M) —= I-Tor, where I'-Tor is the bicategory of I'-torsors, see Remark 5.2.
For the terminology of bicategories we refer to [12, Appendix A].

Proposition 6.5. Let P be a principal I'-2-bundle P with fake-flat connection Q. Then, the
assignments T = Py, [y] == Fj,|, and [X] — @[5 form a 2-functor

trap : Po(M) — I'-Tor

with unitors ug and compositors Cly] [y,]-
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Proof. There are four axioms to check, see, e.g. [12, Def. A.5|. Axiom (F1) is functoriality with
respect to vertical composition; this is Proposition 4.8. Axiom (F2) is the compatibility with the
horizontal composition; this is Proposition 4.9. Axioms (F3) and (F4) concern the coherence of
compositors and unitors; these are Propositions 3.12 and 3.13. Ul

Example 6.6. Let J4 p be the trivial principal I'-2-bundle over M whose connection is in-
duced from a fake-flat I'-connection (A, B). We obtain from (A, B) the smooth 2-functor Fy p :
Pa(M) — BT (see Section D). Its composition i(F4 p) with the 2-functor ¢ : BI' — I'-Tor
of Remark 5.2 (d) is a “trivial” transport 2-functor only depending on the I'-connection (A, B).
On the other hand, we have the 2-functor traz, , of Proposition 6.5. The two 2-functors are

equivalent via a pseudonatural transformation

nap :i(Fap) — trag, g,

whose components are the assignments x — idr and v 7, of Section 5.1. There are two
axioms to check [12, Def. A.6]; these are precisely Propositions 5.4 and 5.7. This “computes” the

parallel transport 2-functor of a connection on the trivial principal I'-2-bundle.

Proposition 6.7. Let J : Py — Py be a 1-morphism in 2-Bun¥ff(M). Then, the assignments
x> J; and [y] —= Jiy) form a pseudonatural transformation

pJj . trap, —= tragp,.

Proof. There are two axioms to check, see [12, Def. A.6]. Axiom (T1) is the compatibility with
path composition; this is Proposition 3.17. Axiom (T2) is naturality with respect to 2-morphisms;
this is Proposition 4.10. O

Example 6.8. Suppose fake-flat T'-connections (A, B) and (A’, B") are related by a gauge trans-
formation (g,¢). On one side, we have a smooth pseudonatural transformation

Pgp : FaB — Fa pr,

see Section D. On the other side, we have a l-morphism J = Jy, : Jap — Jua p in
2—Bun¥ff(M ) (Remark 5.1 (b)), to which Proposition 6.7 associates a pseudonatural transfor-

mation py : trag, , — trag,, We find a commutative diagram

,B'"

TA,B

i(FA7B) tr&jAyB

lw

i(Fa p) e trag,, .,

i(pg,p)

of pseudonatural transformations, where 74 p and 14/ pr are the pseudonatural transformations of
Example 6.6. Commutativity means that clockwise and counter-clockwise compositions have the
same assignments to points and paths. Coincidence for points follows from the definition of J, ,,
which has an underlying smooth functor ¢,. Coincidence for paths follows from Proposition 5.6.
This “computes” the transformation between parallel transport 2-functors of trivial bundles with
gauge equivalent connections.
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Proposition 6.9. Let f : J = J' be a 2-morphism in 2—Bun¥ff(M). Then, the assignment
T > f, forms a modification
Af Lpg == pJ.

Proof. There is only one axiom ([12, Definition A.8|); proved by Proposition 3.19. O
Example 6.10. Suppose we have two fake-flat I'-connections (A4, B) and (A’, B), two gauge

transformations (g1, 1) and (g2,92), and a gauge 2-transformation a between (g1,p1) and
(92, p2). Then we have a smooth modification

Aot Pgior = Pgapns

see Section D. On the other side, we have a 2-morphism f, : Jg, o, = Jg, o, between the 1-
morphisms associated to the gauge transformations, see Remark 5.1 (¢). In turn, we obtain a
modification Ay, : pj, .. = pJ,, ., Then we have a commutative diagram

: -1
i(Pg1.01) ===}, © Py, o, i

'L'(.AQ)H/ HidoAfaoid

. -1
i(Pga,pn) M © Pyy.py O

of modifications between pseudonatural transformations between 2-functors from P(M) to
I-Tor. Indeed, evaluating at a point x gives a 2-morphism in I'-7or, in fact between 1-morphisms
that are smooth functors (not anafunctors). Thus, the diagram is, for each z € M, an equality
between natural transformations between functors from I' to I'. We compare its components at
an object g, only using the given definitions:

Ar (@)(9) = fala(9) = falz,9) = (i, (a(2), 91(2)9)) = ta(a) g:(2)(9) = i(Aa)(9):
This shows commutativity.
Theorem 6.11. Propositions 6.5, 6.7 and 6.9 furnish a (strict) 2-functor
tra : 2-Bun¥ff(M) — Fun(P2(M),I'-Tor).

Proof. That the composition of 1-morphisms is respected is the content of Proposition 3.18. On
the level of 2-morphisms, the 2-functor is just restriction to points (see Proposition 6.9); this
clearly preserves horizontal and vertical composition. O

Remark 6.12. Examples 6.6, 6.8 and 6.10 can be interpreted as follows. The constructions of
Remark 5.1 relating I'-connections to trivial 2-bundles form a 2-functor

LY conf (M) — 2-Bun)" (M)

relating I'-connections to connections on trivial I'-2-bundles. The constructions of Section D
form another 2-functor
P : Cond! (M) — Fun(Py(M), BT)

relating I'-connections to 2-functors on the path 2-groupoid. We have a pseudonatural equiva-
lence
trao L ~joP,

established by assigning (A, B) — na p and (g,¢) — id. It expresses the fact that trivial
principal 2-bundles have trivial (more precisely: canonically trivializable) parallel transport 2-
functors.
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6.3 The transport 2-functor formalism The transport 2-functor formalism [11] axiomat-
ically specifies a sub-bicategory

Transp (M, [-Tor) C Fun(P2(M),-Tor)

of 2-functors, pseudonatural transformations, and modifications that are supposed to implement
higher-dimensional parallel transport. Essentially, the axioms require that a transport 2-functor
can locally be described by path-ordered and surface-ordered exponentials of I'-connections. We
will give more details in the proof of the following result.

Theorem 6.13. The image of the 2-functor tra of Theorem 6.11 is contained in the sub-
bicategory Transp(M,'-Tor), and hence induces a 2-functor

tra : 2—Bun¥ff(M) — Transp(M,T'-Tor).

In other words, parallel transport in principal I'-2-bundles fits into the axiomatic framework for
higher-dimensional parallel transport.

One nice consequence of Theorem 6.13 is the following general result about transport 2-
functors, see [11, Proposition 3.3.6].

Corollary 6.14. If Q) is a flat connection on a principal I'-2-bundle, then the parallel transport
along bigons only depends on the homotopy class of the bigon.

As a further consequence, the discussion of surface holonomy given in [11, Section 5| applies
to principal I'-2-bundles. In the remainder of this subsection we prove Theorem 6.13, split into
Propositions 6.15, 6.17 and 6.19.

Proposition 6.15. If P is a principal I'-2-bundle over M with fake-flat connection, then the
2-functor trap of Proposition 6.5 is a transport 2-functor with BT -structure.

Remark 6.16. For the proof we extract and slightly reformulate the following results of [13,
Propositions 5.4.6 & 5.4.9|. Let P be a principal I'-2-bundle over M with fake-flat connection.

(a) Every point € M has an open neighborhood z € U C M together with a I'-connection
(A,B) on U and a 1-morphism T': 4 p — P in 2—Bun¥ff(M).

(b) Suppose U C M is a contractible open set. If (A4, B) and (A4’, B’) are I'-connections
on U, and T : Jop — Ply and T : Iy p — P|y are l-morphisms in 2—Bun¥ff(U),
then there exists a gauge transformation (g,¢) : (4, B) — (A’, B’) and a 2-morphism
G:T'" 0T = J,, in 2-Bun)" (M).

(c) Suppose U C M is an open set, and I is some (index) set. If, for each i € I,
(Aj, B;) are I'-connections on U, T; : Ja, p, — P|y are l-morphisms in 2—Bun¥ff(U),
(93, @ij) = (Ai, Bi) — (Aj, Bj) are gauge transformations, and o;; : Tfl o Ty = Jy; 05
are 2-morphisms in 2—Bun¥ff (U), then there exists a unique gauge 2-transformation

aijk : (Gjks ©jk) © (9ij> ij) = (Gik, Pik),

and a commutative diagram

O'jkOO'ij

—1 , -1 .
Tk © TJ © T] o™ ‘]gjk,sojk © Jgij:SOij

idodr, oidﬂ “faijk (52)

Tk_loTi

Oik ng‘k,%k
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where dr : J o J~' => id stands for the canonical “death” transformation expressing the
invertibility of an anafunctor J.

Proof of Proposition 6.15. The first step is to specify local trivializations. Consider an open set
U C M as in Remark 6.16 (a), a I'-connection (A, B) and a 1-morphism 7" : J4 g — P|y. By
Example 6.6 and Proposition 6.7 we obtain a pseudonatural transformation

T:=pron:i(Fap) — trap|y. (53)

We also have to fix a “weak inverse” of 7, and choose 77! := n=! o py—1. Here it is im-

portant that » is “strictly invertible” because 71, = id. Finally, we need to fix modifications
D,:17o7 ! — idj(r, p) and By : idg,), = 7~ Yo7, which can be induced from the canonical
transformations dp : T o T = idg, and by : Ply = T~ o T via Proposition 6.9.

In the second step we form an open cover {U; };cnr of M composed of open sets as above, with
contractible double intersections. Over each open set U; we choose a I'-connection (AZ, B;) and
a l-morphism T : J4, B, — P|y,, and consider the induced local trivialization (7;,7; DZ, B;).
Now we have to extract descent data. The first descent datum are the 2-functors Fy, p, :
P2(U;) — BI'. The second descent datum are the pseudonatural transformations

Yij = Tj_l oT;: Z.(FA,-,BZ-) — Z'(FA].’B].)
between 2-functors Po(U;NU;j) — I'-Tor. The third descent datum consists of the modifications
B; : idi(FAi,Bi) = v;; and Ejk DYk © Yij = ik defined by

_1 1 idoD;oid 1

The third step is to show that all this descent data is smooth in a certain sense. For the
2-functors Fy, g, this simply means that they have to be smooth, which is the case. For the
pseudonatural transformation ;; it suffices to show that it factors through a smooth pseudonat-
ural transformation ;5 : Fa, B, — Fa, B;, i.e. vij = (7). We construct 7;; as follows. Since
U; NU; is contractible, there exist gauge transformations (gi;, ;) : (4i, Bi) — (A, B;) and
2-morphisms o;; : Tj_1 o T; = J;j, where we write J;; := Jgij i for short; see Remark 6.16
(b). We let 7;; := pg,; ¢;; be the smooth pseudonatural transformation (Section D). We define a
modification A;; : vi; => i(745) as follows:

Example 6.8
_1 _1 -1 idoAg,; oid + e
Yij =1 © Py, ©PT; 01 =1 opT oT; 0 1)) —o—> un oinj on; = 1i(Yi5)- (55)

Finally, we have to verify the smoothness of the modifications B; and .Ejk For this we have
to show that there exist smooth modifications B : 1dFA,., B, = i and .7-"”;C ik © Vij = Yik
such that

B; = .Az_zl ° I(BZ) and ./Tijk = Az_kl ° Z(.Ejk) ° (Ajk o .A”) (56)
Without loss of generality we can assume that gii =1, ¢;; =0, and o = bi_l, so that 7, =

idp,, 5, and Ji; =idg, ;. This shows B; = At
U; N U; N Uy, we obtain via Remark 6.16 (c) a gauge 2-transformation

i.e. B; :=id does the job. On a triple overlap

(I

aijic © (9ik> k) © (9ig, Pij) = (Giks Pik)-
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We let fl-jk = A%.k be the smooth modification (Section D). We have a diagram

AjkOAij

Vik © Vij i(Vjr) ©4(Fij)
\ oss, 0 oid » /
"o pr10pr 0 pr o priomi ———— Yo pyy 0P, 0 M
Fijk idoidoAdj oidoidH HidoA"“iik oid Z(fzjk)
~1
_ _ _ .
/ Prt 2P I ez e 2 Om\

Vik T i(Yik)

The subdiagrams at the top and at the bottom are commutative due to the definition of A;;
(Eq. (55)). The subdiagram on the left is the definition of Fj;; (Eq. (54)). The subdiagram on
the right is the one of Example 6.10. The subdiagram in the middle is induced from the diagram
of Eq. (52) and hence commutative. Thus, the whole diagram is commutative; this is the second
equation in Eq. (56). O

Proposition 6.17. If J : P — P’ is a I-morphism in 2—Bun¥ff(M), then the pseudonatu-
ral transformation py : trap — trap: of Proposition 6.7 is a 1-morphism between transport
2-functors.

Remark 6.18. For the proof we extract and slightly reformulate the following results of [13,
Propositions 5.4.6 & 5.4.9]. Suppose J : P — P’ is a l-morphism in Q—Bungff(M).

(a) Every point x € M has an open neighborhood x € U C M such that there ex-
ist I'-connections (A, B) and (A’,B’) on U, l-morphisms T : J4p — P|y and T" :
Jar g — P'|u, a gauge transformation (h,¢) : (4, B) — (A’,B’), and a 2-morphism
7:T P oJoT = Jp,u in Q—Bungff(M).

(b) Suppose U C M is open, and we have a diagram of I'-connections and gauge transforma-

tions
(A1, B)) (9:¢) (As, By)
(h1,¢1)t l(hmﬁz)
(44, BY) ——= (4, B))

together with 1-morphisms T; : Ja, B, — Ply and T} : Ju g — P'|y, 2-morphisms
o: T;l oT) = Jyp, 0 : T2'71 oT] = Jy . and 7 : Tfl oJoT; => Jp, 4,- Then, there
exists a unique gauge 2-transformation

e: (h27¢2) © (97 90) = (9/780,) © (hbd)l)v
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and a commutative diagram

—1 T]OO'

i OJOTjOTj OT:>JhJ,q§]OJg<p
. -1 .
ldOdTi’ ode de A.

/—1 / /—1 .
T; oTio T o JoTim===Jy 1 © Iy

Proof of Proposition 6.17. We choose an open cover {U;}ier and over each open set the data
of Remark 6.18 (a).
respectively, as in Eq. (53

We form the pseudonatural transformations 7; and 7/ for P|y, and P|,,
). We define the pseudonatural transformation

i(FAi,Bz‘) g i(FA;,Bg)a

which is the first descent datum. The second decent datum is over double intersections; it is the
modification &;; : Aj 0 v;; => 7;; o A; defined by

/—
Ai =T, !

0pJoOT;:

idoD;” Loidoid
o pJ o) 7—7, : 7'

idoidoD;o0id

1OTZ 27_ /—1

1

/—1
oOpjoOT*

Tj

/—
T oToT]

o pJ (o) ’T‘7 (o) Ji
For the first smoothness condition it suffices to show that A; factors through a smooth pseudonat-
ural transformation \; : Fiu, g, — F ALB! ie. A\ =i()\;). We construct \; as follows. Using the
gauge transformations (h;, ¢;) of Remark 6.18 (a) we let \; := pp,, ¢, be the smooth pseudonatural
transformation associated to (hg, ¢;), see Section D. We obtain a modification £; : A; => i(\;)

defined as:

Example 6.8

idoAz, . oid 4 o~
] - 1Othi,¢io77i:Z(>‘i)‘ (57)

)\'_ /—1 — /—1
i =1 o ppiopgopr 0 mi =1 0 Pty g, 0 i ==

For the second smoothness condition we have to show that there exists a smooth modification
Eij : )\ o ij = fy” o \; such that

i(Eij) @ (L5 0 Aij) = (Ajj 0 Li) @ & (58)
Indeed, over double intersections we find by Remark 6.18 (b) a gauge-2-transformation
eij = (hy, d5) @ (9ij, pis) = (gij> #i;) ® (hi, 9i),
from which we induce E,N’ij = Aaij via Section D. We have a diagram:
[,OAZ N o~
Aj © Vi = i(Aj) ©i(%ij)
/1\ oot /
Mj  ©Pri~Yogot; © PT; Yo, O77%:>77g © PK; © PF; O
Eij Ad;l OAdj“ ido.Aaij oid Z(é;;)
77,' ! OpT/ 1 T' OpT, IOJOT © i idoA., oAz, oid n-; OpF/ © PK; © Tl
/ . \
7{] o Az 71]) © Z(S‘ )

A;-j oL;
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The subdiagrams at the bottom and at the top are the definitions of A;;, Aéj, and £;. The
subdiagram on the left is the definition of &;;, and the subdiagram on the right is commutative
due to Example 6.10. The subdiagram in the middle is commutative by Remark 6.18 (b). Hence,

the whole diagram is commutative; this is Eq. (58). O

Proposition 6.19. If f : J; = Js is a 2-morphism in 2—Bun¥ff(M), then the modification
Ay pr, => pg, of Proposition 6.9 is a 2-morphism of transport 2-functors.

Remark 6.20. For the proof we extract and slightly reformulate the following results of [13,
Propositions 5.4.6 & 5.4.9]. Suppose Ji,J; : P — P’ are l-morphisms in Q—Bung‘ff(M) and
f:J1 = Jz is a 2-morphism. Suppose U C M is an open set with I'-connections (A4, B) and
(A’,B"), 1-morphisms T : Iy p — P and T" : Iy g — P, for i = 1,2 gauge transformations
(hi,¢;) with 2-morphism 7; : T7""! o J; o T'=> Jp, 4,- In other words, we have for J; and
Ja the structure of Remark 6.18 (a). Then, there exists a unique gauge 2-transformation a :
(h1,¢1) => (ha, ¢2) such that the diagram

T o Jy o T =2 Jiy, o,

ido foid“ “fa

Tt o Jyo T == Jny g

is commutative.

Proof of Proposition 6.19. Let U C M be an open set over which we have the pseudonatural
transformations 7 and 7’ of Eq. (53) for the two principal I'-2-bundles P and P’, respectively.
We form the modification F : Ay => A2 by
B idoAgoid
Mi=7"lopjor=———=17"lops, 07 = A2

We let £1 and L9 be the modifications Eq. (57) associated to J; and J;. The smoothness
condition we have to check is that there exists a smooth modification F : 5\1 e 5\2 such that
F =Lyt ei(F)eLy. Let a: (hy,d1) = (ha,d2) be the gauge 2-transformation of Remark 6.20,
and let F := A, using Section D, which gives a smooth modification between ;\1 and 5\2. We
have a diagram:

Ly N

X ido‘Aﬁ oid /

nopr-10py 0ppon t =———==nopg, on !

A1

/

F idoido.A foidoidH HidoA fa0id i(F)

—1 —
N0 pr=10pJ, ©PT 01 WUOP&OU

\
)

A2

i(A2)

Lo

The subdiagram in the middle is induced from the commutative diagram of Remark 6.20, and the
subdiagram on the right hand side commutes by Example 6.10. The other subdiagrams commute
by definition. Hence, the whole diagram is commutative; this is what we had to show. O
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Appendix A: 2-group connections and gauge transformations

We summarize the bicategory of I'-connections following [10]. Let X be a smooth manifold and
" be a Lie 2-group, given by a crossed module (G, H,t,«). A T'-connection on X is a pair (A, B)
of a 1-form A € Q'(X, g) and a 2-form B € Q?(X,h). The 2-form

1
fourv(4, B) := dA + S[ANA] - t.(B) € 0%(X,g)
is called the fake-curvature, and the 3-form
curv(4, B) := dB + a.(A A B) € Q3(X, b)

is called the curvature. A connection (A, B) is called fake-flat, if fcurv(A, B) = 0, and it is called
flat, if it is fake-flat and curv(A4, B) = 0. Let (A4, B) and (A’, B’) be I'-connections on X. A
gauge transformation

(ga(p) : (A7 B) - (A/aB,)
is a smooth map g: X — G and a I-form ¢ € Q!(X, h) such that:
A+t (p) = Ady(A) — g*0 (59)

B+ au(4 A g) +dp + Sl A ] = (ag)a(B). (60)

Here, 0 is the right-invariant Maurer-Cartan form. The identity gauge transformation is given
by ¢ =1 and ¢ = 0. The composition of gauge transformations

(A, B) M_ (A", B') _ P2 (A", B")

is given by the map gag1 : X — G and the 1-form @y + (ag,)«(¢1). A gauge 2-transformation
a:(g1,91) = (g2, p2) is a smooth map a : X — H such that

g2=(toa)-g1 and 2+ (rgl 0 g)x(A") = Ady(ip1) — a*0.

The vertical composition

a

(g,0) === (¢, ¢') === (", ¢")

is given by aoa;. The horizontal composition is

(g1,%01) (92,02) (9291,(agy)«(p1)+p2)
(4, B) (A/,Bm/,m = 4 3@3)

(91.¢7) (gh.5) (92915 (v gy )< (1) +05)

and the identity gauge 2-transformation is given by a = 1. I'-connections on X, gauge trans-
formations, and gauge 2-transformations form a strict bicategory Conp(X). The restriction to
fake-flat I'-connections forms a full sub-bicategory Conf:f (X).
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Appendix B: Path-ordered exponentials

For a 1-form w € Q'(X,g) with values in the Lie algebra of a Lie group G and a path 7 :
[0,1] — X we denote by poe, () € G the path ordered exponential of w along ~. That is, we
let g : [0,1] — G be the unique solution of the initial value problem

9(1) = —w(y(1))g(r) with  g(0) =1,

and put poey,(y) = ¢g(1). We need the following well-known general properties of the path
ordered exponential.

Lemma B.1. Let w € Q'(X, g).
(a) It depends only on the thin homotopy class of the path: if there is a fixed-ends homotopy
between 7,7 : x — y whose rank is less than two, then poey,(y) = poey,(v').
(b) It is compatible with path composition: if v : x — y and v : y — z are composable
paths, then poe, (Y *v) = poey (V') - poey, (7).
(¢) It is natural under the pullback of differential forms: if f : W — X is a smooth map,

then poeg-o,(7) = poew(f(7))-
(d) It is natural under Lie group homomorphisms: if ¢ : G — G’ is a Lie group homomor-

phism, then @(poe,,(7y)) = poey, ) (7).
(e) It is compatible with gauge transformations: if g : X —= G is a smooth map and w' :=

Ad, ™t (w) + g*0, then poe,(7) - g(7(0)) = g(v(1)) - poews (7).

The following propositions discuss special properties of path-ordered exponentials in the total
space of principal 2-bundles and 1-morphisms between those; in combination with the notion of
horizontality defined in Section 3.1.

Proposition B.2. Let P be a principal I'-2-bundle equipped with a connection Q.
(a) If B is a path in Obj(P) and v a path in G with v(0) = 1, then poeqa(R(B,7)) = ~v(1)~* -
poeqa ().
(b) poeqs(idg) =1 for every path B in Obj(P).
(c) Let p be a horizontal path in Mor(P) such that s(p) is horizontal, and let h be a path in H
with h(0) = 1. Then, poeqs(R(p, (h,1))) = h(1)~1.

Proof. For (a) we consider X := Obj(P) x G, so that (3,7) is a path in X. It is easy to check
using Eq. (1) that the map g : X — G : (p,g') —= ¢'~! is a gauge transformation between
R*Q% and priQ®. Thus, by Lemmas B.1 (c¢) and B.1 (e) we have

poeqa(R(B,7)) = poer-aa(8,9) - 9(8(0),7(0)) = g(B(1),7(1)) - poeprzaa (8, 9) = ¥(1)~" - poeqa ()

For (b), we apply Lemma B.1 (c) to id : Obj(P) —= Mor(P) and use id*Q° = 0. For (c) we note
that Eq. (2) and the assumptions on p imply R*Q%(p, h, 0) = n~19. The corresponding initial
value problem is then solved by n~'; this shows the claim. O

Proposition B.3. Suppose J : Py — Ps is a 1-morphism in 2—Bun¥(M). Let A:[0,1] — J
be a horizontal path such that a,.(X) is horizontal, and let h : [0,1] — H be a path with h(0) = 1.
Then, poey,(A - (h,1)) = h(1)~1.

Proof. Let v = (vp,1v1) be the connective, connection-preserving pullback on J. Connectivity
together with our assumptions on A imply (0 (X - (h,1))) = h~'h. The corresponding initial
value problem is then solved by n~'; this shows the claim. O
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Next we discuss an important application of the path-ordered exponential related to a gauge
transformation (g, ¢) : (A, B) — (A’, B’) between I'-connections on X, see Section A. We note
that (¢, A") is a 1-form on X with values in b x g, so that poe, 4/(y) € H x G for any path ~
in X. Since G acts on H the G-component of poe, 4/(7) is just poeas(y). The H-component,
however, is an independent quantity; we denote it by hy ,(7) € H. In the following we study

some of its properties.

Proposition B.4. Let (g,¢) : (A, B) — (A, B') be a gauge transformation between I'-connec-
tions on X.

(a) If v:x — y and v : y — =z are composable paths, then

hg.p (v on) = hg.e () - a(poea (v'), hgo (7))

(b) For all paths v : © — y, we have

poear(7) - g(x) = t(hge(v) ") - g(y) - poea(y).

(c) If (¢,¢)) : (A", B") — (A" ,B") is a second gauge transformation, and v : x — y is a
path, then
hig 0(g.0) (1) = 9" (V(¥)), hgp (7)) + hgr i (7).

Proof. We have poey, ar(7' © v) = poeg ar(7') - poey a(y) in H x G. Since the projection of
poe,, ar(7y) to G is poeas(y) we have (a). (b) is [10, Lemma 2.18|. (c) is the functoriality proved
in [10, Section 2.3.4]. O

Gauge transformations can be produced from a fake-flat connection €2 on a principal I'-2-
bundle P in the following way. First we note that the pair (2%, —Q€) is a I'-connection on
Obj(?P), with the sign chosen such that it is fake-flat in the sense of Section A. Consider the
smooth manifold X := Mor(P) x G equipped with the maps x1,x2 : X — Obj(P) defined
by x1(p,g) := t(p) and x2(p,g9) := R(s(p),g~!). Now we have the fake-flat I-connections
(A, B) := x7(Q%, —Q°) and (A, B') := x5(Q%,—Q°) over X. We define g := pry : X — G and
g = (ag)«(pri?’) € Q'(X, h).

Lemma B.5. (g,¢) is a gauge transformation between (A, B) and (A’, B').

Proof. Identity Eq. (59) is proved by a direct calculation using only ¢,(Q°) = A(Q%) and the
transformation rule for 0%, [13, Eq. (5.1.1)]. Identity Eq. (59) is proved similarly using addi-
tionally the transformation rule for Q¢ (Eq. (3)) and the fake-flatness of 2. O

Correspondingly, we have the quantity hy,(p,y) € H associated to any pair of paths p in
Mor(?P) and v in G. The following two lemmas list its relevant properties.
Lemma B.6. (a) hy(idg,v) =1 for all paths  in Obj(P) and v in G.

(b) hgo(p1oR(p2,7),7271) = a(v2(1), hyu(p1,71)) - hygp(p2,72) for all paths p1, pa in Mor(P)
and y1,72 in G such that t(p2) = R(s(p1),7; ).

Proof. For (a) we consider the map i : Obj(P) x G — Mor(P) x G : (p, g) = (idp, g), under
which i*¢p = 0 (because id*2® = 0). From Lemma B.1 (c) we obtain

poey, ar(idg,v) = poeg i« ar (B,7) = (1, poear(7));
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this implies the claim. For (b) we consider X := X, Xy, X, where X = Mor(P) x G, so that
((p2,72), (p1,71)) is a path in X. On X we have the three I'-connections

(A, B) = pr;x?(ﬂa, _Qc)
(Ala B/) = pr;x;(9a7 _QC) = pI‘TXT(Qa, _Qc)
(A”a B”) = pr;XE(Q% _QC)'

and by Lemma B.5 two gauge transformations
pri(g,¢) : (A, B) — (A, B') and pri(g,¢): (4, B) — (4", B").

We claim that the map p : X — X defined by u((p2,92), (p1,91)) == (p1 © R(p2,91), g291)
satisfies

1 (g, ) = pri(g, ») o pra(g, ¢),

where o denotes the composition of gauge transformations. The only non-trivial part is to show
the required identity for the h-valued differential forms, p*¢ = priy + (agopr, )« (Pr3w), which
follows from the definition of ¢ and the identity AQ? = 0. By Proposition B.4 (c) and Lemma B.1

(c) we obtain

hgo(p1 o R(p2;71),7271) = Pue(g.0) ((p2,72), (p1,m)) = a(12(1), hg o ((p1,71)) - hgp(p2:72)),
this is the claim. O
Lemma B.7. hy,(p,v) = a(y(1), hgeu(p,1)).
Proof. Put p2 =id and 7; = 1 in Lemma B.6 (b) and then use Proposition B.8 (e). O

We can thus restrict ourselves to the case of constant paths v = 1, and remain with a quantity
ha(p) := hgx(p,1) € H associated to any path p in Mor(P). It has the following properties:

Proposition B.8. Let P be a principal I'-2-bundle over M with fake-flat connection €.
(a) ho(R(p,7)) = a(v(1)~", ha(p)).

(b) ha(p2) ™" = ha(p").

(c) ha(piop2) = ha(p1) - ha(p2) whenever p1 and pa are pointwise composable.

(d) ha(p' *p) = ha(p) - a(poeqa(s(p')), ha(p)) whenever p' and p are composable paths.

(e) ha(p) = poeqs(p) if s(p) is horizontal.

(f) ha(R(p,(h,1))) = h(1)~! if p and s(p) are horizontal, and h is a path in H with h(0) = 1.
(9) ha(p) =1 if p and s(p) are horizontal.

Proof. (a) follows in the same way by putting p; = id and 72 = 1 in Lemma B.6 (b), and then
using Lemma B.7. (b) follows similarly with p1 = p5 Vand 41 = 4 = 1, and (c) follows with
71 =72 = 1. In (d), we have over X an identity A" = Ady,, (prjp*Q®) — pr30, i.e. the map
(p,9) —=g~!
Thus, Lemma B.1 (e) implies

is a gauge transformation between s*Q® and A’ in the sense of Lemma B.1 (e).

poeqa(s(p')) - ¥ (0) " =+'(1)"" - poear (o', ')

and hence

hgo(p op, 1) = hgu(p',1)-alpoea (p', 1), hgp(p, 1)) = hg (0, 1) - a(poeqa(s(p’)), hgp(p,1)).
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(e) is proved by a direct calculation of hg,(p,1). Let (1, ) be a path in H x G that solves the
initial value problem for (¢, A’), i.e. hg,(p,1) = n(1). Employing the definitions of ¢ and A’
the differential equation splits into two components

A(7) = —Q%(s:(p(7))R(7)
0(r) = =Q(H(7))1(T) — (i) )+ (2 (5:(A(7))))

Since s(p) is horizontal, we have x = 1, and we see that n(1) = poeqs(p). This shows the
claim. (f) and (g) follow from (e) in combination with Proposition B.2 (c). O

Another situation where a gauge transformation appears are l-morphisms. Suppose J :
P — P’ is a l-morphism in 2—Bun¥ff (M) between principal I'-2-bundles with fake-flat con-
nections ) and €', respectively. Let v = (v,v1) be its connective, connection-preserving, and
fake-flat Q’-pullback. We consider the smooth manifold Q) := J x G equipped with the maps  :
Q — Obj(P) and x' : Q — Obj(?P') defined by x(j,9) := e1(j) and X'(4, 9) := R(ax(5),97").
Then we have the I'-connections (A, B) = x*(Q% —Q°) and (4’, B') := x*(*, —Q°). We
define the map g := prg : @ — G and the 1-form ¢ € Q1(Q,h) by ¢ := (ag)«(privo).

Lemma B.9. (g,¢) is a gauge transformation between (A, B) and (A’, B').

Proof. Eq. (59) is a straightforward computation using Eq. (1) and the condition ¢, (1) = o Q% —
afQ* which is part of the relation J*Q) = Q, see [13, Lemma 4.3.3|. For condition Eq. (60) we
first compute using Eq. (1) that

Qo+ 3lp A gl + (A A o) = (0)s(dwo) + 5 (ag)aloo A o] + (ag)ec (072 A ).

Using the fake-flatness of v, this is equal to —(cy)«(1). Another part of the relation J;Q' = Q
is v = of Q° — V' using this and Eq. (3) it is easy to show that —(ag).«(11) = (ag)«(B) — B'.
This shows Eq. (60). O

Thus, we have the quantity hy (), ~) associated to any pair of paths A in J and v in G. Our
first goal is to understand the dependence on 7.

Lemma B.10. hy,(\,7) = hgo(X -1 1).
Proof. We consider p : Q@ x G — @Q defined by p(j,g,9") = (5 -¢',99'). It is easy to check that

p o = prip and p*(x* Q') = pry)(x*Q*). Now, the definition of hy, and Lemma B.1 (c) give
the claim. 0

By the lemma, it suffices to consider the quantity h,(A\) € H associated to each path \ in J.

Proposition B.11. Let J : P — P’ be a 1-morphism in 2-Bun¥ff(M), and v be its pullback.
For every be a path X in J such that o, (X) is horizontal, and every path v in G we have hy,(\-7y) =
a(’)’(l)ilvpoeuo(/\))'

Proof. Similar to the proof of Proposition B.8 (e). O
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Appendix C: Surface-ordered exponentials

If ' is a Lie 2-group and (A, B) is a fake-flat I'-connection on a smooth manifold X, then there
exists a surface-ordered exponential soes p(X) € H associated to any bigon ¥ : v =+ in
X. Tt is defined by a two-fold iteration of path-ordered exponentials in [10, Section 2.3.1]. We
summarize the properties of the surface-ordered exponential in the following four propositions.

Proposition C.1. Let (A, B) be a fake-flat T'-connection, and ¥ : v => " be a bigon.
(a) soea p(2) only depends on the thin homotopy class of X.
(b) It satisfies the target-source-matching condition t(soes (X)) - poea(y) = poea(y').
(c) If X' : v = +" is vertically composable to a bigon ¥’ @ ¥ : v => ~" then

soes (X o %) = soes p(¥) - soea p(X).

(d) If S : 4 = 7' is horizontally composable to a bigon Lo : 7o~y => 7 o/, then

soeq (X0 X) = soeq p(X) - a(poes(7), soeap(X)).

(e) If f: X —= Y is a smooth map, then soes4 py(¥) = soea (X o f).
(f) If B=0, then soes gp(¥) = 1.

Proof. (a) to (d) are a reformulation of [10, Proposition 2.17|. (e) follows from Lemma B.1 (c).
Only for (f) we have to look into the details of the definition of the surface ordered exponential
in [10, Section 2.3.1]. Since B = 0, we have Ay, = 0 for the 1-form Ay, of Eq. (2.26) in that
reference. Then, the function fs; vanishes, and so does the map k4 o which defines soeq o(X). O

Remark C.2. Suppose f : [0,1]2 —= X is a smooth map, of which we can think of as a piece
of surface in X. In order to compute the surface ordered exponential of f, we need the following
terminology. A bigon-parameterization of f is a bigon ¥ : v, x 14 => v, * 7 in X such that
there exists a homotopy between f and X of rank less than three, which induces homotopies
of rank less than two between the following pairs of paths: ~; and the top edge f(0,—), v
and f(1,0) the bottom edge, v, and the right edge f(—,0) and -, and the left edge f(—,1).
It follows immediately that two bigon-parameterizations ¥ and ' of f are thin homotopic.
In particular, the surface-ordered exponential of f is well-defined. To see the existence of a
bigon-parameterization, one can compose f with a standard bigon in R?, see [10, Eq. 2.5].

Let P be a principal I'-2-bundle with fake-flat connection €. We recall that (Q%, —Q°) is a
fake-flat T'-connection on Obj(P). Hence, we have a surface-ordered exponential

ho(E) == hge _qe(X) € H

associated to every bigon 3 in Obj(P). Next we study the surface-ordered exponential under
gauge transformations. We start with the following.

Lemma C.3. Let (g,¢) : (A,B) — (A, B’) be a gauge transformation between fake-flat T'-
connections, let 3 : v => 7' be a bigon, and let y := (1) =+/(1). Then,

soear 1 (3) - by (7)™ = g () - alg(y), soea B(X)).-

Proof. [10, Lemma 2.19]. O
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Now recall from Lemma B.5 that every principal I'-2-bundle P with fake-flat connection {2
induces a gauge transformation on the smooth manifold X := Mor(P?) x G. Lemma C.3 gives
the following result.

Proposition C.4. Let P be a principal T'-2-bundle with fake-flat connection Q. Let ¥ : p => p/
be a bigon in Mor(P), and © : v => ' be a bigon in G. Then,

a(v(1) 7, soeq(R(s(¥),071))) - ha(p) ™ = ha(p') ™" - soeq(t(¥)),
where O~ denotes the point-wise inversion in G.
Corollary C.5. If ¥ is a bigon in Obj(P) and © : v => ' is a bigon in G, then
soeq(R(X,0)) = a(y(1)7L, soeq(X)).
Proof. We use Proposition C.4 with ¥ = id(X), and then Lemma B.6 (a). O

Finally, we recall from Lemma B.9 that every l-morphism J : P — P in 2—Bun¥ff (M)
induces a gauge transformation on the smooth manifold @ := J x G. Lemma C.3 gives the
following result.

Proposition C.6. Let J : P — P’ be a 1-morphism in Q—Buanf(M). Let Q and € denote the
connections on P and P’, respectively, and let v denote the Q' -pullback on J. Let ¥ : X => X be
a bigon in J, let © : v => +' be a bigon in G. Then,

soeqy (R(e(2),071)) - by (-7 ) ™H = b (X -9 7H) 7 - al(y(1), soea(ai(2))).

Appendix D: Smooth 2-functors on path 2-groupoids

The path 2-groupoid Pa(M) of a smooth manifold M is defined in the following way:

(a) Its objects are the points x of M.

(b) Its 1-morphisms are thin homotopy classes [y] : # — y of paths in M.

(c) Its 2-morphisms are thin homotopy classes [X] : [y] => [7/] of bigons in M.
Using thin homotopy classes is one way to turn this structure into a strict bigroupoid, with
the usual composition of paths, and the obvious vertical and horizontal composition of bigons
sketched at the beginning of Section 4.3. A detailed definition is in [10, Section 2.1]|.
We recall the following constructions from [10, Section 2.3]:

(a) If (A, B) is a fake-flat I-connection on M, then we obtain a 2-functor

FA,B . PQ(M) — BF,
given by the following assignments:
s>, [r=poealy) and [X]— (soea (%) poea(v)),

where [X] : [y] => [y/]. The well-definedness under thin homotopies was already mentioned
in Lemma B.1 (a) and Proposition C.1 (a).

(b) If (g,¢) : (A,B) — (A’,B’) is a gauge transformation between fake-flat I-connections,
then we have a pseudonatural transformation

Pgp s FaB — Far pr,

given by the assignments z = g(z) and [y] = (hg(7) ", g(y)poea()) for [7] : z — .
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(c) Ifa: (g1,91) = (g2, 2) is a a gauge 2-transformation, then we have a modification

Ao Pgio1 = Pgapos

given by the assignment = +— (a(x), g(x)).

These three constructions define a 2-functor
P : Cont! (M) — Fun(Py(M), BT),

see [10, Section 2.3.4]. Besides of being a strict bigroupoid, the path 2-groupoid is naturally
enriched in the category of diffeological spaces. Hence, there is a sub-bicategory

Fun™(P2(M), BT') C Fun(Pa(M), BT)
consisting of smooth 2-functors. The main result of [10] is that P induces an equivalence of

bicategories, COnIJ:f(M) = Fun®™(Pa(M), BT).
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