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Abstract

We give explicit formulae for a differential graded Lie algebra (DGLA) model of the triangle which
is symmetric under the geometric symmetries of the cell. This follows the work of Lawrence-
Sullivan on the (unique) DGLA model of the interval and of Gadish-Griniasty-Lawrence on an
explicit symmetric model of the bi-gon. As in the case of the bi-gon, the essential intermediate
step is the construction of a symmetric point. Although in this warped geometry of points given
by solutions of the Maurer-Cartan equation and lines given by a gauge transformation by Lie
algebra elements of grading zero, the medians of a triangle are not concurrent, various other
geometric constructions can be carried out. The construction can similarly be applied to give
symmetric models of arbitrary k-gons.
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1. Introduction

For a regular cell complex X, it is possible to associate a DGLA model A = A(X) over Q
satisfying the following conditions
(i) as a Lie algebra, A(X) is freely generated by a set of generators, one for each cell in X and
whose grading is one less than the geometric degree of the cell;
(ii) vertices (that is O-cells) in X give rise to generators a which satisfy the Maurer-Cartan
equation da + 3[a,a] = 0 (a flatness condition);
(iii) for a cell z in X, the part of dz without Lie brackets is the geometric boundary dpx (where
an orientation must be fixed on each cell);
(iv) (locality) for a cell z in X, Oz lies in the Lie algebra generated by the generators of A(X)
associated with cells of the closure Z.
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The existence and general construction of such a model was demonstrated by Sullivan in the
appendix to [9]. By [1], there exist consistent (even symmetric) towers of models of simplices,
and such towers are unique up to (exact) DGLA isomorphism. The model of an interval is unique
[6]. In [5], an explicit symmetric model of the bi-gon (exhibiting the dihedral symmetry of the
bi-gon) was given, the main intermediate step being the construction of a ‘symmetric point’ in
the model of the boundary of the bi-gon, invariant under the full symmetries of the bi-gon. The
main theorem of this paper is Theorem 3.8, which provides an explicit construction of a model
of a single triangle (one 2-cell, three 1-cells and three 0-cells) which is invariant under the action
of the symmetry group S3 of the triangle.

While the inspiration for the construction of such models came from rational homotopy
theory ([7], [8]), their application may be to diverse fields where such infinity structures enter,
from deformation theory to discretisation of differential equations, to be discussed in future work.

In this section we collect some general facts about DGLAs and models of cell complexes (see
[6]). In section 2, we focus on the triangle and its boundary giving some asymmetric models of
a triangle as well as conditions on data from which a symmetric model may be constructed, the
main element being what we call a ‘symmetric point’!. In section 3, we complete the construction
by showing how to construct such symmetric data, while in section 4 we show how a similar
procedure can be applied for an n-gon, n > 3.

General DGLAs. For simplicity we will work over k = Q, though the discussion also holds
for any field of characteristic zero. Recall that a DGLA over k is a vector space A over k with
Z-grading A = @p,ezA, along with a bilinear map [.,.]: A x A— A (bracket, respecting the
grading) and a linear map 9: A—A (differential, grading shift —1) for which 9% = 0 while

o symmetry of bracket: [b,a] = —(—1)llPl[q, b];

e Jacobi identity: (—1)1%[[b, ¢],a] + (=1)Plel[[c, a], b] + (=1)lellel[[a, b], ] = 0;

e Leibnitz rule: O[a,b] = [da,b] 4+ (—1)l%l[a, Ob];

for all homogeneous a, b, c € A. Defining the adjoint action of A on itself by ad.(a) = [e, a], the
operator ade : A — A has grading shift |e|, for homogeneous e € A. The Jacobi identity and
Leibnitz rule can now be reformulated as operator equalities

e Jacobi identity: ady,y = [ada,ady);

o Leibniz rule: ady, = [0, ad,];

in terms of the graded operator commutator, [4,B] = Ao B — (—=1)/4lIBIB o A. Since the
relations all preserve the number of brackets, it is meaningful to define an additional grading by
the number of (lie) brackets; in particular, for z € A, let 2™ denote the part of 2 containing
precisely m brackets.

Points and localisation. An element a € A_; is called a point (or said to be flat) in the model,
if it satisfies the Maurer-Cartan equation Oa + %[a, a] = 0. For any point a € A_;, define the
twisted differential 0, by 0, = d + ad,; the fact that 92 = 0 is guaranteed by the Maurer-Cartan
condition. By the localisation of A to a point a, denoted A(a), we will mean the DGLA which
as a graded Lie algebra is

(ker Do a,) © D An

n>0

!For an independent non-constructive existence proof of a symmetric point in a triangle see [2], independent and
simultaneous work.
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with the induced bracket from A and the differential d,. This contains only non-negative grad-
ings. Leibnitz guarantees that ker d,| 4, is closed under Lie bracket.

Edges and flows. Any element e € Ag defines a flow on A by

Z—f =0e—ade(xr) on A_q, Z—f = —ade(x) on Ax ;. (1)
This flow is called the flow by e, and preserves the grading. (To define this rigorously, one
may work in a space quotiented by all expressions involving N + 1 Lie brackets, as in [6],
effectively truncating to the space of linear combinations of terms involving at most N Lie
brackets, whose coefficients are polynomials in ¢ with rational coefficients. Then one considers
the tower of spaces as IV increases. Equivalently, one may choose a basis for the finite-dimensional
space of expressions involving exactly N Lie brackets and then allowed expressions are formal
combinations of these basis elements, over all N, with coefficients which are polynomials in t.
While we talk about functions of ¢ and their derivatives, these are well-defined for rational t,
with derivatives being well-defined since all the coefficients are polynomial functions of ¢.)

Lemma 1.1. For any e € Agy, the flow by e in grading —1 preserves flatness. That is, if
x(t) € A_y satisfies (1) with initial condition x(0) satisfying the Maurer-Cartan condition, then
at any (rational) time t, also x(t) satisfies Maurer-Cartan.

Proof. As in the proof of Theorem 1 in [6], consider the curvature f(t) € A_y defined by f =
Oz + 3|z, z]. It satisfies

df dx dx

i 8% + |::L', dt] = —0(adex) + [z, Oe] — [z,adc(x)]
= —0oade(x) + ady(z) + (ad,)%e = —ad, 0 d(z) + %ad[%x]e = —ad.f,

a first order homogeneous linear ode for f(¢) with initial condition f(0) = 0, since x(0) satisfies
the Maurer-Cartan condition. Thus f(¢) = 0 for all ¢, as required. O

Linearity of the differential equations (1) in e, ensures that flowing by e for time ¢ is equivalent
to flowing by te for a unit time. Denote the result of flowing by e from a € A_; for unit time,
by ue(a), so that the solution of the first equation in (1) is x(t) = u(2(0)). Explicitly

1 — eade
— o—ade o
ue(a) = e *%ea + ad. e,
oo n
where the meaning of the second term on the right hand side is the series (7171#'“ (ade )™ 1(0e).

n=1

Lemma 1.2. For a point a, the condition that u.(a) = a is equivalent to O,e = 0, that is
e € A(a)o (e is localised at a). This is a linear condition on e and therefore in this case the flow
by e fizes a at all time (not only after unit time).

Lemma 1.3. (see [5/, Lemma 2.2) If e flows from a point a to a point b in unit time, then
Oy 0 exp(—ade) = exp(—ade) 0 9, so that exp(—ade) intertwines the localisation A(a) to the
localisation A(b).
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Example 1.4. The unique DGLA model, A(I), of an interval has three generators; a, b of
grading —1 (the endpoints) and e of grading 0 (the 1-cell). The differential is given by the
condition u(a) = b (see [6]). Explicitly

E E

> B; i
de = (ade)bJij(ade) (b-a)=1—pat1—=Fb
i=0

where E = ad., B; denotes the i*" Bernoulli number defined as coefficients in the expansion

o0

—_— = Bn%l, and the expressions in E are considered as formal power series.
n=0

Example 1.5. In any DGLA model A(X) of a regular cell complex X, for any 1-cell e in X

with endpoints a, b, there is a natural DGLA homomorphism A(I) — A(X), while u.(a) = b.

Baker-Campbell-Hausdorff formula and BCH. For non-commuting indeterminates x and
y, there are unique homogeneous (non-commuting) polynomials F,,(z,y) of degree n, for n € N,
such that, as formal series

exp(x).exp(y) = exp <Z Fn(x,y)> )
n=1

In particular, Fi(z,y) = x + y and it is a classical result that for n > 1, F,(x,y) lies in the
free Lie algebra on the two generators z, y, that is, it can be expressed as a linear combination
of iterated brackets of x, y; see [4] for a short proof. The formula for Y >, F,(z,y) is known
as the Baker-Campbell-Hausdorff formula, and we will denote it by BCH(z,y); see [3] for a
computational formula.

Properties 1.6. (a) The first few terms of BCH(z, y) are

1 1 1
BCH(w,y) =2 +y+ 5[z,y] + E(X%y +Y?z) - 21 XY Xy

1 1 1 ) )
—m()&y +Yi) + EO<X2Y2$ +YV2X%y) + %(Xydx FYX3y) 4

where X, Y denote ad,, ad,.
(b) The formula is universal and thus also applies to the operators ad,, ad, for z,y € A, in
any Lie algebra A. By the Jacobi identity, BCH(ad,,ad,) = adpcp(s,y) and so in Aut(A),

(expady) o (expady) = exp adpc(z,y)-

(c) Uniqueness implies associativity of BCH, that is BCH (BCH(w7 Y), z) = BCH (x, BCH(y, z))
for any symbols z,y,z. Denote the combined BCH of n symbols zi,...xz, € A by
BCH(xy,...,z,) so that

exp BCH(z1,...,2y) = (expxy1) -+ (exp xy) ,
in the (completed) universal enveloping algebra of A and
exp BCH(ad,,,...,ad;,) = (expad,,) - (expad,, ) € Aut(A) .

Again BCH(x1, ..., x,) will be a formal sum of terms, the zeroth order being x1 + - - -+ x,,
and higher orders being linear combinations of (repeated) Lie brackets of the x;’s.
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(d) Uniqueness similarly implies that BCH(x, —z) = 0 while
BCH(—=zy,...,—z,) = —BCH(zp,...,x1) .

(e) BCH(z,y, —z) = (expady)y.
(f) BCH(exp(ade)x,exp(ade)y)) = exp(ad.)BCH(z, y).

Lemma 1.7. There is a homomorphism from the group Ay considered with operation BCH, to
the group Aut(A), defined by mapping e € Ay to the flow (in unit time) as defined on all gradings
in A by equations (1).

Proof. By [6] Lemma 3, and the explicit formula given for u.(a) above, it follows that

Ueqy (uel (a)) = uBCH(el,eg)(a) 5

for any a € A_1. Thus, on elements of grading —1, a flow by e; for unit time followed by a flow
by ey for unit time is equivalent to a flow by BCH(eq, e2) for unit time. Note that the flow for
unit time by e acting on A,, for n # —1, is just the exponential operator exp(—ad,) for which it

is immediate that exp(—ad,,) o exp(—ade,) = exp(—adpcH(e, e,))- O

Definition 1.8. By a piecewise linear path v in A, is meant a sequence of points a; € A_4
(0 < i < m) along with elements e; € Ay (1 < i < m), called edges, which are such that the
edges define flows between the respective points, that is ue,(a;—1) = a; for all 1 <7 < m. For such
a path, we denote by BCH() € Ag the iterated BCH of the edges, BCH(vy) = BCH(ey, ..., en).
A piecewise linear path in A is called a loop if its initial and final points agree, that is ag = ay,.

Lemma 1.9. (see [1]) If X has ¢ connected components and {a1,...,a.} is a choice of basepoints,
one in each connected component, then the set of points in A(X) is

U {ue(ai) ‘ ec Ao} U {ue(O) ‘ ec Ao} )
i=1

For each i, the map m;: e — ue(a;) is a ‘fibration’, with fibre Wi_l(ai) generated as a vector space
by {BCH(v)|y € m1(X, ai)}, while the map mp: e — ue(0) is injective.

2. The triangle

Let A be the triangle, with three O-cells, three 1-cells and one 2-cell. We denote a corresponding
model (DGLA) by A; as a Lie algebra it will be generated freely by a,b, ¢ (grading —1), e, f, g
(grading 0) and h (grading 1) corresponding to the 0,1,2-cells respectively in A; see Figure 1,
center.

The geometric symmetry group of the triangle, S, acts on A by permuting the vertices and
thus also the corresponding generators a, b, c. Such a permutation induces a permutation of the
edges and thus on the corresponding generators e, f, g, possibly with signs coming from changes
in orientation of the edge; it is immediate that the signs of the images of all these generators are
the same, namely the sign of the permutation. Finally it acts on the generator h, corresponding
to the face, by mapping it to +h, the sign being that of the permutation.

By the Leibnitz rule, the differential 0 is determined by its values on generators. On vertices,
0 is fixed by the Maurer-Cartan condition, namely

8@2_%[61,&]7 ab:_%[babL 80:—%[0,0].
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On 1-cells, 9 is also unique (see Examples 1.4 and 1.5), for example

E E
b+ 1—e*EC’

Oe =
CT1_¢E
and similarly for df, dg by permuting a,b, ¢ cyclically. The only freedom in A is in Oh € Ay,
which to give a valid model of A must be such that 9?(h) = 0, while (9h)% must coincide with
the topological boundary dgh = e + f 4+ g. The purpose of this paper is to give a formula for 0h
which is symmetric under the S5 action of the symmetries of the triangle.

Let A denote A with the 2-cell removed, and A its corresponding model, which is unique,
A= {a,b,cye, f,g) C A.

Figure 1:  Left, The complex X!, can be sub-divided into A (center), however the derived
algebra would not be symmetric under S3. Right, the symmetric model A is based at the central
point =, which can be connected to the vertices by «, 8,7 and are permuted under Ss.

Explicit non-symmetric models of the triangle. The 2-cell with one vertex X', has a
model A! with one generator in each degree —1,0,1, say a, e, h respectively with dpe = 0,
0og = e. The explicit model is given by

0a = —3la,a],  de=le,al, Oh=e—[a,h].

Equivalently, d,e = 0 and 0,9 = e. Using the functoriality of the construction X — A(X) under
subdivision of intervals, one obtains a model of A (Figure 1) in which

oh = BCH(g, e, f) — [a, h] (2)

This is not symmetric under the symmetries of the triangle (although it is invariant under the
reflection in the median from a). We could describe this model as ‘based’ at a, and will denote
it A,. Similarly there are models based at the other vertices of the triangle

Ay: 0h=BCH(e, f,g) — [b,h],
A.: Oh=BCH(f,g,e) —[c,h].

The symmetries of the triangle permute a, b and ¢. Similarly they permute e, f, g with an added
sign (the sign of the permutation). These symmetries preserve A, which was after all the unique
model of the triangle boundary A. However they permute the three models A,, A; and A..
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Data for symmetric triangle model. The aim of this work is to provide an explicit fully
symmetric model of A. As in [5], this will be done by finding a symmetric point 2 in A (that
is, a flat element of A_; which is invariant under the S5 action) and then producing a model
‘based’ at x, given by

8h:q_[$’h]’ (3)

where ¢ € Ag. The condition ¢ € ker 9,4, guarantees that 9> = 0.

By Lemma 1.3, a path from a to = (in A) whose BCH is say « € Ay, allows an identification of
A(z) with A(a). By Lemma 1.9, ker 9,| 4, is one-dimensional, generated by the BCH of the one
generating loop in A, namely BCH(g, e, f). Thus ker d;|4, is also one-dimensional, generated
by exp(—ad,)BCH(g,e, f) = BCH(—a,g,e, f,a), whose zeroth order part (no Lie brackets) is
e+ f+g.

Lemma 2.1. An element o € Agy for which x = uq(a) is a symmetric point in A, will gener-
ate a symmetric model of A given by (3) with ¢ = BCH(—q, g, e, f, ) so long as q is totally
antisymmetric under the action of Ss.

Proof. The only condition remaining to check is symmetry. Under the action of € € S3, h changes
to sgn(e) - h while x remains unchanged. Relation (3) thus transforms to

sgn(e) - Oh = e(q) — [z, sgn(e) - b},

which is equivalent to (3) so long as €(g) = sgn(e) - q. O

3. Construction of symmetric data for the triangle

In this section we work exclusively in the model, A, of the triangle boundary A (triangle with
2-cell removed).

Flattening the triangle. For any graph, I', by a realisation of I' in A we mean an assignment
of points in A_; to vertices of I' and elements of Ay to (oriented) edges of ' in such a way
that the relation u.(a) = b holds for every edge of I, where e is assigned to the edge and the
vertices it connects are assigned the points a and b. A realisation will be said to be flat, if the
BCH of any loop in the realisation vanishes, in the sense of Definition 1.8. A flat realisation of
a connected graph T is uniquely determined by the label on one vertex, a (an arbitrary point in
A) and an assignation of elements of Ay to edges in such a way that BCH(v) = 0 for all loops
v in T based at that vertex (it suffices to check that this holds for a collection of generators ~y
of m1(I';a)). For, given an edge labelling, and the label on the vertex a, the labels on the other
vertices may be defined using the flows along paths from a. This is always well-defined by the
flatness condition.

We will construct a symmetric point z in A, along with an element « for which u,(a) = z,
as limits of sequences of points and BCH’s of paths, respectively, on finer and finer subdivisions
of the triangle. It will be important to use flat realisations on the graphs in order to establish
the symmetry properties, since it allows any path in a graph to be replaced by any other path
with the same endpoints, and still lead to equivalent elements in A.

Example 3.1. The graph I'g with three vertices and three edges has a natural realisation in A,
where a, b, ¢ label the vertices, e, f, g label the edges, u.(b) = ¢, u¢(c) = a and uy(a) = b. This
is not flat, since there are no relations between e, f, g and in particular BCH(e, f, g) # 0.
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Figure 2: Left, The triangle graph 'y has a natural (non-flat) realisation in A (center). Right,
A flat realisation of the same graph in A.

Define ey, fo, 90 € Ag by

eo = BCH (—%BCH(@, 7, g),e) ,

fO = BCH (_%BCH(fv.% e)vf) s
go = BCH (—iBCH(g, ¢, f),9) -

Lemma 3.2.  wu.,(b) =c.

Proof. e, f and g, in that order, compose a loop based at b, thus upcgye,f,9)(b) = b and by Lemma

0 — 1 3 =
1.2, BCH(e, f,g) € kerdy. Hence also —3BCH(e, f,g) € kerd, so that u—%BCH(e,f,g)(b) b

by L 1.2 in. Thus by L 1.7 b) = b)) = b) =

y Lemma again us by Lemma 1.7, ue,(b) = ue (uéBCH(e,f,g)( )> ue(b) = ¢, as
required.

Similarly, us,(c) = a and ug,(a) = b.

Lemma 3.3. BCH(ep, fo,90) = 0.

Proof. By properties 1.6 (e),(c) of BCH,
exp(—ad.)BCH(e, f,g) = BCH(—e, BCH(e, f, g),e) = BCH(f, g,¢) .

Since exp(—ad,) is linear, exp(—ad,) (—%BCH(@, f,g)) = —%BCH(f,g, e) and so eg can also be
written as eg = BCH (e, —%BCH(f,g,e)). Thus

BCH(eo, fo) = BCH (e, —2BCH(f, g,¢), f) = BCH (e, f, —2BCH(g, e, f)) ,
and combining with go, BCH(eg, fo,90) = BCH(e, f,—BCH(g, e, f),g) = 0. O
Combining Lemmas 3.2 and 3.3 gives the following.

Proposition 3.4. There is a flat realisation of I'g in which the vertices are assigned a, b, ¢ while
the edges are assigned eq, fo, go, as in Figure 2.

Iterative step - subdividing a flat triangle. The graph, I';, obtained from I'g by adding
midpoints to the edges and joining the three midpoints, will have six vertices and nine edges.
From any flat realisation of I'g, say with edges labelled by eq, fo, go, there can be constructed
according to Figure 3, a flat realisation of I'; in which the corners are labelled by the same
points as the given realisation. To verify flatness, it suffices to verify the condition for the four
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generating loops around the four smaller triangles in I'y. Verification for the outer triangles is
immediate from the definition, while for the inner triangle

BCH (BCH(%]%? %90)7 BCH(%Q(M %60)7 BCH(%G()? %fO)) = BCH(%fO7 g0, €0, %fO)v

which vanishes since BCH(e, fo,g0) = 0, by flatness of the given realisation.

Figure 3: Left, A flat realisation of 'y generating a flat realisation (center) of I'y (right).

Iterative construction. Iteratively define e,, f,, g, for non-negative integers n, starting with

eo, fo, go defined above, by
ent1=BCH (1 f1,309n) , fut1 = BCH (39n, 3€n) , gnt1 = BCH (en, 5 £2) -

Let I';, be the graph obtained from 'y by repeatedly subdividing the inner triangle, n times,
each subdivision of the innermost triangle according as the replacement of I'g by I'y. As in the
previous paragraph, starting with a flat realisation of I'g, we obtain a flat realisation of I';, with
the same labels on the corners as the original realisation, and in which the innermost triangle has
edges labelled by e, fn, gn. Let an, by, c, be the points labelling the vertices of the innermost
triangle in I',,. In particular, ag = a, by = b, ¢y = c.

Pick any path in I',, from ag to a, and let a,, € Ay denote its BCH in the realisation; this is
well-defined since the realisation is flat.

eo/2 ay eo/2

Figure 4: The constructed flat realisation of I's.
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Convergence

Lemma 3.5. ey, fn,9n — 0 in Ag as n — co. In other words, for all m > 0, 67[71,71} — 0 as

n — oo (and similarly for f, g).

Proof. Applying the iterative construction above n times to the initial condition eq, f1,¢1 (in
place of eq, fo, go) will arrive at €,41, frni1,gn+1. Consequently €,41, fni1,gn+1 can be obtained
from ey, fn, gn by the replacement ey — e1, fo — f1, go — g1. Recall that BCH(ey, fo,90) = 0
and so there is a unique Lie algebra expression for e, as a linear combination of Lie words in e,
fo. Indeed, e,, f, can be obtained from eq, fy by iterating n times the substitution

eo — e1 = BCH (3 fo, 290) = BCH (3 fo, —3BCH(eo, fo)) ,
fo— fi = BCH (3go, 3e0) = BCH (—4BCH(eo, fo), 3¢€0) -

Let B be the free Lie algebra on two generators eg, fo, and consider it embedded in Ap in the
natural way. The above substitution induces a linear map 7 : B — B which is non-decreasing
on the number of Lie brackets and for which e, = 7"(eq), fn = 7"(fo). For each m > 0, choose
a basis for the finite dimensional vector space BI™. With respect to the basis for B obtained
from the union of these bases, the matrix for 7 is a lower triangular (partitioned) matrix. Since
7(eg)l = —%60 and 7( f0>[0] = —% fo, thus the diagonal blocks in the matrix of 7 are multiples
of the identity matrix with factor (—2)~" on the r-th block (dealing with terms with precisely
r — 1 Lie brackets). The truncated (finite-dimensional) matrix of the first m x m blocks gives
the matrix of 7[<™) the induced action of 7 on B/BIZ™. It has eigenvalues (—2)~" € (—1,1)

for 1 < r < m, and thus (T[<m])n — 0 as n — oo for all m. Applying this to eg, fo gives
<m] [<m]

e% — 0 and fy — 0 as n — oo; in other words e,, f, — 0 in B and hence also in Ay.
Since g, = —BCH(ey, fy), it follows from continuity of BCH that g,, — 0. O
Lemma 3.6.  The sequence (o) converges in Ay.

Proof. By the flat realisation of I, constructed above, it follows that

1 1 1
an+1 = BCH (a3n, 5930, fant1) »  a3nt2 = BCH (30, 393n, —5€3n+1) -

Hence by Lemma 3.5, it suffices to show that the subsequence (asy,) converges. Now,

a3nt3 = BCH (a3n, 5930, 5 f3n+1, 5€3n+2) -
Let o be the Lie algebra homomorphism B — B defined on the generators by

eo — g1 = BCH (e, 3 fo) .
fo > e1 = BCH (35 fo, —3BCH(eo, fo)) -

This is the composition of 7 (defined in the proof of Lemma 3.5) with a rotation. Then o(e,) =
In+1, 0(fn) = ent1 while o(gy,) = fn+1 and as, = BCH (%0,0(%0), .. ,03"_1(%0)). Thus it is
enough to show that the sequence

(BCH (% a(%“), . ,an—l(%o)))

(which contains {asy,} as a subsequence) converges, which we do by proving that for any natural
number m its projection onto the finite-dimensional vector space B/B [2ml] converges.
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Matriz of o. We use the same notation as in the proof of the previous lemma. The matrix of
o is a lower-triangular block matrix. Since o(eg)l% = L(eg + fo) and o(fo)l¥) = —Leg, thus the
block in the (1,1) position of the partitioned matrix for o is

()

This is diagonalisable with eigenvalues —%w, —%wQ where w is a cube-root of unity. Choose a

basis for B?) which diagonalises the (1,1) block of ¢ there.
Diagonal blocks of o. Let o’ denote the linear map B — B defined as the Lie algebra

N[ DO
N[ —

homomorphism defined on the generators by

eo — 3(e0 + fo) ,

f0|—> —%60.

The matrix of ¢’ will be block diagonal and these diagonal blocks will agree with those in o. Via
the map

(B[O])W —, gl
’U1®"'®UT’}—>[vlr"ﬂ[v?"_l’vr]”']’

we can consider BI""1 as a quotient of (B[O})‘@T by the ideal I, generated by Jacobi relations.
The action of ¢’ on B induces one on (B [O])@’r preserving I, and the action on the quotient is
precisely the action of o/ on BI"~1 described by the (r,7) block in the matrix of o’ (or of o).
By the previous paragraph, o’|gg is diagonalisable with eigenvalues —%w, —%wz and thus the
induced action on (Bl%)®" is also diagonalisable with eigenvalues which all have absolute value
27", The (r,r) block of the matrix for o is a quotient of this and thus also diagonalisable with
eigenvalues which all have absolute value 27".

Bound on matriz entries in powers of o!<"™. Fix m. We consider only the induced actions

on B /B[Zm], that is the first m x m blocks in the matrix representations; let o!<™ denote
this induced action from o. Choose a basis for BI"~1 which diagonalises the (r,7) block in o for
1 <7 < m. Let C be the absolute value of the largest matrix entry in ¢!<". Let d,, = dim BI' 1
be the size of the r-th block.

For any natural number n, the matrix for ™ will be a lower triangular block matrix, because
o is a lower triangular block matrix; the diagonal blocks will be diagonal and the entries will
have absolute values 27" in the (r,7) block. The (a,b) entry in the (i, j) block (i > j) of o™ is

dinfl

di,
Z Z o Z (Uiil)am (Uiliz)plpz s (Jin_lj)pn,lb s

1241 2>>0p 12> P1=1 pn—1=1

where o;; denotes the (i, j) block of the partitioned matrix for o. For any ¢ > iy > -+ > 4,1 > j,
let s1,..., s, denote the points at which steps occur, that is those s (1 < s < n, in increasing
order) for which i,_; > is (counting ig =i and i,, = j). In particular, 5,1 = 4 while i, = j.
The maximum number of steps k is i — j. For a particular sequence of steps (that is, where they
oceur si,...,s, and what are their values j; = is,,...,jk—1 = is,_,), the contribution to the
above sum is bounded by

(2—i)81—10(2—j1)82—81—1c e (2—jk—1)Sk_sk—1_10(2—j)n_5k “dj, ---d

Jk—1
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since oy; is diagonal. For fixed k <i — j and j1,...,Jk_1,

Z (27i)5171(27j1)5275171 . (zfj)nfsk < (Z) (ij)nfkfl )

1<s1<- <5, <n

So, if d = max{dy,...,dn}, an arbitrary entry in the (i, j) block of 6™ is bounded by

chdk 1 (i— _11> (Z) (2-iyn—k-1

Since i — 7 < m — 1 and j > 1, this bound is at most 27" times a polynomial in n of degree at
most m — 1 and hence all matrix entries in (o[<")" can be bounded by C’(2/3)" for some C"

(dependent on m).

Bound on coordinates of v, = (0”(%90))[<m]. As above,

(0" (390))" " = (0= (3a5™)

which we denote by v, € BI<"). The matrix elements in the power of ¢!<"" are all bounded by
a multiple of (2/3)™ while the vector g([)<m] is constant. Thus, in any chosen basis for BI<™ v,
has all coordinates (and thus also their sum) bounded by a constant (dependent on m) times

(2/3)".

Coefficients in BCH. From now onwards we will revert to a basis for Bl") in which the basis

elements are (a subset of) Lie monomials in eq, fo with 7 brackets. The formula for BCH(z, y)
is an element of the (completed) free Lie algebra on x and y. Since g9 = —BCH(ey, fo), the
coefficients in the formula are given precisely by the coordinates of —gy with respect to the
chosen basis. Denote these coefficients hy] € Q, so that

oo dlrl
BCH(eo, fo) = Y > _ hllel"),
r=0 j=1
where eBT] is the j-th basis vector in BI"l and dl'l = dr41 is the dimension of B "], For example,
dO = 2, take el = ¢, el = fo as basis for B, and then hl = ) = 1. Similarly

dU]:]ﬂeg]_[q»ﬁ)andhﬁ] ForsecondOrderbmckets’d[g]:2,1186(3[12]:[607[60’%]]7
= [fo, [eo-fo]] and then h[lz] h[22] _ 12
Bound on growth of BCH. Since BCH is non-decreasing on the number of Lie brackets, it

induces a well-defined (associative) binary operation on B/B[Z™ . Define a metric on B/B[Z™
by

oo dlrl m—1 dl
> > e -2 Z a5
r=0 j=1 =0 j=1

Let D denote the maximum norm of all Lie monomials in ey, fy with at most m — 1 brackets.
For a € B, denote by al"l € Bl'l the part of a with r Lie brackets. Then for any a,b € B,

r o dld

i=0 j=1
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where e(a,b) is the result of substituting a, b in place of eq, fo in the Lie monomial e € B. For
example

BCH(a, b)) = @l + pl0] |

BCH(a, b))l = o 4 1 4 1[40 5[0

BCH(a, b)? = al? + b2 + %[G[O]’ o] + %[a[ll’ bl + %[Q[OL [al%, 0] — %[b[ol’ [al%, 0] .

But for any monomial e € B involving k times eg and [ times fy (k,1 > 0),
lle(a, b)I="]| < Dlla][*|[p]|',

since substituting monomials for e, fp in a monomial will produce another monomial, which will
have norm at most D. Thus there exist homogeneous polynomials p, in two variables, of degree
r 4+ 1, such that for all a, b,

m—1

IBCH(a,) —a— bl < 3 pe(llall, 5],

r=1

with p1(x,y) = Dzy/2, pa(z,y) = Dxy(z +y)/12 and furthermore p,(x,y) is divisible by zy for
all r. So in particular,
IBCH(a, b) — al| < [[o[|Q(]al], [[b]]),

for a suitable polynomial @) in two variables of degree m — 1.

BCH-Cauchy. By the previous paragraphs, we have a sequence of vectors v, € B/ Blzm]
satisfying ||v,|| < D(2/3)™ for all n (some constant D) and the proof of the lemma will be
complete once it is shown that the sequence

(BCH(’U(), U1, ,vn,l)[<m])

converges in BI<"). Let X denote the maximum value of Q(z,y) when 0 < z,y < D. By the
previous paragraph,

||IBCH(a,b) — al| < X||b|| whenever |[|a]|,|[b|]| < D.

Choose N sufficiently large that (3/2) > 1+ 2X.
Fact. For arbitrary k > N, || BCH(vg,...,v;)|| < D for any i > k.

Proof. By induction on i. When i = k, the statement holds as ||vx|| < D(2/3)¥ < D. Assuming
it holds for all k < i < n, then

IBCH(vg, - . ., v3, vi41) — BCH(vg, . .., v)|| < X||vig|| < DX(2/3)"

Combining with the triangle inequality for it = k,k+1,...,n—1,

n—1
IBCH(vg, - .., vn)| < [Jug]| + Y DX (2/3)"*" < D(2/3)*(1 +2X) < D(2/3)" ¥,
i=k

which is at most D, proving the inductive step. O
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Thus, for any n > k > N,

IBCH(u, - ., vn) — BCH(u, ., )|
= ||IBCH(BCH(vy, .. ., vk), BCH(vk11, .- ., vn)) — BCH(upn, . . ., v ||
< X||BCH(Uk+1a CER) Un)” < XD(2/3)k+1_N>

and therefore the sequence (BCH(UN, . ,vn)[<m]) is a Cauchy sequence in BI<™ and hence
converges. Since BCHI<™ is continuous, taking a BCH of the sequence with BCH(vo,...,vn-1),
will produce a convergent sequence also, namely (BCH(U(), ey vn)[<m]), as required. O

Denote the limit of the sequence {a,,} by a. Set z = uqy(a). Since a, = uq, (a), it follows
that a,, — .

Symmetry. The symmetry group S3 of the triangle permutes the vertices a, b, c and the edges
(with signs) e, f, g. By construction, ey, fo, go will be identically permuted (with signs) as e, f, g
and the symmetry of the iterative step guarantees that this holds also for e, f,, g» for all n and
finally that ay, b,, ¢, will be permuted amongst themselves, and similarly for «,, 8n, Vn-

Since b, = ug, (an), gn — 0 (Lemma 3.5) and a, — = (Lemma 3.6), it follows that b, — x.
Similarly ¢, — x. Since S3 permutes a,, b,, ¢, it follows that z is invariant under this action,
that is, x is a symmetric point.

Similarly to Lemma 3.6, {8,} and {~,} are convergent sequences; denote their limits by
B,7 € Ag. Since S3 permutes g, Bn, Vn, it also permutes «, 8,v. Applying S3 to the equality
uq(a) = = we obtain that ug(b) = uy(c) = .

Lemma 3.7. A flat realisation of the tetrahedral graph T is obtained in which the outer vertices
are labelled a,b,c and the outer edges ey, fo,go with the central vertex labelled x and interior
edges labelled by a, 5,7, as in Figure 5.

Proof. The previous paragraphs suffice to show that the given labelling is a realisation of T
It remains to prove flatness of the realisation, that is, vanishing of the BCH of closed loops in
T, and in particular that the BCHs of each of the three generating loops vanish. Note that
BCH(go, Bns —gn, —am) = 0, since it is represented by a loop based at a on the flat realisation of
I',, constructed above. In the limit n — oo, the equality gives BCH(go, 5, —a) = 0. Similarly for
the other faces. O

90 fo

€0

Figure 5: Left, The constructed flat realisation of the tetrahedron T' (right).
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Symmetric model of the triangle.
Theorem 3.8. A symmetric model of A is given by
Oh =BCH(—a, g,e, f,a) — [z, h] .

Proof. It is already known that x is a symmetric point and so by Lemma 2.1, it remains
only to prove that ¢ = BCH(—«, g, ¢, f, &) is anti-symmetric under the S3 action, for which it is
enough to check the action under generators of Ss.

Reflection in the median through a acts by fixing a, interchanging b, ¢, changing the sign of
e, interchanging f, —g. This fixes a and interchanges f3,~. This reverses the sign of BCH(g, e, f)
and thus also of q.

Rotation cycles between a,b,c and similarly between e, f,g and between «, 3,v. Thus ¢
transforms to BCH(—8, e, f, g, 3). Since § = BCH(—gp, ), thus

BCH(_Ba €, f?.ga B) = BCH(—O&,go, €, fvga —90, Oé) =4q,

where the last step follows, using the definition of gg, from

BCH(QOv €, fag7 _90) = BCH(—%BCH(Q, €, f)ag7 €, f7 %BCH(Q, €, f)) = BCH(Q? €, f) . O

4. Generalisations

Computations. By iteratively solving the condition o(a) = BCH(—g/2, «) along with the
requirement that 5 is obtained from « (and 7 from /) under the rotation eg — fo, fo —
—BCH(ey, fo), one can calculate «, /3, 7y in terms of ey, fo. The result is

o=~ 3(e0+2fo) = glevs fol = grleos o, foll + 55 os leos foll +++
8 =2 (20 + fo) + gleo, fol + gleos eo, foll — g5 o, leos fol + -+
v :%(fo —eg) — %[60 + fo, [eo fol] + -+ .

Remark 4.1. Note that «, 3 freely generate B = (e, fo) and so -y can be written as a universal
Lie word in «, 3, say 7 = f(«, ). The symmetry constraints imply that f(8,«) = f(«, 3) while
fla, f(a, 8)) = B. In fact f(a,8) = —a— [+ --- where the first non-trivial term has at four
Lie brackets:

17
22.33.5-11
Here A = ad, and B = adg.

1
<A4,B + B'a — A’B*a — B?A%3 + §(AB304 + BA3B)> :

k-gons The arguments of this paper can be applied to any k-gon, where the iterative operation
is to replace a k-gon by inscribing another k-gon joining the edge midpoints. The only slight
complication is in the convergence argument. For example, for a square, 7 is replaced by an
automorphism of the free Lie algebra on three generators given by
e f g 1
e — BCH 379 ) f—BCH|=,=2]), ¢g+— BCH 5,—§BCH(e,f,g) .

To zeroth order, this is e — %(e + 1), fr— %(f +9),9+— —%(e + f) which has eigenvalues
0, %(—1 + ¢) which still all have absolute value less than 1.
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