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Abstract

Algebraic injectivity was introduced to capture homotopical structures like algebraic Kan com-
plexes. But at a much simpler level, it allows one to describe sets with operations subject to no
equations. If one wishes to add equations (or operations of greater complexity) then it is natural
to consider iterated algebraic injectives, which we introduce and study in the present paper.
Our main application concerns Grothendieck’s weak w-groupoids, introduced in Pursuing

Stacks, and the closely related definition of weak w-category due to Maltsiniotis. Using w iter-
ations we describe these as iterated algebraic injectives and, via this correspondence, prove the
faithfulness conjecture of Maltsiniotis. Through work of Ara, this implies a tight correspondence
between the weak w-categories of Maltsiniotis and those of Batanin/Leinster.
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1. Introduction

The categorical notion of injectivity captures interesting structures in many areas — for instance,
injective modules in algebra and Kan complexes in homotopy theory. Algebraic injectivity was
introduced [13, 20| with the homotopical examples in mind, but even in the simplest settings it
has much to say.

For instance, whilst all sets are injective with respect to monomorphisms, an algebraic injec-

tive with respect to the inclusion j : 2 < 3 is a set X equipped with a binary operation m, or
magma, as depicted below.
X
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Now iterating injectivity is a futile affair: injectives in injectives are injectives. On the other
hand, in the present paper we will show that iterating algebraic injectivity produces interesting
structures. For a simple example, all universal algebraic structures are algebraic injectives in
algebraic injectives (a.k.a. 2-injectives) in Set — see Example 3.11 below.

The primary case of interest here concerns the cellular globular theories of [19] used to define
Grothendieck weak w-groupoids [14]. In this setting, we will show that models of cellular globular
theories can be identified as certain w-injectives — iterated algebraic injectives using w iterations.
We will use this identification to prove the faithfulness conjecture of Maltsiniotis [19], which we
now describe in a little more detail.

Grothendieck’s weak w-groupoids [14] and the weak w-categories introduced by Maltsiniotis
in [19] are globular sets with additional structure, expressed in terms of their being models of
certain globular theories. In order that the models of a globular theory T are equipped with the
operations expected in a higher categorical structure one imposes contractibility conditions upon
T. To capture weakness of these operations one requires that T is cellular — this means that it
can be constructed as a colimit of a chain

Jhi1 Jntt
@0 = TO Tl cee Tn Tn+1 — T

in which ©q is the initial globular theory, and in which each J7, ; : T,, — Ty41 is obtained
by freely adjoining fillers — see Section 2.4. In [19] Maltsiniotis conjectured that each functor
JP T, = T, for n < m defining a cellular globular theory is faithful. Assuming this con-
jecture Ara [2| established a sharp correspondence between the weak w-categories introduced
by Maltsiniotis and those of Batanin/Leinster [4, 18]. However the faithfulness conjecture, on
which the correspondence depends, was left unproven. Using the framework of iterated algebraic
injectivity, we prove it in Theorem 5.2.

Let us now describe the structure of the paper. In Section 2 we describe some background on
globular sets, globular theories and the faithfulness conjecture. In Section 3 we recall algebraic
injectivity, introduce iterated algebraic injectivity and the important class of (A, B)-iterated
algebraic injectives, which are parametrised by a set of objects A and family of maps B in the
base category. In Theorem 3.12 we show that, for a suitable choice of A and B, these capture
the models of cellular globular theories. In Section 4.1 we abstract results of Nikolaus [20]
relating to the construction of free algebraic injectives, and extend them to our iterated setting.
Using these results, we prove the faithfulness conjecture in Section 5. In Section 6, using the
framework of [11], we generalise some of the results in Section 3 away from the globular setting
— in particular, we show that in general (A, B)-iterated algebraic injectives are the categories of
algebras for cellular monads/theories with respect to a class of maps determined by A4 and B.

2. Background on globular theories

2.1 Globular sets The globe category G is freely generated by the graph

o1 (op) On—1 On
0 n n
T1 T2 Tn—1 Tn

subject to the relations 0, 00,1 = 0, 07,—1 and 7, 0 0,,_1 = T, © T,_1. These relations ensure
that there are precisely two maps o, : Tnm : n = m for m > n. We abbreviate oy, ., and 7, p,
by ¢ and 7 when the context is clear.
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The presheaf category [G°P, Set] is the category of globular sets. A globular set A : G? — Set
is specified by objects A(n) together with morphisms
Sn
' A

A(n) — (n—1)

where we write s, = A(o,) and t,, = A(7,), or just s and ¢ if the context is clear.

Elements of the set A(n) are referred to as n-cells of A. A pair (z,y) of n-cells in A are said
to be parallel if either n = 0 or if the equations s,z = s,y and t,x = t,y hold. A lifting for
such a parallel pair (z,y) is an element z € A(n + 1) such that s,112 = = and t, 412 = y. If
each parallel pair of n-cells in A has a lifting (for each n) then the globular set A is said to be
contractible.

The notions introduced in the preceding paragraph can be understood in terms of lifting
properties. Firstly, an n-cell in A amounts to a morphism of globular sets Yn — A from the
representable globular set Yn = G(—,n). Let j, : S(n) — Y (n + 1) be the globular subset of
Y (n+1) obtained by omitting the single n+ 1-cell of Y (n+1). This globular set has two distinct
m-cells for all m < n and none in higher dimensions. Now a parallel pair of n-cells (z,y) in A
corresponds to a morphism S(n) — A and, moreover, the parallel pair admits a lifting just when
the corresponding morphism S(n) — A admits an extension along jy, : S(n) < Y (n + 1). Later
on we will use the following well known expression of S(n) as the coequaliser

o*+o* .
Yin—1)+Y(n-1)""——=Y(n)+Y(n) " sn)
T*T*

whose universal property captures the fact that S(n) classifies parallel n-cells.

2.2 The category O of globular cardinals The category of globular sets has a small dense
subcategory ©y, first described by Berger [5], whose objects have been termed globular cardinals
by Street [21]. These include the representables—the n-globes Yn for each n—but also shapes
such as the globular set with distinct cells as depicted below.

The globular cardinals can be parametrised in various ways, for instance using trees [4, 5];
following [19], we will use tables of dimensions—sequences 7i = (n1,...,ny) of natural numbers
of odd length with ng;—1 > no; < mnoj+1. Given such a table 77 and a functor D: G — C, we
obtain a diagram

D Dra Do D D D D an_lD
SN N e \;

Dn1 Dng Dn5 an_Q ng

whose colimit in C, when it exists, will be written as D(7), and called the D-globular sum indexed
by 7. If all such colimits exist then we say that C admits D-globular sums — let us emphasise
that admitting globular sums is not a property of a category but of a category under G. Dually
a globular object A : G’ — C determines a diagram

A(nq) A(ng) A(ns) A(ng—2) A(ng)

P T

A(ng) A(ng) A(ng-1)
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whose limit, denoted A(7), is called a globular product.

Consider Y: G — [G°P,Set]. Taking the full subcategory of [GP, Set] on the Y-globular
sums yields the initial, up to equivalence, category under G with globular sums. Oy is a skeleton of
this: we can view its objects as the tables of dimensions whilst O (77, m) = [GP, Set|(Y (77), Y (1)).
This gives a factorisation

G250, G, Set]

of the Yoneda embedding, in which Dn = (n) on objects.

2.3 Globular theories and their models A globular theory J : ©g — T is an identity on
objects functor preserving globular sums. The category O¢-Th of globular theories is the full
subcategory of ©g/Cat containing the globular theories.

Given a globular theory J : ©g — T its category of models Mod(T) — [T°P, Set] is the full
subcategory containing the globular product preserving functors. There is a forgetful functor
UT : Mod(T) — [G°, Set] given by restriction along (J o D)°P : G — T°. Furthermore a
morphism N : S — T of globular theories induces, by restriction, a functor N* : Mod(T) —
Mod(S) commuting with the forgetful functors to the category of globular sets.

The following proposition records a few basic results that we will need about globular theories
and their models.

Proposition 2.1. Let T be a globular theory.

1. The forgetful functor UT : Mod(T) — [G°P, Set] is monadic and preserves filtered colimits.
In particular Mod(T) is locally finitely presentable.

2. Each representable T(—, @) : T°? — Set is a model of T — namely the free T-model on the
globular cardinal Yii. Therefore we obtain a factorisation Ky : T — Mod(T) of the Yoneda
embedding Y1 through the full inclusion Ip : Mod(T) < [T, Set].

3. Given a morphism N : S — T of globular theories the restriction functor N* : Mod(T) —
Mod(S) has left adjoint Ny = Lang (K1 o N) : Mod(S) — Mod(T).

Proof. For monadicity in (1) see Proposition 6.3.6 of [2]. That UT preserves filtered colimits
follows easily from the fact that each globular cardinal Y7 is finitely presentable as a globular
set. It follows that the resulting monad T' = UTFT preserves filtered colimits. Since by [12,
Satz 10.3| the category of algebras for a filtered colimit preserving monad on a locally finitely
presentable category is again locally finitely presentable, this completes the proof of (1).

As representables send colimits to limits each representable is a T-model, and the stated
freeness property is simply an instance of the Yoneda lemma. This establishes (2). For (3) observe
that since Mod(T) is locally presentable, by (1), it is cocomplete. Therefore we can form the left
Kan extension L = Lank,(KroN) : Mod(S) — Mod(T). It remains to prove that L 4 N*. Since
the extension L is pointwise we have that Lang, (Ko N) = Lany (K7 o N)oMod(S)(Ks—,1),
where the first component L’ is the left Kan extension along the Yoneda embedding. Since the
values of Kg are representable we have that Mod(S)(Kgs—, 1) = Ig, where Ig is the full inclusion
viewing models as presheaves. Hence we have natural isomorphisms

Mod(T)(LX, A) = Mod(T)(L'Is X, A) = [S°, Set](Is X, Mod(T)(K+N—, A))

with the second using the Kan adjunction L' 4 Mod(T)(KpN—,1). Since N* acts by re-
striction we have Ig o N* = Mod(T)(K7rN—,1) so that the right side above is naturally iso-
morphic to [S°?, Set|(IsX,[sN*A). By fully faithfulness of Ig this in turn is naturally iso-
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morphic to Mod(S)(X, N*A) and now the composite natural isomorphism Mod(T)(LX, A)
Mod(S)(X, N*A) proves the claim.

0o om

2.4 Contractible and cellular globular theories Let J: ©g — T be a globular theory. A
pair of morphisms
w,v:(n)=2meT

is said to be parallel if either n = 0 or uo o, = voo, and uo 7, = vor1, A lifting for the
parallel pair consists of a morphism h : (n 4+ 1) — m such that hoo,+; = w and ho p,y1 = v.
If each parallel pair in T has a lifting then T is said to be contractible.

Remark 2.2. A parallel pair (u,v) in the globular theory T as above is simply a parallel pair
of n-cells in the globular set T(JD—,m) : G? — Set. In this way we see that T is contractible
just when the globular set T(JD—,m) : G’ — Set is contractible for each m € ©y.

Consider a family Z of parallel pairs u;, v; : (n;) = m; in the globular theory T.! There exists
a globular theory Tz and morphism of globular theories

JI:T—>TI

obtained by freely adjoining liftings for the parallel pairs of Z. More precisely
1. For each i € I the parallel pair u;,v; : (n;) = m; € T7 is equipped with a lifting ¢; :
(n; +1) — m; and
2. Given a morphism of globular theories Q) : T — S together with a lifting 6; of the parallel
pair (Qu;, Qu;) for each i € I, there exists a unique morphism of globular theories Q :
Tz — S such that Q o Jr = Q and Q¢; = 0; for each i € I.
These two properties characterise Tz uniquely up to isomorphism under T.
A cellular globular theory is, by definition, the colimit of a chain of globular theories

0 Jn Jn+l

. Jl n+1 _
O =Ty T, “e T, Tt T,=T

in which each JJ}, | : T, — Ty4q is of the form Jz, ., : T, — Tz,,, for some family of parallel
pairs Z,,+1 of T,,. We remark that cellularity in the above sense can be re-expressed as cellularity
with respect to a set of maps — see Example 6.6.

A coherator is a cellular contractible globular theory and, by definition, a Grothendieck weak
w-groupoid is a model of a coherator. The homotopy theory of these structures has been studied
in [19, 3] and more recently in [15, 17], though important questions remain open.

Now for T cellular we have, on the level of models, a cochain

Mod(T)

Uv‘:ﬁ»ll

+Mod(T11) v Mod(T,) —— -+ —— Mod(T})

Mod(©y)

Us

where we write U} = (J;})* for all n < m. We refer to this as the tower of models of T.
Since taking categories of models sends colimits of globular theories to limits of categories over
Mod(©¢p) — see Section 5.3 of [11] — it follows that Mod(T) is the limit of the above cochain of
categories.

!That is, a set I together with a parallel pair u;,v; € T for each i € I.
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Faithfulness Conjecture 2.3 (Maltsiniotis). Each of the connecting functors J : T, — Ty,
defining a cellular globular theory T is faithful.

Remark 2.4. The conjecture is stated in Section 1.4 of Maltisiniotis [19] and in the thesis
of Ara [2] as Conjecture 4.1.7. It is used in Proposition 6.7.15 and Corollary 6.7.16 of 2] to
give an explicit description of the globular theory ©pr whose models coincide with the weak
w-categories of Batanin-Leinster [4, 18] — to be precise, the models of the initial globular operad
with contraction.

Before moving on, let us identify the models of globular theories of the form Tz. To this end,
we define a (T, Z)-model (X, x) to consist of a T-model X together with a morphism z; for each
¢ € I such that the diagram

is serially commutative. The morphisms of Mod(T,Z) commute with the given liftings. There is
an evident forgetful functor U : Mod(T,Z) — Mod(T).

Proposition 2.5. There is an isomorphism of categories K : Mod(T,Z) — Mod(Tz) rendering
commutative the diagram

Mod(Tz) K Mod(T, T)

Jr* /

Mod(T)

Proof. The functor K sends a Tz-model X to the (T,Z)-model (X o Jz?, Xy) whose first
component is X o Jz% : T — T — Set and whose lifting function at ¢ € I has value
X(¢;) : X(m;) = X(n; +1). Clearly K commutes with the respective functors to Mod(T).
Hence it remains to show that it is bijective on objects and fully faithful. We establish these
properties using endomorphism theories.

To this end, let X € Mod(T). By definition, the (relative) endomorphism theory of X is
obtained as the (identity on objects/fully faithful)-factorisation of X°P : T — Set” depicted on
the left below

Xopr
Ex X Mx [}
T 2, End(X) T, End(x) XX Setor
A
N

Set?P S

Since X preserves globular sums so does Ex, so that End(X) becomes a globular theory on
restricting Ex along J : ©g — T and Ex : T — End(X) a morphism thereof. The functor
My also preserves globular sums. The universal property of End(X) endowed with My is that,
given a morphism of globular theories F' : T — S, composition with Mx induces a bijection
between globular theory morphisms A : S — End(X) with Ao F' = Ex and S-model structures
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B : S’ — Set such that F*B = X. (This correspondence is indicated in the diagram above
right and follows immediately from the fact that F', being identity on objects, and Mx, being
fully faithful, are orthogonal.)

Now End(X)(7i,m) = Set(Xm, X7) with Ex : T — End(X) acting on morphisms as appli-
cation of X. It follows that to equip X with the structure (X, z) of a (T,Z)-model is equally to
equip the morphism of theories EFx : T — End(X) with a lifting (n; + 1) — m; of the parallel
pair (Exu;, Exv;) for each ¢ € I. Therefore by the universal property of Tz there exists a unique
morphism Tz — End(X) extending E'x along J7; postcomposing with Mx gives the correspond-
ing Tz-model K'(X, z). Spelling out the formulae involved we see that KK'(X,z) = (X, z). To
see that KK = 1 we use the universal property of Tz.

The proof that K is bijective on arrows is almost identical, except that it uses endomorphism
theories of morphisms of T-models. A T-model morphism f: X — Y corresponds to a globular
product preserving functor T — (Set?)°P; now factoring it as (identity on objects/fully faithful)
gives E¢ : T — End(f), the (relative) endomorphism theory of f : X — Y. We leave the details
of this part to the reader. O

3. Iterated algebraic injectives and models of cellular theories

3.1 Algebraic injectivity By a family Z = (I, ) of morphisms in C we mean a set I and
function o : I — Arr(C).
Given such, an algebraic Z-injective is a pair (C, c) where C' € C together with extensions

A1

B;

for each lifting problem with ¢ € I. Morphisms f : (C,¢) — (D,d) of algebraic injectives are
morphisms f : C' — D commuting with the given extensions. We write Inj(Z) for the category
of algebraic injectives and V' : Inj(Z) — C for the forgetful functor to C.

Notation 3.1. We sometimes write |Z| = {«; : i € I} for the underlying set of morphisms in C.
When we assert a property of morphisms of Z — for example that they are mono — this should
be interpreted as a property of morphisms of |Z|.

Example 3.2. Let ¢ : 2 < 3 € Set be the inclusion of the cardinal with 2 elements into the
cardinal with 3. It is easy to see that Inj(¢) is the category of magmas. More generally, consider a
finitary signature 2 : N — Set and the associated function I = ¥,en2(n) — Arr(Set) sending
each element of Q(n) to the inclusion n < n + 1. Then Inj(Zg) is the category of Q-algebras
and, indeed, categories Inj(Z) for families Z of morphisms amongst {n < n + 1 : n € N} are
precisely the categories Q-Alg of algebras for finitary signatures 2.

Example 3.3. Consider the category of simplicial sets and Z = {A¥ — A,} the set of horn
inclusions. Then Inj(Z) is the category of algebraic Kan complexes considered by Nikolaus [20].

The following is a standard result. The case dealing with a set, rather than a family, of
morphisms is dealt with in the proof of Theorem 5 of [8] and the generalisation to a family of
morphisms is trivial.
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Proposition 3.4. Let C be a locally presentable category. Then Inj(Z) is locally presentable and
V i Inj(Z) — C an accessible strictly monadic right adjoint. Furthermore, if C is locally finitely
presentable and T consists of morphisms with finitely presentable domains then Inj(Z) is locally
finitely presentable and V' finitary.

We now give the key example of algebraic injectivity pertaining to the study of cellular
globular theories; namely, that Tz-models are algebraic injectives in Mod(T).

To see this, let Z be a family of parallel pairs in T and consider the parallel pair u;, v; : (n;) =
my; for 4 € I. This corresponds to the pair u;,, vi, : T(—, (n;)) = T(—, ;) in Mod(T), which —
by Part 2 of Proposition 2.1 — we can equally write as a pair of maps

Ui, Vix : F(Y(n3)) = F (Y (111))
between free T-models on globular sets. That u; and v; are parallel in T corresponds to the fact
that we have a fork on the lower row below.

F(o*+0o*) Fljm i
F(Y(ni— 1) 4+ Y (- 1) = F(Yni+ Vi) 2% (5,

F(r*+7*)
Fluga o J{(uiavi)

F(Ym;)

Since the left adjoint F' preserves coequalisers, the original pair u;,v; therefore corresponds to

the factorisation
(ui,v;) : F(Sn;) = F(Ymy)

through the coequaliser. Now to give a T-model X the structure of a (T, Z)-model is to give for
each a : T(—,m;) — X and i € I an extension as below left

(Ui*ﬂ)z‘*> (uiﬂ)i)

<O'*,T*>J J{a aniJ( J{a
FY (n; +1) ! X FY(nij+1)——— X

which, equivalently, is to give an extension rendering the rightmost square commutative. By the
universal property of the pushout square

F]nl ks (1)

such are in bijective correspondence with extensions of a along k; as below.
FY (1) ——— X

Accordingly we see that extensions of X to a (T,Z)-model are in bijective correspondence

with extensions of X to an algebraic Z*-injective for the family Z* of morphisms
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Extending the above argument to morphisms in the evident manner, we obtain an isomorphism
of categories Mod(T, Z) = Inj(Z*) over Mod(T). Composing this with the isomorphism of Propo-
sition 2.5 we obtain one direction of:

Proposition 3.5. The following coincide up to isomorphism over Mod(T).
e Forgetful functors Mod(Tz) — Mod(T) induced by morphisms of theories T — Tz for T a
family of parallel pairs in T;
o Forgetful functors Inj(Z) — Mod(T) for Z a family of morphisms in Mod(T), each of which
is a pushout as in (1).

Proof. The reverse direction involves chasing backwards through the above constructions. O

3.2 [Iterated algebraic injectivity Let I; C Arr(C) and Io C Arr(Inj(Zi)) be a set of
morphisms in the (non-algebraic) injectivity class Inj(Z;). Then Inj(Zs) is an injectivity class
in C itself — namely Inj(Z; UZy) — and so iterating injectivity produces nothing new.

On the other hand iterating algebraic injectivity produces categories that cannot be obtained
in a single step. In fact, the case of interest to us — Grothendieck weak w-groupoids — uses w
iterations. We give the definition in its natural generality.

Definition 3.6. Let A be an ordinal. By a tower of (algebraic) A-injectives over C we mean a
cochain Inj(Z) : (AT)%? — CAT such that

1. ]IHJ(Io) = C;

2. For each n < A the link map V,**! : Inj(Z,41) — Inj(Z,) is the forgetful functor from the

category of algebraic injectives determined by a given family of maps Z,,41 of Inj(Z,).

3. the cochain is smooth: that is, at a limit ordinal v < A, we have Inj(Z,) = lim,<,Inj(Z,).
The value of the cochain at 0 < A\ € AT gives the forgetful functor VO)‘ : Inj(Z)) — C from the
category of A-injectives.

Thus 1-injectives are algebraic injectives in C whilst 2-injectives are algebraic injectives in

2 By the general term iterated algebraic injectives we mean

algebraic injectives, and so on.
A-injectives for some A.
As mentioned, the primary structures of interest here are w-injectives. A tower of w-injectives

is specified by a diagram

Inj(Z).

-

- Inj(Zp41) VnT> Inj(Z,) —— - -+ —— Inj(Zy)

|

in which Inj,,(Z) is the limit of the sequence Inj(Z,)n<w-

Examples 3.7. All locally presentable categories are categories of iterated algebraic injectives
in a power of Set. This is established in the following sequence of examples.
1. If G is a directed graph with set of objects O and directed edges F then the presheaf
category SetY is a category of algebraic injectives Inj(E) in Set® where E — Arr(Set?)
sends f:n — m € E to the coproduct inclusion O(n,—) — O(n,—) + O(m, —).

ZWe use the term M-injective as opposed to algebraic A-injective since there is no meaningful non-algebraic version
of A-injectivity beyond the case A = 1.
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2. If C is a small category with underlying graph UC then it is easy to see that [C,Set] is a
small orthogonality class in [UC, Set]. By Remark 4.4 of [1], each small orthogonality class
in [UC, Set] is a small injectivity class — indeed, also a category of algebraic injectives in
[UC, Set] (since the liftings are, in this case, forced to be unique.)

3. Since each locally presentable category is a small orthogonality class (thus a category of
algebraic injectives) in a presheaf category, we conclude — on combining these examples
— that each locally presentable category is a category of 3-injectives in a power of Set.

Indeed the categories of iterated algebraic injectives in powers of Set are precisely the locally
presentable categories. If we only allow in each Z,, morphisms with finitely presentable domains
we get precisely the locally finitely presentable categories. These claims follows from the following
result.

Proposition 3.8. Let Inj(Z) : (A\T)? — CAT be a tower of A-injectives over C. If C is locally
presentable then each category Inj(Z,) in the tower is locally presentable and each connecting map
Vi Inj(Z,) — Inj(Z,,) an accessible right adjoint. (If C is locally finitely presentable and each
T, consists of morphisms with finitely presentable domains then each Inj(Z,,) is locally finitely
presentable and each connecting map a finitary right adjoint.)

Proof. We prove the statement by transfinite induction on n < A. The statement n = 0 is
our assumption that C is locally presentable. For n = m + 1 we have that Inj(Z,,) is locally
presentable and V" an accessible right adjoint for each & < m. By Proposition 3.4 then Inj(Z,,+1)
is locally presentable and V;™*! an accessible right adjoint — since each Vka = V"o Yl
is then a composite of accessible right adjoints the claim holds. For n a limit ordinal the limit
Inj(Z,,) = Inj(Z;n)m<n is, by Propositions A.1 and A.3, a bilimit. Since, by Theorem 2.18 of
[6], the 2-category of locally presentable categories and accessible right adjoints is closed under
bilimits in CAT, the claim follows. The locally finitely presentable case follows similarly from
the locally finitely presentable part of Proposition 3.4 and Theorem 2.17 of [6]. O

We write V. : Inj(Z,,) — Inj(Z,,) for the composite forgetful functor where m < n € A* and
E 4 V™ for the adjoints. In the case m = 0 we write V,, = V' : Inj(Z,,) — C for the composite
and F),, = F§ for its left adjoint.

The examples that we are interested in will arise from a more specialised context, in which
we are provided with the data of a triple (C,.A, B) consisting of a locally presentable category C,
a set A C Ob(C) of objects and a family B of morphisms of C.

Now consider pushouts in Inj(Z,,) of the form

F,A—"5F.X

Fl J (4)

FnBT>P
where a: A — B € |B| and X € A.

Definition 3.9. The tower Inj(Z) : (AT)? — CAT is a tower of (A, B)-iterated algebraic

injectives if

(t) for n < X each morphism of |Z,1]| is the pushout of a morphism F,a : F,A —
F,, B with a € |B| along a morphism u : F,,A — F, X with X € A.
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Proposition 3.10. Let Inj(Z) : (AT)°? — CAT be a tower of (A, B)-iterated algebraic injectives.
If each object of A is finitely presentable and the family B consists only of morphisms with finitely
presentable domains, then each family Z,, has the same property.

Proof. Inspecting the square (4) we see that each morphism in Z,, has source a free n-injective
on a finitely presentable object. Therefore it suffices to show that each F,, : C — Inj(Z,)
preserves finitely presentable objects and, for this, it suffices to show that each right adjoint
Vy, : Inj(Z,,) — C preserves filtered colimits. This follows by transfinite induction, arguing as in
Proposition 3.8. O

Example 3.11. Let F < Set consist of the finite cardinals 0,1,2,...and B={!: 0 —1,!:2 —
1}. From Example 3.2 V' : Inj(¢ : 2 — 3) — Set is the concrete category of magmas. Observe
that we have a pushout square as below left.

0
|
1

Let F' be the left adjoint of V. The terms ¢ = (zy)z,s = z(yz) in 3 variables are elements of

(t:5)
F2——— F3

I

Fl— 5 F3/{t =s)

—

W

—

V F3. Together, they correspond to a single map (¢, s) : F'2 — F'3. By the universal property of
the pushout F'3/(t = s) each morphism (a, b, c) : F'3 — A factors through F'3 — F3/(t = s) just
when the equation (ab)c = a(bc) holds for all for a,b,c € A. Thus we see that the category of
associative magmas is a category of (I, B)-2-injectives.

Generalising this construction in the obvious way, each equational variety (€2, E')-Alg is nat-
urally a category of (I, B)-2-injectives. Conversely, each category of (F,B)-iterated algebraic
injectives is an equational variety. One can prove this using sifted colimits and Beck’s theorem.
A better argument, not using monadicity theorems, is provided by Theorem 6.3.

Recall the category ©g of globular cardinals, and the set of morphisms B = {S(n) — Y (n+1) :
n € N} including the boundaries of representable globular sets. The main result of this section
characterises models of cellular globular theories as (O, B)-w-injectives. We will state and prove
this result in terms of cochains.

Both the towers of models of a cellular theory and of w-injectives form w™-cochains in CAT
where w™ = {0 < 1,... <n < ... < w}. These cochains share the properties of being smooth
and isofibrant. Recall that a functor W : A — B is said to be an isofibration if given A € A and
an isomorphism f : B — WA € B there exists an isomorphism f’: B’ — A with W' = f. Now
a cochain X is said to be isofibrant if each X,, — X, for m < n is an isofibration of categories.

By an equivalence F' : X — Y of cochains in CAT we shall mean a natural transformation
between cochains for which F, : X,, — Y,, is an equivalence of categories for each n. If we restrict
our attention to smooth isofibrant cochains then this yields the correct notion — in particular,
it yields an equivalence relation on smooth isofibrant cochains (see Appendix A for a proof).

Theorem 3.12. Up to equivalence of w™-cochains, the towers of models of cellular globular
theories and towers of (O, B)-w-injectives coincide.

Proof. Consider the tower of models of a cellular globular theory T. We will construct the
equivalent tower of w-injectives inductively. For the base case we use the canonical equivalence
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FEo = U®0 : Mod(Ty) = Mod(0g) — [G°, Set]. Now suppose that we have a morphism of chains
of length n as below

Mod(T,,) e Mod(T;) —— Mod(Ty)

Inj(Z,, ap) —— - - —— Inj(Zy, 1) —— [GP, Set]

in which each Ej; is an equivalence and each family 7,, satisfies (f) for m < n. Since T is cellular
we have T, 1 = (T,,)z,,,. Therefore by Proposition 3.5 we have an isomorphism Mod(Ty11) —
Inj(Zy+1, jnt1) making the left triangle below commute.

Mod(Ty41) —— Inj(Zy41, jng1) —— Ij(Znt1, Enjnt1) —— Inj(Zng1, ang1)

T | | =

Mod(T,) ————— Inj ()

Here Z,,+1 is of the form described in (2). Any equivalence of categories W : A — B lifts to
an equivalence Inj(S, a) — Inj(S, Wa) for (S, ) a family of morphisms in A; applying this to
E, and (Z,41, jn+1) yields the equivalence in the central square above. The morphisms in the
image of Ej,+1 do not satisfy (f) on the nose — in particular, they have domains of the form
E,F™ X for X a globular cardinal; however, composing these with the natural isomorphism
F,X = E,F™ X we obtain an isomorphic family (Z,11,an11) satisfying (1) — this induces an
isomorphism as in the triangle above right. We define F,,+1 to be the composite equivalence
on the top row above. Now since each FE, is an equivalence and since the cofiltered limits
Mod(T) and Inj,(K) are bilimits (see Propositions A.1 and A.3 of Appendix A) the induced
map E : Mod(T) — Inj,(K) is an equivalence. This gives the desired equivalence of cochains.
The reverse direction is similar. O

The tower-free version is an immediate consequence.

Theorem 3.13. Up to equivalence over [GP, Set], the categories of models of cellular globular
theories and of (Og, B)-w-injectives coincide.

The above results mean that if we are only interested in the models of cellular globular theo-
ries, then we can equally work the semantic notion of (0g, B)-iterated algebraic injectives instead.
The following result refines this to deal with cellular contractible theories (aka coherators) whose
models are, by definition, the categories of Grothendieck weak w-groupoids.

Theorem 3.14. Up to equivalence over [G°P, Set], the categories of models of coherators coincide
with those categories of (©o, B)-w-injectives having the property that each free w-injective on a
globular cardinal has a contractible underlying globular set.

Proof. Consider the category of models of a cellular theory T and the equivalence F with a
category of (Og, B)-w-injectives depicted below.

Mod(T) E Inj,, ()

(G, Set]
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Since E commutes with the forgetful functors it also commutes with the left adjoints, up to
isomorphism. Thus the free w-injective on each globular cardinal will be contractible just when
the corresponding fact holds for the cellular globular theory T: the free T-model on each globular
cardinal is contractible. So it remains to show that this last property holds just when T is
contractible. The free T-model on a globular cardinal 7 is simply T(—, 1) : T°? — Set and this
has underlying globular set the composite T(J o D—,m) : G’ — Set. By Remark (2.2) each

such globular set is contractible just when T is so, as required. O

Remark 3.15. One can tighten the correspondence of Theorem 3.12 by working with concrete
models [11] of a globular theory T. A concrete model of T consists of a pair (X, A) where X is a
globular set and A : T’ — Set an extension of [G, Set](Y —, X) : ©ff — Set along J°. The
assignment (X, A) — A forms the object part of an equivalence Mod(T). — Mod(T) between the
categories of concrete and of ordinary models. Thus the two categories are essentially the same
— however there is an isomorphism Mod(©g). = [G°P, Set] rather than just an equivalence. A
consequence is that the towers of concrete models of globular theories coincide, up to isomorphism
of wT-cochains, with the towers of (O, B)-w-injectives.

4. Free iterated algebraic injectives and cellularity

For C a cofibrantly generated model category with generating trivial cofibrations Z one can define
the category of algebraically fibrant objects over C as V' : Inj(Z) — C. In Theorem 2.20 of [20)]
Nikolaus showed that if

e cach trivial cofibration is a monomorphism and

e each morphism in Z has finitely presentable domain
then the model structure on C can be right induced along V' to a model structure on Inj(Z) for
which the adjunction F 4V is a Quillen equivalence.?
The main point in establishing the model structure is to show that in pushouts of the form

FA——X

N

FB——Y

with @ € Zthemap V f: VX — VY is a weak equivalence. That the resulting Quillen adjunction
is a Quillen equivalence follows on showing that the unit

nx : X > VFX

is a weak equivalence for all X. Nikolaus achieved these two results by giving explicit, closely
related, constructions of such pushouts and of free algebraically fibrant objects. In fact, Nikolaus
did more than this — showing in fact that the sought for weak equivalences are trivial cofibrations
— even Z-cellular maps.

This last point — a minor one at first appearance — obtains particular importance for us.
The reason is that we will not be working with model structures and their weak equivalences, but
simply a set of morphisms (or, if one prefers, the cofibrantly generated weak factorisation system
they determine). In our setting we would like to obtain similar free constructions of iterated

3In fact, if C is combinatorial, neither condition is required — see Theorem 15 of [8]. However for our present
purposes we make use of these conditions and follow Nikolaus’ original arguments closely.
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algebraic injectives and pushouts. Therefore we begin by abstracting, in Section 4.1, the results
of Nikolaus [20] to our setting. (These abstractions involve little originality since all of the core
constructions described below in Section 4.1 are in ibid.) In Section 4.2 we extend these results
to the iterated setting. This leads naturally to a proof of the faithfulness conjecture.

4.1 Free algebraic injectives and cellularity Let Z be a family of morphisms in a category
C. Let Cell(Z) denote the class of Z-cellular morphisms: a morphism is Z-cellular if it can be
written as a transfinite composite of pushouts of small coproducts of maps in |Z|. It is well known
and straightforward to show that Cell(Z) is stable under pushouts, coproducts and transfinite
composition.

In what follows, we work in the context of cocomplete category C equipped with a family of
morphisms I with finitely presentable domains such that Cell(Z) C Mono.

The constructions of algebraic injectives of interest to us presently are naturally seen as
liftings of sinks along V' : Inj(Z) — C. Recall that given a set of objects {Y; : j € J} a sink
under Y consists of an object X and morphisms {f; : ¥; — X : j € J}. Morphisms of the
category Sink(Y') of sinks commute with the coprojections from the Yj in the evident manner.
Given a functor U : C — D we obtain a functor

Uy : Sink(Y') — Sink(UY)

given by application of U. By definition, a U-semifinal lifting of a sink S = (f; : UY; — X :
j € J) is a representation of the functor Sink(UY)(S,Uy—) : Sink(Y) — Set. Assuming,
as is usually done, that U is faithful then this amounts to an object Xg of C and morphism
ns : X — UXg with the property that each ngo f; : UY; — UXg is in the image of U, and
which is the initial such morphism.

We are interested in two constructions, which are special cases of semifinal liftings along
V :Inj(Z) — C where |J| = 0 or |J| = 1 respectively. These are

1. The free algebraic injective on X € C;

2. The semifinal lifting along V' of a monomorphism f:V(Y,y) — X.
The first case is the semifinal lifting of the empty sink over X whilst in the second case we view
f as a l-element sink. We treat the two cases together by constructing the semifinal lifting of
asink S = {f; : V(Yj,y;) = X : j € J} having |J| < 1 and each f; a monomorphism. The
semifinal lifting will be the colimit

P? Phit1

X X, Xpg1---

\ J{anrl
Pn

Xs

of a chain in C. We start by setting Xy = X. For each n a subset
Cn(A, X,) CC(A X))

is specified and X, 41 is then defined as the pushout below

Y Ch(Ai, Xp) Aj———— X,

iel
> cn(Ai,Xn).ail Jpzﬂ
iel

Z Cn(Az‘7 Xn)-Bz' ﬁ) Xn+1 .

el
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Using the coproduct inclusions, we see that X, 11 is the universal object equipped with a map
ppq  Xn — Xpy1 and liftings 2,11 (r, %) for each pair (i € 1,7 € Cn(A;, Xy,)), as depicted below.

all J/pz+1

Bi ———— Xuq1
Tn41(ryi)

Observe also that each connecting map p;, | : X;, — Xj, 41, is Z-cellular, and so a monomorphism.

Now let Co(A, Xo) € C(A, Xo) consist of those morphisms not factoring through a member
fj of the sink. For higher n we let C,, (A, X,,) be the set of arrows A — X, that do not factor
through pz_l : X1 — X

We must equip Xg with the structure of an algebraic injective. To this end, consider ¢ € I
and r : A; — Xg. There are two cases.

If r factors through pg o fj : Y; = X — Xg as 1/, then this factorisation is unique since both
po and f; are monic.

We then define xg(r, 1) = poo fjoy(r’, i) as the composite filler depicted. Note that this definition

is forced upon us by the requirement that pg o f; be a morphism of algebraic injectives.
Otherwise, since A; is finitely presentable r : A; — Xg factors through p, : X,, —» Xg for a

smallest n € N. Again the factored morphism 7’ is unique since p,, is a monomorphism.

A, X, Xg

OziJ p2+1J( %’1

Bi ———— Xu11
Tn41(r,7)

We define 2g(r,4) = pp+1 0 Tni1(r’, i) as the composite filler depicted.

Proposition 4.1. Consider a cocomplete category C equipped with a family of morphisms T with
finitely presentable domains such that Cell(Z) C Mono. Consider V : Inj(Z) — C.
1. The forgetful functor V has a left adjoint F' and the unit nx : X — VFX is T-cellular for
each X € C.
2. Given a monomorphism f : V(Y,y) — X, its semifinal lifting ny : X — V(Xy,x5) exists
and is T-cellular.

Proof. Tt remains to verify that the morphism pg : X — Xg = V(Xg,zg) has the required
universal property. To this end consider k : X — Z = V(Z,2) with each ko f; : ¥Y; — Z a
morphism of algebraic injectives. By the universal property of the colimit Xg, extensions of k
as below left

Xo Xn

N ] N
po pn+l

Xg—— 7 Xp1— 72

ks knt1
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are in bijection with families k,, satisfying the commutativity above right and having kg = k.
Using the case-by-case definition of the liftings xg it is, moreover, straightforward to see that

ks is a morphism of algebraic injectives if and only if each ko f; : ¥; - X — Xg is so and

when, furthermore, for all ¢ € I, n € N and r € C,(A, X,,) the two composites below from B; to

Z coincide.
Ai—Ts X, Lz A r X, -z
azl lonori) OtiJ{ pn+1l 41
B; Bi———— X1
Tp41(ry%)

Now by the universal property of X,, 11 as in (5) such a kj, 41 is determined uniquely by k,, subject
to the above equality — thus a family k,, satisfying the equality in (5) is uniquely determined
by the component kg = k, and the claim follows. O

Corollary 4.2. Consider a cocomplete category C equipped with a family of morphisms I with
finitely presentable domains such that Cell(Z) C Mono. Let o : A — B be mono and consider
V : Inj(Z) — C with left adjoint F. The pushout

FA——X

N

FB——Y
exists and V f : VX — VY is a composite of a pushout of o followed by an T-cellular morphism.

Proof. Given the preceding result, this is a consequence of the following straightforward con-
struction of pushouts in the context of semifinal liftings. Namely, consider an adjunction
F AU :C— D and a span as below left.

FA-2 X A9, Ux FA-2 X
| N |
Fa o4 p Fa kp
FB B——Y ——UY, FB—Y,

Let Y denote the denote the pushout of the corresponding span in D, obtained by transposing
through the adjunction, and Y}, the semi-final lifting of the pushout coprojection p : UX — Y.
Then Y), is the pushout of the original span in C, with coprojections as on the right above. [

The following abstracts Theorem 2.20 of [20] away from model categories to the cellular
setting.

Theorem 4.3. Let C be a cocomplete category and I a family of morphisms in C with finitely
presentable domains such that Cell(Z) C Mono. Consider the forgetful functor V : Inj(Z) — C
with left adjoint F.

1. Each unit component nx : X = VFX is I-cellular;

2. The forgetful functor V : Inj(Z) — C sends FZ-cellular morphisms to Z-cellular morphisms.

3. The left adjoint F is faithful.

It is a special case — taking 7 = B — of the result that we require, which is stated and
proven below. This is formulated with iteration in mind.
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Theorem 4.4. Let B be a family of morphisms in the cocomplete category C such that Cell(B) C
Mono. Let T be a family of B-cellular morphisms having finitely presentable domains, and
consider the forgetful functor V : Inj(Z) — C with left adjoint F.

1. Each unit component nx : X = VFX is B-cellular;

2. The forgetful functor V : Inj(Z) — C sends FB-cellular morphisms to B-cellular morphisms;

3. Cell(FB) C Mono.

4. The left adjoint F is faithful.

Proof. 1. By Proposition 4.1 nx : X — VFX is Z-cellular. Since Z C Cell(B), and Cell(B)
is closed under pushouts, coproducts and transfinite composition, we have that Cell(Z) C
Cell(B), whence nx is also Z-cellular.

2. By Corollary 4.2 each pushout f of a morphism Fa in F'B is sent by V to a pushout of f
(a B-cellular morphism) followed by an Z-cellular, and hence B-cellular, morphism. Since
B-cellular morphisms are closed under composition V f is B-cellular. Since the source and
target of each o : A — B in 7 is finitely presentable V preserves filtered colimits, and so,
transfinite composition. Thus V(Cell(FB)) C Cell(B).

3. This follows from the preceding part on using that Cell(B) C Mono and that V, like any
faithful functor, reflects monos.

4. From the first part, we have that each unit component nx : X — VFX is B-cellular and
so monic. We have a commutative triangle

C(Y, X) — % Ij(Z)(FY, FX)

kf

C(Y,VFX)

whose vertical morphism is the adjointness bijection. Since nx is monic the diagonal
function is injective, whence so is the horizontal Fy x, as required. O

4.2 Free iterated algebraic injectives and cellularity The following is our iterated ver-
sion of the preceding result. This is specialised to deal with (A, B)-iterated algebraic injectives
in Theorem 4.7.

Theorem 4.5. Let C be locally presentable and B a family of morphisms in C such that Cell(B) C
Mono. Consider a tower Inj(Z) of w-injectives such that for each n < w each morphism of L1
is an F,B-cellular morphism with finitely presentable domain. Consider m < n € w™.

1. The forgetful functor V' : Inj(Z,) — Inj(Z,,) sends F,B-cellular morphisms to F,,B-

cellular morphisms.

2. The unit component X — V'E X is Fp,B-cellular for each X € Inj(Z,,).

3. Cell(F,B) C Mono.

4. The left adjoint F}} is faithful.

Proof. For finite n the stated properties hold by inductive application of Theorem 4.4 since, by
that result, if Cell(F,B) C Mono then Cell(F,18) = Cell(F**'F,B) C Mono too. It remains
to consider the case n = w and m < n. In fact the case of general m follows from the case m =0
since Inj,,(Z) is equally the limit of the cochain Inj(Zy) having k > m.

Therefore it remains to prove the three claims when n = w and m = 0. Just as in the proof of
Theorem 4.4, these will follow on showing that given a sink S = {f; : Vj°Y; = X : j € J} with
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at most one member, a mono, its semifinal lifting exists and has unit X — Vj°X,, a B-cellular
morphism. We begin by forming the semifinal lifting of the sink along V', as depicted on the
left below.

Ve jfj:fj,O X Vey; fim X,
7y M
VO% J ! Vr{w% J o
VOI‘le V#+1Xn+1

By Theorem 4.3 the unit 7? is B-cellular. We now iterate this, forming the V,"*!1-semifinal lifting
of fjn as on the right above. Note that this diagram lives in Inj(Z,). Arguing inductively, using
the established case n = m+ 1, we see that each f;, is mono and that each n;,  is F;,B-cellular.
Now form the colimit of the following chain (Dy,)nen in C.

Vo 41

0
XL VEX — e — VX, Vit Xy
k‘ %
col(D)
Since | is F,B-cellular its underlying map Vgrttgn 41 is B-cellular. Thus the transfinite

composite 1 : X — col(D) is B-cellular.

Observe that col(D) is equally the colimit of the restricted diagram (Dy)g>y, which lies in the
image of V. Since V{’ creates filtered colimits it follows that col(D) obtains the structure of an
n-injective col(D),,, unique such that each cocone projection 1 : V¥ X}, — col(D),, is a morphism
of Inj(Z,) for m > n. Since each V,**! creates filtered colimits V,**lcol(D), 11 = col(D),, so
that the sequence X, = (col(D),)nen is an object of Inj(Z,,).

Now consider the composite 19 : X — col(D) = Vi'X,,. Then ng o f; = ny o fjn, both of
whose components are morphisms of n-injectives. Thus 7 o f; is a morphism of n-injectives for
each n, and so a morphism of w-injectives. For the universal property, consider g : X — Vj°Z
having g o f; a morphism of Inj(Z.,).

. 0
Vey; T x T ynx, T Ve,

Nl A

w2z

Successively applying the universal properties of the semifinal liftings we obtain a unique mor-
phism g,, of n-injectives satisfying g,n% = go. These induce a unique map g,, : V' Xy — V5’2
commuting with the g,,. Now to say that g, is a morphism of w-injectives is equivalent to asking
that its restriction along each 7, the g,, is a morphism of n-injectives; thus the unique extension
g, i1s a morphism of w-injectives, as required. O

Remark 4.6. As a special case of the above we obtain the construction of free w-injectives as
colimits of chains of the form

Vo' kg’

X
X —— VX —— - — = VI'EX Ve MY —— X, .

Let us also state the version for (A, B)-w-injectives. This follows immediately from Theo-
rem 4.5 and Proposition 3.10.
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Theorem 4.7. Let C be locally presentable, A a set of finitely presentable objects in C and B a
family of morphisms with finitely presentable domains in C such that Cell(B) C Mono. Given a
tower Inj(Z,)pew+ of (A, B)-w-injectives consider n,m € wt with m < n.

1. The forgetful functor V' : Inj(Z,) — Inj(Z,,) sends F,B-cellular morphisms to F,,B-

cellular morphisms.

2. The unit component X — V'F X is Fp,B-cellular for each X € Inj(Z,y,).
For each n we have Cell(F,B) C Mono.
4. The left adjoint F} is faithful.

co

5. Cellular globular theories and the faithfulness conjecture

Consider a cellular globular theory

J? J:LLJrl w
0y =T, Ty - T, Ty T, =T

and its associated tower of models

n+1

Ul
- Mod(Ty41) 25 Mod(T,) —— - - - — Mod(T; ) —%= Mod(6)).

Composing with the equivalence U®0 : Mod(0g) — [G,Set] we obtain for m < n < w a
commutative triangle

Mod(Ts) —2*— Mod(T,,)

T,
UTn J{U "

(G, Set]

We write . = (J") : Mod(T,,) — Mod(T,,) for the left adjoint to the forgetful functor and
also Fi} = F™.

Theorem 5.1. Given a cellular globular theory T as above
1. The forgetful functor U, : Mod(T,,) — Mod(T,,) sends F"B-cellular morphisms to F"B-
cellular morphisms.
2. The unit component X — UL F' X is F™B-cellular for each X € Mod(T,,).
3. Cell(F"B) C Mono.
4. The left adjoint F)} is faithful.

Proof. By Theorem 3.12 there is a (0, B)-tower of w-injectives and cochain equivalence as
depicted below.

Inj(Z,

By virtue of the cochain equivalence, we must show that the corresponding facts to (1),(2) and
(3) hold for the tower of w-injectives. This is precisely the content of Theorem 4.7 on observing
that its hypotheses — each object of O is finitely presentable as a globular set, each morphism
of B has finitely presentable domain and codomain and Cell(B) = Mono — are satisfied. O



202 John Bourke, Higher Structures 4(2):183-210, 2020.

Theorem 5.2 (The faithfulness conjecture). Each connecting map J* : T,, — T, defining a
cellular globular theory T is faithful.

Proof. By Proposition 2.1 we have Fy, = Lang, (K, o J]') : Mod(T;) — Mod(T,) where
K7 and Kr, are the restricted Yoneda embeddings for T,, and T, respectively. Since K, is
fully faithful it follows that we have a natural isomorphism in the square below.

Now both vertical morphisms are fully faithful whilst F}} is faithful by Theorem 5.1. Therefore
J" is faithful too. O

6. Cellular monads and cellular theories

In the present section, we briefly describe a generalisation of Theorem 3.12, which captures the
models of cellular globular theories as w-injectives. We will present our results in the general
setting of [11]. In particular, our base £ will be enriched in a symmetric monoidal locally
presentable category V.

Given a family Z of morphisms in £, we can form the enriched category of algebraic injectives,
an object of which consists of E € £ together with a section e(i,—) : £(X;, E) — E(Y;, E) of
E(ai, B) : E(Y;, E) — E(X;, E) for each i € I. As an enriched category Inj(Z) can be encoded as
the pullback:

Inj(Z) —— SE[Z, V]

b,

e—5 Arr[Z,V] .

Here the right leg SE[Z, V] — Arr[Z, V] is the forgetful functor from the enriched category of split
epimorphisms in [Z, V] to the enriched category of arrows therein, and K the V-functor sending
C to the family (£(a;, E) : E(Yi, E) = E(Xi, E))icr-

Example 6.1. Consider ¥V = Cat and £ = Cat as a 2-category. Building on Example 3.2, let
t : 2 — 3 be the inclusion of the discrete category on two objects to the discrete category on
three. An object of Inj(¢) is a category C equipped with a functor C? — C' — in particular,
Inj(¢) is the 2-category of magmas in Cat.

Now €& itself will be a locally presentable V-category, which comes equipped with a small
dense full sub V-category A < £. This is the basic setting of [11]. It is not hard to see — for
instance, using Lemma 4 of ibid. — that Inj(Z) is itself a locally presentable enriched category,
whose enriched forgetful functor V' to & is itself a right adjoint.

In this setting one also has a good notion of A-theory — capturing the globular theories when
A = 0y — and of A-nervous monad. The two notions are equivalent by Theorem 17 of ibid. In
the present section we prove our results using monads because their relationship with signatures,
of central importance here, is a little cleaner to express. We also consider these results from the
perspective of A-theories at the end of this section.
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Following ibid. the category Sig 4(€) of signatures is the ordinary category [obA, E]. Given
) € Sig 4(€) an Q-algebra consists of an object E € £ together with a morphism £(A, E) —
E(QA,E) for each A € A. Q-algebras, together with the natural structure on homs, form an
enriched category Alg(£2). Now there is a forgetful functor U : Mnd(€) — Sig4(€) sending
an enriched monad T to the family (T'A)4c4. By Theorem 36 of [11] this has a left adjoint
F'. Furthermore by the proof of Proposition 53 of ibid, the V-category of F()-algebras is, up to
isomorphism over &£, the V-category Alg(Q2) just described.

Now although the category of monads is not typically cocomplete it does admit all colimits of
free monads on signatures. In fact the colimit closure Mind 4(€) of such free monads is extremely
well behaved: it is locally presentable, monadic over Sig 4(£) and contains exactly the so-called
A-nervous monads. For more on nervous monads and proofs of the above claims see [11].

The key signatures for us are the following ones. Namely, given a pair (A € A, X € &) we
define the signature A|X : obA — & to have value X at A and the initial object () otherwise.
Thus a A|X-algebra consists of an object E together with a single morphism £(A, E) — £(X, E).
At f: X — Y we have the map A|f : A|X — A]Y with value f at A.

Evidently there is a natural isomorphism

Sig 4(£)(A]X,Q) = E(X,Q(4)) .

Given the morphism of signatures A|f : A|X — A|Y we can form the corresponding morphism
F(A|f) of monads; now a pushout of a coproduct of such maps

F(¥icrAil X;) et p

F(EiGIAi|fi)J/ JPI

F(EicrAilY;) —— Tz

is specified by a family of triples (f; : X; — Y, t; : F(A;|X;) — T, A;)ic;. What are the algebras
for the pushout 777 Since, by Proposition 28 of 4bid, semantics sends colimits to limits we have
a pullback square as on the left below.

Alg(Tr) —— Alg(F (Zier AilY;)) —— Alg(Xicr Ai|Ys)

Alg(PI)J J JAlg(EieIAﬂfi)

Alg(T) —————— Alg(F(Sier AilY:)) ——— Alg(Sier Ail Xi)

Since we have horizontal isomorphisms in the right square above, the outer square is a pullback.
Now under the isomorphisms

Mnd(€)(F(Ai|Xi), T) = Sig 4(€)(Ai| X, UT) = £(X;, T'A;)

the map t : F(A;|X;) — T bijectively corresponds to a morphism ¢ : X; — T'A;. Furthermore
a YicrA;|X;-algebra on E € £ is specified by an A;|X;-algebra structure on E for each i € I.
In these terms, the horizontal composite functor on the bottom row of the above diagram sends
the T-algebra (F,e) to the ¥;c1A;| X;-algebra whose value at i € I is the morphism

£(A, B) L e, TE) 29 e (X1, E)
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Therefore a Tr-algebra amounts to a T-algebra (FE, e), together with a lifting

E(A;, B) —— £(Y;, B) (6)

TJ( lg(qu)

S(TA“ TE)ET&&)) 6(Xz, E)
for each ¢ € I. Morphisms of T7-algebras amount to morphisms of T-algebras commuting with
such liftings in the evident sense, and they form the morphisms of a V-enriched category in a
natural way.
Now transposing # through the isomorphism &(X;, TA;) = Alg(T)(FT X;, FT A;) to a map ¢}
we may form the following pushout

FTX, —y T 4 (7)

Fszl lpi

FTY,—— P,

in the enriched category of T-algebras. We thereby obtain a corresponding family (p;);es of
morphisms in Alg(7"). Using the universal property of the pushout we see that to equip (FE,e)
with the structure of an algebraic Z-injective is equally to give a lifting as on the left below

Alg(T)(FT Ay, (B, e) —— Alg(T)(FY;, (B,e))  E(Ay, E) —— (Y, E)
Alg(T)(FTX;, (E,e)) E(X;,E)

for each member of Z. Transposing through the adjunction F7 -4 UT and using that the transpose
of t¥ is £(t;,e) o T as in (6) we conclude that this is precisely to equip (E,e) with the structure
of a Tr-algebra. With a similar extension to hom-objects we obtain one direction of:

Proposition 6.2. The following coincide up to isomorphism over Alg(T).
o Forgetful functors Alg(Tr) — Alg(T) induced by morphisms of T — T7 where T €
Mnd 4(E).
e Forgetful functors Inj(Z) — Alg(T) for Z a family of morphisms in Alg(T), each of which
is a pushout as in (7).

Proof. The reverse direction involves chasing backwards through the above constructions. O
Given a family B of morphisms of £ let
F(AIB) = (F(Alfi) : F(A|X;) = F(A]Y)))(a0)eaxB

be the induced family in Mind 4(€). By definition, a morphism in Mnd 4(&) is F'(A|B)-A-cellular
for an ordinal A if it is a A-composite of pushouts of coproducts of maps in F(A|B); an object
is A-cellular if the unique map to it from the initial monad Idg is A-cellular. Accordingly, on

taking V-categories of algebras, a A-cellular monad gives rise to a A™-cochain of V-categories and
V-functors, with base Alg(Idg) = £.



Iterated algebraic injectivity and the faithfulness conjecture 205

Theorem 6.3. Let A — & be a small dense full subcategory of a locally presentable category and
B a family of morphisms of £. Given an ordinal A, towers of (A, B)-A-injectives coincide, up to
isomorphism of AT -cochains, with towers of algebras of F(A|B)-\-cellular monads.

Proof. Given Proposition 6.2 the proof follows inductively, arguing as in 3.12. O

Examples 6.4. Consider again £ = V = Cat, and F — Cat the dense full sub-2-category of
finite cardinals, viewed as finite discrete categories and let

B={jo:@—(e),j1:(e 0) > (e—0)jo:(e=e)— (e—e)}

be the generating cofibrations for the folk model structure on Cat [16]. Then structures such as
monoidal categories — whose definition involves no equations between objects — can be described
as (F, B)-iterated algebraic injectives in Cat.

For a simple case, building on Example 3.11, let us describe categories C equipped with a
tensor product m : C? — C : (x,y) + zy and an associator a : (zy)z — x(yz) satisfying
MacLane’s pentagon equation as 3-injectives in Cat. From Example 6.1 objects of Inj(ig) are
categories equipped with a tensor product. The terms t = (xy)z,s = x(yz) in three variables
are elements of UF'3 and, together, correspond to a single map (¢, s) : Fi(e o) — F13. Forming
the pushout as in the second square below, we see that to equip (C,m) with the structure of an
object of Inj(i1) is to give a natural transformation « : (zy)z — x(yz).

G2 Fi(e o) — ") .3 Fo(e = o) 20 py
jol Jio F1j1l lh F2j2l liz
() —— 3 Fi(e —> o) —— F13/(t — s) Fy(e — o) —— Fhd/(u =)

Now let | = ((wz)y)z and r = w(x(yz)). The two paths u,v : [ = r of the pentagon specify
a parallel pair in UsFp4 and so correspond to a single map F(e = o) — Fy4. Forming the
pushout in the third square below, we see that (C,m,a) admits the structure of an object of
Inj(iz) precisely if the pentagon equation for o holds.

Building on this example, we can use (F, B)-3-injectivity to capture any monadic algebraic
structure borne by categories, whose basic operations are of the form C" — C for finite cardinals
n, and whose defining equations only involving equalities between morphisms rather than objects.
A precise characterisation of the 2-monads describing such categorical structures was given in
Section 6 of |9], where they were called the pie presentable strongly finitary 2-monads. Indeed
using Theorem 34 of ibid, Theorem 6.3 above and the pseudo-variant of Theorem 17 of [10],
one can show that (F, B)-A-injectives are (F, B)-3-injectives for all higher ordinals A, with both
classes coinciding as exactly the algebras for pie presentable strongly finitary 2-monads.

As mentioned already, Theorem 6.3 can be reformulated using A-theories rather than monads.
By Theorem 17 of [11] we have an equivalence of categories ¥ : Th 4(€) = Mnd 4(€). Translating
through this equivalence we obtain a forgetful functor U : Th 4(€) — Sig 4(&) with left adjoint F,
abusively using the same symbols U and F' as before. Since, by Theorem 24 of ibid, ¥ commutes
with semantics in the sense that Mod(T) ~ Alg(¥T), it follows that towers of algebras of F'(A|B)-
A-cellular monads coincide, to within equivalence, with towers of models of F(A|B)-A-cellular
theories. Thus we may reformulate Theorem 6.3 using the language of A-theories, as follows.
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Theorem 6.5. Let A — & be a small dense full subcategory of a locally presentable category and
B a family of morphisms of £. Given an ordinal A, towers of (A, B)-A-injectives coincide, up to
equivalence of A-cochains, with towers of models of F(A|B)-\-cellular theories.

Example 6.6. In Section 3.11 of [19] Maltsiniotis shows that the cellular globular theories, in
the sense of Section 2.4, are exactly the w-cellular theories relative to a set of maps

I= {@O[m, n] — @o[rﬁ,n]’ € ©g-Th: m € Oy,n € N} .

These globular theories are characterised by universal properties — a morphism O¢[ni,n] — T
amounts to a parallel pair (n) = m in T, whilst a morphism from O¢[m, n]’ to T amounts to a
morphism (n + 1) — M. Furthermore ©¢[m,n] — Og[ni, n]’ is the evident map determined by
these universal properties.

To explain this using the framework of the present section, we work in ordinary Set-enriched
category theory, with base & = [G°, Set| and A = ©y. Then the ©¢-theories are — by Examples
42(v) of [11] — precisely the globular theories. Moreover, the forgetful functor U : ©¢-Th —
[0bOy, [GP, Set]] to signatures — to within isomorphism — sends J : ©g — T to the signature
m— T(JD—,m).

Now consider the set B = {j,, : S(n) = Y (n+1) : n € N} of boundary inclusions. To give a
morphism of globular theories F'(71]S(n)) — T is to give a morphism of signatures m|S(n) — UT.
In turn, this amounts to a morphism S(n) — T(JD—,m); that is, a parallel pair (n) = m €
T. Therefore F(m|S(n)) = Og[m,n]. Continuing in this way we see, indeed, that the set Z
considered by Maltisiniotis is nothing but our canonical set of morphisms F(0|B). Given this
identification, Theorem 3.12 becomes a special case of Theorem 6.5 above.

Appendix A: Fibrant cochains

In the present section we prove the results about fibrant cochains needed within the paper.

Proposition A.1. Towers of models of cellular globular theories and of \-injectives are smooth

and isofibrant.

Proof. Smoothness in the first case was observed in Section 2.4, whilst in the second case is
by definition. Since isofibrations are defined by a right lifting property, they are stable under
transfinite cocomposition. Given this, a smooth cochain X is isofibrant just when each link map
Xn+1 — X, is an isofibration. Both classes of tower being smooth, it suffices to show that if
J : T — S is a morphism of globular theories then J* : Mod(S) — Mod(T) and likewise that
each forgetful functor of the form V : Inj(Z) — C is an isofibration.

Since the structure of an algebraically injective object can be uniquely transferred along
an isomorphism, the latter case is clear. As for the former, since each category of models
is a replete full subcategory of the corresponding presheaf category, it suffices to show that
[J°P, 1] : [S°P,Set] — [T°P,Set] is an isofibration. This follows easily from the fact that J is
bijective on objects. O

The following results about the good properties of smooth isofibrant cochains are naturally
2-categorical — as such, we state and prove them using general 2-categories rather than just
CAT'. Here a 2-category refers to a strict 2-category. Given 2-categories A and B the collection
of strict 2-functors, pseudonatural transformations and modifications between them forms a 2-
category Ps(A,B). Limits and isofibrations are representable notions in a 2-category — thus,
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a cochain (X,,)nex € C is said to be smooth/isofibrant if for each C' € C the induced cochain
C(C, X, nen of categories is smooth /isofibrant.

Lemma A.2. Consider a 2-category C and a pseudonatural transformation f : X ~~ Y of
A-cochains in C. If Y is smooth and isofibrant, then there exists a 2-natural transformation
g: X =Y and invertible modification ¢ : f = g.

Proof. If A = 0 then it is trivial. For A non-zero, we define g = fo : X9 — Yy and 0y = id.
For the inductive step suppose that @ < A and that we have defined g, : X;, = Y, for n < «
naturally in n, as well as invertible 2-cells ¢, : f, = ¢, satisfying the modification equation at
m < n < «. In summary, we have an invertible modification 0., : fcq = g<o. To prove the
result, by transfinite induction, we must extend it to 0<, : f<a = g<a-

If « = 8+ 1 we have the diagram below left.

fa+1
fo+1 e
Xﬂ—i-l E— Y5+1 X5+1 s+1{ YB-‘rl
B+1 Tﬁﬁ
1
ngrl fﬂ U‘ y§+1 — ngrl * yg+1
I H
Xﬁ \9[3_{}/ YB XB T> Yﬁ
98

Since C(Xgﬂ,ng) : C(Xp41,Yp41) = C(Xp41,Y3) is an isofibration there exists 041 and
gs+1 as on the right, making the two diagrams equal. The equation is precisely the modification
condition at 8 < 8+ 1 so that we have g<gi1 : X<gi1 — Y<pgq1 and O<gi1 @ f<pr1 = g<ps1, as
required.

If « is a limit ordinal then since Y, = limy, <Y, we obtain a unique morphism g, : Xo — Yo
satisfying ¥y 0 go = gn oy for each n < a. This gives the desired cochain map g<, : X<o — Y<q.
It remains to provide an invertible 2-cell 8, : f, = g, satisfying the modification condition

fa
/\" fa
X, \G_U/ Y, Xo————Y, (8)
9o i
fies Yn, = zy Yn
| iy

for each n < a. Now the composite 2-cells in the diagram above right are of the form

¢niygofa=>gn0$g=yf;°ga

and indeed satisfy y;,, o ¢, = ¢y, for all m < n. This is proven by the following equations of
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2-cells
fa fa Ja
Xog———Y, X Y., Xog———Y,
= R el
25 Yn 2 Yn T Ym
fTL fn
7 T n T
Xn Ol Y, = Xn f4> Y, = Xn Om ) Y
\_/ ~_ 7
dn fﬁ’bu’ gn
zm, Yn zm, Yn
I fm
Xm 94> Y Xm Om ) Yin
m ~_
gm

of which the first uses that 6 : fo, = g« is a modification and the second uses pseudonaturality
of f. By the universal property of the limit C(X,,Y,) in CAT therefore there exists a unique
2-cell 6, which, on postcomposition by the y& equals ¢,; in other words, satisfying the required
equation (8) for a modification depicted above. O

Proposition A.3. 1. If X : X\°P — C is a smooth isofibrant cochain then at each limit ordinal
a < X the limit X, = limp<a X, is a bilimit.
2. Each pseudonatural equivalence between smooth isofibrant A-cochains is isomorphic (via a
modification) to a cochain equivalence. In particular, cochain equivalence is an equivalence
relation, when restricted to smooth isofibrant cochains.

Proof. 1. To say that the cone A(X,) = X<q € [@P,C] exhibits the limit X, as a bilimit is,
by definition, to say that the composite

C(A, X,) — [a,C)(AA, Xoo) = Ps(a,C)(AA, Xo)

is an equivalence for each A. Since the first component is an isomorphism, this will be the
case just when the second component is an equivalence. Since it is always fully faithful,
this is will be the case just when it is essentially surjective on objects and, by the preceding
lemma, this holds since X, is smooth isofibrant.

2. If f : X ~ Y is a pseudonatural equivalence, then by the lemma there is a 2-natural
transformation g : X — Y and invertible modification f & g. For n € A\ we have f,, & g,
since each f, is an equivalence so too is the naturally isomorphic g,. This proves the
first part. The second part from the first part using that pseudonatural equivalence is an
equivalence relation. O
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