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Abstract

We introduce and develop a categorification of the theory of Real representations of finite groups.
In particular, we generalize the categorical character theory of Ganter—-Kapranov and Bartlett to
the Real setting. Given a Real representation of a finite group G, or more generally a categorical
group, on a linear category, we associate a number, the modified secondary trace, to each graded
commuting pair (g,w) € G x G, where G is the background Real structure on G. This collection
of numbers defines the Real 2-character of the Real representation. We also define various forms
of induction for Real representations of categorical groups and compute their effect on Real 2-
characters. We formulate our results geometrically using gerbes, vector bundles and functions on
iterated unoriented loop spaces. This perspective leads to connections with the representation
theory of unoriented versions of the twisted Drinfeld double of G and with discrete torsion in
M-theory with orientifolds. We speculate on the interpretation of our results as a Hopkins—
Kuhn-Ravenel-type character theory in Real equivariant homotopy theory.
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1. Introduction

Let G be a finite group. The complex representation theory of G is a classical and well-understood
subject. In this paper we are interested in two variations of this theory. The first variation, also
classical, is the real representation theory of G. More generally, following Atiyah—Segal [2] and
Karoubi [27], after fixing a short exact sequence of finite groups

15G6G=G657Zy—1

we can consider Real representations of G, that is, a complex vector space together with an action
of G in which elements of G (resp. G\G) act C-linearly (resp. C-antilinearly). The second, more
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recent variation is the 2-representation theory of G, in which G acts by autoequivalences of an
object of a bicategory. More generally, the group G itself can be categorified to a categorical
group. In this paper we introduce and develop the Real representation theory of finite categorical
groups.

Let G be a finite group. The complex representation theory of G is a classical and well-
understood subject. In this paper we are interested in two variations of this theory. The first
variation, also classical, is the real representation theory of G. More generally, following Atiyah—
Segal |2] and Karoubi [27], after fixing a short exact sequence of finite groups

1562657, 1

we can consider Real representations of G, that is, a complex vector space together with an action
of G in which elements of G (resp. G\G) act C-linearly (resp. C-antilinearly). The second, more
recent variation is the 2-representation theory of G, in which G acts by autoequivalences of an
object of a bicategory. More generally, the group G itself can be categorified to a categorical
group. In this paper we introduce and develop the Real representation theory of finite categorical
groups.

Apart from its intrinsic importance, the representation theory of higher groups has been
studied because of its connections to other areas of mathematics and physics. For example,
the works of Bartlett [4] and Ganter-Kapranov [17] were motivated by oriented topological field
theory and equivariant homotopy theory, respectively. In both examples, the connections are
strengthened by considering categorified character theory. Related appearances of categorical
traces in geometry and representation theory can be found in the works of Toén—Vezzosi [41],
Ben-Zvi-Nadler [5] and Hoyois—Scherotzke-Sibilla [22]. We expect Real 2-representations, and
the resulting categorified Real character theory which we develop in this paper, to be related
to Zs-equivariant refinements of the connections appearing in 2-representation theory. In the
above examples, the applications are to unoriented topological field theory and, conjecturally,
Real equivariant homotopy theory.

In the remainder of this introduction we explain our main results. We restrict attention
to Real 2-representations of finite groups on categories; in the body of the paper, we work
more generally with linear Real representations of Zs-graded categorical groups determined by
a twisted 3-cocycle & € Z3(BG,CX). A Real 2-representation of G on a C-linear category C is
the data of autoequivalences

p(g):C—C, geG

and antiautoequivalences
p(w): CP —C, w e G\G

together with coherently associative natural isomorphisms encoding their compositions. Here
C°P is the category opposite to C. Retaining only the information attached to G recovers the
notion of a 2-representation of G, as studied by Elgueta [12]|, Ganter-Kapranov [17], Bartlett [4]
and others. The above definition, which categorifies the Grothendieck—Witt approach to Real
representation theory, admits a variation in which elements of G (resp. G\G) act by C-linear
(resp. C-antilinear) autoequivalences. This variation categorifies the standard approach to Real
representation theory. It is a matter of preference which categorification one uses, as all results
of the paper hold in either approach.

Associated to an ordinary 2-representation p is a collection of vector spaces of natural trans-
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formations,
Trp(g) = 2H0mCat(1C7p(g))7 gc G.

Ganter—Kapranov [17] and Bartlett [4] categorified the conjugation invariance of the character
of a representation by constructing a compatible system of bijections

Byn s Trp(g) = Tr,(hgh™t), g,h €G.

The data (Tr,, 8) is called the categorical character of p. When p is a Real 2-representation of
G, we construct an enhancement of Tr, to the Real categorical character, by which we mean a
system of bijections

Byw : Trp(g) = Trp(wg”(”)wfl), geG, web.

In particular, the Real categorical character contains strictly more information than the cate-
gorical character of the underlying 2-representation. This is in contrast to the fact that, one
category level down, the character of a Real representation is an ordinary character subject to
additional constraints. Our first main result is a geometric characterization of the compatibility

of the maps {5g,w}(g,w)eG><C'

Theorem 1.1 (Theorem 6.9). The Real categorical character Tr, of a Real 2-representation
defines a flat vector bundle over the unoriented loop groupoid of BG.

Here we regard BG as the total space of the double cover BG — BG classified by Bm :
BG — BZs,. The unoriented loop groupoid of BG is then the quotient of the loop groupoid of
BG by the simultaneous action of deck transformations of BG and loop reflection. It is worth
emphasizing that Tr, is an ordinary, as opposed to Real, vector bundle; the Real information is
encoded entirely in the base of the vector bundle. This allows us to apply techniques from the
ordinary representation theory of groupoids to study Real 2-representations.

Call a pair (g,w) € G X G graded commuting if the equality wg™“) = gw holds. We associate
to each such pair a number

Xp(gaw) = tr’]l‘r,,(g) (5g,w) eC.

The Real 2-character x, is defined to be this collection of joint traces. Geometrically, x, is the
holonomy of Tr,. Using this perspective, we prove the following result.

Theorem 1.2 (Theorem 6.11). Real 2-characters are Real C—conjugation invariant functions on
the set of grading commuting pairs in G X G:

x(g,w) = x(6g™ o™, owo™), oeG.

We call such G-invariant functions Real 2-class functions on G. In particular, Real 2-
representation theory naturally produces functions on various moduli spaces of G-bundles on
the the 2-torus and Klein bottle, corresponding to graded commuting pairs with m(w) = 1 and
m(w) = —1, respectively. See [44] for a precise description of these moduli spaces. The Klein
bottle sector is not accessible from the point of view of ordinary 2-representation theory. Real
2-class functions first appeared in [32], where they were realized as characters of unoriented ver-
sions of (twisted) Drinfeld doubles of G. Corollary 6.10 explains the precise relationship between
Real 2-representations and unoriented Drinfeld doubles. In Section 6.3 we study in detail the
case in which C is a 2-vector space, giving in Theorem 6.12 a cohomological classification of
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equivalence classes of Real 2-representations on 2Vectc and computing in Proposition 6.13 all
Real 2-characters.

We also study induction of Real 2-representations, of which there are two forms. The first
categorifies the hyperbolic functor from complex representation theory to Real representation
theory; the second categorifies induction internal to Real representation theory. Our final main
results computes the result of 2-induction at the level of categorical character theory.

Theorem 1.3 (Theorems 8.7 and 8.10). Let H < G be a subgroup compatible with the structure
maps to Zs and p a Real 2-representation of H. Then the Real 2-character of the induced Real
2-representation of G is

1 —_ —

XRIndE(p)(g’w) = m Z Xp(o-gﬂ(o-)a' 1,UCUU 1).
oeG

o(g,w)o~teH?

A similar result holds for hyperbolically induced Real 2-characters.

Theorem 1.3 is proved by first proving the analogous result at the level of Real categorical
characters, which is of independent interest; see Theorems 8.3 and 8.8.

Our geometric set-up allows for a systematic generalization of Theorems 1.1, 1.2 and 1.3
in which the twist & is non-trivial. The relevant twists of Tr, and x, are described in terms
of the unoriented loop transgression map of [32]. Twisted loop transgression realizes a sort of
dimensional reduction from Real 2-representation theory to the twisted representation theory of
unoriented loop groupoids.

As mentioned above, one motivation for Ganter and Kapranov [17] to develop 2-character
theory was to relate 2-representation theory to higher chromatic phenomena in equivariant ho-
motopy theory. Denote by BG the classifying space of G. Hopkins, Kuhn and Ravenel [20]
showed that the equivariant Morava E-theory Ef(BG), n > 1, at a prime p admits a generalized
character theoretic description. Generalized characters are conjugation invariant functions on
commuting n-tuples in G; the values of these functions and the p' order condition on the com-
muting elements will be ignored in this introduction. When n = 1 this recovers a p-completed
version of the character theoretic description of K*(BG) given by Atiyah and Segal [2]. When
n = 2 this gives a generalized character theoretic description of the equivariant elliptic coho-
mology E35(BG). Ganter and Kapranov showed that the 2-character theory of G also produces
such generalized characters, although with values in the ground field and without the p** or-
der condition. Moreover, Ganter and Kapranov showed that 2-induction of 2-representations is
given at the level of 2-characters by the same formula as transfer for Hopkins—Kuhn-Ravenel
characters. This analogy persists in the twisted case. Indeed, twisted elliptic characters appear
in both Devoto’s approach to the twisted elliptic cohomology of BG [8] and, by combining the
works of Ganter—Usher [19] and Willerton [43], in the twisted 2-character theory of finite groups.
Moreover, we expect the transfer maps in twisted equivariant elliptic cohomology to behave
like induction of twisted elliptic characters, as described in Corollary 8.2. The analogy between
E$(BG) and 3-representations of G was established by Wang [42].

In view of the above analogy, we expect Real 2-representation theory to shed light on Real
versions of Morava E-theory at p = 2. More precisely, we conjecture the existence of a real
oriented generalized cohomology theory Ry, such that Ry (BG) can be described in terms of Real
n-class functions of G which satisfy a p'™® order condition. At height one, R$(BG) should reduce
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to Atiyah’s Real K-theory K R®*(BG) localized at p = 2 (see [1]), which, by the work of Atiyah—
Segal 2], is known to admit a character theoretic description. At height two, the group R$(BG),
which we envisage as a Real equivariant elliptic cohomology theory, should be described as a
space of Real 2-class functions on G. Moreover, our results on hyperbolic and Real 2-induction
should agree with the corresponding transfer maps in equivariant R3-theory. We expect that
R? is closely related to the theory ER? constructed by Hu-Kriz [23], but we do not establish a
direct link in this paper.

Finally, we describe some applications of Real 2-representation theory to mathematical
physics. Let G be the categorical group determined by a finite group G and a cocycle a €
Z3(BG,C*). A Real structure G on G and a lift of o to & € Z3(BG,CX) determine a Real
structure on G. On the other hand, the pair (C, &) determines an unoriented lift Zg‘ of three
dimensional a-twisted oriented Dijkgraaf-Witten theory [44]. These two constructions are re-
lated by the fact that the bicategory of Real 2-representations of G on 2Vectc is the homotopy
fixed points for the action of 7y(O(3)) =~ Z3 on Zg(pt). The theory Z2, and its generalization
to categorical groups, appears in the theory of symmetry protected topological phases with time
reversal symmetry. See the work of Kapustin—Thorngren [26] and Sharpe [38] related discussions
in the oriented setting. Not unrelated, the precise form of the twisted C—equivariance of Real
2-characters recovers Sharpe’s expressions [37] for discrete torsion phase factors in M-theory
with orientifolds. The relevance of twisted Real elliptic cohomology, and ER}-theory more gen-
erally, to string and M-theory with orientifolds has been conjectured by H. Sati. Finally, the
prominence of unoriented loop transgression in this paper is particularly natural from the point
of view of field theory, where it is an instance of the ‘quantization via cohomological push-pull’
procedure, which has been used extensively in the oriented setting. See, for example, the work
of Freed [13] and Freed—Hopkins—Teleman [14].

A brief overview of the paper is as follows. Section 2 collects background material. Section
3 contains relevant results from the twisted Real representation theory of finite groups in a form
which is convenient for categorification. Section 4 introduces Real representations of a finite
categorical group and Section 5 develops their character theory. Section 6 then considers the
general case of (linear) Real representations of finite categorical groups. Section 7, which serves
as preparation for the following section, contains basic, but not widely available, material about
induction of twisted Real representations of finite groups. In Section 8 we introduce 2-induction
of Real 2-representations and compute its effect at the level of Real categorical and 2-characters.
In Section 9 we describe our conjectural applications to Real equivariant homotopy theory.

2. Background material

2.1 Bicategories We establish our notation for bicategories. For a detailed introduction to
bicategories the reader is referred to [6].
A bicategory V consists of the following data:
(i) A class Obj(V) of objects.
(ii) For each pair z,y € Obj(V), a small category 1Homy(z,y), objects and morphisms of
which are called 1-morphisms and 2-morphisms, respectively.
(iii) For each triple z,y, z € Obj(V), a composition bifunctor

—og — : 1Homy(y, z) x 1Homy(x,y) — 1Homy(z, 2).
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(iv) For each x € Obj(V), an identity 1-morphism 1, : z — x.
(v) For each triple of composable 1-morphisms f, g, h, an associator 2-isomorphism

apgn:(foog)ooh = foog(gooh).

(vi) For each 1-morphism f : x — y, a pair of unitor 2-isomorphisms
Ar:lyoo f = f, pf:fooly = f.

The data (i)-(vi) is subject to a number of coherence conditions which we do not recall here.

Composition of 2-morphisms within the same 1-morphism category will be denoted by —oq —.
When it will not lead to confusion we will write — o — in place of — oy — or — oy —. The
set of 2-morphisms Homipom,,(2,)(f,g) Will be denoted by 2Homy(f,g). Given 1-morphisms
fi,fe:x —yand g:y— zand a 2-morphism u : f; = f2, the left whiskering of u by g, namely
lgoou : gog fi = gog f2, will be denoted by g og u. We adopt analogous notation for right
whiskering.

A (strict) 2-category is a bicategory in which all associator 2-isomorphisms ay 4 and all
unitor 2-isomorphisms Ay, py are identity maps. Coherence for bicategories asserts that any
bicategory is biequivalent to a 2-category.

Example 2.1. Small categories, functors and natural transformations form a 2-category Cat.
For each field k, there is a sub-2-category Cat; of Cat consisting of k-linear categories, k-linear
functors and natural transformations.

Example 2.2. Let k be a field. Kapranov and Voevodsky defined the bicategory 2Vect; of fi-
nite dimensional 2-vector spaces over k [25]. This is a 2-categorical analogue of the category
Vect; of finite dimensional vector spaces over k. There are a number of standard variants of
this bicategory. One definition takes 2Vect; to be the bicategory of k-linear additive finitely
semisimple categories, k-linear functors and natural transformations. We will use the following
slightly different model. Objects of 2Vecty, are non-negative integers [n], n € Z>¢. A 1-morphism
[n] — [m] is an m x n matrix A = (A;;) whose entries are finite dimensional vector spaces over
k. The composition of the 1-morphisms A : [m] — [n] and B : [n] — [p] is defined by

(Bog A)jr, = @Bz’j @k Ajk-
j=1

A 2-morphism u : A = B is a collection of k-linear maps (u;j : A;j; — Bjj). The compositions of
2-morphisms are defined by

n
(voo w)ik = Py @uje, (W o1 u)ij = ujj 0wy
=1

The composition — oy — is not strictly associative.

2.2 Duality involutions on bicategories We introduce the categorical background required
for our formulation of Real 2-representation theory. Our main approach uses contravariant
involutions on categories and bicategories. An alternative approach, described in Sections 3.1
and 6.4, uses antilinear covariant involutions. These approaches are parallel and one can easily
translate between the two.
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We begin by recalling some basic categorical notions of duality. For further details the reader
is referred to [36, §3|. Given a category C, we denote by C°P its opposite category. A category with
duality is then a category C together with a functor (—)* : C°? — C and a natural isomorphism
©:1¢c = (—)* o ((—)*)°" which satisfy

O 00O« = 14+ (1)

for each x € Obj(C). A morphism (C, (—)*,0) — (D,(—)*,E) of categories with duality, some-
times called a form functor, consists of a functor F' : C — D and a natural transformation
¢ : Fo(=)"= (—)*oF which satisfy

0y 0 Ep(z) = Yo+ 0 F(Oy)

for each x € Obj(C). A symmetric form in (C, (—)*, ©) is an object & € Obj(C) together with an
isomorphism ¢ : x — x* which satisfies

Y 00, = 1.

Symmetric forms and their partial isometries, that is, morphisms ¢ : * — y which satisfy
¢* 0y 0@ = 1), define the homotopy fixed point! category C"”2. Form functors induce functors
between homotopy fixed point categories.

We now turn to the categorification of the above notions. We will use the 2-cell dual YV of
a bicategory V), that is, the bicategory obtained from V by reversing its 2-cells. Hence, if

is a 2-morphism in V, then

is a 2-morphism in V.

Definition 2.3 ([39, Definition 2.1|). A bicategory with weak duality involution is a bicategory
V together with
(i) a pseudofunctor (—)° : V° =V,
(i) a pseudonatural adjoint equivalence 1 : 1y = (—)° op ((—)°)°, and
(111) an invertible modification ¢ : mog (—)° = (—)° o9 n°
such that, for each x € Obj(V), the equality

Cao 00 Nz = (Cac:) ©0 77:5) 01 77(*73) (2)
of 2-morphisms holds. Here n(x) : ngoo 0 ny = N5° 01y is a pseudonaturality constraint for 1.

o

If V is a 2-category, (—)° is a strict 2-functor and 7 and ¢ are the identities, then the above

!The term ‘homotopy fixed points’ is usually reserved for covariant group actions, but we will use it more generally.
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data is said to define a strict duality involution on V.

Definition 2.4 ([39, Definition 2.2|). A duality pseudofunctor (V,(—)°,n) — (W, (=)°,\) be-
tween bicategories with weak duality involution is a pseudofunctor F' : )V — W together with

(i) a pseudonatural adjoint equivalence i: (—)° oy F°° = F oy (—)°, and

(ii) an invertible modification

y—E s w v
(7)0 o (7)0 ((_)O)COV
, veo &y,
VCO L WCO & 1W E (_)o
1%
(=)o) (=)
i F

such that, for each x € Obj(V), a coherence constraint, which we omit, is satisfied.

Coherence for bicategories generalizes to the present setting. Indeed, any bicategory with
weak duality involution is biequivalent via a duality pseudofunctor to a 2-category with strict
duality involution [39, Theorem 2.3].

Example 2.5. The strict 2-functor (—)°P : Cat®® — Cat which sends categories, functors and
natural transformations to their opposites is a strict duality involution. The restriction of (—)°P
to Caty is a k-linear strict duality involution.

Ezample 2.6. The bicategory 2Vecty has a weak duality involution (—) which is a 2-categorical
analogue of the k-linear duality functor on Vecty. On objects let [n]¥ = [n] and on 1- and
2-morphisms let (—)* be given by k-linear duality. Explicitly, we have (4;;)" = (A};) and
(uij)¥ = (u};). The adjoint equivalence 7 is induced by ev, the canonical evaluation isomorphism
from a finite dimensional vector space to its double dual. The modification ( is the identity.

Next, we define homotopy fixed point objects.

Definition 2.7. A symmetric form in a bicategory with weak duality involution (V,(—)°,n,() is
an object x € Obj(V) together with

(i) an equivalence 1 : x° — x, and

(ii) a 2-isomorphism p : 1, = 1 09 ¥° og 1,
such that the 2-morphism given by the diagram

is equal to 1y.
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Symmetric forms in (V, (—)°,n, ¢) are the objects of a homotopy fixed point bicategory V%2
As we will not have the occasion to use 1- and 2-morphisms of V"2, we omit their explicit
definitions.

Example 2.8. The homotopy fixed point bicategory Cat"?2 with respect to the duality involution
(—)°P, is the bicategory of categories with duality, form functors and natural transformations of
form functors.

Given an object z of a bicategory with weak duality involution, put

ife=1
%:{x if € , 3)

z° ife=-—1.

Similar notation will be used for the action of (—)° on 1- and 2-morphisms.

Closely related to bicategories with duality involutions are bicategories with contravariance
[39, §4]. Roughly speaking, these are bicategories which have both covariant and contravariant
1-morphisms. More precisely, a bicategory with contravariance consists of the following data:

(i) A class Obj(V) of objects.
(ii) For each pair z,y € Obj(V) and each € € {£1}, a small category 1Homj,(z,y).
(iii) For each triple z,y, z € Obj(V) and each pair €1, €2 € {£1}, a composition bifunctor

— og — : 1Hom} (y, z) x “*1Hom{; (z,y) — 1Hom{}“! (z, 2).

Here we apply equation (3) to (Cat, (—)°P), so that the left superscript €2 indicates whether
or not we consider opposite categories.
(iv) For each z € Obj(V), an identity 1-morphism 1, € Hom},(z, z).
(v) Associator and unitor 2-isomorphisms.
This data is required to satisfy coherence constraints similar to those of a bicategory.

By keeping only the data associated to 1 € {£1}, each bicategory V with contravariance
defines a bicategory V.

A pseudofunctor preserving contravariance between bicategories with contravariance is de-
fined as in the case of a pseudofunctor, but with the additional requirement that the sign e € {£1}
of 1-morphisms be preserved. Similarly, one defines pseudonatural transformations respecting
contravariance, the components of which are required to be 1-morphisms of degree +1.

There is an obvious strictification of the above definition which leads to the notion of a
2-category with contravariance. Any bicategory with contravariance is biequivalent via a pseud-
ofunctor preserving contravariance to a 2-category with contravariance |39, Theorems 8.1, 8.2].

Ezample 2.9. (i) A bicategory V with weak duality involution defines a bicategory ¥V with
contravariance by setting

Obj(¥) = Obj(V),  1Homy(z,y) = 1Homy(“z,y).

Composition of 1- and 2-morphisms in V is induced by the corresponding compositions in
V. See |39, Theorem 7.2| for details.

(ii) Applying the construction from part (i) to (Cat, (—)°P) yields a 2-category with contravari-
ance whose objects are small categories and whose 1-morphisms are covariant (e = 1) and
contravariant (e = —1) functors.
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2.3 String diagrams For a detailed introduction to string diagrams the reader is referred to
[3, §4].

String diagrams, which will be used to perform calculations in 2-categories, are Poincaré
dual to globular diagrams for 2-categories. Two dimensional regions of a string diagram are
therefore labelled by objects of the 2-category while strings and nodes are labelled by 1- and
2-morphisms, respectively. Our conventions are such that string diagrams are read from right to
left and bottom to top. Below is a globular diagram (left) together with its corresponding string
diagram (right):

f h
e\ °
x4>gﬂ Y Y gu z
\/\ f

h

Compositions of 1- and 2-morphisms are represented by the appropriate concatenations of string
diagrams. Although arrows drawn on strings are redundant, we will often include them if they
clarify diagrams. We sometimes omit labels of two dimensional regions and we do not draw
identity 1-morphisms. For example, a 2-morphism u : 1, = f may be depicted as

1,

String diagrams can also be used for calculations in bicategories. If the bicategory is skeletal,
as will be the case in all relevant examples below, then the only additional complication is that
we must keep track of associators.

2.4 Zs-graded groups Denote by Zg the multiplicative group {£1}. A group homomorphism
7:G = Zy is called a Zo-graded group. Morphisms of Zs-graded groups are group homomor-
phisms which respect the structure maps to Zo. We will always assume that a given Zs-graded
group is non-trivially graded in the sense that the structure map is surjective. A non-trivially
graded Zs-graded group G is necessarily an extension

156657y — 1. (4)

The subgroup G = ker(7) is called the ungraded subgroup of G.
Alternatively, if we are given a group G, then an extension of the form (4) is called a Real
structure on G.

FEzample 2.10. An involutive group homomorphism ¢ : G — G defines a split Real structure
G = G x¢ Zy on G. Atiyah and Segal restrict attention to such Real structures in their study of
equivariant K R-theory [2].

Remark 2.11. All constructions of this paper apply to general, as opposed to just split, Real
structures. We give here two motivations for this level of generality.
(i) Even if one is ultimately concerned only with split Real structures, inductive arguments in
K R-theory often involve general Real structures.
(ii) The assumption that the Real structure is split is often too restrictive for applications to
mathematical physics. For example, non-split Real structure are central to the orientifold-
ing of string theory on orbifold backgrounds. See, for example, [10].
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Let G be a Zo-graded group. Denote by Auté?;(G) the Zs-graded group of automorphisms
and antiautomorphisms of G. Define a map of Zs-graded groups by

©:G— Au‘c%_;erg(G)7 w i (g wg™@w.

The induced G-action on G is called Real conjugation.

Ezample 2.12. Let (C,(—)*,©) be a category with duality. Given z € Obj(C), let AutE™(z)
be the set of all automorphisms and antiautomorphisms of x, the latter being by definition an
isomorphism 2* — z. For f € Autf™ (z), define 7(f) € Zy so that f : (Mg — x, the notation as
in equation (3). Then Autf™ (z) becomes a Za-graded group with ungraded subgroup Aute(z)
when given the product and inverse

fofi = fa o™ ) o @221

and

I
—

s if 7(f)
1= {@;1 of* ifm(f) =1,

respectively, where we have introduced the notation

1 ifeg =6 =—1,
552,61,—1 - .
0 otherwise.

Explicitly, the group law of Autg™(z) reads

fao fi if 7r(f2) = +1,
fafi=1 fao (fi1)* if 7(f2) = =1 and 7(f1) = +1,
fQO(fl_l)*O@z if m(fa) =7w(f1) = —1.

For example, the associativity of the composition of three antiautomorphisms follows from equa-
tion (1).

2.5 Loop groupoids Recall that a groupoid is a category in which all morphisms are iso-
morphisms. A groupoid is called finite if it has only finitely many objects and morphisms.

If a group G acts on a set X, then we denote by X//G the groupoid with

Obj(X/G) =X,  Homyyg(z,y) ={9€G|gz =y}
We will write BG in place of pt/G.

Definition 2.13 (|43, §1.3]). The loop groupoid of a finite groupoid & is the functor category
A® = 1Homc(BZ, ®).

Concretely, an object (z,7) of A® is a loop v : £ — z in & while a morphism (x1,71) —
(w2,72) is a morphism g : 1 — x5 which satisfies v = gy197 L.
A finite groupoid over BZs is a morphism 7 : ® — BZs of finite groupoids. The functor 7

classifies an equivalence class of double covers 7 : & — &; we fix a choice of such a double cover
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in what follows. The relevant analogue of the loop groupoid in the setting of finite groupoids
over BZs is the following.

Definition 2.14 (|32, §1.4]|). The unoriented loop groupoid Aﬁff@ of a finite groupoid & over
BZs has objects the degree one loops in & and morphisms (x1,71) — (x2,72) the morphisms

w : x1 — To which satisfy vo = w’yf(w)w_l.

The superscript ‘ref’ stands for reflection, since A;eféi is equivalent to the quotient of A® by
the diagonal Zs-action coming from deck transformations of & and reflection of the circle BZ.

Ezample 2.15. (i) Let G be a finite group. The loop groupoid ABG is equivalent to the con-
jugation action groupoid G//G.
(ii) Let G be a finite Zo-graded group. The functor B : BG — BZ, classifies the double cover
BG — BG. The unoriented loop groupoid A;efBC is equivalent to the Real conjugation
action groupoid G// @G.

2.6 Twisted loop transgression Loop transgression for finite groupoids was studied by
Willerton [43]. We recall a version of loop transgression for finite groupoids over BZs [32].

Let & be a finite groupoid over BZs. The double cover 7 : & — & can be used to twist local
systems on (the simplicial complex associated to) ®. Given an abelian group A, viewed as a Zo-
module via inversion, denote by C”(@, Ar) the complex of m-twisted A-valued simplicial cochains
on &. Write [wy|- - - [w1] for the n-simplex of & determined by the diagram z; <2 - <% 2,
in &. In this notation, the differential of 3 € C”(@, Ar) is defined by

AB(wnta| - fen]) = Bllwn] - wr) ™D p((wnga ] - fwa]) T
HB([“’”H‘ o |wigelwitiwilwi-1] - - - \wﬂ)(_l)i-
=1

The notation Z* C C*® indicates the subgroup of cocycles. Without loss of generality, we will
assume that all cochains are normalized in the sense that they evaluate to the identity on chains
in which one of the morphisms w; is an identity map.

We also write [wy| - - - [wi]7 for the n-simplex of AXf& determined by the diagram

v Wiy @D B (g )y ) (g, - wp) T

Let k£ be a field. Reflection twisted loop transgression is a cochain map
T OB, k) — O LA S, k).
The map T is defined by a push-pull procedure, the main point being that the pushforward is

along an unoriented map. This leads to the change in coefficient systems. We do not require a

full description of T'f. Instead, we record that for a 2-cochain 6 € C?(&, kX) we have

ref (0)([w]y) = O([y " %é([‘*ﬁ”(“)“ﬁl’w])
T (0)([w]y) =0y ]7]) O([w]y™)])
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and for a 3-cochain & € C3(&, kX) we have

ref

T (@) ([walen]y) = a([yly ™)) renmeon =1 x
m(wg)—1

d([wlry—w(w)wl—l ‘wl,yw(wl)wl—l ‘wl])@([bﬂ |,Y—7r(w1) |,y7r(w1)]) 2
@([wl,yfﬂ(on)wl*l ’wl |,77r(w1)])

X

G ([wa|wr [y™@20]) A [waw 7™ @290 (wawr )~ wa |wi])

&([walwry™ @« wi Hws])

If 4 is in fact a 2-cocycle, then T;ef(é) is a 1-cocycle, meaning the equality

Tl (0) ([welory™ Veop 1)t (8) (fonly) = T (9) ([waeon]) ()

holds for each 2-chain [wa|wi]y. This follows from [32, §2.3], but can also be verified directly.
This and the corresponding statement for 3-cocycles are the only facts about Tﬁff that we will

assume. In particular, the expressions for T () and T (&) will be derived from the point of
view of Real (2-)representation theory.

ref

Finally, we note that the twisted transgression map T

map T: C*(&,k*) — C* H(AS, k*).

restricts to Willerton’s transgression

3. Twisted Real representation theory of finite groups

As motivation for the remainder of the paper, we recall the basics of the theory of twisted, or
projective, Real representations of finite groups, in both its linear and antilinear formulation.
For twisted representations of finite group(oid)s, see [28], [43].

3.1 The antilinear theory In the case of untwisted real representations, the material in this
section is standard [16]. Aspects of the untwisted Real case are treated in [2], [27]. A general
reference is [32].

Let k be a field which is a quadratic extension of a field ky. We regard kg as the fixed subfield
of a kg-linear Galois involution k& — k. A standard exampleis kg =R Ck=C. AmapV —- W
of vector spaces over k is called +1-linear (resp. —1-linear) if it is k-linear (resp. k-antilinear).

Let G be a finite group with Real structure G. Let 6 € ZQ(BC, k), where G acts trivially on
k> and G\G acts by the Galois involution. Write # € Z2(BG, k) for the restriction of 6 to BG.

Definition 3.1. A §-twisted Real representation of G is a finite dimensional vector space N over
k together with m(w)-linear maps p(w) : N — N, w € G, which satisfy p(e) = 1y and

p(wa) © plwr) = O([wzlwn])plwawn).

Twisted Real representations of G and their G—equi\(ariant k-linear maps form a kg-linear
additive category RRepz(G). Despite the notation, RRepz(G) depends on the Real structure G.
Let K R**?(BG) be the Grothendieck group of RRep{(G).

The Real character of a f-twisted Real representation p is the function

Xp:G—k, g = trn(p(g))-
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In other words, x, is the character of the underlying #-twisted representation of G. The new
feature of Real characters is their Real conjugation equivariance,

Xp(wg™@w™) = T (@) ([wlg) - Xpl9), weEG (6)

which refines the conjugation equivariance of characters of #-twisted representations. The Real
character map extends to a k-linear map

X : KR0+0(BG) ®z k — FAgrefB(;(Tgref(é)k)' (7)

Adopting the notation of [43, §2.2|, the right hand side denotes the space of flat sections of

the transgressed line bundle T2 (9), — A*fBG. Explicitly, T Aref Bé(ﬂff(e) %) is the space of all

functions y : G — k which satisfy equation (6). When k& = C with complex conjugation as the
involution, the map (7) is an isomorphism [32, Theorem 3.10].

Ezample 3.2. The real setting is kg = R C k = C with 7 : G = G x Zy — Zs the projection and
0 = 1. Then RRep¢(G) ~ Repg(G) and K RY(BG) ~ RO(G). Equation (6) becomes the statement
that characters of real representations are real valued class functions and the isomorphism (7)
identifies RO(G) ®z C with the space of functions on G which are constant on conjugacy classes
and their inverses.

3.2 The linear theory We describe a linear approach to the twisted Real representation
theory of a finite group. Aspects of the untwisted real case are discussed in [45]. This section
will be the basis for our categorification in later sections.

We keep the notation from Section 3.1, although k is now an arbitrary field and C\G acts on
kX by inversion. We give two linear versions of the notion of a Real representation of G. The
first is less natural, requiring the choice of an element ¢ € C\G, but has the benefit that it fits
into the framework of Grothendieck—Witt theory.

Lemma 3.3. Let (V,p) be a 0-twisted representation of G. For each ¢ € C\G, the pair (VV, p°),
where V'V is the k-linear dual of V' and

P(9) = O () T, g€G
1s a O-twisted representation of G.

Proof. The key point is the following identity, valid for g1,g2 € G and w € G:

Olwgaw fwgrw™]) _ O(fwlwDO([wg2g1 | DO([wlg201]) ®)
0([g2]g1])™«) 0([wlg2])0([wgzlw)0([w]g1])0([wgr|w™1])

O

Each element ¢ € G\G determines a k-linear exact duality structure (PS, ©%) on Rep?(G). The
functor P¢ : Rep{(G)°? — Rep?(G) is given on objects by PS(p) = p°. The natural isomorphism
O° : Igept(g) = P 0 (P°)°P has components
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Given two elements ¢1,¢ € C\G, the natural transformation v : Pt = P2 with components

vst? = p(sy L)V lifts to a non-singular form functor

(Rep(G), P, ©°) = (Repl(G), P2, 0%).
In this way, the pair (G,0) determines a G-torsor of duality structures on Repf(G).
Definition 3.4. A §-twisted symmetric representation of G is a symmetric form in (Repi(G), P 0°%).

Twisted symmetric representations are objects of a homotopy fixed point category, which we
denote by Rep?*(G).

Ezxample 3.5. Let G = G x Zy with ¢ the generator of Zs. An untwisted symmetric representation
is a representation together with a G-invariant nondegenerate symmetric bilinear form. If instead
the twisting is 6([wa|w1]) = (—1)°72):m@.~1 | then the bilinear form is skew-symmetric

We now give a more invariant definition.

Definition 3.6. A 0-twisted generalized symmetric representation of G is a vector space N

together with linear maps p(w) : "IN — N, w € G, which satisfy p(e) = 1y and

O (w ), m(weg),— A
(w1 2),-1 _ 0([

p(wa) 0 ") p(wy )" o ev'y walwi])pwawr ).

Remark 3.7. More generally, a Real representation of G on an object x of a category with duality
(C,(—)*,©) is defined to be a Z%-graded group homomorphism p : G — Autgen(m).ATo relate this
to the previous definition, let G be the Zs-graded group which is equal to kX x G as a set and
has product

(w2)

(22,w2) - (21, w1) = (0([walwi]) 2227, wowr).

The ungraded subgroup of 0G is G, the central extension of G by k* determined by 6. A
f-twisted generalized symmetric representation of G is then a Real representation of ?G on an
object N of (Vecty, (—)V,ev), that is, a Zg—grfxfled group homomorphism p : G — Auty s (N),
which has the additional property that k% < ?G acts on N by scalar multiplication.

Finite dimensional twisted generalized symmetric representations form a category SRepz(G),
morphisms ¢ : N — M being morphisms of twisted representations which satisfy ¢opy(w)og" =
par(w) for each w € G\G.

Proposition 3.8. The categories RepZ’g(G) and SRepHI;(G) are equivalent.

Proof. An equivalence F* : RepZ‘(G) — SRep!(G) is defined on objects by assigning to a twisted
symmetric representation (N,y) the twisted generalized symmetric representation which is
equal to N as a twisted representation and has

pw) = 0(wls Ppws Hoyy', weG\G
On morphisms F* acts as the identity. O

Let GW(?(G) be the Grothendieck—Witt group of (Repz(G), P¢,©°). Since non-singular form
functors induce isomorphisms of Grothendieck—Witt groups, up to isomorphism, GWOG (G) is
independent of the choice of ¢ € G\G.
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Characters of twisted (generalized) symmetric representations of G are defined in the same
way as Section 3.1. Real conjugation equivariance (6) continues to hold. When k& = C, the
isomorphism (7) is replaced by the isomorphism

X s GWJ(G) @€ = Ty i (T (B)c).

In fact, by picking a G-invariant Hermitian metric on each twisted symmetric representation, we
obtain an isomorphism of abelian groups

GW(G) — KR (BG).

So while the linear and antilinear Real representation categories are not equivalent,? the relevant
Grothendieck(~Witt) groups are isomorphic.

4. Real representations of finite categorical groups

4.1 Categorical groups The concept of a group can be categorified in a number of ways. A
detailed discussion of these categorifications, and the relations between them, can be found in
[3].

A categorical group, called a weak 2-group in [3], is a monoidal groupoid (G, ®, 1) in which
every object admits a weak inverse. Explicitly, this means that for each object z of G there
exists a second object y such that both z ® y and y ® = are equivalent to the monoidal unit 1.
A morphism of categorical groups is a monoidal functor. By considering also monoidal natural
transformations between monoidal functors, categorical groups assemble to a 2-category.

The monoidal structure ® gives the set of connected components my(G) the structure of a
group. The group 71(G) of autoequivalences of the monoidal unit 1 is, by an Eckmann—Hilton
argument, abelian. As described in Section 4.2 below, the groups mo(G) and 71 (G), together with
some additional data, determine G up to equivalence.

Example 4.1. Any group G, considered as a discrete category with object set G and monoidal
structure determined (on objects) by its group law, defines a categorical group. By a slight abuse
of notation, we will denote this categorical group by G.

Erample 4.2. Let A be an abelian group. The action groupoid BA is a categorical group, the
monoidal structure determined (on morphisms) by the group law of A.

Ezample 4.3. Let x be an object of a bicategory V. Then 1Auty(x), the groupoid of autoe-
quivalences of x and the 2-isomorphisms between them, is a categorical group, called the weak
automorphism 2-group of z [3, §8.1]. If V is k-linear and we restrict attention to k-linear autoe-
quivalences and their k-linear 2-isomorphisms, then we obtain a categorical group GLg(z) [15,
§3.3.2.

Definition 4.4. A categorical group G is called finite if mo(G) is finite.
4.2 Sinh’s theorem The following classification indicates that categorical groups can be
viewed as twisted extended versions of groups.

Theorem 4.5 ([40]; see also [3, §8.3]). Categorical groups are classified up to equivalence by the
following data:

2For example, the latter is an R-linear category, while the former is not a linear category.
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(i) A group G.

(i) An abelian group A.
(iii) A group homomorphism II : G — Autgp(A).
(iv) A cohomology class [a] € H3(BG, Aq).

In a similar way, equivalence classes of finite categorical groups are classified by the data
(i)-(iv), with the additional condition that G be finite.

An explicit model for the categorical group determined by Theorem 4.5 is as follows. Fix
a normalized representative o € Z3(BG,Ayy) of [a]. Let G(G,A,II,a) be the skeletal groupoid
with set of objects G, a morphism g = g for each pair (g,a) € G x A and composition law

(92 9)o(g < g) = (9 - g).

The monoidal structure ® is determined on objects by the group law of G and on morphisms by

a a-Il(g)(a’
g=9) @@ —4d¢)="(99 LALCICEN 99').

The associator is given by the maps g3g291 M gsgegi. Since « is normalized, the unitors
can be taken to be identity maps.

Ezample 4.6. If A is trivial, then G(G,A, I, «) is simply the group G, viewed as a categorical
group. If A is non-trivial but « is trivial, then G(G, A, II, «) is the categorical group extension of

G by BA determined by II.

The next example describes a particularly important and well-studied class of finite categor-
ical groups.

Example 4.7. Let k be a field. Let G be a group and let IT : G — Autg.p (k™) be the trivial
map. The associated categorical group, denoted simply by G(G,«), is a twisted categorical
group extension of G by Bk*.

4.3 Zo-graded categorical groups Before introducing Real representations of categorical
groups, we categorify the notion of a Real structure on a group. We recall from Section 4.1 that
any group defines a categorical group.

Definition 4.8. A morphism of categorical groups w : G — Zy is called a Zo-graded categorical
group.

A morphism of Zs-graded categorical groups is a morphism of categorical groups which
commutes with the structure maps to Zs.

The ungraded categorical group of (a non-trivially graded) G is the full subcategory G C G
on objects which map via w to 1 € Zs. There are morphisms of categorical groups

1—>Qi>gA1>Z2 (9)

with ¢ an isomorphism onto its image and 7 surjective on objects and full. Alternatively, given
a categorical group G, a diagram of the form (9) having the above properties is called a Real
structure on G.

Since the groupoid Zj is discrete, a Zo-grading of G is simply a Zs-grading of Obj(G) which
is compatible with the monoidal structure. In particular, a Zs-grading of G(G, A, II, o) deter-
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mines, and is determined by, a Zo-grading of G. The ungraded categorical group is obtained by
restriction to the ungraded subgroup of G.
The following example plays an important role in the remainder of the paper.

Ezample 4.9. Let k be a field and let 7 : G — Zy be a Zs-graded group. Let I : G — Autgep (k)
be the map IT(w)(a) = a™“), so that ki is kX in the notation of Section 3.2. Let & € Z3(BG, kX).
The categorical group G (C, k* 11, &) defined by Theorem 4.5, henceforth denoted by G (C, &), is
Zo-graded with ungraded categorical group G(G, ), where o € Z3(BG, k*) is the restriction of
a to BG.

The following example categorifies the Zy-graded group Autf™ (z) of Section 2.4.

Example 4.10. Let x be an object of a bicategory V with weak duality involution. Then
1Aut;gjen (z), the collection of all equivalences x — = and z° — x, together with the 2-isomorphisms
between them, is a Zs-graded categorical group. The monoidal structure ® is defined on objects
by

fo® f1 = faoo ("U2 f1 0 niﬁ(h)’”(m’_l),

where 7(f) € Zs is such that f : )z — x. The definition of ® on morphisms is similar. The
associator for three antiautoequivalences is

(3@ f2) @ fi=(fso (fsone)) o fi = fzo (fso(nzo f1)) =
30 (fS 0 (ff° 0mue)) < fao (f50 (fi70n) = f5@ (f2® f1),

where « is a composition of associators for V and the arrow labelled by n is a pseudo-naturality
constraint for 1. The remaining associators are constructed in a similar way, but do not use
the modification ¢. The pentagon identity is verified using the constraint (2). If z has at least
one antiautoequivalence, then the morphism 7 : 1Au‘c§jen (x) — Zo fits into an exact sequence of
categorical groups:

1 — 1Auty(z) = 1Aut" (z) 5 Zy — 1.

If V is k-linear and we restrict attention to k-linear (anti)autoequivalences and 2-isomorphisms,
then we obtain a Zs-graded categorical group GL%en(x) whose ungraded categorical group is
GLg ().

Ezample 4.11. The previous example has a variation in which the bicategory with duality invo-
lution is replaced by a bicategory V with contravariance. In this way, for each z € Obj(V) we
obtain a Zs-graded categorical group 1Aut$; " () whose ungraded categorical group is 1Auty, (z).

A Zs-graded categorical group w : G — Zs defines a bicategory Q with contravariance as
follows. Let Obj(G) = {pt}. For each € € Zy, let 1H0mé(pt, pt) be the full subcategory of G on

objects which map via 7w to €. The horizontal compositions and associators in Q are induced by
the monoidal structure of G )

Remark 4.12. It may be interesting to consider gradings of categorical groups by non-trivial
categorifications of Zy. In the k-linear setting, one possibility is to use the symmetric monoidal
category PicZ2 (k) of Ganter-Kapranov [18, Example 3.1.2(d)].

4.4 Real representations of finite categorical groups We introduce Real representa-
tions of finite categorical groups, categorifying the linear approach of Section 3.2. An antilinear
approach can be found in Section 6.4.
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Let G be a finite categorical group with Real structure G.

Definition 4.13. A Real representation of G on a bicategory V with contravariance is a con-
travariance preserving pseudofunctor p : Q — V), where Q is the bicategory with contravariance
defined is as in Section 4.3.

Real representations of G on V assemble to a bicategory RRepy,(G) whose 1- and 2-morphisms
are pseudonatural transformations and modifications which respect contravariance, respectively.
More compactly, we can define

RRepV (g) = 1H0mBicatcon (g7 V)’

where Bicatcon is the tricategory of bicategories with contravariance described in [39]. If V is in
fact a 2-category, then so too is RRepy,(G).
Let Bicats)!

con
preserving contravariance. Taking 1-morphism bicategories defines a functor

be the category of bicategories with contravariance and their pseudofunctors

1Hompicat.,, (— —) : (BicatS1)°P x BicatS! — Bicat=!.

Using this functor, it can be verified that if V and V' are biequivalent bicategories with contravari-
ance and G and G’ are equivalent Zo-graded categorical groups, then RRepy,(G) and RRepy,(G’)
are biequivalent. Compare with [12, §3.5]. In view of coherence theorem for bicategories with
contravariance, it follows that there is no loss of generality in restricting attention to Real rep-
resentations on 2-categories with contravariance.

We will use the following interpretation of Real representations.

Lemma 4.14. A Real representation of G on a bicategory V with contravariance is the data of an
object V- € Obj(V) together with a morphism of Za-graded categorical groups p : G — 1Aut]g)en(V).

Proof. This is straightforward. O

Motivated by Lemma 4.14, define a Real representation of G on a bicategory V with weak
duality involution to be an object V' € Obj(V) together with a morphism p : G — lAut%;en(V) of
Zo-graded categorical groups.

Finally, we state a k-linear version of the above definitions. We restrict to categorical groups
of the form G(G, a) with Real structure G(G, &).

Definition 4.15. A linear Real representation of G(G,«) on a k-linear bicategory V with con-
travariance is a contravariance preserving pseudofunctor p : G(G,&) — V with the additional
property that Autg(l) ~ k> acts by scalar multiplication.

Linear Real representations of G(G, «) form a bicategory RRepy, ;(G). The obvious analogue
of Lemma 4.14, with 1Aut;™ (V) replaced by GL;™(V), holds.

To close this section, we describe an interpretation of Real representations of finite categorical
groups which categorifies the homotopy fixed point perspective of Section 3.2. Fix an element ¢ €
Obj (Q) such that 7(g) = —1 together with a weak inverse <. Define a biequivalence F* : G° — G
by assigning to = : pt — pt and f : £ = yin G% the 1- and 2-morphisms (¢®2z)®3 and (¢® f~1)®<
in G, respectively. Noting that F< oy (F<) is the adjoint action Ad.2 = (¢2® —) ®32, the element
% and the associator for G induce a pseudonatural isomorphism ¢2 : 1g = F* o (F<)°. The
biequivalence F** can be used to define a weak duality involution on Repy,(G) as follows, giving a
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¢-twisted version of [39, Example 2.6]. The duality involution takes a pseudofunctor p : G — V
to the composition

g U7, geo 27 yeo O )
The required adjoint equivalence 7 and modification C~ are induced by whiskering with ¢? and
the duality involution data of V. For example, the component of 77 at py assigns to pt the
I-morphism 7y og py(s2) : V — V°°.

Proposition 4.16. (i) Up to duality biequivalence, the weak duality involution on Repy,(G) is

independent of the choice of ¢ € Obj(G).
(i) For any s as above, there is a biequivalence Repy,(G)"?2 ~ RRepy,(G).

~

Proof. Let 1,6 € Obj(G) be as above with associated biequivalences F', F*2 : G° — G. After
fixing an equivalence <1 ® ¢ ~ 1, the 1-morphism ¢ ® ¢; defines a pseudonatural isomorphism
Adg, gz, : F*' = F*2. The remaining components of the duality biequivalence are induced by
whiskering.

The second statement is proved in the same way as Proposition 3.8. We will describe a
biequivalence at the level of objects, leaving the description on 1- and 2-morphisms to the reader.
Given a symmetric form (p,, 1) in Repy,(G), with p(pt) = V, the map ¥ (pt) is an equivalence
V° — V. For w € Obj(G) with m(w) = —1, define p(w) to be the composition p(w & ) og Y (pt).
The monoidal coherence 2-isomorphisms v, o are induced by p and 7. It is straightforward to
verify that this indeed defines a Real representation of G. O

Remark 4.17. (i) When restricted to trivially Zs-graded categorical groups, the above defini-
tions recover the representation theory of finite categorical groups, as studied in [12], [17],
[4].
(ii) While the above definitions make sense for categorical groups which are not finite, in the
continuous case they should be supplemented with topological coherence conditions.

5. Real 2-representation theory of finite groups

We study the definitions of Section 4.4 when the categorical group is a finite group. The more
technical case of categorical groups is the focus of Section 6.

5.1 Real 2-representations Lemma 4.14 leads to an explicit description of a Real represen-
tation of the categorical group determined by a finite group, which we state as a new definition.

Definition 5.1. A Real 2-representation of a finite group G on a 2-category V with strict duality
twvolution consists of the following data:

(i) An object V of V.

(ii) For each w € G, an equivalence p(w) : ")V — V.
(11i) For each pair wy,wy € G, a 2-isomorphism

m(w2)

Vunwr + plwa) 0 7 p(wi) = plwawr).

(iv) A 2-isomorphism . : p(e) = 1y.

This data is required to satisfy the following conditions:
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(a) For each triple wy,wa,ws € G, the equality
¢w3w2,w1 ©1 <¢w37w2 0 7r(wng)p(wl)> = ww3,w2w1 01 <p(w3) o W(wg)wggﬁiz) (10)

of 2-isomorphisms p(ws) o ") p(ws) 0 W) p(uy ) = p(wswawr) holds.
(b) For each w € G, the equalities

we,w = 1/}6 © p(w)v ww,e = P(W) © ﬂ(w)lpe (11)

of 2-isomorphisms p(w) = p(w) hold.

Denote by iy, wsw, the 2-isomorphism defined by either side of equation (10).

5.2 Real conjugation invariance of categorical traces We study categorical traces, as
introduced by Ganter-Kapranov [17] and Bartlett [4], in the presence of duality involutions.

Let  be an object of a 2-category V. Asin [17, §3.1] and [4, §4.1], the categorical trace Tr(f)
of a 1-morphism f : x — x is the set of all 2-morphisms from 1, to f:

Tr(f) = 2Homy (1, f).

Given a 2-morphism u : f; = fa, define Tr(u) : Tr(f1) — Tr(f2) to be uwoy (—). These definitions
extend the categorical trace to a functor

Tr : 1Endy(x) — Set.

If V is enriched in a category A, then Tr takes values in A. For example, when V is k-linear the
functor Tr is Vecti-valued.

In [17, §4.3] and [4, §4.3] a kind of conjugation invariance of categorical traces is established.
We generalize this result in what follows by showing that categorical traces in 2-categories with
duality involutions (or contravariance) are invariant under Real conjugation.

Suppose then that V is a 2-category with strict duality involution. Fix a sign € € Zs. Let

f: 2 — x be an equivalence. When € = —1 we also fix a quasi-inverse f of f and a 2-isomorphism
w: fof=1, Write
= f ifv=1,
f ifv=-1

Let h : “x — y be an equivalence with quasi-inverse k : y — “x and 2-isomorphisms u : 1, = hok
and v : le,, = ko h. This data can be used to define a map

U(h, kyu,v;p) : Tr(f) — Tr(ho € f o k),

henceforth denoted by ¥(h). The map p is required only when € = —1. Suppose that we are
given a 2-morphism ¢ € Tr(f). Interpret u as a 2-morphism 1, = h o 1, o k. When € =1 the
map V(h) is defined by post-composing u with ¢:

W (h)(¢) = (hoo ¢ o k) o1 u.
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This is the definition of [17], [4]. If instead € = —1, then we can form the composition

1o 255 oo o L2200 fo.

The map ¥(h) is defined by further pre-composing with w:

(R)(6) = (heo (£ 00 6%) o1 1) o0 k) o1 u.

The following result generalizes [17, Proposition 4.10] and [4, Proposition 4.3]. A further
generalization (with a different proof) will be given in Theorem 6.9 below.

Proposition 5.2. For each pair of equivalences f : © — x and h : ‘x — y with quasi-inverse
data as above, the map
U(h): Tr(f) = Tr(ho“f o k)

is a bijection. Moreover, ¥(1,) = ly.(y) and, given equivalences “'x n, y1 and 2y b2, yo with
quasi-inverse data, the equality ¥(hg) o W(hy) = W(hy o 2hy) holds.

Proof. That W(h) is a bijection follows from the assumption that h is an equivalence. The
equality W(1;) = 1 (y) is clear from the construction.

To explain the precise meaning of the final statement, we need to describe the quasi-inverse
data implicit in the definition of W(hgohy). Since hy and he are equivalences, so too is hoo“?hy.
We take 2k o ko as the quasi-inverse of hy o ?h; with 2-isomorphisms

ho0o 2 ui2ooks
u ]_y2 %hZOkQ :1}]/2062}],10621{;10]{:2

and
€2, €2

vy “2k100v200°¢
v 15251;[ e €2k1 O€2h1

2hy €2 €2
klokgohgo hl.

When €162 = 1 no additional data is needed to define W(hg o ?hy). If e = —1 and €3 = 1, then
we take for v : fo f = 1, the data used to define W(h;). If instead e; = 1 and e = —1, then
part of the data used to define W(hs) is a quasi-inverse f’ of f/ = hyo fok; and a 2-isomorphism

"2 flofl = 1,. Set f = ki o f' ohy with 2-isomorphism p : fo f = 1, given by the
composition

fofoui! k1oop’oghy

fofokiohi=Fkiof ohjofokjoh =220 kioh) == 1,.

fof=—=

Then W(hy o ©2hy) is defined to be W¥(hg o 2hy, 2k o kg, u,v; ). With the above definitions in
place, it is now straightforward to verify the claimed equality ¥(hy) o W(hy) = ¥(hg 0 ©2hy). O

Remark 5.3. While the categorical trace of an arbitrary l-morphism f : * — =z is defined,
Proposition 5.2 requires that f be an equivalence.

Keeping the above notation, let us further assume that z = y and that the 1-morphisms f
and h graded commute in the sense that we are given a 2-isomorphism x : ho €f¢ = foh. We
can then define (h, k), : Tr(f) — Tr(f) to be the composition

W (h)

Tr(f) 2 Tr(h o € ¢ o k) ZEE20R,

Tr(foou™1)

Tr(fohok) Tr(f).
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When € = 1 this reduces to a construction of Ganter—Kapranov. Note that if V' is enriched in
A, then (h, k), is a morphism in A. In particular, when A = Vecty we can make the following
definition, generalizing that of [17, §3.6].

Definition 5.4. Let V be a k-linear 2-category with strict duality involution and let f : x — x
and h : ‘x — x be graded commuting equivalences. Assuming that the vector space Tr(f) is finite
dimensional, the joint trace of (f,h) is

tr(f,h) = tr ((h,k)s : Tr(f) — Tr(f)).

5.3 Real categorical characters Let p be a Real 2-representation of a finite group G on a
2-category V with strict duality involution. For g € G, write Tr,(g) for the set Tr(p(g)). Fix
g € G and w € G. By applying Proposition 5.2 to the equivalences

f=rle), f=plg7"), h=pw), k="Cpw),

and the 2-isomorphisms

-1 -1
U = ¢w,w71 ©0 ¢e ’ B = e 00 wgfl,g

we obtain a map

Tr(p(g)) = Tr (p(w) 0 "p(g™)) 0 ") p(w ™))

Post composing with Tr (1) ) then gives a map B, : Tr,y(g) — Tr,(wg™@w™).

w:gw(w)7w71

Definition 5.5. The Real categorical character of p is the assignment
g+ Try(g), geG
together with the bijections
Bgw = Try(g) = Trp(wg™@w™h), (9,w) € GxG.

The sets {Tr,(g)}gec, together with the bijections {Sg, g, }(g,,.)cc?, define the categorical
character of the underlying 2-representation of G [17], [4]. In particular, unlike the case of Real
characters, Real categorical characters contain strictly more information than the categorical
character of the underlying 2-representation.

Proposition 5.6. The Real categorical character of a Real 2-representation p of G on V defines
a functor
Tr(p) : A BG — Set.

Moreover, if V is enriched in A, then the functor Tr(p) takes values in A.

Proof. Recall that objects of AXfBG are labelled by elements g € G. Set Tr(p)(g) = Tr,(g).
Given a morphism w : ¢ — wg™@w™! in A™ BG, set Tr(p)(w) = Bgw- That these assignments
define a functor Tr(p) : A" BG — Set follows from Proposition 5.2. The final statement is
clear. O

For example, when V is k-linear, Proposition 5.6 states that the Real categorical character
of a linear Real 2-representation of G is a vector bundle over AXf BG.
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Ezample 5.7. Let Vecty, (X) be the category of Fi-vector bundles over a finite set X, as in
[24]. An action of a finite Zo-graded group G on X defines a Real 2-representation p of G on
Vectr, (X) € Obj(Cat) by setting

plg)=(g71)  plw)=(=) o™

for g e Gand w € C\G, where (—)¥ = Homg, (—,F1). As (—)Y squares to the identify functor,
the 2-isomorphisms e o are canonical. The Real categorical character Tr(p) is the unoriented
loop groupoid of the double cover X /G — X/ C, viewed as a groupoid over A;efBC. Interpreting
the trace of an endomorphism of a finite set as the cardinality of its fixed point set, the joint
traces tr(p(g), p(w)) = X,p(g,w) of Section 5.2 compute the cardinality of joint fixed point sets:

Xp(g,w) = #X9.

In physical terminology, this example describes an orientifold of the Fi-analogue of the G-
equivariant B-model on X. From this point of view, the Real part of x, computes the charge of
the orientifold plane.

6. Twisted Real 2-representation theory of finite groups

In this section we study linear Real representations of finite categorical groups. This recovers
the k-linear version of the results of Section 5 when the categorical group is a trivial extension
of a finite group by Bk*.

6.1 Basic definitions Fix a field k. The following is a Real variant of definitions of Frenkel—
Zhu [15, Definition 2.8] and Ganter—Usher [19, Definition 4.1].

Definition 6.1. A twisted Real 2-representation of a finite group G on a k-linear 2-category V
with strict duality involution consists of data V- € Obj(V), p(w), Yuwyw, and e as in Section 5.1,
with the constraint (11) unchanged but with the constraint (10) replaced by the condition that

(wsleonleon]) Vo (Vs © "D p(wn) ) = Vg e (plws) 0 EDPTE)(12)

for some function & : G x G x G — k*.

We call &, which we regard as a 3-cochain on B G, the Real 2-Schur multiplier of the twisted
Real 2-representation p.
In terms of string diagrams, the 2-isomorphisms %, ., and 1. are

waw1

Ye
Pog w1 and I
e

w2 w1

respectively. Equation (12) will be written as

ww3w2,w1 ~ ww3,w2w1
ol (W3 | w2 W
‘”X\ S, TRy ls) (13)

w3 w2 w1 w3 w2 w1
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the arrow indicating that the 2-morphism on the right is &(ws|wz|wi]) times that on the left.
When computing with string diagrams, labels of 1-morphisms will often be omitted when they
can be reconstructed from the labelled data in a string diagram. For example, the 2-morphism

.0

Lemma 6.2. The Real 2-Schur multiplier defines a 3-cocycle & € Z3(BG, kX).

e 0 1y, ,,—1 Will often be drawn as

Proof. We need to verify that the equality

& ([waws|walwi])é([walws|wawi]) = @ ([wslwalw]) ™D & ([walwsws|wi])é([walws|ws])

holds for all w1y, ws, w3, wy € G. This can be proved using string diagrams, similarly to [19, Propo-
sition 4.3|, the corresponding statement for twisted 2-representations. Repeated application of
equation (13) gives the following commutative diagram of string diagrams:

&([wa|ws|wa])x” G([waws|wa|wi])

/%\ A“%‘%)
OAé([‘*14‘*13"-’2"-’1\ %([w;;w;;wzwl])

&([wzlwalwy]) ™ (@)
m(wy) —— m(wy)

m(wqws)

A node labelled by —1 indicates that it is e e, instead of /e o, which is applied. For example,
in the bottom right string diagram of the above diagram the node labelled by 7(w4) corresponds
to the 2-isomorphism ™“*) Zﬁ“ﬁgwl The bottom arrow is multiplication by é([ws|ws|w:])™“s),
since it is the 7 (w4 )™ power of equation (13) which is being applied. Commutativity of the above

diagram implies the desired cocycle condition. O

By combining Theorem 4.5 and Lemma 6.2, we find that an G-twisted Real 2-representation
of G determines a Zs-graded categorical group G(G,&). The following proposition shows that
the corresponding Real (2-)representation theories are equivalent.
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Proposition 6.3. There is a canonical biequivalence between RRepy, 1 (G(G, ) and the bicate-
gory of G-twisted Real 2-representations of G on V.

Proof. By construction, & € Z3(BC,k7f) determines the associator of the monoidal groupoid
G(G,&). After observing that equation (13) encodes the hexagon diagram for a monoidal functor
G(G,a) — GLE™ (V) which is compatible with the structure maps to Zs, the remainder of the
proof is straightforward. O

To end this section, we record some basic string diagram identities.

Lemma 6.4. For all g € G and wy, w2 € G, the following identities hold:

()

waw1
w2 = w2 w1 (14)
wow1
1
(i) N o
w2 = w2 w (15)
w2 w1
wow1 waw1
waw
h a(fwawr jwy Hwr]) T 2 a(Jwalwy  |wawn])
A %
wo w1 W 1 ws wy

(16)

(iv)

g
a(lglg"lg))

ComL (17)

(v)

wl_lw2_1 w2 w1 wflwgl
wo w1
a([wglwilwy twy ')

(18)

Proof. The first two identities are obvious. For the remaining identities, see [19, Lemma 4.8|,
[19, Corollary 4.9] and [19, Corollary 4.10]. See also [4, §§3.2.1, 3.4] O
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6.2 Real 2-characters and 2-class functions We extend the theory of Real categorical
characters to twisted Real 2-representations. Instead of the direct approach of Section 5.3, we
use string diagrams. See [19, §4] for the ungraded case.

We begin with some terminology.

Definition 6.5. A pair (g,w) € G x G is said to graded commute if wg™®) = gw.
The group G acts on G x G by o - (g,w) = (6¢g™@ o1, owo™1). This action preserves the
subset G of graded commuting pairs.

Definition 6.6. The Real categorical character of a twisted Real 2-representation p of G is the
assignment
g — Tr,(g) € Obj(Vecty), geG

together with the collection of k-linear isomorphisms
Bgw : Trp(g) — ']I‘rp(wg”(‘”)w_l), (g,w) € G x G

defined by the string diagrams

and

b —> w e G\G. (20)

This definition recovers that of Section 5.3 in the case of trivial Real 2-Schur multiplier. The
next definition formulates the joint trace of Section 5.2 in the context of Real 2-representation
theory.

Definition 6.7. Assume that each vector space Tr,(g), g € G, is finite dimensional. Then the
Real 2-character of p is the collection of joint traces

Xp(9,w) = trre,(g) (Bgw): (9,w) € GP.

Before proceeding, we note that the theory of 2-characters is weaker than its non-categorical
counterpart, in that inequivalent 2-representations may have the same 2-character. For an explicit
example, see [33, §5|. Analogous statements apply to Real 2-characters as can be seen, for
example, by using Proposition 6.13 below.

Ezxample 6.8. In this example we assume basic familiarity with homological matrix factorizations.
For all necessary background, see [34], [11], [7].
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Let k be a field of characteristic zero. Denote by LGg the bicategory of Landau—Ginzburg
models over k, as in |7, §2.2]. Objects of LGy are pairs (R, W) consisting of a ring R of
the form k[zi,...,x,] for some n > 0 and a potential W € R. The l-morphism category
1Homy g, ((R1, W1), (R2, W3)) is the 2-periodic triangulated category of finite rank matrix fac-
torizations of Wy — Wi

1H0mLGk((R1> Wl)v (RQ, WQ)) = HMF(R1®I€R27 Wy — Wl)

The composition — og — is tensor product of matrix factorizations. For example, the identity
I-morphism 1(g w) : (R, W) — (R, W) is represented by the stabilized diagonal

n

Aw = /\;e(@ R-0),  day = (zi—al) -6 + ;agf’w n-.

i=1
Here 6; are Grassmann variables, R® = R®pR ~ k[z1,...,zn, 2),..., 2] and
/ / / / / /
oE W — Wi, .2,z .z, 2") =W, ... 2, 21, ..., 2, &)
(4] - x; — T :

(2

Define a weak duality involution (—)V on LGy, as follows. On objects set (R, W)V = (R, —W).

Y acts as the linear (with respect to the ground ring) dual of

On 1-morphism categories, (—)
matrix factorizations. Because of the Koszul sign rule, the dual of a matrix factorization of W is
canonically a matrix factorization of —W. The adjoint equivalence 7 is induced by the canonical

evaluation isomorphism from a finite rank free module to its double dual.

Suppose now that a finite Zo-graded group G acts on R = E[xi,...,zy,] by unital algebra
automorphisms. Assume that W € R is a potential which satisfies

w(W) =m(w)W, we G.

That is, G and C\G act by symmetries and antisymmetries of W, respectively. A potential
together with a finite group of symmetries defines a Landau—Ginzburg orbifold model. Mathe-
matically, such models can be studied within the framework of equivariant matrix factorizations.
On the other hand, a potential with an action of G as above defines a Landau—Ginzburg ori-
entifold model [21]. Such models have not been studied in the mathematical literature. As an
explicit example, take a,b > 1 and let W = 229! 4+ 24?® € k[z,y]. Consider the exact sequence
of multiplicative groups
1—>Zb—>Zgbl>ZQ—>1.

Let ¢ be a primitive 2b'" root of unity, which we assume to lie in k. Then a W-compatible action
of Zgp on kfz,y] is given by £ - (z,y) = (—z,&y).

Define a Real 2-representation p of G on (R, W) € Obj(LGy) by letting w € G act by the
I-morphism , Ay € HMF(R®, R, W —7t(w)W) which is the pullback of Ay by w® 1. Explicitly,
wAw is equal to Ay as an R¢-module but has the twisted differential

n

doaw = D (@) =6y + > "W -6 A —.
=1 =1

The coherence 2-isomorphisms 1), o are induced by the associators in LGy. More generally, the
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maps Ve o can be twisted by a 2-cocycle becz 2(B(AQ7 k), thereby incorporating discrete torsion.
We will not do this here; see, however, Section 6.3.

Using [34, Lemma 2.5.3|, the Real categorical character is the Hochschild homology,
Try(9) ~ HHo(MF(R?,W?)),  g€G
and the maps
Byw : HHo(MF(RI,W9)) — HHy(MF(R®9™ ™" s ey

are the canonical k-linear isomorphisms. The pair (R9, WY) is defined as follows. Choose coordi-

nates x1, ...,y of Rin which g acts linearly and such that Span,{z1,...,2,}9 = Spang{zit+1,...,2n}.

Then RY = R/(x1,...,x;) and WY is the image of W in RY. By [11, §6.3], the Hochschild ho-
mology H He(MF(R9,W9)) is isomorphic to the Milnor algebra of W9, supported in degree n —t
mod 2.

As for Real 2-characters, we do not know a geometric interpretation of each joint trace
Xp(g,w). However, it follows from [34, Theorem 2.5.4] that we have

1 3" Xplg, h) = dimy HHE(MF(R, W),

|G| ,
(9:h)€G?)

where G ¢ G2 is the subset of commuting pairs. Similarly, the Real 2-character computes the
dimension of the G-equivariant involutive Hochschild homology:

1

el > xplgiw) = dimy HHE ™ (MF(R, W)).

(g.w)eG®

The cohomology HHY T (MF(R,W)) controls the deformation theory of the equivariant matrix
factorization category MFg(R, W), considered as a category with duality determined by G, and
so controls the deformation theory of the corresponding Landau—Ginzburg orientifold model.

Our next goal is to give geometric interpretations of Tr(p) and x,. We require some pre-
liminary material. Let & be a finite groupoid. Following Willerton [43, §2.3.1], a 2-cocycle
0 € Z2(®, k*) defines a k*-gerbe ?® over &. Explicitly, ’® is the category with

Obj(?®) = Obj(&), Homo g (21, 2) = k™ x Home (21, x2)
and composition law

(22, 92) o (21, 91) = (8([g2]91]) 2221, 9291) 21,22 € k™, g1, 92 € Mor(®).

A vector bundle over 9(‘5, also called a #-twisted vector bundle over &, is a functor 96 — Vect,
with the additional property that each subgroupoid (Bk™)|, C 9, x € Obj(®), acts by scalar
multiplication.

The following result generalizes Proposition 5.6 to finite categorical groups. The analogous
result in the ungraded setting is [19, Theorem 4.17].

Theorem 6.9. The Real categorical character of an &-twisted Real 2-representation p of G defines
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a T(&)-twisted vector bundle over A*'BG,

ref(

Tr(p) : ™ (WA BG — Vect,.

Proof. The theorem is equivalent to twisted commutativity of the diagram

‘/ waw1

Trp
\ \“/mf(“ )([walwi]g)

Tr,( w1g™ 1)

)

Trp(wgwlg”(

for all ¢ € G and wi,wy € G. The vertical double arrow indicates that the top arrow is
T (&) (Jwz|wi]g) times the bottom composition. To prove twisted commutativity, suppose first
that 7(w2) = 1. In this case the expression for T2 (&) ([we|w1]g) differs from that of T(a)([ws|w1]g)
only through the replacement of g with g™“1) (see Section 2.6). The desired equality can there-
fore be verified by a straightforward modification of the arguments used to prove [19, Theorem
4.17].

Suppose then that m(wz) = —1. Consider first the case m(wi) = 1. Let ¢ € Tr,(g). Then
Bwlgﬂ(m)w;l wy (Bgwi (¢)) is computed by the string diagram

In this diagram, and those which follow, the exterior region is labelled by the category V while
the interior regions are labelled by V°P. Using equations (15) and (18), the previous string
diagram is seen to equal

wgwlg_lwflwgl Wo

~1, -1, —1
waw1g 1w1 Wy
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which, by equation (15), is equal to

1

-1 -1
Wy Wy

waw1g™

d([wgwlg_lwl_lwgl|w2|w1])_1

1 1

-1 -1
wywigwy |wi])
7

& ([wlwig™twy ! wi]) ([wig™

1

6([wig™ wy Hwilg])) 7t

More precisely, the first two arrows arise from the inverted form of equation (13) while the last
two arrows used equation (13) but applied in the category V°P. This explains why we multiply
by a(lwig™! !
by first removing the loop and then adding a different loop (see equation (14)), the previous

wi Hwigwy Hws]) and G([wig™ wy Hwi|g]) 7!, rather than their inverses. Continuing,

diagram becomes

waw1gT Wy Wy waw1gT Wy Wy
¢O ¢O
w2 wflwgl = w2 wflwgl
g g
w1
w1
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Repeatedly applying equation (13) then gives

-1, -1 -1 -1, -1 -1
Wow1g~ Wy Wy Wow1gT Wy Wy

1 1 &([wilg™gD) a([walwr g™t

w2 g wl_lwgl

1, -1 -1 1, -1, -1
waw1g 1w1 Wy, waw1g 1w1 Wy,

¢O
¢o

waw1 g wflw; = g

-1 -1
w1 w2 )

The first arrow used equation (13) in V°P. By definition, the final diagram computes By uw, (¢).
The scalar introduced in the entire computation is thus

o(wilg~ gD (w19 wp Mg o)) i [walwrg"wr en))
A(fwrg~twy ™ fwng]) A([wawr g™ wy twy |walwi])é([welwilg 1))’
which we recognize as T (&) ([wa|wi]g) ™"
A similar calculation can be performed when m(w;) = —1. The key difference is that, since

both w; and w9 are of degree —1, at the final stage of the calculation we produce a scalar multiple
of the string diagram

-1, -1 -1, —1
Waw1gw, Wy Waw1gw, Wy

& -1 -1
(lglg~"1g])

waw1 w1—1w2—1 waw1 w1—1w2—1

The last step used equation (17). This gives the additional factor of &([g|g'|g]) appearing in

T (&) (Jwz|wi]g) when both w; and ws are of degree —1. This completes the proof. O

Let a € Z3(BG, k). In [43, §3.1] Willerton showed that the a-twisted Drinfeld double of G,
as introduced in [9], is isomorphic (as an algebra) to the T(«)-twisted groupoid algebra of ABG:

D(G) ~ kK" [ABG].

Motivated by this, for a twisted 3-cocycle & € Z3(BG,kX) the é-twisted thickened Drinfeld
double of G was defined in [32, §4.1] to be the T (&)-twisted groupoid algebra of A BG:

D%(G) = k™ (@) [\ BG).

The inclusion G < G defines a faithful functor ABG — A BG under which (&) restricts to
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t(a). Tt follows that there is a k-algebra embedding D%(G) < D%(G), hence the terminology.

Corollary 6.10. The Real categorical character of an &-twisted Real 2-representation of G is a
module over the a-twisted thickened Drinfeld double of G.

Proof. The category of vector bundles over TgrEf(é‘)AﬁffB Gis equivalent to the category of Tfref(d)—

twisted k[A"f BG]-modules, which is in turn equivalent to the category of k(@) [Ar*f BG]-modules.
The statement now follows from Theorem 6.9. O

The next result describes the equivariance properties of Real 2-characters.

Theorem 6.11. The Real 2-character of an &-twisted Real 2-representation p of G is a flat
section of the line bundle Tt (&), — AA;efBG. Equivalently, the equality

™

7' (@) (lowo ™ o]g)

Tel(@)([olw]g)

Xp(ag”(”)a_l, Uwo'_l) =

: Xp(g7w)

holds for all (g,w) € G® and o € G.

Proof. By Theorem 6.9, the Real categorical character Tr(p) is a T2 (&)-twisted vector bun-

dle over A BG. By the results of [43, §2.3.3], the holonomy of Tr(p) is a flat section of the
transgressed line bundle Tt (&), — AA™ BG. On the other hand, the holonomy of Tr(p) is by
construction the Real 2-character of p. Combining these results gives the desired statement.
The explicit description of the C—equivariance of x, follows from Willerton’s formula for the
loop transgression of an untwisted 2-cocycle 43, §1.3.3]. O
Flat sections of 70 (&)c — AA™ BG were first studied in [32], where they were shown to
describe the complexified representation ring of Dd(G). Theorem 6.11 gives a second interpre-
tation of such sections, namely, as Real 2-class functions for a-twisted Real 2-representations of

G. Corollary 6.10 explains the relationship between the two seemingly unrelated interpretations.

ref
™

Upon substitution of the explicit expression for T (&) into the equality appearing in the
statement of Theorem 6.11, the coefficient of x,(g,w) reproduces Sharpe’s C-field discrete torsion
phase factors for the three dimensional torus and the Klein bottle times S' in M-theory with
orientifolds [37, §6.2|. This strongly suggests a role for Real 2-representation theory in M-theory.
More precisely, consider an orientifold compatible C-field which is pulled back from the C-field
& on BG. We expect the 2-Hilbert spaces resulting from the higher geometric quantization of

membranes in this background to be a Real representation of G(G, «).

6.3 Real 2-representations on 2Vect, We study twisted Real 2-representations on 2Vecty.
The ungraded case is treated in [12]; see also [17, §§5.1-2], [33].

Consider 2Vecty with its weak duality involution (—)V from Section 2.2. We begin with a
cohomological classification of linear Real 2-representations on 2Vecty. The underlying object
[n] € Obj(2Vecty,) of such a representation is called its dimension. Denote by &,, the symmetric
group on n letters.

Theorem 6.12. Equivalence classes of linear Real 2-representations of G on 2Vecty of dimension
n are in bijection with equivalence classes of data consisting of

(i) a group homomorphism py : G— &, and
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(i) a class [0] € H*(BG, (k})75,), where (kX)n is the abelian group (k*)™ with G-action w -

o) m(w)
(ar,...,an) = (apo(w)*l(l)’ T apo(w)*l(n))'

Two such data are equivalent if they differ by the action of &, on HomGrp(C, Sn).

Proof. The proof is a modification of the classification in the ungraded case [12, Theorem 5.5],
[33, Proposition 4]. Let p be a linear Real 2-representation of dimension n. For each w € C,
the 1-morphism p(w) : [n] — [n] is an equivalence and hence is a permutation 2-matrix (see [17,
Lemma 5.3]). After noting that (—)V fixes the isomorphism class of a permutation 2-matrix,
the existence of a 2-isomorphism p(ws) o ™@2)p(wy) ~ p(wow;) implies that p defines a group
homomorphism pg : G — &,. Fix a basis of each vector space appearing in each 1-morphism
p(w). Then the 2-isomorphism v, o, is given by an n-tuple (8;([wa|w1]))?-, € (%)™, the ith
component being the isomorphism between the unique one dimensional vector spaces of the itP
rows of p(wz) o 7r(“’Q)p(wl) and p(wow). By the associativity® constraint (10), the §; assemble
to a 2-cocycle 6 € Z2(BG, (kx)py)- A different choice of basis of p(w) defines a cohomologous
2-cocycle. Similarly, a contravariance respecting pseudonatural isomorphism u : p = p’ defines
a twisted 1-cochain A, such that 6 = 6’ - d\,. In this way, each equivalence class of linear Real
9-representations of dimension n defines a class in H2(BG, (kX))
Reversing the above construction associates to a 2-cocycle 8 € Z2(BG, (kX )po) an n-dimensional

linear Real 2-representation, the entries of each 1-morphism p(w) being either trivial or the trivi-

alized k-line. This association is quasi-inverse to the construction of the previous paragraph. [

The next result is a Real version of [33, Theorem 10].

Proposition 6.13. The Real 2-character of the Real 2-representation 20 determined by [0] €

H*(BG, (k)7,) is

N _ _ m(w)—1 él wgﬂ-(w)
o) = Y (g g )
i 0, (gle])
po(9)(i)=po(w)()

Proof. A short calculation shows that the right hand side of the claimed formula is independent
of the choice of normalized cocycle representative of [é] Fix such a choice . A 2-morphism
¢ : 1) = pi(9), g € G, is an n X n matrix which has non-zero entries only at those diagonals
for which p;(g) is non-zero. Using this observation, the computation of Xp, reduces to the one
dimensional case. In this case, direct inspection of the string diagrams (19) and (20) shows that
Bgw : k — k is multiplication by

e B(wlg™)
(g™ [w])

0(lg~"1g])

Upon restriction to graded commuting pairs, this gives the claimed formula. O

A linear variation of the example from Section 5.3 can be used to give a geometric interpre-
tation of Theorem 6.12. Instead of a matrix model of 2Vecty, we work with the model given by
k-linear additive finitely semisimple categories. The object [n] € Obj(2Vecty) is modelled by the
category of vector bundles Vecty(X) over any set X of cardinality n. Suppose that G acts on

3 As 2Vecty, is a bicategory which is not a 2-category, a non-trivial associator 2-isomorphism must be incorporated
in equation (10) in the obvious way.
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X and fix a 2-cocycle 6 € Z2(X )G, kX) with coefficient system kX twisted by the double cover
7 : X))G = X)/G. Write 0, ([wz|w1]) for the value of 6 on the 2-chain [ws|wi]z. A linear Real
2-representation p, is defined on Vecty(X) as in the [F1-linear case, where now the 2-isomorphism
Yy w; multiplies the fibre over z € X by 0, (Jwa|w1]), pre-composing with ev if wy,ws € G\G. In
this language, Theorem 6.12 becomes the statement that all linear Real 2-representations of G
in 2-vector spaces arise in this way while Proposition 6.13 becomes the joint fixed point formula

Xoo(9:w) = > T (02)([wlg)

reX9I v

To end this section we mention the twisted generalization of Theorem 6.12. An G&-twisted

Real 2-representation of G on 2Vect; determines an equivalence class of data consisting of

(i) a group homomorphism py : G = G,

(ii) a morphism py : ky — (k) of G-modules, and

(iii) a normalized 2-cochain § € C2(BG, (kX )oo)
such that the equality df = p1(&) holds in Z3(BG, (kX )po)- This data, up to equivalence as in
Theorem 6.12, classifies equivalence classes of twisted Real 2-representations on 2Vecty. We omit
the proof, which is a straightforward combination of those of [12, Theorem 5.5 and Theorem
6.12. Proposition 6.13 is unchanged.

6.4 The antilinear theory We explain a categorification of the antilinear theory of Real
representations of a finite group from Section 3.1.

Let k£ be a field which is a quadratic extension of a subfield ky. Galois conjugation defines a
strict kg-linear involution @ : Vect;, — Vect,. Note that Section 3.1 could have been formulated
in terms of this involution, in much the same way that Section 3.2 was formulated in terms of
(—)V.

Given a k-linear category C, denote by C the category with

Obj(C) = Obj(C), Homg(x,y) = Home(z,y).
The assignment C + C extends to a strict involutive 2-functor (—) : Caty — Caty.
Let V be a k-linear bicategory. Define an involutive pseudofunctor Q :V — V by acting
trivially on objects and by acting by conjugation on 1-morphism categories. In particular, the

action of (—) on 2-morphisms is antilinear.

Definition 6.14. A linear Real 2-representation of G on a k-linear 2-category V (in the antilinear
approach) consists of data V€ Obj(V), p(w), Yuwsw, and e as in Section 5.1, with the constraint
(11) unchanged but with the constraint (10) replaced by the constraint

Ynnin © (Vumon © "D p(01) ) = Vi onen © (p(w5) 0 ey ) (21)

Left superscripts now determine whether or not the 2-functor (—) is applied.

The above definition admits an obvious twisted generalization. All results of Section 6, and
Section 8 below, continue to hold in the antilinear approach with essentially the same proofs,
although Galois conjugation is used to define the coefficients of Real 2-Schur multipliers. The

key point to keep in mind is that while "“3)y,,, ., instead of ™(«3) ngwjl) appears in equation
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(21), the pseudofunctor (T) : YV — V is antilinear on 2-morphism spaces, as opposed to linear
and direction reversing.

7. Twisted Real induction

This section, which contains motivation and background material for that which follows, describes
relevant aspects of the theory of twisted (Real) induction.

7.1 Induction Let G be a finite group. Fix a cocycle § € Z%(BG,k>). For later use, note
that a #-twisted representation p of G satisfies

p(9) " =0(glg™ D p(g™"), g€ (22)

The character of p satisfies (¢f. equation (6))

Xp(hgh™) =1(0)([Ag)xol9),  g,hE€G. (23)

Let H < G be a subgroup. The induction functor Ind§ : RepZ‘H(H) — Rep?(G) can be defined
as follows. Fix a complete set of representatives {r1,...,7,} of G/H. Up to suitable equivalence,
all constructions in this section, and the analogous constructions in those which follow, are
independent of the choice of coset representatives. Given a f|y-twisted representation p of H on

V, set
p

Ind§(p) = @n -V

i=1
Here r; - V' is an isomorphic copy of V. For each g € G and 4,5 € {1,...,p}, set
0([g]r:])

Id§(p) (9)r,r, = § 5 0r)
0 else

p(rj_lgri) if rj_lgri €H,

where we view Ind§(p)(g) as a p x p block matrix.

Proposition 7.1. The character of Ind§(p) is

1 _ _
X1ndS(p) (9) = H Z (0)([r]g) 1Xp(7“97“ b
reG
rgr—1eH
Proof. After a short calculation using the 2-cocycle condition, the claimed equality becomes |28,
Proposition 4.1]. O

Proposition 7.1 admits the following generalization to finite groupoids.

Proposition 7.2. Let f : § — & be a faithful functor of finite groupoids. Fiz 6 € Z*(®, k).
For each 0g-twisted representation p of $ and loop (x,7) in &, the equality

1

5 1 _1 sy8™
XInd®(p) (1" = CC) = T(G)([S]V) Xp(y y)
5 oy ORI 2 ’

sysTleAutg (y)
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holds, where Og(y) denotes the orbit of y in $.

Proof. The proof is a twisted generalization of [17, Proposition 6.11]. Let {y1,...,yn} be a
complete set of representatives for the $)-isomorphism classes of objects which map to Og(z) via
f. For each j € {1,...,n}, fix a morphism = SN f(y;). We have

gl 2
Xndg (p) (x = ) = ZXIHdgA%(yj)(p) (z = x)
j=1
Eq. (23) - s5vS.
=Y w0) (i) Xind$y -, (0) (flyy) = f(y))
=1 ’
Pro& 7.1 Zn: 1 %
= [Auty(y))]
Yo O s O[5 sy xplss ™)
.'L’;y7

Y > O s,

sysTleAuty (y5)

which is easily seen to equal the desired expression. Note that Proposition 7.1 applies because
of the assumption that f is faithful. O

7.2 Real induction Let H < G be a (non-trivially graded) Zs-graded subgroup. Fix 6 €

ZQ(BC, k). In this section we interpret Real representations as generalized symmetric repre-

~ 0, - ~
sentations, as in Section 3.2. The Real induction functor RIndg : RRep," (H) — RRep{(G) is
defined as follows. Fix a complete set S = {o1,...,04} of representatives of G / H. Let p be a

~

G‘H—twisted Real representation of H on V. As a vector space, put

R q
RIndf (p) = P oi - "OV.

i=1
For each w € G and i,7 €{1,...,q}, set
O([wlos])

RIndS () ()0 = { 20l )
0 else.

W(Uj)p(gj_lwai)”(gi) if O'j_l(,UO'Z' € |:|,

Given a morphism ¢ : p; — po of twisted Real representations, the value of RIndE(qﬁ) on the *®
summand is ¢ if 7(0;) = 1 and is pa(0;) "L o ¢ o p1(0y) if w(o;) = —1.
Observe that there is a natural isomorphism

ResE o RIndG =~ IndS o Rest.

This isomorphism can be used to compute XRInd® However, for comparison with the case of
A

()

Real 2-representations, it is instructive to compute XRInd® directly.
A

(p)



Real 2-representation theory 55

Proposition 7.3. The Real character of RIndE (p) is

_ 1 ref/n -1 m(w), —1
Xt () (9) = ] Z T (0)([w]g) ™ Xp(wg™ ™).
weG

wg”(“’)wfleH

Proof. For each g € G, we compute

é([g‘gl]) m(0:) —1 (0%)

Xpmdé (@) = = {Tn (o) plo; goi)™

fnda(e) ie{;,q} 0loilo; 'goil) ' < )
oflgaiEH

1 é([glail]) -1 (o)
= ——1r g g .
2 (o ogo1]) " (vto™90)7)
oeG

og™@o—1eH

After using equation (22), this is seen to equal

w(o)—1

0(logoog™ o™ )2 xp(og™ o).

1 0([g|o—!
3 (lgle—"])

2H| O(jo—"|ogo—1])

oeG
097’(")0716H

A short calculation using equation (8) now completes the proof. OJ

7.3 Hyperbolic induction A second form of Real induction, different from that of Section

7.2, is hyperbolic induction HIndg : Rep{(G)™ — RRepg(G), where the domain is the maximal
groupoid of RepZ(G). This is simply the hyperbolic functor from Grothendieck—Witt theory. It
admits the following explicit description. Fix an element ¢ € C\G Given a f-twisted represen-
tation p of G on V, the underlying vector space of HIndg(p) is V@ VV. By Lemma 3.3 and
Proposition 3.8, the G-action is given by

¢ _ [ rl9) 0
HIndg(p)(g) = ( 0 T;ef(é)([gfl]g)flp(gflgflg)v ) ) 9¢6G

and
A 0 Bl 0c)
—1 A~
HIAE (D)) = | jup1pitedh 1y D ,  WEG\G
g MW 0

More generally, given a subgroup H < G, the functor HIndS : RepZ‘H(H): — RRepi(G) is
defined to be the composition HIndg o Indﬁ.

Proposition 7.4. The Real character of HIndﬁ (p) is

XHIndS(p>(9)2L Yoo ) ([wlg) T (wg™@w ).

A web
wg™@w=1eH
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Proof. Suppose first that H = G. For each g € G, we compute

XHIndg (p) @) = @+ O 9 N gT)

L O s +

seG

|(1;| St O) (s Mg) e O) (sl g1 T xplss g es ™)
seG
EQ':(5) |é| Z Tgref(é)([w]g)flxp(wgw(w)wfl).
weG

The case of an arbitrary subgroup follows by combining the previous case with equation (5) and
Proposition 7.1. O

8. Twisted Real 2-induction

We define and study various forms of induction for linear Real representations of finite categorical
groups. In particular, we compute the result of induction at the level of Real 2-characters.

8.1 Twisted 2-induction Let G be a finite group with subgroup H. Fix o € Z3(BG, k*). Let
p be a linear representation of H = G(H, ajy) on a category V. The induced linear representation
Ind?g{(p) of G = G(G,a) was constructed in [19, Proposition 5.6]. An explicit construction,
generalizing that of [17, §7.1] in the untwisted case, is as follows. Keeping the notation from

Section 7.1, set
P

Ind%(p) = Hri -V
i=1

An element g € G then acts via the p x p matrix whose (4,7)" entry is

p(h) if gr; = r;jh for some h € H,
nd3 (p)(9)r,r, = { !

0 else.

The (k,i)™ entry of Ind%(p)(gg) o Ind%(p)(gl) is p(he) o p(h1) if giri = rjh1 and gorj = riho
for some hi,hs € H and is zero otherwise. If non-trivial, the corresponding entry of the 2-
isomorphism Ind%(lb)gw1 is defined to be

a([g2|rj|h1])
a([galg1|ri])a([re|hz| by

])Wg,hl-

The coefficient of v, 5, ensures that this defines a Real representation of G.

Theorem 8.1. There is an isomorphism
Tr(Indg, () = Ind4 58 (Tr(p))

of T(«)-twisted representations of ABG.

Here Tr(p) is viewed as a T(ay)-twisted representation of ABH and IndABS denotes twisted

induction for groupoids. The untwisted version of Theorem 8.1 was proved by Ganter—Kapranov



Real 2-representation theory 57

[17, Theorem 7.5]. The twisted case can be handled by an elaboration of their argument. We
omit this argument, as a further elaboration will be used to prove Theorem 8.3 below.

Corollary 8.2 (¢f. [17, Corollary 7.6]). The 2-character of Ind%(p) is

1 _ _ _
Xlnd%(p)(glaQQ) = ﬁ Z TQ(OZ)([S]Ql = g1) ! 'Xp(5915 1’ 5925 1)-
€G
S(g1,92)5 LEH?

Proof. By Theorem 8.1, it suffices to compute the character of Ind38S (Tr(p)). As the canonical
functor ABH — ABG is faithful, this character can be computed using Proposition 7.2. Doing
so gives the claimed result. O

8.2 Real 2-induction Consider now a finite Zy-graded group G with Zo-graded subgroup H.
Let & € Z3(BG,kX) and let p be a linear Real representation of H = G(H, ajy) on a category
V, the Real structure being # = g(H,d‘g). We define a Real 2-representation RInd%(p) of
G = G(G, a) with Real structure G = G(G, &). As a category, set

q

RInd%(p) ~I[o: "V

i=1
An element w € G acts by the ¢ x ¢ matrix whose (4,7)™ entry is

RIndY, () ()0, = {”("j)p(n) if wo; = o;n for some 1 € H,

0 else.
The (k,7)™ entry of RInd%(p)(wg) o ”(‘UQ)RInd%(p)(wl) is ™(73) p(wh) 0 ™23 p(ny) if wio; = ojm
and wyo; = oy12 for some 11,12 € H and is zero otherwise. The component of RInd% (1) o at

this entry is defined to be

é‘([‘”ﬂ%’m])  m(ok) 7r(o'k)'
&([walwilod])a([ok|n2lm]) m

It is straightforward to verify that this defines a linear Real representation of G.

8.3 Induced Real categorical and 2-characters We generalize the work of Ganter—Kapranov

in the untwisted ungraded case to compute the Real categorical and 2-characters of RInd% (p).
We begin with the Real categorical character.

Theorem 8.3. There is a canonical isomorphism

¢ o T AT BG
Tx(RInd (p)) = Ind}7 7% (Tr(p))

of (&) -twisted representations of A BG.

Let Zé(g) be the stabilizer of g € G under Real G-conjugation. Fix an equivalence

ref R~ ®
AF'BG~ || BZig). (24)
gemo(Aref BG)
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The set (A" BG) is identified with the set of Real conjugacy classes of G. Denote by [9]le C G
the Real conjugacy class of g. To prove Theorem 8.3 we first describe the action of Zg(g) on

T . We require some notation. The decomposition

I‘Rlnd% (p) (g)

l
lole H = [ inl (25)

induces a decomposition

!
{ceS|o g™ o eH} = |_| Si
i=1

where S; = {0 € S | 071" 9o € [hily}. For each i € {1,...,l}, fix an element o; € S;.
Relabel the representatives of the Real I:I—Conjugacy classes appearing in the decomposition (25)
by h; = ajlgw(ai)ai.

Lemma 8.4 (¢f. [17, Lemma 7.7]). Elements of S; can be chosen so that left multiplication by
0;1 induces a bijection from S; to a complete system of representatives of Z‘é(hﬂ/Zﬁ(hﬂ.

Proof. The proof is nearly the same as that of [17, Lemma 7.7|; we include it for completeness.
Let 0 € S;. Then o 1¢™(g = n‘lh?(n)n for some n € H. It follows that on~ ' =0oin C/H and
(o~ )"tg™@Mgn=1 = h; so that

—1h?(051m7*1) o=l = p

o on T =

(o7 ton™) i

1 we henceforth assume that o € S; is such that

and o; ton~! € ZZ(hi). Replacing o with on~
0 lg™ g = h; and 0, o € ZZ (hi).

Let 0,0’ € S; be distinct. Then (o '0)"(0; 'o’) = 0~1o’ does not lie in H. It follows that
o;lo # 0,10 in Z‘g(hi) / Zﬁ(hi), proving injectivity of the map under consideration. To prove

surjectivity, let p € Zg(hi). Then ;0 = on for some o € § and 7 € H. We compute

O_flgﬂ(o)o_ — nh?(a)nflj
whence o € S;. Since 0~ '¢™(@ g = h;, we also find that 7 € Zﬁ(hi). So 0;10 = un~!, showing
that o; ‘o = p in Zé(hi)/Z;‘:’l(hi). O

Remark 8.5. The representatives S of G / H can be chosen to be a subset of G. Such a choice
simplifies the description of induced Real 2-representations. However, it does not appear that
there is a version of Lemma 8.4 which produces a set of representatives which is again a subset
of G.

We henceforth assume that S is chosen as in Lemma 8.4. We have
!
Trmnd%(p) (9 = D D o Tr”(‘”p(hg(a))'
1=1 {o€S8;|oc—1goeH}

If (o) = —1, then
Trpor (h; 1) =~ 2Homcae (p(h; 1), 1v).
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Define k-linear a map F; : 2Homcat(p(hi_1), ly) — 2Homcat(1y, p(hs)) by

hlf . hi
u i

Using equation (17), the inverse F; ' : 2Homcat(1y, p(h;)) — 2Homear(p(h; 1), 1y) is seen to be

h;l% — al[hilhy ) < Uh;l.

The maps F; induce a vector space isomorphism
l
TrRInd% (p) (g) = @ @ g Trp(hz)
1=1 {c€S;|loc~1goeH}
which we use below without mention.

Lemma 8.6 (c¢f. [17, Lemma 7.8|). There is an isomorphism

!
TrRInd%(p) (9) ~ @Indzg(m) (Trp(hi))

of T (&)-twisted representations of Z‘é(g), the induction being along the composition Zﬁ(hi) —

Z:(9)-

l»—)oilofl
Zz (hi)
Proof. Let u € Zz(g) and o € S;. Then po = 67 for some & € S and € H. It is straightforward
to verify that in fact 6 € §; and n € Zﬁ(hi). The equations

ple=ont,  go=oh]”,  po=a

imply that p acts on Tr by a linear map & (p) : o - Trp(hs) — & - Trp(hs). We claim

RInd%(p) (g)
that & (u) is equal to cica - fBp, , Where

o= (@ﬁglulabddah?@|n]>> < 6 ([l ) ) .
a([gla|n]) a[ulg™® o)) ([ n|RT )

m(p)—1

( a(lg~"o|h7]) ) ’
alg=glol)a([olh, ™7 )

and

! () )y \ T
a([hi Hhalm)ad[lh; ™ [RT 1))
a([hy M nlhf )

co = éz([hi|h;1|h,~])57r<u>m<o>,—1—5w<a—>,w<n>,—1 (

op
g g

71 . G op
to d}hf(&),n’ wn,hf““’) and @bh;ﬁ(a)’h?(g), respectively. Note that RIndﬁ(iﬁ)Q,l’g appears only when

Indeed, the factor ¢ is due to the scalars relating RInd% (1!});‘1‘, RInd% (1) 4, grw) and RInd%(@D)
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7(pu) = —1. These maps contribute to &;(u) regardless of the degrees of o and . The factor c;
is due the maps Ffﬂ and is best understood using string diagrams. For example, when p and n
are of degree +1 and ¢ and & are of degree —1, we have

§(p)(@) =c1- p,
n n~t
ht

This string diagram can be evaluated as follows:

a([h; Hnln=1) a([nlh; =1t
e

hi

Eq. (16) Eq. (13)
n n=1
ht
h;
a([hilnlnh; ") &([nhilh; ' n=1])
_—5 e
Eq. (13) Eq. (13)
nhi n!
h; hi
alflhalh D~ &([halh; Iha)) !
—t
16) Eq. (17)
7 n! U n!
so that, after a short calculation, we arrive at
-1 1
hilm n|h; " |hi)
N _ &([hg " Ihalnl)a((nlh; " |hal) B () = a8 ().

a([h i1‘77|hi])

n n~!
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Similarly, when p, o are of degree +1 and &,7 are of degree —1, we have

This string diagram can be evaluated in the same way as the previous diagram, the main difference
being that the final step is not required. This leads to an additional factor of &([h;|h; *|h;])~*

-1
. PPNV a1 Ll L0 L

B i A ) )

The coefficient of 8, ,(¢) is again cz. The remaining cases are dealt with similarly.

On the other hand, as (o; 'uo;)(0; 'o) = (0;'5)n, the results of Section 7.1 imply that

o; po; € ZZ (hi) acts on

@

Z!
IndZE Y (Txp(h ~ oo Tr,(h
H o€S;

by the linear map & (o; *po;) : 05 'o - Try(hy) — o, 16 - Tr,(h;) given by

On,(lo; " poilo; "ol
On, ([ 51n)

&o(0; o) = Bhin-

Here we have set 0, ([we|w1]) = T2 (&) ([w2|wi]y). Noting that

007" |1])

0(lo, a2 )

§a(p) =

closedness of T:/(&) then gives

—1~
(oo,
o; |

O,
On,([51n]) On, ([o; o))

The explicit expression for Tref( ) shows that E[[Z\ZB is equal to cico above. We therefore arrive

at the equality
On, ([0 '15])

@)= o o)

§1(p).
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In other words, the diagram

o Trp(h)) ——2 s 5 Tr,(hy)
T;efm)([ama]hi{ fa&f(a)([aﬂ&]hi)

o; o Try(h) e 0,15 - Try(hy)

commutes. The vertical (scalar multiplication) maps of this diagram assemble to define the
desired isomorphism Trp @ (o) ( ) = @l 1 Ind¢ G( )) (Try(h;)) of twisted representations of

®
Z & (9)- O
Theorem 8.3 follows at once from Lemma 8.6.

Theorem 8.7. The Real 2-character of RInd%(p) is

1 re (o) _— _
XRInd%(p)(g’w): 21H Z (@) ([o]g < 9) 7 Xp(0g™ o7 owo ™).
oeG

a(gw)ot eR2
ref R
Proof. By Theorem 8.3, it suffices to compute the character of Indﬁfefgg (Tr(p)). As the canonical

functor A™f BH — A BG is faithful, this character can be computed using Proposition 7.2. [

8.4 Hyperbolic 2-induction We now turn to the categorification of hyperbolic induction.
Let G be a finite Zy-graded group. Fix & € Z3(BG,kX) and ¢ € C\G Let p be a linear
representation of G = G(G,«) on V. The underlying category of HIndg(p) is V- x VP, The
required 1-morphisms are

HIndg () (9) = ( L. ) . gec

and

HIndg(p)(w) = ( p(g?w)OP p(c(;)g) ) , w e G\G.

The associativity 2-isomorphisms are

¢ @bg Y] 0
HIndg(¢)92,91 - ( (2) ' a([gz2lsls™ glg] ((/}

a([g2]g11s])a([s[s~Tgas[s—Tg1q]) gz<§ lgis

and ([wal<] )

. a([walsls~tgis ~ 0
HINAG (1)) g, = S Yrctne A 1

0 a([sls walgr) T,

and

3 a([g21w1]s]) ™ gy i 0
HIndg(w)gz,uﬂ = ( 0 ’ a([g2]sls twi]) )prop

a([sls=Lgasls~twi]) s lgac,c~twr



Real 2-representation theory 63

and

5 &([w2|§’§_1w1])¢w s lw 0
HIndg(w)wz,wl = < 0 2o ! 1 —op

a([wzlwi[c])a([sls~ wawas]) e twa,wis

where ¢1,¢92 € G and wy,wy € G\G These expressions are most easily obtained by interpreting
Real representations as homotopy fixed points of Repc,, (G) and applying a categorified hy-
perbolic construction. In any case, it is straightforward to verify that this defines a linear Real
representation of G. A )

More generally, for a subgroup H C G, we define HInd% = HIndg o Ind%.

8.5 Hyperbolically induced Real categorical and 2-characters We compute the Real

categorical and 2-characters of HIndg(p). Since the method is similar to that of Section 8.3, we
will at points be brief.

Theorem 8.8. There is a canonical isomorphism

5 Aref G
Tr(HIndY, (p)) =~ Ind\ 5,0 (Tr(p))

of T (&) -twisted representations of A BG.

Standard properties of induction for representations of groupoids yield an isomorphism

ArefBG ArefBG
Ind, 5y " (Trp(9)) ~ Ind, g <Ind%gﬁ(Trp(g)))

of T (&)-twisted representations. Since HInd% = HIndg o Ind% and, by Theorem 8.3, we have
Tr(Indg,(p)) = Ind}5S (Tr (),

it suffices to prove Theorem 8.8 under the assumption that H = G.
We proceed as in the proof of Theorem 8.3. Fix again an equivalence of the form (24). Instead
of (25) we consider a decomposition

l

[9l¢ = [ |l9ils (26)

=1

with [g;]¢ C G the conjugacy class of g;. We have [ € {1,2} according to whether or not the
conjugacy class [g1]g is Real (I = 1) or non-Real (I = 2). The Real and non-Real cases have
Zc(g9) € Zg(g) and Zg(g) = Zg(g), respectively. There is an induced decomposition S = U_;S;
with S; = {0 € S | 07'¢™ o € [g]c}. We set o1 = e and, in the non-Real case, o9 = .
Relabel the representatives of the conjugacy classes appearing in the decomposition (26) by
gi=0; g™,

The obvious analogue of Lemma 8.4 holds by inspection. Explicitly, in the Real case we take
¢ to be any element of Zg(g)\Zg(g). The maps F* then yield an identification

TrHIndg(p) (9) = Try(g) ®< - Try(g2)

where, by convention, go = ¢ in the Real case.
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Lemma 8.9. There is an isomorphism

(9)
Tr "Hinad (p @IndZG(g (Tro(9:))

of T (&)-twisted representations of ZSO( ), the induction being along the composition Zg(g;) <

Zé(gz-)

l»—)alla

Z£(9)-

Proof. Consider first the non-Real case. Let p € Zg(g) = Zg(g9) and 0 € S;. Then po = ép
for some 6 € S; and p € Zg(g;). For i = 1 we have 0 = e = ¢ and u corresponds to the map
&(p) : Trp(g) — Trp(g) given by Byp. For i = 2 we have 0 = ¢ = ¢ and p induces a map
&1(p) - Trp(g2) = < - Try(g2) which is equal to cica - By, p, Where

o = (d([gz‘l\pIC‘l])&([c‘llglu])) ( ( a(lplsY]g]) )

(7 ) a([plgy s (s ulg))

and
a(lgy" \92\10]) ([plgs ! l92])

a([g3 ' Iplg2])

Cy =

The factor c; is due to the scalars relating HIndg(w);L and HIndg(@b)u,g to 1#21_)1 ) and 1/1 _1,
2
respectively, while ¢y is due to the maps Fiil, as in Lemma 8.6.
O

IndzG

he other hand, as (o] 'uo;)(0; 'o) = (0;'5)p, the element o 'uo; € Zg(g;) acts on

nt
()
(g) (Trp(9i)) = Trp(gi) by the map

&0y o) =

Again, we have set 0., ([wa|wi]) = T (&) ([w2|w1]y). As in Lemma 8.6, this leads to the expression

ulo
o P

Since o = &, this becomes & () = By, for i = 1 and &a(u) = cica - Py, p for i = 2, where in the
latter case we have used the explicit expression for T2 ().

Consider now the Real case. Let p € Zg(g) and 0 € § = §;. Then po = ap for some

o € S and p € Zg(g). It follows that the action of u on Tr induces a linear map

HIndg(p)(g)
&(pn) : 0-Try(g) = & - Trp(g) of the form cica - Byp. The factors ¢ and ca, whose explicit

forms we omit, arise in the same way as above. Note that ¢; may now receive contributions from

HInd$ Aty

On the other hand, since uo = &p, the action of p € Zg(g) on Tr induces a linear

HInd{ (p) (9)
map &2(u) : 0 - Tr,(g) — 7 - Tr,(g) given by
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For example, when 7(u) = —1, 0 = ¢ and & = e, the coefficient of 3, reads

vef — allalo—1 algMslg™D)  a(lulslghagluls])
e (ulsla) = alol oD G5 paslols ™) atluly 1)

The factor a([glg~"|g]) is equal to ¢, while the remaining terms multiply to ¢;. Note that
HIndg (1)

O
979
same way. O

contributes a factor of 1 to ¢; in this case. The other cases are treated in the

Theorem 8.10. The Real 2-character of HInd%(p) is

1 ret A w - (o) — —
XHInd%(p)(g’w) = H > @) (olg 2 9) Tt xp(og" o owo ™).

oG
o(g,w)o~teH?

In particular, XHInd% is supported on the subset mo(A?BG) C WO(AA;efBC).

(p)

Proof. This is proved in the same way as Theorem 8.7, using Theorem 8.8 instead of Theorem
8.3. In the present case we apply Proposition 7.2 to the functor ABH — A;efBC. This explains

. 1 1 : N
the coefficient TH]» 88 opposed to oH) 1 XHInd% (o)’ -

9. Conjectural applications to Real Hopkins—Kuhn—Ravenel characters

In this final section, motivated by the analogy between Borel equivariant Morava E-theory and
the 2-representation theory of finite groups [17]|, [20], we speculate on a homotopy theoretic
interpretation of our results.

Let G be a finite group. For each n > 1, denote by G < G" the subset of commuting
n-tuples. The group G acts on G(™ by simultaneous conjugation and the groupoid G /G is
equivalent to the iterated loop groupoid A" BG. The space of locally constant functions on A" BG
valued in a ring S is denoted by Cl,(G,S) and is called the space of S-valued n-class functions
on G.

Fix a prime p and let E; be Morava E-theory at p. Let BG be a classifying space of G.
Hopkins, Kuhn and Ravenel proved in [20, Theorem C| that there is a generalized n-character
map

E;(BG) — Cl,, ,(G, C,) (27)

which, after tensoring the source with C,, is an isomorphism. Here C, is a p~!E®-algebra,
constructed in [20, §6.2], which is an Ep-theoretic analogue of the field obtained from Q by
adjoining all roots of unity, the latter field being that which one considers in classical character
theory. The subscript p in Cl,, indicates that we restrict attention to functions defined on
commuting n-tuples of G which have p** power order. Given a subgroup H — G, it was proved
in [20, Theorem D] that the induced transfer map is

. 1 3 B
anS(X)(gbg%"'vgn): W E X(gglg 17“.,ggng 1).
g€eG
9(91,92,--,9n)g~ L EH™

For n < 3 this is a p-completed version of the formula for induced n-characters; for n = 1 this is
classical, while for n = 2 and n = 3 this is proved in [17, Corollary 7.6] and [42, Theorem 6.7/,
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respectively.

It is known from the work of Sati and Westerland [35, Theorem 2| that a cohomology class
a € H"2(—,7Z) defines a twisted cohomology group E2+®(—). In particular, for each a €
Z3(BG,U(1)) there is a twisted form of transfer

En UM (BH) - EST(BG).
It is natural to expect that, after tensoring with C,, these cohomology groups are isomorphic to
the p-completions of the twisted n-class function spaces I'znpn(T"(0qn)c, ) and Canpe (T (a)c,)
and that under these identifications the transfer map is given by the obvious generalization of
the formula appearing in Corollary 8.2.
Let now G be a finite Zo-graded group. For each n > 1, define

G™M = {(g,wa,...,wpn) € G x Gr1 | wig = g’r(wi)wi, wiw; = wjw;, 2 <i,5 < n}.

The group G acts on G(™ by Real conjugation on G and by ordinary conjugation on the remaining
factors. The resulting groupoid G // g4,(A3 is equivalent to A" 'A*f BG. Denote by CIR,(G,S)
the vector space of locally constant S-valued functions on A"‘lAﬁffBC7 which we call S-valued
Real n-class functions on G

Assume now that p = 2. In order to have a homotopy theoretic interpretation of our results,
we would like to find a family of genuinely Zs-equivariant generalized cohomology theories R,
n > 1, which has the following properties:

(i) For each n > 1, there are maps of cohomology theories
c: Ry — E}, r:Ey — Ry.

(i) The assignment G — R, (BG) extends to a Zy-graded generalization of a Mackey functor.
In particular, associated to a Zs-graded subgroup H < G are transfer and restriction maps,

rind$ : Ry(BH) — RS(BG),  res$ : RY(BG) — RA(BH)
and associated to a subgroup H < G is a map
1S : B2(BH) — R%(BG).

The map 7“682 is induced by the map BH — BG over BZ, while hg is the composition
of ¢ with the E}-theory transfer map indﬁ. The above maps should be compatible in the
obvious sense.
(iii) There exists a p~!R®-algebra C, such that for each finite Zy-graded group G there is a
Real n-character map
X : R%(BG) — CIR,, (G, C,) (28)

which induces an isomorphism ER}(BG) ®rs Co = CIR,, ,(G, C,). Moreover, under the
identifications (27) and (28), the maps m’ndg and h{ agree with the natural generalizations
of the maps RIndE and HIndG, respectively, at the level of (Real) n-class functions.

(iv) There is an isomorphism R} ~ K RZZ) under which r and ¢ become the hyperbolic (re-
alification) and forgetful (complexification) maps, respectively, of equivariant K R-theory

[1].



Real 2-representation theory 67

(v) Let 7 : X — X be a double cover. A class § € H"2(X,Z,) defines a twisted theory

R,'lJFB (X) and the obvious analogues of properties (i)-(iv) hold for the twisted theory. For
example, when twisting by a cocycle 3 € Z"‘H(BG,U(l),r) the group CIR,, ,(G,C,) is

A~

replaced by Cle’p(G,é.), the space of flat sections of the line bundle T 't (3) —
A”flA;efBC over C~’..

We briefly comment on the second part of (iii). Using the results of Sections 7.2, 7.3 and
8.3, 8.5, which should be viewed as being of height n = 1 and n = 2, respectively, we can
write down explicit descriptions of the maps RInd and HInd at the level of Real n-class func-
tions. For example, given x € Cle,p(H, 5’.), the requirement is that the value of rindg (x) at

(gswa, ..., wn) € G is

2|1I-H > T (B) (0] (gy w2y wn))
oeG

U(ng27---7wn)aileﬂn

X X(ag”(")afl, owyo . owpo Y.

A first guess is that R} is the theory ER? constructed by Hu and Kriz [23]. This theory
satisfies properties (i), (ii), (iv) and likely (v). However, as the following example shows, when
n > 2 the group ER? (BG) is too small to satisfy (iii).

Ezample 9.1. Let G = Zy with Real structure G= Zo X Z5. Then G acts trivially on G® =GxG
and CIR2 (G, C,) is a free Co-module of rank 2|G|? = 8. On the other hand, [31, Theorem 3.2

gives an isomorphism

ER3(BZy) ~ ER5[u]/([2] p(u))
where [2](u) a modified 2-series of the formal group law associated to E3,

2] p(u) = 2u +F oau® +p ut.
Here u € ER; '%(BZy) and a € ERIS(BZj). Tt follows that ER$(BZ,) is a free ER$-module of
rank 4.

When G = Zyq with trivial Real structure, the map ER$(BG) — E$(BG) has certain injec-
tivity properties. See, for example, [30, Theorem 2.1] and [29, Theorem 1.5(iii)]. In contrast,
the restriction CIR2(G, S) — Cla(G, S) always has a non-trivial kernel, namely those Real 2-class
functions which are supported on G x (G\G). In particular, ER$(BG) seems to miss the ‘Klein
bottle sector’ of CIRy(G, S).
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