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Abstract

Dilatations modify categories by imposing that some morphisms factorize through some others.
This is formalized by a universal property. This text is devoted to introduce and study this con-
struction. Examples of dilatations of categories include localizations of categories and dilatations
of rings.
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1. Introduction

Given a subset S of a commutative ring A, one has the localization S−1A of A relatively to S.
Needless to insist on the fact that this is a fundamental construction. The localization process
of a commutative ring is extended in several ways, among them:

1. localization of categories [7] (cf. also [2, 8]), a basic construction used in many branchs of
mathematics;

2. dilatation of rings [9, 11], the building blocks of dilatations of schemes [9] (cf. also [4, 5, 10]
and the large number of references therein).

In this text, we provide a construction unifying all of these constructions in a single construction:
dilatations of categories. Intuitively, localization is a process that adds and imposes inverses of
elements or morphisms. In other words, localization adds some "fractions" with prescribed
denominators. Intuitively, dilatations do the same thing except that it only adds some fractions
where both numerators and denominators are prescribed. Let C be a category, and let Σ be a
collection of morphisms of C. Let us recall some properties of the localization C[Σ−1]. We have
a functor L : C → C[Σ−1]. The objects of the localization C[Σ−1] coincide with the objects of C,
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i.e. L is the identity on objects. Given a morphism d in Σ, L(d) is an isomorphism in C[Σ−1].
If F : C → D is another functor such that F (d) is an isomorphism for all d in Σ, then F factors
through L. Now assume that for any d in Σ we have a sieve Nd, in C over the codomain of d.
The dilatation process will provide a category C′ and a functor Θ : C → C′. The objects of C′

will also coincide with the objects of C. For any d ∈ Σ and any n ∈ Nd, there exists a unique
arrow b in C′ such that the diagram

X Y

Z

Θ(n)

b Θ(d)

commutes. The element b is thought of as a non-commutative fraction d\n = d−1◦n. Dilatations
also satisfy a natural universal property (Theorem 3.10), namely Θ is universal among all functors
F : C → D such that

1. the sieve generated by F (Nd) is included in the sieve generated by F (d), for all morphisms
d in the collection Σ,

2. the localization D → D[Σ−1] is faithful.

Condition (1) allows existence of the factorization morphisms "b" as before and condition (2)
allows unicity. To prove the existence of dilatations in this note, we use directed graphs.

We now discuss the structure of this paper. Definition 2.13 and antecedent material provide
the definition of dilatations of categories. It holds in a very general framework. Proposition 3.1,
Theorem 3.10 and Proposition 3.12 are the main results. Facts 2.15 and 5.1 make connections
with localizations of categories and dilatations of rings. We also discuss a related notion in
§4, that of codilatations of categories. After that, using the fact that algebraic structures (sets
with composition laws and axioms) are in particular categories with a single objects, we intro-
duce dilatations of some non-commutative structures (e.g. monoids). Finally, Fact 5.2 shows
that the "natural generalization" of another characterization of dilatations of rings, in terms of
localizations, does not hold for categories.

2. Dilatations of categories: definition via fractions

We now fix a category C with objects ObC and morphisms MorC.

2.1 Sieves Recall that if X a−→ Y belongs to MorC, dom(a) := X is called the domain and
cod(a) := Y the codomain (note that dom and cod also make sense for directed graphs). Recall
that a sieve in C is a collection of morphisms stable by precompositions. Note that a union
of sieves is a sieve. A sieve over an object Y is a sieve made of morphisms with codomain Y .
Similarly, a cosieve is a collection of morphisms stable by postcompositions.

Definition 2.1. Let E be a collection of morphisms of C. The collection e ◦ n with n ∈ MorC,
e ∈ E and cod(n) = dom(e) is a sieve called the sieve generated by E. This sieve is denoted
SC
E . If E = {d} is a singleton, we put SC

E = SC
d . Note that if d = IdX , SC

IdX
is the sieve made

of all morphisms with codomain X. Similarly, we use the notation CoSC
E to denote the cosieve

generated by E.
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2.2 Directed graphs and localizations In this section, we discuss localizations of cate-
gories. The content of this subsection is classical and does not claim originality (cf. e.g. [7],
[8] and [2]), however we provide a self-contained description of this construction. Let Σ be a
collection of morphisms of C.

Definition 2.2. Let G be the oriented graph defined as follows. The vertices of G are equal to
the objects of C. The directed lines of G are made of

1. for each morphism a of C, a directed line dom(a)
a−→ cod(a) of G,

2. for each morphism d in Σ a directed line cod(d)
ld−→ dom(d) of G (in particular dom(ld) =

cod(d) and cod(ld) = dom(d)).

Definition 2.3. A Σ-sequence of directed lines in G is a sequence, finite and possibly empty, of
directed lines x1, x2, . . . , xn of G such that cod(xi) = dom(xi+1) (n ⩾ 0 is an integer). By
convention, an empty sequence is just an element in the collection ObC. For a non-empty
sequence s = (x1, . . . , xn), we define the domain as dom(s) = dom(x1) and the codomain as
cod(s) = cod(xn). If a sequence s is empty and given by an object X, then we put dom(s) =

cod(s) = X. Note that Σ-sequences of directed lines with compatible domains and codomains
can be composed (by convention, composing a sequence s with an empty sequence e gives s).

Definition 2.4. We say that two Σ-sequences of directed lines s and s′ in G are equivalent if
dom(s) = dom(s′), cod(s) = cod(s′) and if one can be obtained from the other by a chain of
elementary equivalences of the following types:

1. a sequence x1, . . . , xn such that xi, xi+1 are equal to a, a′ ∈ MorC and cod(a) = dom(a′),
for some 1 ⩽ i, i+ 1 ⩽ n, is equivalent to the sequence x1, . . . , xi−1, x

′, xi+2, . . . , xn where
x′ is the composition of a and a′ in C,

2. a sequence x1, . . . , xn such that xi, xi+1 are equal to ld, d with d ∈ Σ, for some 1 ⩽ i, i+1 ⩽
n, is equivalent to the sequence x1, . . . , xi−1, xi+2, . . . , xn,

3. a sequence x1, . . . , xn such that xi, xi+1 are equal to d, ld with d ∈ Σ, for some 1 ⩽ i, i+1 ⩽
n, is equivalent to the sequence x1, . . . , xi−1, xi+2, . . . , xn,

4. for any object X, the sequence IdX is equivalent to the empty sequence at X.
In other words and informally, two Σ-sequences of directed lines are equivalent if one can be
obtained from the other by the operations consisting in exchanging parts of sequences as follows:

X
a−→ Y

a′−→ Z ↭ X
a′◦a−−→ Z

Y
ld−→ Z

d−→ Y ↭ Y (the empty sequence at Y )

Z
d−→ Y

ld−→ Z ↭ Z (the empty sequence at Z)

X
IdX−−→ X ↭ X (the empty sequence at X).

The equivalence class of a sequence s is denoted by [s]. Note that equivalence classes of Σ-
sequences of directed lines with compatible domains and codomains can be composed associa-
tively.

Definition 2.5. A Σ-fraction is an equivalence class of Σ-sequence.

Fact 2.6. Let d, d′ in Σ such that cod(d) = dom(d′) and let d′′ be their composite. Assume that
d′′ belongs to Σ. Then

[cod(d′)
ld′−→ dom(d′)

ld−→ dom(d)] = [cod(d′)
ld′′−−→ dom(d)].
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Proof. This follows from the equalities

= [cod(d′)
ld′−→ dom(d′)

ld−→ dom(d)]

= [cod(d′)
ld′−→ dom(d′)

ld−→ dom(d)
d′′−→ cod(d′)

ld′′−−→ dom(d)]

= [cod(d′)
ld′−→ dom(d′)

ld−→ dom(d)
d−→ cod(d)

d′−→ cod(d′)
ld′′−−→ dom(d)]

= [cod(d′)
ld′′−−→ dom(d)].

Definition 2.7. The localization of C relatively to Σ is the category C[Σ−1] whose objects are the
objects of C and whose morphisms are Σ-fractions. We have a canonical functor L : C → C[Σ−1].

Proposition 2.8 (Universal property of localization). Let F : C → D be a functor such that
F (d) is invertible for all d in Σ. Then there exists a unique functor F ′ : C[Σ−1] → D such that
F = F ′ ◦ L.

Proof. We first prove unicity. Assume that F ′ exists. Let X be in ObC = ObC′, then F ′(X) =

F ′(L(X)) = F (X). Let a be in MorC, then F ′([a]) = F ′(L(a)) = F (a). Let d be in Σ, then
F ′([ld]) ◦F (d) = F ′([ld] ◦ [d]) = Iddom(F (d)) and F (d) ◦F ′([ld]) = F ′([d] ◦ [ld]) = Idcod(F (d)). This
implies that F ′([ld]) = F (d)−1. This proves unicity. To prove existence, it is enough to prove that
the assignements X 7→ X, [a] 7→ F (a), ld 7→ F (d)−1 (as before) provide a well-defined functor
F ′. For this it is enough to prove that the assignements are compatible with the elementary
equivalences of Definition 2.4, which is immediate.

2.3 Dilatations of categories: definition Let C be a category.

Definition 2.9. A center in C is a collection {[Ni, di]}i∈I of pairs [Ni, di], indexed by a collection
I and such that, for all i in I, di is a morphism of C and Ni is a sieve over cod(di).

We now fix a center {[Ni, di]}i∈I in C (we sometimes use the notation Ndi to denote Ni).
Put Σ = {di}i∈I .

Definition 2.10. A {[Ni, di]}i∈I -fraction is a Σ-fraction such that a representative can be written
as

X1
n1−→ Y1

ldi1−−→ X2
n2−→ Y2

ldi2−−→ X3 . . . Xk
nk−→ Yk

ldik−−→ Xk+1
a−→ Xk+2

with a ∈ MorC, k ⩾ 0 and ij ∈ I, ni ∈ Nij for all j ∈ {1, . . . , k}.

Fact 2.11. {[Ni, di]}i∈I-fractions with compatible domains and codomains can be composed as-
sociatively.

Proof. This is immediate since the N ′
is are sieves. Associativity is immediate.

Remark 2.12. 1. If X a−→ Y is a morphism in C, the {di}i∈I -fraction [X
a−→ Y ] is a {[Ni, di]}i∈I -

fraction. In particular, the class [IdX ] of the identity at an object X is a {[Ni, di]}i∈I -
fraction.
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2. The Σ-fraction

X1
n1−→ Y1

ldi1−−→ X2
n2−→ Y2

ldi2−−→ X3 . . . Xk
nk−→ Yk

ldik−−→ Xk+1

is a {[Ni, di]}i∈I -fraction since it is equivalent to

X1
n1−→ Y1

ldi1−−→ X2
n2−→ Y2

ldi2−−→ X3 . . . Xk
nk−→ Yk

ldik−−→ Xk+1

IdXk+1−−−−−→ Xk+1.

Definition 2.13. The dilatation of C with center {[Ni, di]}i∈I is the category C′ defined as follows.
The objects of C′ are equal to the objects of C. If X and Y are objects in C′, morphisms between
X and Y are given by {[Ni, di]}i∈I -fractions (cf. Definition 2.10) with domain X and codomain
Y . Fact 2.11 shows that C′ is indeed a category, which is also denoted C

[{
(di)

−1 ◦Ni

}
i∈I

]
.

Fact 2.14. We have a faithful functor C
[{

(di)
−1 ◦Ni

}
i∈I

]
→ C

[(
{di}i∈I

)−1
]
.

Proof. The functor is obtained regarding {[Ni, di]}i∈I -fractions as Σ-fractions.

Fact 2.15. Assume that, for all i in I, Ni is the sieve SC
Idcod(di)

, then C
[{

(di)
−1 ◦Ni

}
i∈I

]
is the

localization C[({di}i∈I)−1].

Proof. In this case, the faithful functor of Fact 2.14 is also full, as any {di}i∈I -fraction is equiv-
alent to a {[SC

Idcod(di)
, di]}i∈I -fraction.

Corollary 2.16. Assume that C is small, then C
[{

(di)
−1 ◦Ni

}
i∈I

]
is small.

Proof. Combine Fact 2.14 and [2, Proposition 5.2.2].

3. Universal property of dilatations and related results

We proceed with the notation from §2.3. Recall that C′ = C
[{

(di)
−1 ◦Ni

}
i∈I

]
.

Proposition 3.1. The following assertions hold.
1. We have a canonical functor Θ : C → C′ defined as follows. If X is an object of C,

Θ(X) = X. If X a−→ Y is a morphism of C, Θ(a) = [X
a−→ Y ].

2. For any i in I and any n ∈ Ni, there exists a unique morphism dom(n)
b−→ dom(di)

in C′ such that the following triangle commutes
dom(n) cod(n)

dom(di)

[n]

b [di] .

Intuitively, the morphism b is thought of as a non-commutative fraction di\n = (di)
−1 ◦ n

of morphisms. Mathematically, we have

b = [X
n−→ Y

ldi−→ Z].

Proof. 1. Obvious.
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2. Put X = dom(n), Y = cod(n) and Z = dom(di). The class [X n−→ Y
ldi−→ Z] composed with

the class [Z
di−→ Y ] equals the class [n]. This shows that there exists an arrow b in C′ such

that the triangle commutes. We now prove unicity. Assume that m ∈ MorC′ satisfies that

the composition X
m−→ Z

Θ(di)−−−→ Y equals X
Θ(n)−−−→ Y . Let s be a representative sequence of

m. Then the class [X
s−→ Z

di−→ Y
ldi−→ Z] is equal to the class [X

n−→ Y
ldi−→ Z] and also to

the class [X
s−→ Z]. This shows that m equals [X

n−→ Y
ldi−→ Z].

Recall that a bimorphism is defined as a morphism which is both a monomorphism and an
epimorphism. Bimorphisms are also called regular morphisms.

Fact 3.2. A morphism whose image under a faithful functor is a bimorphism is itself a bimor-
phism.

Proof. Let F : A → B be a faithful functor. Let f be a morphism of A such that F (f) is a
bimorphism. Let a, b, c, d be morphisms of A such that a ◦ f = b ◦ f and f ◦ c = f ◦ d. Then
F (a) ◦ F (f) = F (b) ◦ F (f) and F (f) ◦ F (c) = F (f) ◦ F (d). So F (a) = F (b) and F (c) = F (d).
Consequently a = b and c = d. This proves that f is a bimorphism.

Proposition 3.3. Let i ∈ I, then Θ(di) is a bimorphism in C′.

Proof. A morphism whose image under a faithful functor is a bimorphism is itself a bimorphism
by Fact 3.2. Now Proposition 3.3 follows from Fact 2.14.

Definition 3.4. For any i ∈ I, let SC′

Θ(Ni)
be the sieve over cod(Θ(di)) in C′ generated by

{Θ(n)|n ∈ Ni}. Similarly, let SC′

Θ(di)
be the sieve over cod(Θ(di)) generated by Θ(di).

Proposition 3.5. Let i ∈ I, then SC′

Θ(Ni)
⊂ SC′

Θ(di)
.

Proof. Let x be in SC′

Θ(Ni)
. Then x = [n] ◦ t with n ∈ Ni. We have

x = [n] ◦ t = [di] ◦ [dom(n)
n−→ cod(n)

ldi−→ dom(di)] ◦ t.

This finishes the proof.

Definition 3.6. Let CatΣ-reg
C be the full subcategory of the comma category C/Cat whose objects

F : C → D are arbitrary functors out of C such that the localization functor D → D[F (Σ)−1] is
faithful.

Fact 3.7. The functor Θ : C → C
[{

(di)
−1 ◦Ni

}
i∈I

]
is an object in the category CatΣ-reg

C .

Proof. Fact 2.14 says that C
[{

(di)
−1 ◦Ni

}
i∈I

]
→ C[({di}i∈I)−1] is faithful. Now we observe

that C
[{

(di)
−1 ◦Ni

}
i∈I

] [
({Θ(di)}i∈I)−1

]
identifies with the localization C[({di}i∈I)−1]. This

finishes the proof.

Fact 3.8. Let Σ′ ⊂ Σ be a subcollection. If L : C → C[Σ−1] is faithful, then L′ : C → C[Σ′−1] is
also faithful.
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Proof. Observe that C[Σ−1] = C[Σ′−1][L′(Σ)−1], so that we have a commutative triangle of
functors

C

C[Σ′−1] C[Σ−1]

L
L′

l

.

Now let a, b be two morphisms such that L′(a) = L′(b). We obtain l(L′(a)) = l(L′(b)) and a = b.
So L′ is faithful.

Remark 3.9. We remark that [3, Lemma 4.4] shows that if C is semi-abelian and integral (cf.
[3] and references therein for precise definitions) and if B is the collection of all bimorphisms of
C, then the identity functor C → C itself belongs to CatB-reg

C . Still in the above setting of [3],
[3, Lemma 4.4] together with Fact 3.8 implies that the identity functor C → C itself belongs to
CatΣ-reg

C for any subcollection Σ of B. Note that we do not use [3, Lemma 4.4] in the present
paper.

Theorem 3.10. (Universal property) Let F : C → D be an object in CatΣ-reg
C such that for any

i in I, we have
SD
F (Ni)

⊂ SD
F (di)

.

Then there is a unique functor F ′ : C′ → D such that the triangle of functors

C D

C′

F

Θ F ′

commutes (recall that C′ = C
[{

(di)
−1 ◦Ni

}
i∈I

]
).

Proof. Assume that such a F ′ exists, then F ′(X) = F ′(Θ(X)) = F (X) for all X in ObC = ObC′.

Now any morphism in C′ is a composition of morphisms of the form [X
n−→ Y

ldi−→ Z] with i ∈

I, n ∈ Ni, or of the form [dom(a)
a−→ cod(a)]. Necessarily we have F ′([X

n−→ Y
ldi−→ Z]) = t where

t is the unique morphism such that
F (X) F (Y )

F (Z)

F (n)

t F (di) commutes (this t exists

since F (n) belongs to SD
F (di)

by assumption and is unique because D → D[F (Σ)−1] is faithful
and so F (di) is a bimorphism by Fact 3.2). Necessarily we have F ′([a]) = F ′(Θ(a)) = F (a). This
shows that F ′ is unique and given by the formula above if it exists. Reciprocally, the assignement

X 7→ F (X), [a] 7→ F (a), [X
n−→ Y

ldi−→ Z] 7→ t (the unique t as before), is a well-defined functor
F ′ satisfying that F = F ′ ◦Θ.

Fact 3.11. Let H : A → B be a functor between two categories. Let E be a collection of
morphisms of A. Then SB

H(E) = SB
H(SA

E )
.

Proof. We have E ⊂ SA
E , so SB

H(E) ⊂ SB
H(SA

E )
. Reciprocally, let x be in SB

H(SA
E )

, then there exists
b ∈ MorB, a ∈ MorA and e ∈ E, such that x = H(e ◦ a) ◦ b. Since H is a functor, we have
x = H(e) ◦ (H(a) ◦ b). So x belongs to SB

H(E).
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Proposition 3.12. The functor Θ : C → C
[{

(di)
−1 ◦Ni

}
i∈I

]
represents the covariant functor

CatΣ-reg
C → Set given by

(C F−→ D) 7−→

{
{∗}, if SD

F (Ni)
⊂ SD

F (di)
for any i in I;

∅, else.
(3.1)

Proof. Let (C F−→ D) be an object of CatΣ-reg
C . If F ′ ∈ HomC(C′,D), then for all i in I we have

SD
F (Ni)

= SD
F ′(Θ(Ni))

= SD
F ′(SC′

Θ(Ni)
)
⊂ SD

F ′(SC′
Θ(di)

)
= SD

F ′(Θ(di))
= SD

F (di)
.

We used Proposition 3.5 and Fact 3.11. Therefore, if there exists i such that SD
F (Ni)

̸⊂ SD
F (di)

,
then HomC(C′,D) = ∅. If SD

F (Ni)
⊂ SD

F (di)
for all i in I, Theorem 3.10 implies that HomC(C′,D)

is a singleton {∗}. This finishes the proof.

Fact 3.13. For each i in I, let Mi be a subsieve of Ni. Then we have a canonical functor

φ : C
[{

(di)
−1 ◦Mi

}
i∈I

]
→ C

[{
(di)

−1 ◦Ni

}
i∈I

]
.

The functor φ is faithful.

Proof. Any {[Mi, di]}i∈I -fraction is a {[Ni, di]}i∈I -fraction since Mi is a subsieve of Ni for all
i.

Proposition 3.14. Let K ⊂ I be a subcollection. Then we have a canonical functor

Φ : C
[{

(di)
−1 ◦Ni

}
i∈K

]
→ C

[{
(di)

−1 ◦Ni

}
i∈I

]
.

Moreover
1. if Ni = SC

di
for all i in I ∖K, then Φ is full,

2. if C[({di}i∈K)−1] → C[({di}i∈I)−1] is faithful, then Φ is faithful.

Proof. Put Γ = {di}i∈K . We have a natural application from Γ-sequences to Σ-sequences. This
induces an application from Γ-fractions to Σ-fractions. This provides Φ by restriction. To prove
(i), we observe that for each piece of Σ-sequence of the kind ldi ◦ n with i ∈ I ∖K and n ∈ Ni,
by assumption n = di ◦ f for some f in C, so that ldi disappears and the remaining sequence is
a Γ-sequence. To prove (ii), consider the commutative diagram of functors

C
[{

(di)
−1 ◦Ni

}
i∈K

]
C
[{

(di)
−1 ◦Ni

}
i∈I

]

C[Γ−1] C[Σ−1]

.

The vertical arrows are faithful by Fact 2.14. The lower arrow is faithful by assumption. This
shows that the upper arrow is faithful and finishes (ii).

Proposition 3.15. Let {[Nj , dj ]}j∈J be another center in C. Put I ′ = I ⊔ J . Proposition 3.1
provides functors

Θ : C → C
[
{(di)−1 ◦Ni}i∈I

]
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and
Θ′ : C → C

[
{(di)−1 ◦Ni}i∈I′

]
.

We observe that
{[

S
C[{(di)−1◦Ni}i∈I ]
Θ(Nj)

,Θ(dj)
]}

j∈J
is a center in C[{(di)−1 ◦Ni}i∈I ], so that we get

a dilatation functor

β : C[{(di)−1 ◦Ni}i∈I ] → C[{(di)−1 ◦Ni}i∈I ]
[{

(Θ(dj))
−1 ◦ SC[{(di)−1◦Ni}i∈I ]

Θ(Nj)

}
j∈J

]
.

We observe that Proposition 3.14 provides a canonical functor

Φ : C[{(di)−1 ◦Ni}i∈I ] → C[{(di)−1 ◦Ni}i∈I′ ].

1. The functor Φ belongs to Cat
{Θ(dj)}j∈J -reg
C[{(di)−1◦Ni}i∈I ]

.

2. The functor β ◦Θ belongs to Cat
{di}i∈I′ -reg
C .

3. There exists a unique functor

α : C[{(di)−1 ◦Ni}i∈I′ ] → C[{(di)−1 ◦Ni}i∈I ]
[{

(Θ(dj))
−1 ◦ SC[{(di)−1◦Ni}i∈I ]

Θ(Nj)

}
j∈J

]
such that β ◦Θ = α ◦Θ′.

4. There exists a unique functor

α′ : C[{(di)−1 ◦Ni}i∈I ]
[{

(Θ(dj))
−1 ◦ SC[{(di)−1◦Ni}i∈I ]

Θ(Nj)

}
j∈J

]
→ C[{(di)−1 ◦Ni}i∈I′ ]

such that Φ = α′ ◦ β.
5. The functors α ◦ α′ and α′ ◦ α are identity functors.
6. There exists an isomorphism of categories

C[{(di)−1 ◦Ni}i∈I ]
[{

(Θ(dj))
−1 ◦ SC[{(di)−1◦Ni}i∈I ]

Θ(Nj)

}
j∈J

]
∼−→ C[{(di)−1 ◦Ni}i∈I′ ].

Proof. 1. We have to prove that C[{(di)−1◦Ni}i∈I′ ] → C[{(di)−1◦Ni}i∈I′ ][({Φ(Θ(dj))}j∈J)−1]

is faithful. It is enough to observe that Φ ◦Θ = Φ′ and apply Fact 3.7 and Fact 3.8.
2. Applying Fact 2.14 twice, we get a faithful functor

C[{(di)−1 ◦Ni}i∈I ][{(Θ(dj))
−1 ◦ SC[{(di)−1◦Ni}i∈I ]

Θ(Nj)
}j∈J ] → C[({di}i∈I)−1][({[dj ]}j∈J)−1].

(3.2)
Now we observe that

C[({di}i∈I)−1][({[dj ]}j∈J)−1] = C[({di}i∈I′)−1] (3.3)

and that

C[{(di)−1◦Ni}i∈I ][{(Θ(dj))
−1◦SC[{(di)−1◦Ni}i∈I ]

Θ(Nj)
}j∈J ][({(β◦Θ)(di)}i∈I′)−1] = C[({di}i∈I′)−1].

(3.4)
Now (3.2), (3.3) and (3.4) together implies that the functor β ◦Θ belongs to Cat

{di}i∈I′ -reg
C .

3. By Theorem 3.10, it is enough to prove that, for all k in I ′:

S
C[{(di)

−1◦Ni}i∈I ][{(Θ(dj))
−1◦SC[{(di)

−1◦Ni}i∈I ]

Θ(Nj)
}j∈J ]

(β◦Θ)(Nk)
⊂ S

C[{(di)
−1◦Ni}i∈I ][{(Θ(dj))

−1◦SC[{(di)
−1◦Ni}i∈I ]

Θ(Nj)
}j∈J ]

(β◦Θ)(dk)
.

(3.5)
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Let us first take k in I. By Proposition 3.5, we have

S
C[{(di)−1◦Ni}i∈I ]
Θ(Nk)

⊂ S
C[{(di)−1◦Ni}i∈I ]
Θ(dk)

therefore we get

S
C[{(di)

−1◦Ni}i∈I ][{(Θ(dj))
−1◦SC[{(di)

−1◦Ni}i∈I ]

Θ(Nj)
}j∈J ]

β

(
S

C[{(di)−1◦Ni}i∈I ]

Θ(Nk)

) ⊂ S
C[{(di)

−1◦Ni}i∈I ][{(Θ(dj))
−1◦SC[{(di)

−1◦Ni}i∈I ]

Θ(Nj)
}j∈J ]

β

(
S

C[{(di)−1◦Ni}i∈I ]

Θ(dk)

) .

(3.6)
Now (3.6) and Fact 3.11 implies (3.5) for all k ∈ I. Now let k ∈ J . By Proposition 3.5, we
have

S
C[{(di)

−1◦Ni}i∈I ][{(Θ(dj))
−1◦SC[{(di)

−1◦Ni}i∈I ]

Θ(Nj)
}j∈J ]

β

(
S

C[{(di)−1◦Ni}i∈I ]

Θ(Nk)

) ⊂ S
C[{(di)

−1◦Ni}i∈I ][{(Θ(dj))
−1◦SC[{(di)

−1◦Ni}i∈I ]

Θ(Nj)
}j∈J ]

β(Θ(dk))
.

(3.7)
Now (3.7) and Fact 3.11 implies (3.5) for all k ∈ J . Finally, (3.5) holds for all k ∈ I ′.

4. By Theorem 3.10, it is enough to prove that, for all k in J ,

S
C[{(di)−1◦Ni}i∈I′ ]

Φ(S
C[{(di)−1◦Ni}i∈I ]

Θ(Nk)
)
⊂ S

C[{(di)−1◦Ni}i∈I′ ]

Φ(Θ(dk))
. (3.8)

Using that Θ′ = Φ ◦Θ, Proposition 3.5 shows that, for all k in J ,

S
C[{(di)−1◦Ni}i∈I′ ]

Φ(Θ(Nk))
⊂ S

C[{(di)−1◦Ni}i∈I′ ]

Φ(Θ(dk))
. (3.9)

Now (3.9) and Fact 3.11 implies (3.8) for all k ∈ J , as required.
5. This is an immediate consequence of Theorem 3.12.
6. This is an immediate consequence of (5).

Remark 3.16. One can prove Proposition 3.15 (6) directly using explicit computations on
fractions. However, Proposition 3.15 (3) (4) and (5) provides stronger uniqueness assertions.

Fact 3.17. Let H : A → B be a functor. Let N,N ′ be two sieves of A. Then

SB
H(N) ∪ SB

H(N ′) = SB
H(N∪N ′).

Proof. The inclusion ⊂ is immediate. Let x be in SB
H(N∪N ′), then x = H(n)◦y with n ∈ N ∪N ′.

So x belongs to SB
H(N) ∪ SB

H(N ′).

Proposition 3.18. For all i ∈ I, let N ′
i be another sieve over cod(di) and let N ′′

i be the union of
Ni and N ′

i . Then C[{(di)−1 ◦Ni}i∈I , {(di)−1 ◦N ′
i}i∈I ] identifies with C[{(di)−1 ◦N ′′

i }i∈I ] (more
precisely there are unique C-functors from each category to the other and these morphisms are
isomorphisms).

Proof. We observe that Θ1 : C → C[{(di)−1 ◦Ni}i∈I , {(di)−1 ◦N ′
i}i∈I ] and Θ2 : C → C[{(di)−1 ◦

N ′′
i }i∈I ] belongs to CatΣ-reg

C by Fact 3.7. For k ∈ I, by Proposition 3.5 we have

S
C[{(di)−1◦Ni}i∈I ,{(di)−1◦N ′

i}i∈I ]

Θ1(Nk)
∪ S

C[{(di)−1◦Ni}i∈I ,{(di)−1◦N ′
i}i∈I ]

Θ1(N ′
k)

⊂ S
C[{(di)−1◦Ni}i∈I ,{(di)−1◦N ′

i}i∈I ]

Θ1(dk)
.

So by Fact 3.17 we have

S
C[{(di)−1◦Ni}i∈I ,{(di)−1◦N ′

i}i∈I ]

Θ1(Nk∪N ′
k)

⊂ S
C[{(di)−1◦Ni}i∈I ,{(di)−1◦N ′

i}i∈I ]

Θ1(dk)
.



72 Mayeux, Higher Structures 9(2):62–75, 2025.

So by Theorem 3.10, we get a unique C-functor

α : C[{(di)−1 ◦N ′′
i }i∈I ] → C[{(di)−1 ◦Ni}i∈I , {(di)−1 ◦N ′

i}i∈I ].

For k ∈ I, by Proposition 3.5, we have

S
C[{(di)−1◦N ′′

i }i∈I}i∈I ]

Θ2(N ′′
k )

⊂ S
C[{(di)−1◦Ni}i∈I ]
Θ2(dk)

.

Since Nk, N
′
k ⊂ N ′′

k , by Theorem 3.10, we get a unique C-functor

α′ : C[{(di)−1 ◦Ni}i∈I , {(di)−1 ◦N ′
i}i∈I ] → C[{(di)−1 ◦N ′′

i }i∈I ].

Proposition 3.12 implies that α ◦ α′ and α′ ◦ α are identity morphisms.

4. Codilatations of categories

We used fractions of morphisms (di)−1 ◦Ni, the construction given in this note also makes sense
for fractions Vi ◦ (di)−1 (each Vi is now a cosieve), pictorially:

X Y

Z

di

v

∃! ∀i ∈ I, ∀v ∈ Vi.

In this section, we introduce this construction formally. We define codilatations using dilata-
tions and opposite categories. Let C be a category.

Definition 4.1. A cocenter {[Vi, di]}i∈I in C is a collection of pairs [Vi, di] where di is a morphism
of C and Vi is a cosieve from dom(di).

We now fix a cocenter {[Vi, di]}i∈I .

Fact 4.2. In Cop, for all i in I, Vi can be regarded as sieve over codC
op
(di) = domC(di). In

particular {[Vi, di]}i∈I can be regarded as a center in Cop.

Proof. By definition, the collection of morphisms of a cosieve is a sieve in the opposite category.

Definition 4.3. We put C
[
{Vi ◦ (di)−1}i∈I

]
=

(
Cop

[
{(di)−1 ◦ Vi}i∈I

])op. The category
C
[
{Vi ◦ (di)−1}i∈I

]
is called the codilatation of C with cocenter {[Vi, di]}i∈I .

Fact 4.4. Let A be a category. Let E be a collection of morphisms of A. Then CoSA
E = SAop

E .

Proof. CoSA
E = {x ◦A e|domA(x) = codA(e)} = {e ◦Aop x|domAop

(e) = codA(x)} = SAop

E .

Proposition 4.5. 1. We have a canonical functor Υ : C → C
[
{Vi ◦ (di)−1}i∈I

]
.

2. We have a canonical faithful functor C
[
{Vi ◦ (di)−1}i∈I

]
→ C

[
({di}i∈I)−1

]
.

3. The functor Υ is an object in the category Cat
{di}i∈I -reg
C .

4. The functor Υ represents the covariant functor Cat
{di}i∈I -reg
C to Set given by

(C F−→ D) 7−→

{
{∗}, if CoSD

F (vi)
⊂ CoSD

F (di)
for all i in I;

∅, else.
(4.1)
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Proof. 1. The canonical functor Cop → Cop
[
{(di)−1 ◦ Vi}i∈I

]
of Proposition 3.1 induces a

canonical functor Υ : C →
(
Cop

[
{(di)−1 ◦ Vi}i∈I

])op.
2. Fact 2.14 provides a faithful functor Cop

[
{(di)−1 ◦ Vi}i∈I

]
→ Cop[({di}i∈i)−1]. Since

Cop[({di}i∈i)−1] =
(
C[({di}i∈i)−1])

)op (e.g. using the explicit descriptions with fractions),
we get the desired faithful functor

(
Cop

[
{(di)−1 ◦ Vi}i∈I

])op → C[({di}i∈i)−1].
3. Fact 3.7 implies that Cop → Cop

[
{(di)−1 ◦ Vi}i∈I

]
is an object in the category Cat

{di}i∈I -reg
Cop .

This implies that the functor Υ is an object in the category Cat
{di}i∈I -reg
C .

4. Combine Proposition 3.12 and Fact 4.4.

5. Some examples and remarks

5.1 Universal property of localizations of categories Let C be a category and let Σ be
a class of morphisms of C. Fact 2.15 shows that the localization C[Σ−1] is equal to the dilatation
C[{d−1◦Nd}d∈Σ] where Nd = SC

Idcod(d)
. Obviously, C[Σ−1]

[
[Σ]−1

]
= C[Σ−1] and so C[Σ−1] belongs

to CatΣ-reg
C . Now if F : C → D is another C-category, such that F (Σ) is made of isomorphisms,

again D = D[F (Σ)−1] so that D also belongs to CatΣ-reg
C . Moreover in this case it is obvious

that for any d ∈ Σ, we have
SD
F (Nd)

⊂ SD
F (d).

So by Theorem 3.10, F factors uniquely through C′. So the universal property of dilatations
generalizes the universal property of localizations.

5.2 Dilatations of commutative rings an semirings

Proposition 5.1. Let A be a commutative unital ring. Let I be a set and let {[Mi, ai]}i∈I be a
center in A in the sense of [9]. Let A[{Mi

ai
}i∈I ] be the dilatation of A with center {[Mi, ai]}i∈I

as in [9]. Let C be the category attached to A. In particular ai is a morphism of C and Mi is a
sieve for all i in I. We have ObC = {•}, a singleton. Let C[{Mi

ai
}i∈I ] be the category attached to

the ring A[{Mi
ai
}i∈I ]. We have an identification of C-functors C[{(ai)−1 ◦Mi}i∈I ] = C[{Mi

ai
}i∈I ].

Proof. Let Φ be the functor C[{(ai)−1 ◦Mi}i∈I ] → C[{Mi
ai
}i∈I ] given by [• m−→ •

lai−→ •] 7→ m
ai

. It
is well-defined, surjective, injective and provides the desired identification.

This shows that dilatations of categories generalize dilatations of rings. As noticed in [9],
dilatations of commutative semirings make sense. The same argument as before shows that
dilatations of semirings also provide examples of dilatations of categories.

5.3 Dilatations of monoids Let C be a small category with a single object, i.e. a (not
necessarily commutative) monoid M . Let {[Ni, di]}i∈I be a center of C. Then C[{(di)−1 ◦Ni}i∈I ]
is a category with a single object endowed with a functor C → C[{(di)−1 ◦ Ni}i∈I ]. In other
words, C[{(di)−1 ◦ Ni}i∈I ] is an M -monoid M ′. We refer to this construction as dilatations of
monoids. This generalizes localizations of monoids. Codilatations of monoids also make sense.

5.4 Dilatations of pre-additive categories and non-commutative rings Let C be a
pre-additive category, in general a dilatation of C is not pre-additive as we know that this fails
already for localization, cf. e.g. [1]. Nevertheless, as in the case of localizations, it should
be possible to study dilatations of pre-additive categories once we have an adapted calculus of
fractions. This is related to investigate dilatations of non-commutative rings.
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5.5 A characterization of dilatations of rings that does not hold for categories In
the context of dilatations of rings, [9, §2] shows that for any sub-A-algebra B of a localization
A[({ai}i∈I)−1], there is a multi-center in A such that B identifies with the associated dilatation
of A. Here we explain that this characterization does not extend to dilatations of categories.

Fact 5.2. There exists a category C, a collection of morphisms Γ, a functor C → D that is the
identity on objects, and a faithful functor D → C[Γ−1] such that

C C[Γ−1]

D

commutes and such that C → D is not isomorphic to C → C[{(di)−1 ◦ Ni}i∈I ] for all centers
{[Ni, di]}i∈I .

Proof. Let C be the category with two objects X and Y and whose morphisms are as follows

HomC(X,X) = IdX , HomC(Y, Y ) = IdY , HomC(Y,X) = ∅ and HomC(X,Y ) = {a, b}

Let Γ be the collection of morphisms of C given by

Γ = {b}.

Then C[Γ−1] is the category whose objects are X and Y and whose morphisms are as follows

HomC[Γ−1](X,X) = {IdX , b−1a, b−1ab−1a, . . . , (b−1a)n, . . . (n ∈ N)},
HomC[Γ−1](Y, Y ) = {IdY , ab−1, ab−1ab−1, . . . (ab−1)n, . . . (n ∈ N)},
HomC[Γ−1](X,Y ) = {b, a, ab−1a, ab−1ab−1a, . . . , a(b−1a)n, . . . (n ∈ N)},
HomC[Γ−1](Y,X) = {b−1, b−1ab−1, b−1ab−1ab−1, . . . , b−1(ab−1)n, . . . (n ∈ N)}.

Now let D be the subcategory of C[Γ−1] whose objects are X and Y and whose morphisms
are as follows

HomD(X,X) = IdX ,

HomD(Y, Y ) = IdY ,

HomD(X,Y ) = {b, a, ab−1a},
HomD(Y,X) = ∅.

Then we have canonical functors C → D and D → C[Γ−1]. We claim that there is no center
{[Ni, di]}i∈I such that D identifies with the associated dilatation. To prove this claim, we chose
a center {[Ni, di]}i∈I in C, put Σ = {di}i∈I and exhaustively distinguish two cases:

1. if (a ∈ Σ and (IdY ∈ Na or b ∈ Na)) or (b ∈ Σ and (IdY ∈ Nb or a ∈ Nb)), then
#HomC′(X,Y ) is infinite,

2. if (a ∈ Σ ⇒ Na ⊂ {a}) and (b ∈ Σ ⇒ Nb ⊂ {b}), then C′ = C.
In all cases C′ ̸= D.
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