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Abstract. We consider the following strongly nonlinear Neumann elliptic problem:

N N
- ZDlai(m,u, Vu) + H(z,u, Vu) + [uP° " 2u = f(z) + ZDlngi(x, u) in Q,
i=1 i=1

N
Z ai(z,u, Vu) — ¢;(z,u)) -n; =0 on 0,

where the Carathéodory functions a;(z, s,€), H(z, s, €) and ¢;(z, s) verify some nonstandard
conditions. By applying an approximation method, we prove the existence of entropy
solutions for the unilateral problem with L!-data, and we conclude some regularity results.

Keywords: anisotropic Sobolev space; weak solution; entropy solution; strongly nonlinear
problem; Neumann boundary condition; unilateral problem

MSC 2020: 35J60, 35D35

1. INTRODUCTION

Let © be an open bounded set with Lipschitz boundary 0. For the class of
noncoercive elliptic problems in the classical Sobolev spaces, Boccardo et al. have
studied in [11] the degenerate elliptic equation

(1.1)

—div(A(z,u)Vu) = f in Q,
u=20 on 0f),

where the function f belongs to L™ () for m > 1. They have proved the existence
of solutions and conclude some regularity results. In [3], Alvino et al. have studied
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the noncoercive elliptic equation

_ [VulP~2Vu \ .
_dlv(i(1 e ) = f in Q,

u=20 on 0f),

(1.2)

where 0 < 6 < 1; they have proved several existence and regularity results for the
solutions. Akdim et al. have shown in [2] the existence of entropy solutions for
the unilateral problem associated to the strongly nonlinear and noncoercive elliptic
equation of the type

L3 —div(b(|u|)|VulP~2Vu) + d(|u|)|VulP = f(z,u) in Q,
(1-3) { u=20 on 0},

where f(z,s) is a Carathéodory function and satisfies only some growth conditions.
Recently, the anisotropic Sobolev spaces has attracted the attention of many sci-
entists and researchers, the impulse for this mainly comes from their important ap-
plications in modelling real-world problems in electrorheological, magnetorheological
fluids; we refer the reader to [12], [18], [5], [15], [14], [8], [19], [13] for more details.
In [19], Salmani et al. have studied the existence of entropy solutions for a class of
unilateral problem associated to the nonlinear anisotropic elliptic equation of the type

N N
(1.4) — Zaziai(x,u, Vu) = pu+ Zalqu(u) in Q,
. i=1

i=1
u=20 on 0f),
N
where Au = — Y 0;,a;(z,u, Vu) is a Leray-Lions operator with ¢; € C°(R,R)
i=1

fori = 1,...,N and u belongs to L'(Q) + Wy (©2). Benaichouche et al. in [6]
have proved the existence and the regularity of solutions for the unilateral problem
associated to the degenerate anisotropic elliptic equation

N i ai(z, Vu) .
(15) 2D ((1 T |u|>9<m1>) =f m,

u=0 on 0,

where 0 < 0 < 1 and f € L™(Q) for m > 1 and a;(z, s, &) is a Carathéodory function
that verifies the growth, the monotonicity and the coercivity conditions. Benboubker
et al. have studied in [7] the existence of renormalized solutions for the noncoercive
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strongly nonlinear Neumann problem

N
- Z Dia;(z,u, Vu) + [u[f*?u = f(x,u, Vu) in Q,
i=1
(1.6) .
Z a; (QC, u, Vu)nl = g(x) on 8(2,
i=1

where the Carathéodory function f(x,u, Vu) satisfies a growth condition and g be-
longs to L' (09).

The aim of this paper is to prove the existence and regularity of entropy solu-
tions for the unilateral problem associated to the strongly nonlinear and noncoercive
Neumann elliptic equation

N
Au+ H(z,u, Vu) + [ulPo%u = f(x) + Zdiv(cﬁi(x,u)) in £,
i=1

(1.7) N

> (ai(z,u, Vu) = ¢i(z,u)) -n; =0 on 99,

i=1

where A is a noncoercive Leray-Lions operator acting from W'?(Q) into its dual
(WLP(Q)) and the Carathéodory functions H(x, s,¢) and ¢;(x, s) verify some growth
conditions. We will prove the existence of solutions for the unilateral problem in the
cases of L>®-data and L'-data.

This paper is structured as follows: Section 2 is devoted to recall some definitions
and properties concerning the anisotropic Sobolev spaces. In Section 3, we present
the assumptions on the Carathéodory functions a;(x,s,£), H(z,s,£) and ¢;(x,s)
for all ¢ = {1,..., N} under which our problem has at least one entropy solution.
In Section 4, we study the existence of weak solutions for the unilateral problem
associated to our equation with L*°-data, then we prove the existence of entropy
solutions for the unilateral problem associated to the elliptic equation (1.7) with
L'-data.

2. PRELIMINARIES

Let 2 be an open bounded domain in RY (N > 2) with smooth boundary 0.
We set p1,...,pny be N real constant numbers with 1 < p; < oo fori =1,..., N,
and we denote

p=(1,p1,...,pn) and Diu:au fori=1,...,N.

Li
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We set
p =min{p1,pa,...,pn} and po = max{pi,pa,...,pN}.

We define the anisotropic Sobolev space W17(Q) as
WhP(Q) = {u € WH1(Q) such that D'u € LPi(Q) for i = 1,2,..., N},

endowed with the norm

N
15 = lullin+ Y 1Dl i y-

i=1

(2.1) |

The space (W7(12),]|-|l1,5) is a separable and reflexive Banach space (cf. [18]).

Proposition 2.1 (cf. [16], [20]). Let u € W1P(Q). We have

(i) Poincaré Wirtinger inequality: there exists a constant Cp, > 0 such that
|lu — med(u)||zri (@) < CpllD'ullpri(q)y foranyi=1,...,N

with
med(u / u| dz,
= |ul

(if) Sobolev inequality: there exists another constant Cs > 0 such that

C N
|u — med(u)|| Loy < ==
N; 8371 Loi()
where
Np
N — .
i Zl (=P =5_- #Dp ;
p iz1 Pi q € 1,00 if p>N.

Lemma 2.1 (cf. [17]). Let Q be a bounded open set in RN (N > 2). Then we
have the following embeddings:

> if p < N, then the embedding WP(Q) << L"(Q) is compact for any r €

[Bv ﬁ* [’

> if p = N, then the embedding W'P(Q) —— L"(Q) is compact for any r €

[p, o<,
> if p > N, then the embedding WP(Q) << L>(Q) N C°(Q) is compact.
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The proof of Lemma 2.1 follows from the fact that the embedding W'?(Q) —
Wl’Q(Q) is continuous, and from the compact embedding theorem in classical Sobolev

spaces.

Definition 2.1. Let k& > 0. We consider the truncation function Ty(-): R +— R

given by
s if |s| < k,
Ti(s) =

ki |s| > k,
||

and we define
THP(Q) := {u: Q+— R measurable, such that Tj(u) € WP(Q) for any k > 0}.

Proposition 2.2. Let u € T"7(Q). For any i € {1,..., N} there exists a unique
measurable function such that

for all k > 0 DiTk(u) = Vi-X{|u|<k} @&€,T €L,

where x o denotes the characteristic function of a measurable set A. The functions v;
are called the weak partial derivatives of u and are still denoted D*u. Moreover, if u
belongs to W1(Q), then v; coincides with the standard distributional derivative
of u, that is, v; = D'u.

The proof of Proposition 2.2 follows the usual techniques developed in [10] for the
case of Sobolev spaces. For more details concerning the anisotropic Sobolev spaces,
we refer the reader to [14], [15], [5], [9].

Now, we introduce the set 7;-7(€2) as a subset of T27(Q) for which a generalized
notion of trace may be defined (see also [4] for the case of constant exponent). More
precisely, TP () is the set of functions u in T7(£) such that there exists a sequence
(tn)n in WHP(Q) and a measurable function v on € that verify

(a) up — w a.e., in Q,
(b) DiTy(un) — DTy (u) strongly in L'(Q2) for every k > 0 and for i =1,..., N,
(¢) up — v a.e., on .

The function v is the trace of u in the generalized sense introduced in [4]. Let
u € WHP(Q). The trace of v on 9 will be denoted by 7(u).

For any u € T,-7(Q), the trace of u on dQ will be denoted by tr(u) or u, the
operator tr(-) satisfies the following properties:

(i) if u € T2P(Q), then 7(Tx(u)) = Tx(tr(u)) for any k > 0,
(i) if ¢ € WLP(Q), then for any u € T,-P() we have u — ¢ € T,-P(Q) and
tr(u — @) = tr(u) — 7(p).
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In the case where u € W1P(Q), tr(u) coincides with 7(u). Obviously, we have
WhP(Q) € TP (9) € TH(9).

Lemma 2.2 (see [1], Lemma 2.1). Let g € L?(Q) and let (gn). be a sequence
uniformly bounded in L”().
If g, — g almost everywhere in ), then g, — g weakly in LP(Q).

3. ESSENTIAL ASSUMPTIONS

Let v be a measurable function in  with values in R such that ¢+ € W#(Q) N
L>(Q) and the closed set

(3.1) Ky ={uecWY(Q), u > ae., in Q}.

Note that the set Ky has a non empty intersection with L>(Q) (since ¢ € Ky N
L=(92)).
Let f € L'(Q2). We consider the strongly nonlinear and noncoercive elliptic equa-

tion
N .
Au+ H(z,u, Vu) + [u|P°2u = f(x) — ZDl@(x,u) in Q,
i=1
(3.2) N
Z(ai(% u, Vu) — ¢i(z,u)) - n; =0 on 99,
i=1
N )
where Au = — Y D'a;(z,u,Vu) is a Leray-Lions operator acting from W17(Q)
i=1

into its dual, where a;(z,s,£): Q x R x RN — R are Carathéodory functions for
i = 1,...,N (measurable with respect to = in Q for every (s,&) in R x RY, and
continuous with respect to (s,¢) in R x RY for almost every z in ), which satisfies
the following conditions:

(33) (ai(x757§) - ai(xv&g/))(gi - g:) >0 for fz 7& E'Zv

(34) Jai(z, 5, €)| < B (x) + |s|P = + 1&[P7Y),
with 8 > 0 and the nonnegative function K;(-) assumed to be in LPi(Q) for i =
1,....N,
b
(3.5) a;(z,8,€)& = b(|s])|& P with m < b(|s|]) for any s € R,

with by > 0 and 0 < A < min(1,p—1,1/(po — 1)).
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As a consequence of (3.5) and the continuity of the function a;(z, s, -) with respect
to &, we have

ai(z,s,0) =0.

The lower order term H(x,s,£): © x R x RY + R¥ is a Carathéodory function
that satisfies only the growth condition

N

(3.6) |H (@, 5,8 < folw)+ > d(|s)|&

i=1

Pi
)

where fo(z) is assumed to be a positive measurable function in L*(Q2) and d(]-|):
RT +— RT is a continuous decreasing function such that d(|-|)/b(|-|) € L*(R)NL>(R).
The right-hand side ¢;(z,s): Q x R — R are Carathéodory function that verifies

(3.7) |92, 5)| < cix)(1+s])™,

with 0 <; < (po — 1)/p, — A/p; and the positive measurable functions ¢;(x) belong-
ing to L™ (Q) with r; > pi(po —1)/(po — (A +vi)p, +A) for i =1,...,N.

4. MAIN RESULT
Definition 4.1. A measurable function u is an entropy solution for the unilateral
problem associated to the strongly nonlinear elliptic equation (4.3) if u > ¢ a.e., in £,

and Ty (u) € Ky for any k > 0, with |u[P°~! € L1(Q) and H(z,u, Vu) € L}(Q) such
that u verifies the inequality

N
(4.1) Z / ai(z,u, Vu) DTy (u — v) dz + / H(z,u,Vu)Ti (v —v) dz
i=1 /8 Q@
+ / [ulPo2u Ty (u — v) dzx
Q
N
< [ @B -vde+ Y [ oo D T o) do
Q = Ja

for any v € Ky and k > 0.

Theorem 4.1. Assume that (3.3)—(3.5) and (3.6)—(3.7) hold true. Then there
exists at least one entropy solution u for the unilateral problem associated to the
strongly nonlinear elliptic problem (3.2).
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Now, we are going to recall the following technical lemma which is useful to prove
our main results:

Lemma 4.1. Let & > 0, assume that (3.3)—(3.5) hold true, and let (u,)nen be
a bounded sequence in W1P(Q) such that u, — u weakly in W'P(Q), and

(4.2) /Q (Jtn 221y — w2 2u) (uy — u) dz

N
+ Z / (ai(2, T (un), Vun) — a;(x, Tr(un), Vu))(D'u, — D'u)dz — 0
=179
asn — oo.

Then u,, — u strongly in WP(Q) for a subsequence.

Before proving Theorem 4.1, we will need to show the existence of a weak solution
for the approximate problem with L°°-data.

4.1. Existence of weak solutions for an approximate problem with
L*°-data. We consider the strongly nonlinear anisotropic elliptic problem

N
=Y Dia(x, T(w), Vu) + Hy (2, u, Vu) + [uf*"u
=1
N
(4.3) = F(x) =Y _ D'¢in(z,u) in Q,
i=1
N
Z(ai(xvua Vu) = ¢in(z,u) -1 =0 on 01,

i=1
with F(z) € L*(Q), Hy(z,s,&) = T, (H(z,s,£)) and ¢; n(z,u) = Ty (¢i(z,u)) for
i=1,...,N.

Definition 4.2. A measurable function u is a weak solution for the unilateral
problem associated to the strongly nonlinear elliptic equation (4.3) if u € Ky, |ulP° €
LY(Q), H,(z,u,Vu) € L*(Q) and u verifies the inequality

N
a;i(z, Tp(u), Vu)D (u — v) dz ulPo2u(u — v) dz
(1.9 ;/ﬂx,ﬂ)vw( ot [ Juputu - v)d

Q

+ /Q H,(z,u, Vu)(u —v)dz

N
< /F(a:)(u—v)dx—l—z:/qbim(x,u)Di(u—v)dx
Q = Ja
for any v € Ky.
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Theorem 4.2. Assume that (3.3)—(3.5) hold true. Then there exists at least
one weak solution u for the unilateral problem associated to the strongly nonlinear
elliptic equation (4.3).

4.1.1. Proof of Theorem 4.2.

Step 1: Approximate problem. We consider the sequence of approximate problem

At + Hy (2, Vi) + %|um|p‘_2um Tt [P0~ T (11
N
(45 {=F@- ZDi@,n(:c, Un,) in Q,
N =1
Z(ai(x, T (Um)s V) — ¢in (2, Um)) -n; =0 on 012,

i=1

where A,, is a Leray-Lions operator acting from W1?(Q) into its dual, given by

N
(4.6) (Amu,v) = Z/ ai(x,Tn(u),Vu)Divdx—i—l/ |u[2 2y da
i=179 mJa

Po—2 w)vde
+ [ =T

for any u,v € WHP(Q2). We define the operator Gy, from W17(Q) into its dual,
given by

N
(4.7) (Gmu,v>:/QHn(x,u,Vu)vda:—Z/Q@m(a:,u)Divdx
i=1

for any u,v € WHP(Q).

Lemma 4.2. The bounded operator B,, = A,, + G, acting from Wl’ﬁ(Q) into
its dual (WYP(Q)) is pseudo-monotone and coercive in the following sense: there
exists vg € Ky, such that

B _
(4.8) (Bmv,v = vo) — 00 as ||[vllwir) — oo forve Ky.

HU”WLZT(Q)
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For the proof of Lemma 4.2, see Appendix.
In view of Lemma 4.2, there exists at least one weak solution u,, € K, for the
unilateral problem associated to the elliptic equation (4.5), i.e

(4.9) Z/ale Um,) Vum)Dz( dx—i—/H (@, Wpny V) (U, — v) da
+—/ o [P~ 21ty da:—i—/ 1T (1) PO =2 T (1) (10, — v)
mJjo
< /F(m)(um—v)dm—l—Z/@m(m,um)Di(um—v)dm
Q = Ja

for any v € K, N WhP(Q).

Step 2: A priori estimates. We set Vi, = Uy, — pt(ty, — 1) with u being a positive
constant small enough. Thus, V;,, € K, N WHP(Q) is an admissible test function for
the approximate problem (4.5), and we obtain

N .
(4.10) Z/Qai(m,Tn(um),Vum)D’(um—w+)dx
+/Hn(x,um,Vum)(um—w+)dx
/ Tt T ), = )

t - [ fund ) de
N .
< / F(2)(um — ) dz + Z/ Gin (2, U ) D (g, — 7T daz
Q /e
Since u,, — ™" has the same sign as u,, and thanks to (3.5), we obtain

@iy Y /Q O(| T ()| D'

1
+—/ [t |2, — b7 | da
m Jo

m [P dx—i—/ |Tm(um)|p0_1|um—w+|dx
Q

N
< / |F| |um—w+|dx+n2/(|Dium|+|Di1/)+|)dx
Q — Ja
N
+Z/ |ai(x,Tn(um),Vum)||Diw+|dx+n/ [y, — | da.
=170 @
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We have by/(1 +n)* < b(|Tn(um)|) < bo, and using Young’s inequality we deduce
that

N
(412) ) / b(| T () )| D i |7 dx+/ | Ton () [P~ gy, — 97| dae
i=1 Q Q
1 1 i
+— |U'm|2 |um_w |d‘7j
m Ja

< Co+ (|FllL=(0y +n) / i — %] da
Q

Ppi dx

1< L
— i ; 1 it
+ 2;/Qb(lTn(mn)l)lD i daz + zg/ﬂbﬂTn(umﬂﬂD "
N
% ;Tn m;vm Di +d
#30  loses Tatin). T [P0

with Cj being a positive constant depending on n and not depending on m. For the
last term on the right-hand side of (4.12) we have

N
(4.13) 3 / (i (2, T (1), V)| | D6 | dee
i=1 78

N
<5Z/(|Ki(x)l + 0P 4 [V,
i=179
N N
SC’QZ/ |K1(J)) p’dl‘—l—CgZ/ |D7'w+
i=17% i=1 7%
1 N
+ C /npodx—i—— /b T, ()| Dy,
1) 4; ; (175 (um) ]

1 .
<L [ MDD

By combining (4.12)—(4.13), it follows that

N
bo .
4.14 — E D'uy,
(4.14) 4(1+ n)A ¢—1/Q| !

P DigH da

Pidg

Pi dz

p7d$+C5

Pde + / (ot P2t — %]
Q

1
+—/ [ |2 e, — 7 | da < Cs.
m Jqo

Thus, we conclude that

(4.15) é/ﬂ | Dy,

P dg +/ (T (1) [P~ — | dz < Cor
Q
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Moreover, we have u,, > 1T, and by using the Young’s inequality we obtain
(4.16) / o 1t ) P i — |
Q
> [ ntam)l? do = [ Tofan) 6" da
Q Q
1 1
> [ ntun)l do = - [ Tl do = [ ot do
Q Do Ja Po Ja

1 1
> —/ (T (1) [P0 da:——/ ot P da
Po Ja Po Ja

Having in mind (4.15), we deduce that

Pidg +/ | Tt ) [P0 daz < Cy,
Q

N
(4.17) Z/ﬂ | D,

where Cg is a positive constant that does not depend on m. Moreover, we obtain

N
11+ > ID T ()| o ()

i=1

(4.18) [T (w15 = 1T ()|

N
<N Ty + 3 /Q DT, ()|
=1
N ‘ 1/;Di
+ Z</ | DT (t) |P dx)
i=1 \/ 9

N
< / (T (1) [P0 da:—i—ZZ/ D,
Q = Jo

+ N+ (N + 1) meas(Q)
g CQ)

Pidg

where Cy is a constant that does not depend on m. Thus, the sequence (un,)m
uniformly bounded in W*7((2), and we obtain

Upm — u  weakly in WHP(Q),
(4.19) Um — u  strongly in L2(2) and a.e., in Q,
Um — u  weakly in L1(9Q) and a.e., in 9.

Thus, we obtain

]. /
(4.20) — |t [P 2y, — O strongly in  LP ().
m

180
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Furthermore, using the fact that w,, — u almost everywhere in Q and ¢; ,(z, up) —
¢in(x,u) almost everywhere in Q and |@in(x,um)| < n a.e in Q, in view of the
Lebesgue’s dominated convergence theorem, we get

(4.21) @i (T, Um) = Gin(z,u) strongly in LP(Q) fori=1,...,N.
Step 3: The convergence of the gradient almost everywhere. Let 1 be small

enough. By taking v = um — n(um —u) € Ky as a test function for the approximate
problem (4.5), we obtain

(4.22) z:/obz 2, T (), Vi ) (D't — D) dx—l—/H Xy Uy, V) (U, — w) do
/|T m) [P0 2T, (um)(um—u)dx—i——/ |t |2 2101 (g, — )
mJa

N
< / F(up —u)dz + Z/ G (T, U ) (D', — D) da.
Q — Ja

It follows that

N . .
(4.23) Z /Q(ai(x, T (um), V) — ai(x, Ty (), V) ) (D't — D'u) da

* / (T (1) [P~ T () — [T () [P~ T () (1t — w)
Q

< / |F| |um—u|dx+/ | Hy (@, Uy V)| [t — u| dz
Q Q
N
30 [ 1ot 1D = Dl o+ [ T — ]
=179 Q
1 -1
+— | |um|B | um — u|de
m Jo
N . .
+Z/ |ai(z, T, (tm), Vu)| | D'y, — D*u| dx
— Jo
gHFHLoo(Q)/ |um—u|dx—|—n/ [t — u| dz
Q Q
N
+n2/ |Dium—Diu|dx+/ (T (1) [P~ — | dz
— Jo Q
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1
+ —/ [t |27 by, — | de
mJja
N
+ Z/ |ai(x, Ty (tm), V)| | D'y, — D*ul dz.
=179

For the first and second terms on the right-hand side of (4.23), we have u,, — u
strongly in L'(2). Then

(4.24) |\F||Loo(9)/|um—u|dm+n/|um—u|dm—>0 as m — oo.
Q Q

Also, we have n € L?(Q) and Du,, — Diu weakly in LP(Q). Tt follows that
N . .

(4.25) Z/ n|D"uy, — D*u|dz — 0 as m — oo.
=179

For the fourth term on the the right-hand side of (4.23), we have u,, — u weakly in
L7 (Q) and since [Ty, (u)[Po~1 € LPo(9),

(4.26) / | Ty (w) [P gy, — u|dz — 0 as m — o0.
Q
Moreover, we have u,, — u weakly in L2(2) and thanks to (4.20) we have
1 ~1
(4.27) — | Jum B |t —u|dz — 0 as m — oo.
m.Jja
For the last term on the right-hand side of (4.23) we have T, (um) — Tn(u)
strongly in LP:(Q)), then in view of the Lebesgue dominated convergence theo-

rem, a;(z, Tn(tm), VIi(u)) = a;(x, T (um), Vi (u)) strongly in LPi (), and since
DTy () — DTy (u) weakly in LPi () for i = 1,..., N, we obtain

N
(4.28) Z/ |a; (z, Ty (t), VT (1))] | Dty — D'u|dz — 0 as m — oco.
i=17%

By combining (4.23) and (4.24)—(4.28), we conclude that

N
(4.29) 0< n}@m(z /Q (ai(z, Ty (tm), Vi)

—a;(2, Tr(tm), V) ) (D', — D'u) dz

+ /Q(|Tm(um)|p072Tm(um> - |Tm(u)|p072Tm(u))(um —u) da:) = 0.
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In view of Lemma 4.1, we deduce that

(4.30)

Um — U strongly in W17 (),
Du,, = D'u a.e., in .

Therefore, we have a;(x, T, (um,), Vum) — ai(x, T (u), Vu) and Hy, (2, um, Vi) —
H, (z,u, Vu) almost everywhere in 2, and in view of (2.2) and Lemma 2.2, we obtain

(4.31) a;(z, Ty (), Vi) = ai(x, T (u), Vi)  weakly in LPi(Q) for i =1,..., N
and

(4.32) Hy (2, U, Vi) = Hy(z,u, Vu)  weakly in LY (€2).

Step 4: Passage to the limit. By taking v € Ky as a test function for the
approximate problem (4.5) we obtain

N . .
(4.33) ; /Qai(x,Tn(um), V) (D', — Do) dz

+/ Hy, (2, U, V) (U — v) dz
Q

0—2 _ l —2 _
+/Q|T(um)|P T (wm) (um, v)dx—i—m/ﬂ|um|ﬂ U, (U, — V) d
N . .
< /Q F(2)(um —v)da + ; /Q Givn (2, U ) (D't — D) .

Firstly, we have Du,, — D'v — D'u — D'v strongly in LP*(£2) and thanks to (4.21)
and (4.31) we obtain

N
(4.34) Z/ ai(x, Tr(tm), V) (DU, — D) dz
=179
N . .
— Z/ ai(z, Tp(u), Vu)(D'u — D*v)dx as m — oo
=179
and
N . .
(4.35) > / Gin (2, ) (D, — D) daz
=179
N
— Z/ Gin(z,u)(D'u — D'v)dz as m — oo.
=179
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Moreover, in view of (4.19) and Fatou’s Lemma, we obtain

(4.36) / |ulPo 2 u(u — v)d hmlnf/ | T (1) P2 T () (U, — v) d
Q m—o0
and we have u,, — v — u — v strongly in L2(2). Thus, thanks to (4.20) we obtain
1 -2
(4.37) — | Jum B U (U, —v)dz — 0 as m — oo.
m Jo
Similarly, we have F' € L*°(Q), then
(4.38) /F(x) dx—>/ (u—v)dz asm — o0
Q
and thanks to (4.32) we get

(4.39) / H,(z, U, Vi) (U —v)dz — / Hy(z,u,Vu)(u —v)dz asm — oco.
Q Q
By combining (4.33) and (4.34)—(4.39), we conclude that
N . .
(4.40) > / ai(z, T,y (u), Vu)(D'u — D'v) dz
i=1 79
+ / Hy(z,u, Vu)(u —v) dz + / lulPo~2u(u — v) dz
Q Q
N
< / Fla)(u—v)dr+3 / G5 (@, To (1)) (D' — D'v) da,
Q /e
which completes the proof of Theorem 4.2. O
4.2. Existence of entropy solutions for the unilateral problem with

L-data.

Proof of Theorem 4.1. Step 1: Approrimate problem. We consider the approx-
imate problem

N
- Z Dia’i(xa Tn(un)v Vun) + Hn(il,', U, Vun) + |un|p0*2un
=1 N
(4.41) = fu(x) = > D'y n(x, Tp(u)) in Q,
N =1
> (ai(@, Tn(un), Vtn) = ¢ (2, Tn(u)) -0y = 0 on 99,

i=1
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with fu(2) = To(f(2)), Hn(z,5,8) = Th(H(z,5,£)) and ¢in(z,s) = Tn(di(z, s)). In
view of Theorem 4.2, there exists at least one weak solution w,, for the approximate
problem (4.41), i.e

N
(4.42) Z / ai(z, Ty (un), V) (D'uy — Do) da
/H (, U, Vug) (up dx+/|u 7o 2, (w, — v) da
< /Q Ful@)(un — v)dz + ; /Q G (@, T (1)) D' (1 — )
for any v € Ky.

Step 2: Weak convergence of truncations. Let k > max(1,[|¥"||«), and 0 <
=2 [ d(|7])/b(|7]) dT < B(oc) < oo be a finite real number.
Let 1 > 0 be small enough. By taking u, — nTk(u, — T )ePlul) € K, as a test
function for the approximate problem (4.5), we obtain

N
(4.43) Z / ai(x, T (), Dy ) DT (uy, — ¢+ )eBUunD) dg
1 /0

N
+2 Z/ ai(z, Tp(un), Diun)DiunTk(un — )
=179

d(lun|) . B(lun])
sign(uy, )e” 1V dx
b(|unl)
/H , Uy D' ) T, — 17 )eB U0l dge
+ [l 2T, = 90D da

</anTk(u —pt)ePlunl) dy

N
+ Z /Q Gin (@, Ty (1)) D T (u, — 3 )eB U0l g
=1

N .
+2)° /Q Gin (@, T (1)) Dy T (w0, — )
i=1

d(Junl) . B(lun))
sign(uy)e” V" dux.
b))
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Since u, — " has the same sign as u, and in view of (3.5), (3.6) and (3.7), we
deduce that

444 / b U, Dz
Z e (Jun))]

- Z/ |a; (z, Ty (tn), Diuy)| | DipT e da
{un—ot|<k}

Pi dx

+ 22/ (|t |) | Dt [P [ T (1, — b)) d
i=1 7%

+/ [P | T (i —w+)|eB(|“”|)dx
Q

< /(|fn|+|f0|)|Tk(u,n—w+)|e3(|“n|)dm
Q

N
+3 /Q d([tn]) Dt
N
eBle) ci(x)(1 4+ | Ty (un)|) (| D*
ety [ e T

i=1

Pi

T (up, — ) |eBUunD) dg

Un| + |D"9 ) dz

B(lunl) d(E

N . d(|un|)
2 i 1 T (un) )" | D | [T (n, — i .
+ zZ;/Qc(:c)( + T (un)]) Un | | Tk (u w”b )e
< kPN (|| fall i + Il folliey)
N .
d(Jun))| D' un,
+Z/Q () D'

N ’ 7
|ci(@)[P: (1 + | T (uy)]) P

+Co / _ dz

-Z {un—yt|<k} b(| T (un ) )P

+3 Z ) bl (1D un) P + D' )

{lun—yt|<k}

+C 2/9 les ()

N
1 .
+ = Z/ d(|un|)|D’un)|pf|Tk(un _ ¢+)|eB(|“n\) A,
2 i=1 Q

Pi

T (up, — ) |eBUD dg

Ty (up — ¢+)|7d(|un|) dz

L+ [T () unl)”

Concerning the third term on the left-hand side of (4.44), we have
(4.45) / [t [P T (1, — 9pF) A
Q
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= / | [P0~ 2 (10, — ) dz
{lun—pF|<k}
+k/ |, [Po~t da
{lun—vt+|>k}

> / |u, [P0 dz _/ Jun [P0~ | da
{lun—+|<k} {lun—9pFI<k}

+k [, P~ da
{lun—v+|>k}

1
> / |, PO de — — |, [P0 da
{Jun—p+|<k} {lun—p*|<k}

1

——/ |yt [Po dfc—i—k/ [, [Po~1 da
Po Ja {lun—yp+[>k}

1

> — |tn [P0 dx—i—k‘/ [, [Pt da
Po J{jun—pt|<k} {lun—y+|>k}

1
[ s,
Do Ja

It follows that

N

1
4.46 / un|)| D,
SRR DY B

Pi dg

1 .
= DD [P | T (1, — b B(|unl)
+2;=1/9d(|u DID wn |7 | T (un — ¢ )le dx

1
+ = |t PO da
PO J{jun —pt|<k}
1
+/<:/ |un|”°_1 dz — — |1/)+|p° dz
{Jtn—p+|>k} Do J{|un—v+|<k}

< keB(Oo)(anHLl @ + Il follzr (@)

+ch / () P (14 [T () POV dr
|un "/"+|<k}

(I-I)

+C

oIl

XZ/M F(L A+ [T (un) ) I T (uy, — )| da

+eB(°°)Z/ i (2, T (), Diwy)| | DIt | da.
= Jun—vt <k}
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For the second term of the right-hand side of (4.46), in view of Young’s inequality,
we obtain after some computations

Pi(1 4 | T (un ) |) P2 dg

(4.47) CQZ/ |ci()

\u,L Pt+I<k}

<cy Z / (jes(a)

{tn —p+ | <k}

p}(po—1)

Pt fe(@)] T g da

1
3P0 J{jun —p+| <k}

C5k?+ —/ |Un|p0 dax.
3P0 J{jup—u+ <k}

For the third term of the right-hand side of (4.46), using Young’s inequality we get

|t PO d

d(l-])
(Dl

CGEN:/ |Cz

+ — [P0 T (g, — )| da
oo | a2 T = )

(4.48) C

P (L4 [T () YO IPA T (= 07| da

N
AT
) i=1 /%
p}(po—1)

p1_|_|c( )[7o1- NSy +>\)|Tk( — )| dz

1
< Crk + —/ |Un|p071|Tk(un - ¢+)| dz.
6po Jo

For the last term on the right-hand side of (4.46), in view of assumption (3.4) and
by using Young’s inequality, we have

(4.49) B /{ e |ai(z, Ty (un), Diuy,)| | D] da
Un

Bleo)g (1K ()| + | T (un) [P~ + | D'ug [P~ 1) | DP9 | da
{un—t+|<k}
1
<Gy / K@) do + — (T, (1) [P d
{un—wt <k} 6P0 J{jun—wt <k}

Pi dl‘

+@/ |DigpT
{Jun—o+|<k}

1 )
+1/ BT () DID
{lun—9F|<k}

|Diw+|p1‘,
e / Dy
b (un—vt <k} O(Tn(un)|)Pit

Pidg
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1
<Cn+—— | T (wn)|P° da
6P0 J{jun—wt <k}
1

v b(Ta(ua)) D'
{lun—p+[<k}

+Chg / Digt
{lun—9t|<k}

1
<Cip + — |Tn(un)|p0 dz
6p0 {lun_w+‘<k}

1 )
11 / b(Jun])|Du
4 J{un—pt <k}

+ 012]%-)\(1%*1) / |Diw+
{lun—9pT|<k}

1
< CaheD 4 L / T2 (1) [P0
6p0 J{ju, —p+|<k}
1

+1/ b(lun) D',
{un =9t |<k}

By combining (4.46) and (4.47)—(4.49), we conclude that

(450) —Z /. - b)) Dt

npidx

pi(l + |un|))\(m*1) dx

n|Pi dx

Ppi dx

Pidg.

Pi dx

1 . .
= [ DD )P Tt = )
25 e
1 k
+ — |t PO dz + — |un|p0*1dx
6P0 J{ju, —p+ <k} 3P0 J{jun—yt|>k}
< Cra(k + KNP,
It follows that

(4:51) 1+ 2k (14 2k)* Z /{ o

<Z/

< Cis(k+ KNPy,

Uy, [P dx

b(| T (un) )| D

Pi dx

{Jtn —+| <k}

Thus, we conclude that

N
(4.52) / | D'y,
; {Jun—9+|<k}

Pide < Cro(kM T + kM.
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Having in mind that {|u,| < k} C {Jun — 1| < k4 |97 1)} and thanks to
(4.50) and (4.52) we obtain

N
(4.53) Z/|DiTk(un) P dx—f—/ T (un) [P0 do
i=1 /2 @
N

= Z/ | D'y,
=1 /{lun|<k}

i=1
N

Pdg + / (T ()P dae
Q

< Pidg + / |tun PO da
{lun—y+|<k}

| Diu,,

i=1 /{unwﬂgkﬂw*hx(sz)}
+k |, [Po~t da
{lun—yt|>k}
< Crg(kM 4 BP9,
Thus, similarly as in (4.18) we conclude that

(4.54) ITe(wn)ll 5 < Crr(R X+ 1P1)

with Ci7 being a constant that does not depend on k& and n. Thus, the sequence
(Tx(un))nen~ is uniformly bounded in W17(Q), and there exists a subsequence still
denoted by (Tk(un))nen~ and a measurable function vy € W1P(Q) such that

(4.55) Ti(un) — v, weakly in W1P(0Q).
By the compact embedding, we obtain
(4.56) Ti(un) — v strongly in L'(©2) and a.e., in Q.

Now, we will prove that (u,), is a Cauchy sequence in €.
It is clear that

(4.57) meas{|un — Upm| = 0} < meas{|u,| = k} + meas{|un| > k}
+ meas{|Tx (un) — Ti(um)| = }.

On the one hand, thanks to (4.53) we have

(458) k% meas({|un| > k}) = / (T ()P i
{lun|>k}

< / | Tk () [P0 daz < O (kM + EAP9)
Q
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with 0 < A < min(p — 1,1). It follows that

016(k1+>\ + k/\pi)
kpo

(4.59) meas{|up| > k} < —0 ask— oo.

Thus, for all € > 0, there exists ko(g) such that
(4.60) meas({|un| > k}) <

and meas({|um| > k}) < for any k > ko(e).

Wl ™
W ™

Moreover, thanks to (4.54) we can assume that (Tj(uy))n is a Cauchy sequence in
measure on {2. Then for all £ > 0 and d,e > 0 there exists ng = ng(k, , £) such that

(4.61) meas({|Tx(un) — Tk (um)| = 0}) < for any n,m > no(k,d,€).

WM™

By combining (4.57) and (4.60)—(4.61), we conclude that for any €, > 0 there exists
ng = no(o, e) such that

(4.62) meas{|un, — upm| > 0} < e for any n,m > ng(o, €).

Therefore, the sequence (uy), is a Cauchy sequence in measure, and there exists
a subsequence of (uy,)n, still denoted (u,,)n, that converges to u almost everywhere
in . Consequently, we conclude that

Tr(un) — Ti(u) weakly in WHP(Q),
(4.63) Ty (un) — Tx(u) strongly in L'(Q) and a.e., in Q,
Ty(un) = T(u) weakly in L1(9Q) and a.e., in €.

Step 3: Some regularity results Let h > k > min(1,||¢"||s). We have v, =
wy, — Ty (u, —)ePUunD /h € K is an admissible test function for 7 small enough.
Thus, by taking v, as a test function for the approximate problem (4.41), we obtain

N
(4.64) %Z/ai(x,Tn(un),Vun)DiTh(un_¢+)eB(\un|)dx
i=1 /9

T Tt
+/ H"(x’“”’vun)wem'“"”dx
Q

— )| d(Jun)
h b(|unl)

N
T (u
—1-22:/ai(x,Tn(un),Vun)Dlun| (u eBunl) qg
i=17%

_ ot
+/ |un|p0*2un7Th(u" d )eB(‘“"Ddx
Q h
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Tnun = V) sy
< [ oDz Do g

N
. Z/ Gin (@, T () DV T (4, — )Pl dg
himJe

N
T (g — T .
+22/¢i,n(x,Tn(un))D’un| hlu h vl dlu |>€B(|u”|)dx.
i=1"9

b(|un|

In view of (3.5), (3.6) and (3.7), and since T}, (u, — ¢")/h has the same sign as u,,
we deduce that

th {lun —w+|<h} Tntn) )

o Z / T, ()| D't

|u,, w+|<h}

pi do

1 / A B
- _Z |ai(z, T (un), V)| | Dt [eB D) dz
h {Jun—1+|<h}

N
2 ] .
T Z/ d(|un )| D tun [P [T (ur, — )P dz

/|u [Po— 1|Th ¥ eBlunl) 4z

[Th(un =9

S B(OO)/Q(|fn($)|+|fo(x)|) nh
N
+ % ; /Q d(|un|)| Diun [P Th (wr, — ) |eB02D dz

eB(OO) N

2 e+ )
+EEN:/ @)1+ [Tt Dttt — )| S B
hi:l Q ' . " " b
o0 |Th(un_'¢+)|
< el )/Q(|fn(3?)|+|fo(x)|)fdx
N
52 [ i,

|ci(@ 1+|T (wn)]) V3% i
Z/ W

DTy (un — ") dz

Pi

Th(un —_ ’(l)+)|eB(‘“n‘) dCL'
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n Pi 4 |Di’¢+

Up, ‘u Pi) dz
Z 0 R )

Z/|Cz

d(lun|) p
X T (g, — )|l e Bllunl) gy
b(fun|)P:
N

1 i
+ ﬁZ/ﬂd(|un|)|D Un,

i=1

(L [T ()7

Ppi

Th (tp — ) [eBUunD dz.

It follows that

1 N

(4.66) o ; /{u”w+<h} a;(x, Ty (un), Vn) D u, da

4hZ / L T
1 i
—hg [ duaip'a,

1
41 / ot P T 1y — )] dz
A

<o [ 5+ Ifo(a?)l)w ar

U, Dyt
Z/M o T

Z/u w+\<h} @
d(l-|)

(I-D

N
x Z/ Jei (@) (1 + [T (wn) ) VP Ty (= o) da

Pi dx

P T (t — w+)|eB(|un|) dx

Pidg

Pi(1 4 [Ty (ug)) VP~ X dy

7

Lo (R)

B(oo)

Z/ |a;(z, Ty (un), V)| | DT | da.
{lun—9+|<h}

We have f(z) € LY(Q) and fo(x) € L'(2), and since meas{|u,| > h} — 0 as h tends
to oo, then |Th(u, —¥1)|/h — 0 weak-+ in L°°(Q) as h goes to infinity, it follows
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that

Ty (uy — ot
(4.67)  e1(h) = B / (If ()] + |f0(x)|)M dz =0 ash — oo.
Q
Also, we have ¢+ € WHP(Q) N L>(12), then
i, |Pi
(4.68) e2(h =T Z/lun Ctem (T, (up))|D*YT|Pide - 0 as h — oo.

Concerning the third and fourth terms on the right-hand side of (4.66), in view of
Young’s inequality we have

(4.69) Z/uﬂ )
Z/u Ctiem |Ci($)

Uy PO dx
" Bpoh /{un,—w+<h}| "
1

Pi(1 4 | T () ) AP g

pi(po—1)

Pi 4 | ()| 7o Ci IR ) |t | dz

< Eg(h) +

We also have

uy, P dz.
3poh /{un—w+<h} !
d(l-))

1D ey 2 / lei(z
\%Z/ (Jeit2)

o / a2 T = %)

(4.70) P (1 T () ) VP T (= 1) dee

h
pi(po—l)

P feu ()| 70 O ) [T — ) d

< ealh)+ o [ T = )

For the last term on the right-hand side of (4.66), similarly as in (4.49), we can show
that

oB(oo) NV
(4.71)

/ s, T (), V)| | D' | dee
{lun—9t|<h}

, 1
< C'e | K ()P d + ; / | Ty (u) [P0 dae
{Jun—+|<h} 610 J{ju,—u+<h}

S h
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b(|Tn(un)|)|Dzun Pidg

{lun—9*|<h}

4+ =8 |Dzw+
b S, — it 1<h)
Cy |Di1/1+ Di

+ & _ W g,
B Jun—pt<ny 00T (un ) )Pi—t

1
+ / T (up)|P° dz
Gooh {|un—w+\<h}| n(un)]

+ o b(| T (un)])| Du
8h J{jup—ytI<h}

Pi dx

n|Pi dx

+ 2 |D1w+ ;01:(1 + |un|)/\(:011—1) dz

b J{lun—p+1<h)

1
<es(h) + / T (up)|P° dx
" Gpoh {|un7w+\<h}| (1n)
1

+ 5 b(|Tn(un)|)|Dzun
8P J{jup—p+ <n}

Co(1 + R MPi—1)
n o( )

Pi dx

/ | D't |P de
h {Jun—u+|<h}
1
< egg(h) + / T (up)|P° dx
o) Gpoh {|un7w+\<h}| (tn)
1 b(|Tn(un)|)|Dzun Pidg.

+ R
A Jun—i<n)
By combining (4.66) and (4.67)—(4.71) we conclude that

(4.72) o7 Z / (2, T (un), V) Diuy, de

un))| D,
Z/ o, M)
1 i
—hg [ duaipa,

(un —¢7")|dz

Ppi dl‘

Pi

Th(un — )| dz

* 6hpo
< 67(h).

Having in mind that ¥ € L>(Q), we conclude that
1 .
(4.73) hlim lim sup — Z/ a; (2, Up, Vun)D'up dz = 0.
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Moreover, we have

N

1 A
(4.74) lim limsup — / b(T), ()| D |P* daz = 0,
o0 n—oo {lun—vF|<h}
N .
(4.75) hm lim supZ/ d(|un )| D*up Pt dz = 0,
h=00 n—oo i—1 7 {lun|>h}
and
(4.76) lim lim sup/ [u, [Po~t dx = 0.
70 n—oo H{un|>h}
Furthermore, we have
X
(4.77) — v (Un)) DT (uy,) da
1 ,
S ; /Q@(x)ﬂ + [T () ) | D T ()| de
N ()P vip}
< 12/ |ei()[Pr (1 + |Th(f‘:zl)|) da
h= Ja b(|Th (un)|)Ps
|
+ - / b(Th(un))(|D'un [P + | Dt [P4) da
hz {lunl<h}

2)[P5 (1 + [T () ) TIP2 dg

pL dl‘

Ppi dx

/ (T ()| DV
|un|<h}
1 N

1 ,
<es(h) + 3 / [unl? dz + & / b(To ()| D[P d
h J(uni<ny h Z {Jun|<h}

It follows that

N
(4.78) lim limsup 1 Z/ Gin (2, Ty () D T (uy,) dz = 0.
h=Jo

h—oo pn—oo
Now, we will show that the sequence (|u,|[P°~2u,,), is uniformly equi-integrable.
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Let E C Q be a measurable set. In view of (4.76) we have for any h > 0
@) [ julrtaes [ )t [ funPo
E E Em{‘“n|>h}

< meas(E)hP° 1 + gg(h).

Thus, for any € > 0 there exists 3(g) > 0 such that
(4.80) / || der < e forany EC Q with meas(E) < B(e).
E

Then we deduce that the sequence (|u,|P°~2u,), is uniformly equi-integrable in
L'(Q). Having in mind that u,, — u a.e., in £ and by applying Vitali’s theorem, we
conclude that

(4.81) [n PO, — [ulP°"?u  strongly in L'(9).

Step 4: Almost everywhere convergence of the gradients. Let max{1, |9V |e} <
k < h, we set Sp,(s) =1 — |Tan(s) — Tw(s)|/h and B(s) =2 [; d(|7])/b(|7]) dr.
Let ¢(s) = sexp(62s?/2) and 6 = 3|d(|-])/b(]*|)|| Lo (r)- It is clear that

¢'(s) = dle(s)| =

N =

By taking v, = un — 90(Tk(un) — Th(w))Sh(u,)ePlun) € WL7(Q) with n small
enough, v, is an admissible test function for the approximate problem (4.5), and we
obtain

N
(4.82) Z /Qai(a:,Tn(un),Vun)ga'(Tk(un) — Tx(u)))
X (D'Ty(up) — DTy (1)) Sp (un)ePnD dz
S i dlfun))
+22/9a1(van(un)vvun)D Unp,
x sign(ug)o(Tk(un) — Tk (u ))Sh(un)eB(lu"Ddx
Z/h<|un<2h} (2, Ton (uan), D'uzn)

X D" Top (un)(Th () — Tk(u))|eB(‘""D dx
+ / Hn(fE, Un,, vun)@(Tk (un) — Tk(u))sh(un)eB(‘“n‘) d(E
Q
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+ / |un|p072unﬁp(Tk(un) — Tk(u))Sh(un)eB(lu"D dz
Q
< [ le)eTilun) - Tula)$h (ua)e? 14D da
Q
N
£ [ i Tl ¢ (Tiln) ~ Tufa)
X (D'Tiy(un) — D'Ti(u)) S (un)eP 1D da
S o d(junl)
+QZ/ oi(x, Tn(un))D unb(—)
X s1gn(un)5’h (tn ) (Th () — The(w))eB0unD dz

(x, Ton(un))

{h<|un |<2h}
DTl Tiin) — (1)

Since Ty (un) — Tk(u) has the same sign as u,, on the set {|u,| > k} and Sp(u,) =1
on the set {|u,| < k}, by using (3.5) and (3.6)—(3.7) we obtain

(4.83) Z / oy 0 T, T (Taan) = Ti(w)

X (DT (up) — DTy (u))eP 4D dz
N

) ; /{k<|un|<2h} ai(x, Tn(un), Vi)@' (Ti(un) — Ti(u)))

X DTy (1) Sh (up )eP1nD da
N

_263(00)2/{'“ < ai(l‘,T ( ) vun)D un

X Jp(Th (un) = Ty (u))| dz

i d(|un)
+2Z/ T (un), Vuy) D uy, b{[tn])

{k<|un |<2h}

d(Jun])
b(lunl)

X (T (un) — Tio(u))|eBUD da
<o) [ (7@ + Uo(@)Dle(Tk () = Tiw) da

+eB(oo>/ Jwn [P o (T (un) — Ti(u))| dae

Q
N .

30 [ DD P (T ) = Tufa)) e do
i=17%
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N
¢S [ @)1+ 1T ) D Te) = DTuw)

N

> [ a@)+ T

+2eB(oo)Hd(|'|)
L>(Q) =1

b(|-1)
% | D' |o(Ti(un) — Tio(u))| dz

eB(Oo)g0(2l<:) N / i
R i k4 éi(x, Top (upn)) D uy dx
h Z {(h<|un|<2h} ( (tn)

eB()p(2k) . .
4‘0 Z/ (@, Top (up), D*up) D uyp, dz.

{h<|un \<2h}

It follows that
N

(4.84) > /{|u <k} a; (@, To(un), VT (un)) @' (Th(un) — Tie(u)))

X (D'Ty(un) — D'Ti(w))eP D dz
N
_ 3eB(o0) Z/ a;(z, Tp(un), VI (un))
{lun|<k}

% DTy (1) ZE:Z:B 1P(Ti (1) — Ti ()] dz

26 [ (7@ + ol le(Tilien) = Ti(w)] da

N
o

+eP(0) / [t [P0 @ (T (un) — Tho(w)| dz
Q

N
/(@03 [ @)1+ T ()

X |DiTk(un) — DiTk(u)| dz
N

> [ e+ T

L=>=(Q) j=1
|D7’un| lo(Th(un) — Ti(u))| dz

a Z/ |3 (2, Ton (un))| | D"t | daz

{h<|un|<2k}

2|4

e (°°)g0(2k) / A .
+ — ai(z, Top(un), D'up) D uy, da
h Z [h<|un|<2h}

'(2k)e B(c0) Z/ la;(z, Ton(un), VTon(un))] |D1Tk( )| da.

{k<|un|<2h}
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For the two first terms on the right-hand side of (4.84) we have f € L'(Q) and
fo € L*(9), and since ¢(T(uy,) — Tk (u)) — 0 weak- in L>°(Q2) as n goes to infinity,
it follows that

485 21 = [ (@] + [ f@)Dle(Tiln) = Tuw)] dr >0 asn—oc.
Similarly, thanks to (4.81) we have |u,[P°~! — |u,[Po~! strongly in L!(Q), then
(4.86) ga(n) = /Q [t | P oo (Th () — Ti(w))|dz — 0 as n — oo.

For the third and fourth terms on the right-hand side of (4.84), we have ¢;(z)(1 +

|Ton (un)) — ci(z)(1 + |Ton(u)]) strongly in LPi(2), and since D'Ty(u,) —
DTy, (u) weakly in LPi(Q), it follows that

DTy (u,) — DTy (u)|dx — 0

N

(487) ) =3 / ei(@)(1 + | Ton (un) )"
i=1 7%

as n — oo. Also, since |Du,|@(Tk(upn) — Tx(u))| — 0 weakly in LPi(Q), then

Diun| lo(Tk(wn) — Tk(u))|dz — 0

N
@88 i) =3 [ al@)+Tuw))

as n — 0o. Moreover, in view of (4.78) and (4.73) we conclude that

(4.89)  es(h Z/ (63 (2, Ton ()| | D'un| dzz — 0 a8 b — 00,
T h (h<|un|<2h}

and

4.90 €6 / a;(z, Ton(u Du,)Du, dz — 0

(4.90) hz h<|un|<2h} 2 (), D'tin ) D't

as h — o0o. Concerning the last term on the right-hand side of (4.84), the se-
quence (|a;(z, Tan (tn), VIop (tn))|)n is uniformly bounded in LP: (), then there ex-
ists a measurable function (o € LPi (Q) such that |a;(z, Top(un), VTan(un))| = Con
weakly in LPi () and it follows that

@91) e Z ), 052, Ton 1), ¥ Ton ()| | DV Ti ()|
{k<|un|<2h}
%Z/ Con|D'Ty(u)|dz =0 as h — oo.
— J{k<|ul<2n}
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By combining (4.84) and (4.85)—(4.91) we conclude that

N

(4.92) Z /Q(ai(x,Tk(un),VTk(un))—ai(m,Tk(un),VTk(u)))

i=1

x (DT (un) — DTy (u))

(1 Tutun) = i) = G T tw) = i) )P0
! M oB(0)
< <<p (Qk)+3Hb(|-|) Lm(ﬂ)w(zk))

N . .
X z;/ﬂ |a;(z, T (un), VI (w)| |D* Tk (upn) — D*Ti(u)| dz

+3€B(OO)H%

L=(Q)

N
X ;/Q |ai(z, T (un), VT (wn))| | D T (w)| |o(Th () — Th(u))| da

+eg(n, h).

For the first term of the right-hand side of (4.92), we have a;(x, Tk (uy,), VI, (u)) —
a;(z, Tk (u), VT (u)) strongly in LPi (€), and since DTy (u,) — DTy (u) weakly in

LPi(Q), it follows that

N
(4.93) ge(n) = Z/Q |a;(z, Tk (ur,), DiTk(u))| |DiTk(un) — DiTk(u)| dz — 0

as n — oo. Concerning the second term of the right-hand side of (4.92), in view
of (3.4) we have (a;(z, T(un), VTk(tn)))n is bounded in LPi(Q), then there exists
a measurable function ¥y ; in LPi (Q) such that a;(z, Tx(un), VIk(uy)) — g, in
LPi(Q), and since | DTy (u)||o(Th(tn) — Ti(u))| — 0 strongly in LPi(£2), it follows

that

N . .
(4.94) es(n) = Z/Q |ai(x, Ty (un), D*Ty (un))| [ D" Ty (u)]
X |o(Ti(up,) — Ti(uw))|dz -0 asn — oo.

By combining (4.92) and (4.93)—(4.94), we conclude that

1 & . .
(4.95) 3 Z /Q(ai(x, Tk (un), DTk (un)) — ai(x, Tk (uy), D*Ti(u))

x (D'Ty(uy) — DTy (u)) dz



Z/ i, T (tn), D' To(un)) — ai(, Tio(un), DiTi(w)))

Q
x (D'Ty(uy) — D'T(u))
x(wn, Ti(u))

%i”
).

[P (Ti) ~ Tefw)] )
Lo (Q)

n7

By letting n tend to infinity, and since Tk (u,) — Tk(u) strongly in LP°(Q), we
conclude that
N
(4.96) Z /(ai(x,Tk(un),Dsz(un)) — a;(z, Ty, (un,), D"T(u)))
i=1 /%
x (D"Ty(un) — DTy (u)) dz
+/(|Tk(un)|P0*2Tk(un)— [T () [P0 2T (w))
Q

X (Ti(up) — Tk(u))dz = 0 asn — .

In view of Lemma 4.1 we conclude that

Ti(up) = Tr(u strongly in W1P(Q),
(4.97) { k(un) = Ti(u) gly ()

DiTy(un) = DTy (u) a.e., in €.

Therefore, we have a;(z, Ty, (un), Vu,) D, tends to a;(z,u, Vu)Diu almost every-
where in Q. Thanks to Fatou’s Lemma and (4.73), we conclude that

N
1 )
(4.98) lim — / a;(z,u, Vu)D*u dx
h—o00 h {|u|<h}
< lim liminf — D’
izl §3/M<m ) ) e

1 A
< lim limsup — E / a;(x, T (un), Vg ) D' uy, dz = 0.
{‘“n‘<h}

h—oo nosoco

Step 5: The equi-integrability of (Hp(x,un, Vuy)),. We will prove that
(4.99) H, (2, U, V) — H(z,u,Vu) strongly in L'(Q).
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Using Vitali’s theorem, it is sufficient to show that the sequence (H, (z,un, Vun))n
is uniformly equi-integrable. Indeed, thanks to (4.75), we have: for all € > 0, there
exists ho(g) > 0 such that

N

(4.100) 3 / d([tn])| D'
~ Juni>n)

p’d$<

for any h = ho(e).

Wl ™

On the other hand, thanks to (4.97) we have: for any e, h > 0 there exists (g, h) > 0
such that
Dpi d{E < _

N .
@y 3 [ du DT ) do < 5

for any E C Q with meas(F) < S(e, h).

m

Thus, we conclude that for any €, h > 0 there exists 8(e, h) > 0 such that

Pi dl‘

N
(4.102) /E|Hn(a:,un,Vun)|da:< / |f0(x)|da:+2/d(|un|)|DiTh(un)

+Z/ d(|un])| Diuy,

|un|>h}

Pi dx

<e.
For any measurable subset E C Q with meas(F) < pf(g), the sequence
(Hp (2, Un, Vuy))y, is uniformly equi-integrable, since Hy, (2, uy, Vu,) = H(z,u, Vu)
almost everywhere in 2, in view of Vitali’s theorem, we obtain

(4.103) H, (%, un, Vu,) — H(x,u, Vu) strongly in L'(Q).

Step 6: Passage to limit. Now, we will pass to the limit in our approximate
problem. Indeed, let ¢ € KN L>°(Q) with M =k + ||[¢T |-

By taking v,, = u, — 7Tk (u, — ) as a test function for the approximate problem
(4.5), we obtain

N
(4.104) Z / a5(@, To (1), Vi) Di T (1 — 0) dav
/ H, (2, tn, V) T (un, — ) do +/ |, [P0 %, T (1, — @) dax
Q
< [ £kl - o) da+ 3 | e TP T, = )
i=1
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Firstly, since {|u, —¢| < k} C {|un| < M}, then the first term on the left-hand side
of (4.104) can be written as follow:

N .
Z / ai(z, Ty, (un), Vun) D' Ty (u, — @) dz

ai(, Tog (un), VT (un)) (D Tar (tn) — D' @)X {jun —p| <k} AT

1
HMZ
S—

-
I

(ai(z, Tar(un), VI (un)) = ai(z, Tar (un), Vo))

Il
E
S~

~.

Il
—

D’TM (un) — D*O)X{jun—o|<k} dz
+ Z /Q ai(x, Tar(un), V) (D Tay (un) — Digo)x{‘un_wgk} dzx.

In view of Fatou’s lemma, we obtain

(4.105) liminf Z/ ai(x, Tar (un), V) DTy (un, — ) da

n—oo

= 1iminf2/ﬂ(ai(x,TM(un),VTM(Un)) —ai(z, Tpr(un), Vo))

n—o00 4
i=

X (D'Tas (un) = D*@)X{ju —pl<k} Az

n—oo

+ lim Z/ a;(z, T (uy), V) (D* TM(un) —Diga)x{‘un,wgk} dz
N . .
_ Z/Qai(x,TM(u),VTM(u))(DzTM(u)—Dlap)x{m_wgk} dz

N
= Z/ ai(xauvvu)DiTk(u - 90) dz.
i=1 7

Secondly, we have f,(z) — f(z) strongly in L'(Q) and Ty(u, — ¢) — Ti(u — @)
weak-+ in L>°({2) and in view of (4.81) and (4.103) we conclude that

(4.106) / Hy(z, upn, Vup)Tr (uy, — @) dz — / H(z,u, Vu)Ti(u — ¢) dx
Q Q

(4.107) / | [P0 20, T (0, — ) dw — / |u|P° 2 uTy (u — ) dz
Q Q

and

(4.108) /anTk(un —¢)dr — /Qka(u —p)dz.
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Moreover, we have ¢; ,(x, Tas(un)) — ¢i(z, Tar(u)) strongly in LPi(Q), and since
DTy (up — @) — DTy (u — ) weak-* in LPi(Q) for i = 1,..., N, it follows that

N
(4.109) S [ Gun T ) DT — )
i=1 YO
N .
=S / 64, Tas (1) D' To(u — ) da
=174
N .
= Z/ ¢i(z,u)D* Ty (u — ) dz.
=179
Consequently, by combining (4.104) and (4.105)—(4.109), we deduce that
N .
(4.110) Z / a;(z,u, Vu) D' T (u — @) dz
i=1 /9
+ / [u[Po~2uTy (u — @) da + / H(z,u, Vu)Ti(u — ¢) dz
Q Q
N
< / f@)Tk(u—p)dz + Z/ @i(x,u)D'Ti(u — ) dz,
Q = Ja
for all ¢ € Ky N L*(£), which completes proof of Theorem 4.1. O

5. APPENDIX

Proof of Lemma 4.2. In view of Holder’s inequality we have for any u,v €

Wl,ﬁ(Q)
N .
(5.1) [(Buuwv) < S / las(, To(w), V)| | Do) de
=179
+ / T (w7 o] da + - / w2 o] dz
Q m Jq

N
+/ |Hn(m,u,Vu)||v|da:+Z/ |pin (2, u)| | D] dz
Q — Ja

N
<> | BEi(z) + 0Pt 4 | DiuP Dl da + mPe T [ o] da
i=17% Q

N
1 p—1 .

+ —lJull 7oy 1Vl L2 +n/ o] dz +n) /|D’v|dx
m!" L) () 0 2 Jq
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N

o ; i—1
< Co Yy (K@) oy ) + 0P+ 1Dl () vl
=1
- Ch
+ (mP~! 4 2n) o]l 5+ HUH ol

(
< Co(1+ [lull % )llv]

1,p

Thus, the operator B, is bounded. For the coercivity we have

(5.2) B, v) Z/ ai(z, T, (v), Vo) D'v dz

/|T )|Po~ 1|v|dx—|——/ |v)2dx

+/Hn(x,v,Vv)vdx—Z/d)iyn(x,v)Divdx
Q = Jo
b N
0 ,
Z T D'
<1+n>A§/Q' ‘
N
—n [ |v|de—n / Diy|dx
G > 1D
b N
o A
Z T D
<1+n>A;/Q| °

> Csv[ly 5 — 2nCllvlh

1
p"’dx—i——/ |v)2dx
m Ja

) Cs, . p
Pi g + E“’UHEA(Q) - 2nC4HU||17ﬁ

P

Let vy € K. Similarly as in (5.1), we have

(5:3) |(Bmv, vo)| < Cs (1 + [0]17% ) vl 5
Since p — 1 > 0, we deduce that

|(Bmv,v = )| _ [(Bmv,v)|  [{(Bmv,vo)|

g lvlls [vll1,5

1
e Co(1 -+ 0l5")
L T
N7

— 00 as ||v]|1,5 = 0.

Therefore, the operator B,, is coercive.
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Now, it remains to show that the operator B, is pseudo-monotone. Let (ug)x be
sequence in W1P(Q) such that

Up —u weakly in WP (Q),
(5.4) Brur — x weakly in (W17(Q))’,
lim sup(B,uk, ug) < (X, ).

k—o0

We will show that x = By,u and (Bpuk, uk) — (X, u) as k — oo.

In view of the compact embedding W?(Q) << L2(Q), we have uz, — u strongly
in L2(Q) and a.e., in Q for a subsequence denoted again (ug)g-

In view of (3.4) we have (a;(z, T, (ur), Vuy))x is bounded in LP(f2), then there
exists a measurable function ¢; € L () such that

(5.5) a;(x, Tpm(ur), Vur) = ¢;  weakly in LP: Q).
Also, we have
1, 1, oy o
(5.6) —Jug|B"“ur, — —Jul2"“u strongly in L2 (Q).
m m

Furthermore, in view of the Lebesgue’s dominated convergence theorem we obtain

(B5.7) [T (k) P2 Ton (k) — [T (u)[P° 2T (u)  strongly in LE'(2)
and
(5.8) Gin (T, ur) = Gin(x,u) strongly in LP: Q).

Moreover, we have the (H, (x, ug, Vuy))x is a uniformly bounded sequence in L2 (£2),
then there exists a measurable function ¢, € L? (Q) such that

(5.9) Hy, (2, up, Vug) — b,  weakly in LZ ().
By combining (5.5)-(5.9) we conclude that for any v € W12(Q)

(5.10) (x,v) = lim (Bpug,v)

k—o0

N
klir{:o(;/Qai(a:,Tm(uk),Vuk)D’vda:

1
—|—/ |Tm(uk)|p°*2Tm(uk)vdx+—/ Jug 2 2upo da
Q mJja
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N
+/Hn(a:,uk,Vuk)vdx—Z/@m(x,uk)Divdx)
Q = Ja
N
= Z/ gpiDivdx—i—/ | Ty (1) ]P0 2 T (w)v daz
=179 Q

N
1 )
+—/ |u|3_2uvdx+/ Ypvde — g /¢i7n(x,u)Dzvdm.
m.Jja Q PR

Using (5.4) and (5.10), we conclude that

k—o0 k—o0

N
(5.11) limsup(Bpug, ur) = 1imsup<Z/ ai(x, Ty (ug), Vug) Diuy, do
i=179
1
+/ | Ty (g ) [P0t |uk|dx+—/ |ug |2 dz
Q m.Jja

N
+/Hn(x,uk,Vuk)ukdx—Z/ qbim(x,uk)Diukdx)
Q — Ja
N .
< Z/ﬂwpludﬂ/ﬂwm(u)wo*l lu| dz
i=1

N
1/ .
+ — |u|£dx+/wnudx— /d)iyn(x,u)Dludx.
mJo Q ; Q

In view of (5.6)—(5.9), we have
1 1
(5.12) | T (uge) P07 Juglde + — | JuglBde
Q mJa
1
—>/ | Ty (w)|Po~ || da + —/ |ul2dz as k — oo,
Q mJa

and

N
(5.13) / H,(z, uk, Vug)ug, do — Z/ Gin(z, ug ) Diuy, d
Q — Ja

N
%/wnudx—Z/qSi’n(x,u)Diudx as k — oo.
Q —Jo

Thus, having in mind (5.4), (5.10) and (5.11), we get
N

N
(5.14) 1imsup2/ ai(x, T (ug), Vug) D'uy do < Z/ ;i Diudz.
Q = Ja

k—o0 i—1
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On the other hand, thanks to (3.3) we have

N
(5.15) Z /Q(ai(x,Tm(uk), V) — ai(x, T (ug), V) (D'ug, — D'u) dz > 0,

then

N

(5.16) Z/Qai(a:,Tm(uk),Vuk)Diuk dz

i=1
N . .
> Z/ ai(x, T (ug), Vu)(D'up, — D'u) dz
i=1 7/
N
+Z/ ai(x, T (ur), Vug) Diu da.
— /0

Thanks to (5.9), we get

N
(5.17) hmmfZ/al (x, T (ug), Vug)D g da > Z/g@iDiudx.
i=17%

Combining (5.14) and (5.17), we conclude that

(5.18) hm Z/ ai(z, T (ug), Vuyg) D up dr = Z/ ;D' dz.

Thus, in view of (5.12), (5.13) and (5.18), we obtain
(5.19) lim (B ug, uk) = (Xm, u).

k—o0

Moreover, thanks to (5.18) we have
(5.20) hm Z/ (ai(z, Ty (ur), Vug) — a;(2, Trn(u), Vu))(Duy, — D'u) dz = 0,

and since ur — u strongly in L2(Q2), by applying Lemma 4.1 we deduce that

Uy — U strongly in W1P(€Q),
Diu, — D*u  ae., in Q.

Then a;(x, T (ur), Vug) — ai(x, Tin(u), Vu) and Hy(z,up, Vug) — Hp(z,u, Vu)
almost everywhere in ), and thanks to (3.4) we conclude that

(5.21) a;(x, T (ur), Vug) — ai(z, T (u), Vu)  weakly in LP(S2),
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and
(5.22) H, (z,uk, Vug) = Hp(z,u,Vu) weakly in )i Q).

Then, in view of (5.6)—(5.8) and (5.18) we deduce that B,,u = x. Thus, the proof
of Lemma 4.2 is concluded. O

6. CONCLUSION

In this paper, we have studied the existence of weak solutions for the unilateral
problem associated to our Neumann elliptic equation (3.2) with L*°-data. Further-
more, we have proved the existence of entropy solutions in the case of L'-data. How-
ever, the existence of entropy solutions for our problem without the term |u|Po~24

remains an open problem.
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