
Mathematica Bohemica

Cyrille Nganteu; Maurice Kianpi; Hilaire Mbiakop
On some properties of topological MV-coalgebras

Mathematica Bohemica, Vol. 151 (2026), No. 2, 231–247

Persistent URL: http://dml.cz/dmlcz/153622

Terms of use:
© Institute of Mathematics CAS, 2026

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/153622
http://dml.cz


151 (2026) MATHEMATICA BOHEMICA No. 2, 231–247

ON SOME PROPERTIES OF TOPOLOGICAL MV-COALGEBRAS

Cyrille Nganteu, Maurice Kianpi, Hilaire Mbiakop

Received December 31, 2023. Published online March 3, 2025.
Communicated by Radomír Halaš

Abstract. We investigate some properties of topological MV-coalgebras, where MV-co-
algebras are coalgebras of the functor which assigns every BL-algebra to its MV-center.
We show that the limit of the inverse system arising from a family of Boolean deductive
systems is isomorphic to its completion, and characterize Haussdorf topological MV-co-
algebras. Moreover, we show that the category of topological MV-coalgebras is strong-
monotopological over the category of MV-coalgebras. Finally, we establish a coalgebraic
link between BL-algebras and DRl-monoids and deduce the (co)completeness of a category
of coalgebras over DRl-monoids.
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1. Introduction

During the last decades, the interest in the theory of coalgebras for a functor have

grown rapidly since the work of Aczel [1], which introduced this notion in order to

generalize transition systems. In [28] Rutten developed the theory of Universal Coal-

gebras, which is dual to Universal Algebra according to category theory. Coalgebras

arise as suitable objects for describing well known structures, such as Kripke Frames,

labeled transition systems and a large variety of automata. Coalgebras are studied

mainly in three directions: in computer science, where many important notions such

as bisimulations, coinduction or observational equivalence can be defined coalge-

braicly (see, e.g., [9] or [22]), in coalgebraic logic, since many variations of modal

logics possess coalgebraic semantics (see [20], [21], [29]), and as a development of

category theory (see [2], [3], [15], [17]).

BL-algebras are the Lindenbaum-Tarski algebras of the Basic Fuzzy Logic, in-

vented by Hájek [10]. Important examples of BL-algebras include MV-algebras and
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Gödel-algebras. Filters, which coincide in these structures with deductive systems,

play an important role in their study and therefore have been extensively investigated

(see [11], [18], [32], [34]).

The combination of topology and algebra has been investigated for a large variety

of residuated algebraic structures such as MTL-algebras [8], FLew-algebras [23], MV-

algebras [14], and BL-algebras [5], [7] and [35]. It appears that these topological

algebras (algebras endowed with a topology with respect to which all operations

are continuous) have very good properties, mainly when the topology is induced

by a family of filters or ideals. The aim of this paper is to provide a coalgebraic

approach of these constructions and results, showing how the structure morphism of

a coalgebra influences the (categorical) topologicity of an algebraic structure, in the

case of BL-algebras.

We proceed as follows. In Section 2, we recall some definitions needed to under-

stand our results, and in Section 3 we establish some results on (Boolean) deductive

systems, which will play a crucial role in the next section. In Section 4, we investigate

the properties of topological MV-coalgebras and characterize Haussdorf topological

MV-coalgebras. This characterization permits us to show that the MV-center of

a BL-algebra is a closed subset with respect to our topology. We also compute the

limit of the inverse system introduced by the authors in [24] and show that it is iso-

morphic to its completion. In Section 5, we investigate the topologicity in the sense

of [4] and [16] of topological MV-coalgebras, which leads to the (co)completeness of

the category of topological MV-coalgebras. Moreover, we show that the category of

topologicalMV-coalgebras is isomorphic to a category of coalgebras over topological

DRl-monoids and deduce the (co)completeness of the latter category.

2. Preliminaries

We recall some definitions and basic results that can be found in [10] and [34].

An algebraic structure (L,∧,∨, ∗,→, 0, 1) of type (2, 2, 2, 2, 0, 0) is called a com-

mutative residuated lattice if it satisfies the following conditions:

(BL1) (L,∧,∨, 0, 1) is a bounded lattice;

(BL2) (L, ∗, 1) is a commutative monoid;

(BL3) ∗ is a left adjoint of →, that is, x ∗ z 6 y if and only if z 6 x→ y.

A BL-algebra is a commutative residuated lattice which satisfies the following:

(BL4) x ∧ y = x ∗ (x→ y);

(BL5) (x→ y) ∨ (y → x) = 1.

A BL-algebra L is called a Gödel-algebra if x2 = x ∗ x = x for every x ∈ L.

L is called an MV-algebra if x = x for all x ∈ L, where x = x → 0. The
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MV-center of a BL-algebra L is the largest MV-algebra contained in L. It is given

by MV (L) = {x ; x ∈ L}.

The following holds in any BL-algebra L:

Lemma 2.1 ([31], [34], [32]). For all x, y, z ∈ L,

(1) x 6 y if and only if x→ y = 1;

(2) x ∗ y 6 x ∧ y;

(3) x→ (y → z) = y → (x→ z);

(4) if x 6 y then y → z 6 x→ z and z → x 6 z → y;

(5) x 6 y → (x ∗ y); x ∗ (x→ y) 6 y;

(6) x ∗ x = 0;

(7) (x ∗ y)→ z = x→ (y → z);

(8) 1→ x = x; x→ 1 = 1; x→ x = 1; x 6 y → x; x 6 x; x = x;

(9) x ∨ y = ((x→ y)→ y) ∧ ((y → x)→ x);

(10) x→ y = y → x.

A filter of L is a nonempty subset F of L such that for all x, y ∈ L,

(F1) x, y ∈ F implies x ∗ y ∈ F ;

(F2) x ∈ F and x 6 y imply y ∈ F .

A subset D of a BL-algebra L is called a deductive system if

(DS1) 1 ∈ D;

(DS2) x ∈ D and x→ y ∈ D imply y ∈ D.

Deductive systems have been widely studied in BL-algebras namely to character-

ize fragments of Basic fuzzy logic (see, e.g., [33] and [34]); it is obvious that for

a nonempty subset F of L, F is a deductive system if and only if it is a filter.

Let L1 and L2 be two BL-algebras, a map f : L1 → L2 is called a homomorphism

of BL-algebras (BL-morphism) if f(0) = 0 and f(x ∝ y) = f(x) ∝ f(y) for all

∝∈ {∗,→}. We obviously have f(1) = 1 for any BL-homomorphism f and it is

shown in [13] that for any BL-morphism f , f(x ∝ y) = f(x) ∝ f(y) with ∝∈ {∨,∧}

and if x 6 y, then f(x) 6 f(y). The kernel of a BL-morphism f : L1 → L2 is the

set Ker(f) := {x ∈ L1 : f(x) = 1}. Clearly, f is injective iff Ker(f) = {1}.

BL-algebras and BL-morphisms form a category. We will denote it by BL. The

one-element BL-algebra {0 = 1} is called the degenerate BL-algebra [31], Remark 8

and we will denote it by G1. The two-element nondegenerate BL-algebra {0, 1} is

called the trivial BL-algebra and we will denote it by G2. These two algebras are

examples of BL-algebras which are both Gödel-algebras and MV-algebras.
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Definition 2.2. Let C be a category.

(1) A coalgebra for an endofunctor F : C → C is a pair (A,α), where A is an object

of C and α : A→ F (A) is a C-morphism.

(2) A homomorphism between two coalgebras (A,α) and (B, β) for F is a C-mor-

phism f : A→ B such that β ◦ f = F (f) ◦ α.

(3) Coalgebras for F and their homomorphisms form a category denoted by

Coalg(F ).

Let i : MV →֒ BL be the inclusion functor and MV the functor which assigns to

each BL-algebra its MV-center and which acts on BL-morphisms as identity. The

composite i◦MV is a covariant endofunctor on the category of BL-algebras, called the

MV-functor. ThereforeMV-coalgebras are pairs (L, α), where L is a BL-algebra and

α : L→MV (L) is a BL-morphism. The category Coalg(MV) has been introduced by

the authors in [24]. The morphisms have been characterized and the (co)completeness

of the category have been proved. Other Coalgebras over BL-algebras have been

defined (see, e.g., [25]) but in this paper, we focus on MV-coalgebras.

Definition 2.3. Let (X, τ) be a topological space and (Y, τ ′) a topological sub-

space of X . A continuous map r : X → Y is called a retraction if r ◦ i = idY , where

i : Y →֒ X is the standard inclusion.

Theorem 2.4. Let r : (X, τ) → (Y, τ ′) be a retraction. If (X, τ) is separated,

then Y is a closed subsed of X .

3. Some facts about deductive systems in BL-algebras

For any deductive system F of a BL-algebra L = (L,∧,∨, ∗,→, 0, 1), we can define

a relation θF on L as follows: for all x, y ∈ L,

(xθF y)⇐⇒ ((x→ y) ∧ (y → x) ∈ F ).

It is well known that θF is a congruence on L (see, e.g., [10]) and since the class of

BL-algebras is a variety, the quotient structure L/θF is also a BL-algebra for which

for all x, y ∈ L, [x ∝ y] := [x] ∝ [y], where ∝∈ {∧,∨, ∗,→}, and [x] := [x]θF .

A congruence θ on L is said induced by F if [1]θ = F . θF is clearly induced by F .

Definition 3.1 ([34], [32]). A deductive system D of a BL-algebra L is called

Boolean if for all x ∈ L, x ∨ x ∈ D.
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E x am p l e 3.2. Consider the Product algebra (see in the introduction section

of [32]), defined on the unit interval by: x ∗ y = x× y, and

x→ y =







1 if x 6 y,

y

x
otherwise.

For any x ∈ [0; 1], x = 1 if x = 0 and x = 0 if x 6= 0. So x ∨ x 6= 0. Thus ]0; 1] is

a Boolean deductive system of the product algebra.

These deductive systems and their generalizations have been widely studied by

many authors (see, e.g., [32], [33] and [34]) and the following has been proved:

Proposition 3.3. Let L be a BL-algebra and D a deductive system of L. The

following are equivalent:

(i) D is a Boolean deductive system;

(ii) L/D is a Boolean algebra;

(iii) If x→ x ∈ D, then x ∈ D.

We now establish the following result, which will be useful in the next section:

Lemma 3.4. Let D be a deductive system of a BL-algebra L. For all x, y ∈ L,

x→ y ∈ D implies y → x ∈ D.

The converse holds when D is Boolean.

P r o o f. Let x, y ∈ L such that x→ y ∈ D. We have by Lemma 2.1 (3),

y → x = (y → 0)→ (x→ 0) = x→ y.

Since y 6 y, we obtain by Lemma 2.1 (4) that x→ y 6 y → x. Since D is a deductive

system, we have y → x ∈ D.

For the converse, suppose that D is Boolean and y → x ∈ D. Then y ∨ y ∈ D. So

by Lemma 2.1 (9),

y ∨ y 6 (y → y)→ y.

So (y → y) → y ∈ D and since y 6 y → y, we obtain (y → y)→ y 6 y → y. Thus,

y → y ∈ D implying [y]D = [y]D. Therefore,

[x→ y]D = [x]D → [y]D = [x]D → [y]D

= [y]D → [x]D by Lemma 2.1 (10) = [y → x]D.

It follows that (y → x)→ (x→ y) ∈ D, which implies by hypothesis that x→ y ∈ D.

�
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R em a r k 3.5. Let D be a deductive system of L and L
f
−→ L′ be a BL-mor-

phism. Then for all x ∈ L, f([x]D) ⊆ [f(x)]〈f(D)〉.

P r o o f. Let y ∈ f([x]D). Then there exists z ∈ L such that

y = f(z) and (z → x) ∧ (x→ z) ∈ D.

We have

(y → f(x)) ∧ (f(x)→ y) = f(z → x) ∧ f(x→ z)

= f((z → x) ∧ (x→ z)) ∈ f(D) ⊆ 〈f(D)〉.

Hence y ∈ [f(x)]〈f(D)〉. �

4. Topological MV-coalgebras

In this section, we provide MV-coalgebras with a topology based on deductive

systems as it has been done by many researchers for universal algebras. We show that

in the coalgebraic framework the results remain true if we add some compatibility

hypothesis.

Definition 4.1. Let (L, α) be an MV-coalgebra.

(i) Let τ be a topology on L. ((L, α), τ) is called a topological MV-coalgebra if

(L, τ) is a topological BL-algebra and α is continuous, i.e., for any x ∈ L and

any subset V of L containing α(x), there exists an open set U containing x such

that α(U) ⊆ V . If (L, τ) is Haussdorf, then ((L, α), τ) is called a Haussdorf

topological MV-coalgebra.

(ii) Let D be a deductive system of L. D is said to be α-stable if α(D) ⊆ D.

R em a r k 4.2. Let ((L, α), τ) be a topologicalMV-coalgebra. Then (MV (L), τ ′′)

is a topological space, where the open subsets of MV (L) with the topology induced

by a family of α-stable deductive systems (Di)i∈I of MV (L) are in the form

U = [a]Di
∩MV (L), with a ∈ L.

For any MV-coalgebra (L, α), the class of α-stable deductive systems of L is not

empty since it contains {1}.

A poset (I,6) is said to be upward directed provided that for any i, j ∈ I there

exists k ∈ I such that i 6 k and j 6 k. Let I be an upward directed set and

D = {Di, i ∈ I} be a family of deductive systems of a BL-algebra L. Then D is

called a system of deductive systems or simply a system of L if i 6 j implies Dj ⊆ Di,
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for any i, j ∈ I. An inverse system in a category C is a family (Bi, ϕi,j)i,j∈I of objects

indexed by an upward directed set I, with a family of morphisms ϕi,j : Bi → Bj for

i 6 j, satisfying the following conditions:

(1) ϕi,k = ϕj,k ◦ ϕi,j for any k 6 j 6 i,

(2) ϕi,i = idBi
for any i ∈ I.

Definition 4.3. Let (L, τ) be a topological space. The topology τ is called

a linear topology on L if there exists a base B for τ such that any element of B

containing 1 is a deductive system of L.

Theorem 4.4 ([24]). Let (L, α) be an MV-coalgebra and D = {Di, i ∈ I} be an

α-stable system of L (i.e., each Di is an α-stable deductive system of L, i ∈ I). Then

(i) the set B = {[x]Di
, x ∈ L, i ∈ I} is a base for a topology on L and τB and the

topology induced by B is linear;

(ii) ((L, α), τB) is a topological MV-coalgebra.

In the sequel ((L, α), τ) denotes a topologicalMV-coalgebra, where τ is the topol-

ogy induced by a system {Di, i ∈ I} of α-stable deductive systems.

Proposition 4.5. Let τ ′ be the quotient topology on L/D, whereD is an α-stable

deductive system of L such that D ⊆
⋂

i∈I

Di. Define L/D
β
−→ MV (L/D) by

β([x]D) = [α(x)]D . Then

(i) the canonical surjection L
π

−→ L/D is an open homomorphism between (L, α)

and (L/D, β);

(ii) ((L/D, β), τ ′) is a topological MV-coalgebra.

P r o o f. (i) It has been shown in [35], Theorem 3.16 that π is open. On the

other hand, it is obviously checked that β is a BL-morphism. We just have to prove

that MV(π) ◦ α = β ◦ π. Let x ∈ L. Then

β ◦ π(x) = β([x]D) = [α(x)]D = MV(π) ◦ α(x)(∗).

Thus π is a homomorphism of MV-coalgebras.

(ii) It is clear thatMV(π) and α are continuous and therefore, so isMV(π)◦α. Let

[x]D ∈ L/D, and V ⊆ L/D such that β([x]D) ∈ V . Then β ◦ π(x) ∈ V , and by (∗)

we obtain MV(π) ◦ α(x) ∈ V . Since MV(π) ◦ α is continuous, there exists an open

subset U of L such that x ∈ U and MV(π) ◦ α(U) ⊆ V , i.e., β ◦ π(U) ⊆ V . Since π

is open, π(U) is an open set. Thus, β is continuous and therefore, ((L/D, β), τ ′) is

a topological MV-coalgebra. �

237



In what follows, we give a characterization of Haussdorf topological MV-coalge-

bras. The following lemma will be useful for that purpose.

Lemma 4.6. Let X be a nonempty subset ofMV (L). Then X =
⋂

i∈I

(X/〈α(Di)〉),

where X is the topological closure of X and X/〈α(Di)〉 =
⋃

x∈X

([x]〈α(Di)〉).

P r o o f. Let x ∈ L.

x ∈ X ⇔ (x ∈ [a]〈α(Di)〉 ∩MV (L) implies [a]〈α(Di)〉 ∩MV (L) ∩X 6= ∅

for any [a]〈α(Di)〉 ∈ τ ′

⇔ [x]〈α(Di)〉 ∩X 6= ∅ for any i ∈ I

⇔ x ∈ X/〈α(Di)〉 for any i ∈ I

⇔ x ∈
⋂

i∈I

(X/〈α(Di)〉).

Therefore X =
⋂

i∈I

(X/〈α(Di)〉). �

Theorem 4.7. Let ((L, α), τ) be a topologicalMV-coalgebra. ((L, α), τ) is Hauss-

dorf iff
⋂

i∈I

〈α(Di)〉 = {1}.

P r o o f. Suppose that ((L, α), τ) is a Haussdorf topological MV-coalgebra.

Then {1} is closed. Then by Lemma 4.6, {1} = {1} =
⋂

i∈I

〈α(Di)〉.

Conversely, suppose that
⋂

i∈I

〈α(Di)〉 = {1}. Let x and y be distinct elements of L.

Then we cannot have both x→ y = 1 and y → x = 1. Suppose x→ y 6= 1. Then by

the hypothesis, there exists k ∈ I such that x→ y /∈ 〈α(Dk)〉. Hence x /∈ [y]〈α(Dk)〉.

So [x]〈α(Dk)〉 ∩ [y]〈α(Dk)〉 = ∅. �

Proposition 4.8. Let ((L, α), τ) be a topological MV-coalgebra.

The function r : (L, τ)→ (MV (L), τ ′′) such that r(x) = x, is a retraction.

P r o o f. By Lemma 2.1 (8), we have r ◦ i = idMV (L), where i : MV (L) → L

is the standard inclusion. It remains to show the continuity of r. For this purpose,

we will show that the inverse image of any open set in (MV (L), τ ′′) is an open set

in (L, τ). Let [y]D ∩MV (L) ∈ τ ′′, where D is a deductive system and x ∈ L such

that r(x) ∈ [y]D ∩MV (L). Then x ∈ [y]D. [x]D is an open set which contains x.

Moreover, let z ∈ [x]D. Then (x → z) ∧ (z → x) ∈ D. It follows from Lemma 3.4

that (x→ z) ∧ (z → x) ∈ D, so z ∈ [x]D = [y]D. Thus z ∈ r−1([y]D ∩MV (L)) and

then r is continuous. �
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The characterization of Haussdorf topologicalMV-coalgebras given in Theorem 4.7

and the above proposition leads to the following:

Corollary 4.9. Let ((L, α), τ) be a topologicalMV-coalgebra. If
⋂

i∈I

〈α(Di)〉={1},

then MV (L) is a closed subset of L.

Theorem 4.10. Let (L, α) be an MV-coalgebra, D = {Di, i ∈ I} be an α-stable

system of Boolean deductive systems of L. For each i ∈ I, define αi : L/Di →

α(L/Di) by

αi([x]Di
) = [α(x)]Di

.

Consider the family of maps (ϕij)i6j∈I defined by ϕij : (L/Dj, αj) → (L/Di, αi)

such that for all x ∈ L,

ϕij([x]Dj
) = [x]Di

.

Then

(i) ((L/Di, αi)i∈I); (ϕij)i6j∈I) is an inverse system in BLMV,

(ii)
lim
← ((L/Di, αi)i∈I); (ϕij)i6j∈I) = ((X, ξ), φj), where

X =

{

([x]Di
)i∈I ∈

∏

i∈I

L/Di ; xi ∈ [xj ]Dj
,⊃< i

}

,

ξ : X →MV (X)

([xi]Di
)i∈I 7→ ([α(xi)]Di

)i∈I

and

φj : X → L/Dj

([xi]Di
)i∈I 7→ [xj ]Dj

.

P r o o f. (i) Similar as in [24].

(ii) It is easily checked that X is a BL-subalgebra of the product
∏

i∈I

L/Di. Let

us show that ξ is a BL-morphism. Let ([xi]Di
)i∈I and ([yi]Di

)i∈I in X such that

[xi]Di
= [yi]Di

for all i ∈ I. We have

ξ(([xi]Di
)i∈I) = ([α(xi)]Di

)i∈I = (αi([xi]Di
))i∈I

= (αi([yi]Di
))i∈I = ([α(yi)]Di

)i∈I = ξ(([yi]Di
)i∈I).

Moreover, for all i ∈ I, there exists zi ∈ L such that α(xi) = zi. So

ξ(([xi]Di
)i∈I) = ([zi]Di

)i∈I = ([zi]Di
)i∈I .
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Let j < i, then xi ∈ [xj ]Dj
by the definition of X . Hence,

(xi → xj) ∧ (xj → xi) ∈ Dj.

Since α is a BL-morphism, it follows from the stability of the deductive systems that

(α(xi)→ α(xj)) ∧ (α(xj)→ α(xi)) ∈ Dj.

Thus,

(zi → zj) ∧ (zj → zi) ∈ Dj .

This leads by Lemma 3.4 to

(zi → zj) ∧ (zj → zi) ∈ Dj .

Hence zi ∈ [zj ]Dj
, implying that ([zi]Di

)i∈I ∈ X. This means that ξ(([xi]Di
)i∈I) ∈

MV (X) and so, ξ is well defined. Since α is a BL-morphism, ξ preserves the BL-al-

gebras operations and is therefore a BL-morphism.

It is easily checked that φj is a homomorphism of MV-coalgebras for all j ∈ I.

Let i, j ∈ I such that j < i. For any ([xi]Di
)i∈I ∈ X we have

ϕij ◦ φi(([xi]Di
)i∈I) = ϕij([α(xi)]Di

) = [xi]Dj

= [xj ]Dj
by definition of X = φj(([xi]Di

)i∈I).

Thus, ϕij ◦ φi = φj .

It remains to show the universal property. Let (X ′, ξ′) be a MV-coalgebra, and

(X ′ λi−→ L/Di)i∈I a family of homomorphisms ofMV-coalgebras such that ϕij ◦λi =

λj , for all i, j ∈ I such that j < i. Define

λ : X ′ → X

x 7→ (λi(x))i∈I .

For any x ∈ X ′, λi(x) = [yi]Di
with yi ∈ L for all i ∈ I. For any j ∈ I such

that j < i, we have ϕij ◦ λi(x) = λj(x). So ϕij([yi]Di
) = [yj]Dj

, which implies that

[yi]Dj
= [yj ]Dj

and then yi ∈ [yj ]Dj
, i.e., (λi(x))i∈I ∈ X . This proves that λ is well

defined. Since λi is a BL-morphism, then so is λ. We obviously have φi ◦ λ = λi for

all i ∈ I.
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X ′

ξ′

��

λ

((

λi

// L/Di

αi

��

X
φi

oo

ξ

��
MV (X ′)

MV(λ)

55MV(λi)
// MV(L/Di) MV (X)

MV(φi)
oo

Let x ∈ X ′. We have:

MV(λ) ◦ ξ′(x) = λ ◦ ξ′(x) = (λi(ξ
′(x)))i∈I

= (αi ◦ λi(x))i∈I (by commutativity of the first square)

= (αi ◦ φi ◦ λ(x))i∈I

= (MV(φi) ◦ ξ ◦ λ(x))i∈I (by commutativity of the second square)

= (φi ◦ ξ ◦ λ(x))i∈I = ξ ◦ λ(x).

Thus, λ is an MV-homomorphism.

Let λ′ : (X ′, ξ′)→ (X, ξ) be anotherMV-homomorphism such that φi ◦λ′ = λi for

all i ∈ I. Then φi ◦λ′(x) = φi ◦λ(x) for all x ∈ X ′. Suppose that λ(x) = ([yk]Dk
)k∈I

and λ′(x) = ([y′k]Dk
)k∈I . Then

φi(([yk]Dk
)k∈I) = φi(([y

′
k]Dk

)k∈I).

So [yi]Di
= [y′i]Di

for all i ∈ I. Therefore, λ = λ′. �

Let C be the set of all Cauchy sequences on (L, τ) and C1 the set of all sequences

which converge to 1. It has been shown in [35], Theorem 4.7 and Proposition 4.8

that C is a BL-algebra and C1 is a deductive system of C. Thus, the quotient C/C1

is a BL-algebra called the completion of L with respect to the topology induced

by the system of deductive systems. In what follows we equip the completion with

a structure morphism and show that the coalgebra obtained is isomorphic to the

inverse limit of the system defined above.

Theorem 4.11. Let (L, α) be an MV-coalgebra. With the notation of Theo-

rem 4.10, (X, ξ) is isomorphic to (C/C1, γ), where γ([(xi)i]C1
) = [(α(xi))i]C1

.
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P r o o f. Since α is continuous, (α(xi))i is a Cauchy sequence. Now let (xi)i

and (yi)i be two Cauchy sequences such that [(xi)i]C1
= [(yi)i]C1

. Then ((xi)i →

(yi)i)∧((yi)i → (xi)i) ∈ C1. By continuity of α and the fact that α is a BL-morphism,

we have ((α(xi))i → (α(yi))i) ∧ ((α(yi))i → (α(xi))i) ∈ C1. Thus γ is well defined.

With similar arguments, one proves that γ is a BL-morphism and thus, (C/C1, γ) is

an MV-coalgebra.

Consider f : X → C/C1 defined by f(([(xi]Di
)i) = [(xi)i]C1

. Then f is an iso-

morphism of BL-algebras (see [35], proof of Theorem 4.11). Moreover, MV (f) ◦

ξ(([xi]Di
)i∈I) = f(([α(xi)]Di

)i∈I) = [(α(xi))i]C1
= γ ◦ f(([xi]Di

)i∈I). So f is a ho-

momorphism of coalgebras. Therefore, (X, ξ) and (C/C1, γ) are isomorphic. �

5. Categorical properties of topological MV-coalgebras

Definition 5.1. A concrete category (C, U) over an (E,M)-category X is said

to beM-topological provided that every structured source inM has a unique initial

lift. If for exampleM = Mono-Sources, the term monotopological is used.

The following property of M-topological categories can be found in [13], Corol-

lary 5.2, and Corollary 6.4:

Lemma 5.2. Let C be a M-topological category over X . If X is (co)complete,

then so is C.

The following result can be found in [16] and will be useful in the sequel.

Lemma 5.3. If C is an (Epi, StrongMono)-category and F preserves strong

mono-sources, then CF is an (Epi, StrongMono)-category with (Epi, StrongMono)-

factorizations created by the forgetful functor UF.

It is well known (see, e.g., [6]) that for any topological functor V : C → SET , and

any forgetful functor U : X → SET , where X is a category of universal algebra, the

category CX with objects (A,X), (A ∈ ob(C), X ∈ ob(X )) such that VA = UX is

topological over X . This leads to the following result:

Lemma 5.4. Let T opBL be the category of topological BL-algebras with contin-

uous BL-morphisms. Then T opBL is topological over BL.

The question rising up from the above observation is: Does the result hold if X is

a category of coalgebras over universal algebras? The following theorem is a partial

answer in the setting of MV-coalgebras.

Theorem 5.5. The category T opBLMV of topological MV-coalgebras and con-

tinuous MV-homomorphisms is strong mono-topological over BLMV.
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P r o o f. Since BL is an (Epi, StrongMono)-category andMV is limit-preserving,

it follows from Lemma 5.3 that BLMV is an (Epi, StrongMono)-category.

Let T : T opBLMV → BLMV and U : T opBL → BL be the standard forgetful func-

tors. We have to show that T is strong monotopological.

Let S = ((L, α)
fi
−→ T((Li, αi), τi))I be a T-structured strong monosource in

BLMV. Then (L
fi
−→ U(Li, τi))I is an U-structured source in BL. So, by Lemma 5.4

it admits a unique U-initial lift (L, α)
fi
−→ (Li, τi))I . Let us show that S′ =

((L, α), τ)
fi
−→ ((Li, αi), τi))I is a T-initial lift of S. It is clear that S

′ = TS.

Let x ∈ MV (L), and V be a subset of MV (L) such that α(x) ∈ V . Since the

diagram

L
fi //

α

��

Li

αi

��
MV (L)

MV(fi)
// MV (Li)

commutes for all i ∈ I, and by the fact that αi and fi are continuous, we obtain that

MV(fi) ◦ α is a continuous function and MV(fi) ◦ α(x) ∈ fi(V ) for all i ∈ I. Hence,

there exists an open subset U of L containing x such that

MV(fi) ◦ α(U) ⊆MV(fi)(V ) for all i ∈ I,

i.e., fi ◦ α(U) ⊆ fi(V ) for all i ∈ I. Since S is a strong monosource, we ob-

tain α(U) ⊆ V . Thus, α is continuous and therefore, ((L, α), τ) is a topological

MV-coalgebra.

Let us show now that S′ is T-initial. Let S′′ = ((L′, α′), τ ′)
gi
−→ ((Li, αi), τi))I .

Let (L′, α′)
h
−→ (L, α) be an MV-homomorphism such that TS′′ = TS′ ◦ h. Then h

is a BL-morphism from U(L′, τ ′) to U(L, τ) such that

U((L′, τ ′)
gi
−→ (Li, τi))I = U((L, τ)

fi
−→ (Li, τi))I ◦ h.

Since ((L, τ)
fi
−→ (Li, τi))I is initial, there exists h (L′, τ ′)

h
−→ (L, τ) such that

((L′, τ ′)
gi
−→ (Li, τi))I = ((L, τ)

fi
−→ (Li, τi))I ◦ h

and h = Uh. h is an MV-homomorphism since so is h; moreover, h is continuous by

construction. Thus, h is a T opBLMV-morphism. It is easily checked that S
′ = S ◦ h

and Th = h. Therefore, S′ is a T -initial source. The unicity of S′ follows from the

faithfulness of T. �
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Since BLMV is complete and cocomplete, the above theorem combined with

Lemma 5.2 leads to the following result:

Corollary 5.6. T opBLMV is complete and cocomplete.

We now investigate the link between topological MV-coalgebras and topological

DRl-monoids. Dually residuated lattices ordered monoids (DRl-monoids for short)

have been introduced by Swamy [30] as a generalization of some algebraic structures

such as l-groups, Brouwerian and Boolean algebras. These algebraic structures have

been widely studied in the literature (see, e.g., [19], [26] or [27]), and a strong link

with BL-algebras has been found. We first recall some definitions.

Definition 5.7. A DRl-monoid is an algebra (A,+,−,⊓,⊔, 0) of signature

(2,2,2,2,0) which satisfies the following for any x, y, z ∈ A:

(i) (A,+, 0) is an Abelian monoid;

(ii) (A,⊓,⊔) is a lattice;

(iii) (A,+,⊓,⊔, 0) is an l-monoid;

(iv) if ⊑ denotes the order on A, induced by the lattice (A,⊓,⊔), then x− y is the

smallest z ∈ A such that x ⊑ y + z;

(v) ((x− y) ⊔ 0) + y ⊑ x ⊔ y.

Definition 5.8.

(i) A DRl-monoid is said to be bounded if the underlined lattice is bounded.

(ii) A DRl-monoid is called representable if it is isomorphic to a subdirect product

of linearly ordered DRl-monoids (i.e., DRl-chains).

A DRl-monoid (A,+,−,⊓,⊔, 0) is representable if it satisfies the identity

(x− y) ⊓ (y − x) ⊑ 0.

In [26], Rach̊unek proves that BL-algebras are in a one to one correspondence with

bounded representable DRl-monoids. If we denote by rM the category of bounded

representable DRl-monoids, then using Theorem 1 and Theorem 2 in [26], it is easily

checked that the following correspondences are functorial and mutually inverses:

F : BL → rM

(L,∧,∨, ∗,→, 0, 1) 7→ (L,+,−,⊓,⊔, 0̃, 1̃),

G : rM→ BL

(A,+,−,⊓,⊔, 0̃, 1̃) 7→ (A,∧,∨, ∗,→, 0, 1),
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where F and G act on morphisms as identity and for all x, y ∈ L,

x→ y = y − x, x ∗ y = x+ y, x ∧ y = x ⊔ y, x ∨ y = x ⊓ y, 0 = 1̃ and 1 = 0̃.

Therefore, we have the following:

Lemma 5.9. BL and rM are isomorphic categories.

Let (A,+,−,⊓,⊔, 0̃, 1̃) be representable bounded DRl-monoid. A subset of A is

called an ideal if

(i) x, y ∈ I implies x+ y ∈ I;

(ii) y ∈ I and x ⊑ y imply x ∈ I.

We straightforwardly obtain the following results:

Lemma 5.10. Let L be a BL-algebra and A be a representable bounded

DRl-monoid. The following properties hold for any subset I of A and any sub-

set F of L.

(i) I is an ideal of A iff it is a filter of G(A);

(ii) F is a filter of L iff it is an ideal of F(L).

Let H = F ◦MV ◦ G. Then H is a covariant endofunctor on the category rM.

Since F and G are inverses, the diagrams

BL
F //

MV

��

rM
G

oo

H

��
BL

F //
rM

G

oo

commute, i.e., H◦F = F◦MV andMV◦G = G◦H. Now consider the correspondences

F∗ : TopCoalg(MV)→ TopCoalg(H)

(L,L
α
−→MV (L), τ) 7→ (F(L),F(L)

F(α)
−→ H ◦ F(L), τ)

and

G∗ : TopCoalg(H)→ TopCoalg(MV)

(A,A
β
−→ H(A), τ) 7→ (G(L),G(L)

G(α)
−→ MV ◦G(L), τ),
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where TopCoalg(H) is the category of topologicalH-coalgebras in which the topology

is defined as the linear topology for MV-coalgebras, but with ideals. Lemma 5.10

ensures that F∗ and G∗ are well defined on objects.

Let f be a morphism in TopCoalg(MV). Since H ◦ F = F ◦MV, F∗(f) = f is

a morphism in TopCoalg(H). So F∗ is well defined on morphisms. It is easily verified

that G∗ is well defined too. Moreover, for all ((L, α), τ) ∈ TopCoalg(H):

F∗ ◦G∗((L, α), τ) = F∗(G(L)
G(α)
−→ MV ◦G(L), τ)

= (F ◦G(L),F ◦G(L)
F◦G(α)
−→ F ◦MV(L), τ)

= ((L, α), τ).

By similar computations, one proves that we also have G∗ ◦ F∗ = IdTopCoalg(MV).

Hence, we obtain the following result:

Theorem 5.11. TopCoalg(MV) and TopCoalg(H) are isomorphic.

The above theorem combined with Corollary 5.6 lead to the following:

Corollary 5.12. TopCoalg(H) is complete and cocomplete.
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