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Abstract. We introduce Rad-cc-supplemented module which generalizes the general con-
cept of co-coatomically-supplemented modules; a module W is Rad-cc-supplemented if each
co-coatomic submodule of W has a Rad-supplement in W. In Section 2, we present various
properties of these modules. In Section 3, we examine the characterization of modules over
commutative domains. In Section 4, we explore the concept of B-Rad-cc-supplemented mod-
ules, which generalizes a generalized notion of @-co-coatomically-supplemented modules in
R. Alizade, S. Giingtr (2018). A module W is &-Rad-cc-supplemented if each co-coatomic
A < W is of a Rad-supplement which is a direct summand of W. In the concluding sec-
tion of this paper, we investigate into its characteristics by introducing Rad-cc-semiperfect
modules.

Keywords: co-coatomic submodules; Rad-cc-supplemented modules; totally Rad-cc-
supplemented modules

MSC 2020: 16D10, 16D99

1. INTRODUCTION

All rings considered in this paper are associative with an identity element. Every
module is considered a unitary left module. Let S be a ring and W be a module
meeting these requirements. The notation A < W indicates that A is a submodule
of W. The notation A <g W means that A is a direct summand of W. A < W is
called as small in W provided that A + B # W for any proper submodule B of W,
denoted by A <« W, and we denote by Rad(W) the sum of all small submodules
of W. In contrast to this concept, a submodule A of W is called essential in W,
symbolically denoted by A < W, if its intersection with nonzero submodules of W
is nonzero. A submodule A of W is called a cofinite submodule whenever % is

finitely generated. W is called coatomic, if each proper submodule of W is included

DOI: 10.21136/MB.2025.0053-24 249

© The author(s) 2025. This is an open access article under the CC BY-NC-ND licence @®®E


https://creativecommons.org/licenses/by-nc-nd/4.0
http://dx.doi.org/10.21136/MB.2025.0053-24

in a maximal submodule in W, see [24]. Furthermore, in [2] co-coatomic submodules
are defined as a generalization of cofinite submodules as follows: A < W is called
co-coatomic, if the factor module % is coatomic. A supplement submodule T" of A
in W is a minimal element of the set {B < W; W = A + B} which is equivalent to
W =A+T and ANT < T. A module W is called as (cofinitely) supplemented when
each (cofinite) submodule of W is supplemented ([1], [23]). A < W is referred to as
a Rad-supplement of B in W provided that A+ B =W and AN B C Rad(A4). The
module W is called amply Rad-supplemented if, for any A, B < W with W = A+ B,
B includes a Rad-supplement of A in W. W is called Rad-supplemented if each
B < W has a Rad-supplement in W [8]. Additionally, as stated in [18], a module W
is considered cofinitely Rad-supplemented when each cofinite submodule of W has
a Rad-supplement within the module W.

In [2], a broader category of supplemented modules is introduced, referred to
as co-coatomically supplemented modules. Specifically, a module W is classified as
co-coatomically supplemented if each co-coatomic submodule of W has a supplement
within W. Construction on this concept in [2], ©-co-coatomically supplemented mod-
ules are presented. A module W is designated as @-co-coatomically supplemented if
each co-coatomic submodule of W has a supplement that is a direct summand of W
[3]. In both studies, the properties of these modules are examined in detail.

For convenience, we denote the classes of Rad-cc-semiperfect modules, (am-
ply) Rad-cc-supplemented modules, ®-Rad-cc-supplemented modules and totally
Rad-cc-supplemented modules briefly as SPrad-cc; (ASRad-cc), SRad-cc; So-Rad-cc;
and 7 SRad-cc in our work.

Inspired by the definitions given above, in Section 2, we introduce the class Srad-cc
of modules W where each co-coatomic submodule has a Rad-supplement in W if
each co-coatomic submodule of W has a Rad-supplement in W. Each cofinite sub-
module of a module is co-coatomic, as finitely generated modules are also coatomic.
So every module which belongs to the class Srad(cc) is cofinitely Rad-supplemented.
A module W is called as belonging to the class of 7TSRad-cc if every submodule
of W is in Sgad-cc. We present the main results related with these concepts. We
have shown that if the W module is semilocal with Rad(W) <« W, the concept of
the Rad-supplemented modules coincides with the concept we have defined. Fur-
thermore it has been shown that each w-local module belongs to the class Srad-cc,
any factor module on finite sum of these modules also belongs to the class Srad-cc-
It is proven that the necessary and sufficient condition for every module over a
left V-ring to belong to the class Sraq.cc is that the module has to be semisim-
ple. We also give an example of a module that belongs to the class Sgrag-cc but
is not Rad-supplemented. It is obtained that if the factor module is formed by
taking a radical submodule of W € Sgad.cc, then the module belongs also to the
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class Sgad-cc- In the last part of this section, we build rings which belong to the
class Srad-cc as modules over themselves. A characterization of this ring is obtained
using the concepts from the literature. It is proved that each module, which be-
longs to the class Spaq.cc defined over a semilocal ring, is generalized semiperfect
if and only if the ring is left perfect. Furthermore, it is obtained that the con-
cepts of modules belonging to the class Sgad.cc and of supplemented modules co-
incide for every coatomic module defined over a commutative Noetherian semilocal
ring.

In Section 3, we study modules which belong to the class Sgad-cc Over commutative
domains. In Section 4, modules belonging to the class Sq Rad-cc are investigated and
some properties of these modules defined are obtained. It is proved that each w-local
module belongs to the class Sg.Rad.cc and, as a result, each direct summand of the
w-local module belongs to the class Sgag.cc. Also, equivalent conditions are given
for an indecomposable module W to belong to the class Sg Rad-cc- In addition, it
is shown that the factor module formed by taking the fully invariant submodule of
a module W which belongs to the class Sraq.cc also belongs to the class Sg_Rad-cc-
In addition the module concept introduced in this section coincides with semisimple
module over a left V-ring. Moreover, some properties of this module concept defined
over Dedekind domains are also proved. In Section 5, modules that belong to the
class SPRad.cc are defined with the help of a generalized projective cover. Again,
equivalent conditions are given for a module to be co-coatomically semiperfect. Based
on previous studies, similar features in the literature have been studied for this
module concept.

2. MODULE CLASS SRad-cc
Definition 2.1. If for each co-coatomic submodule A < W, there exists T < B,
such that T' is a Rad-supplement of A, the module W is referred as belonging to the
class Srad-cc. Furthermore, W is referred as belonging to the class ASRraq-cc if, for

any B < W such that W = A+ B for a co-coatomic submodule A < W, there exists
T < B, such that T is a Rad-supplement of A.

Proposition 2.1. Let W be a semilocal module satisfying the condition

Rad(W) < W.

Then W € Sgrad-cc if and only if W is Rad-supplemented.
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Proof. («)Itis clear.
(=) Let W belong to the class Srad.cc and A < W. Since W is semilocal, then

%(W) is semisimple and so it is coatomic. Additionally,
w
Rad(W) . w
AfRad(W)
AR A+ Rad(W)

is coatomic as it is isomorphic to a factor module of a coatomic module which is
coatomic. Hence, A+Rad(W) < W is co-coatomic. Based on the hypothesis, a Rad-
supplement 7' < A 4+ Rad(W) in W exists satisfying that W = [A + Rad(W)] + T
and [A + Rad(W)] NT < Rad(T). Following that, W = A 4 T is obtained as
Rad(W) <« W. Additionally, we have ANT < [A+Rad(W)|NT < Rad(T"). Hence,
W is a Rad-supplemented module. ([l

As mentioned in [6], a module W is called w-local if it possesses only one exact
maximal submodule. It is noteworthy that every local module is w-local. Both of
these definitions coincide on modules over a left max ring.

Lemma 2.1. Any w-local module belongs to the class Srad(cc)-

Proof. Let W be a w-local module, and let A < W be co-coatomic. Since

% is coatomic, there exists a maximal submodule % < % containing every proper
submodule of %. Consequently, P < W is maximal such that A < P. Following
this, we have that A < Rad(W) and W itself is a Rad-supplement of A in W. This

implies that W € Srad-cc- [l
Proposition 2.2. The class Srad.cc Is closed under taking quotients.
Proof. Let W be a module belonging to the class Sgrad.cc and assume that

A < W. For any co-coatomic submodule % < %,

w

N

o~

SENS

is coatomic. Thus, N < W is co-coatomic. Consequently, there exists a Rad-supple-
ment submodule 7' < W of N. By applying Lemma 2.3 in [18], % is a Rad-

supplement of % in %. O

Proposition 2.3. Let W belong to the class Srad.cc, let A < W such that
Rad(W) < A. If Rad(%) = 0, then each co-coatomic submodule of ¥ is a di-
rect summand.
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Proof. Consider % < % as co-coatomic. Then

w

N

(o™

B RE

is coatomic. Thus, N < W is co-coatomic. Under the given assumption, consider
a submodule T of W where W = N+T and NNT < Rad(T'). From [18], Lemma 2.3,
% is a Rad-supplement of % in %. Since Rad(W) < A, it follows that (T+A) N
% = 0. Hence, % <g %. O

Corollary 2.1. Let W belong to the class Srad-cc. It can be stated that each

co-coatomic submodule of =—= is a direct summand of ==

w
Rad(W) Rad(W)
Now, we present the following useful lemma, which allows us to prove that the

finite sum of modules belonging to the class Sgad-cc also belongs to the class Srad-cc-

Lemma 2.2. Let W belong to the class Srad-cc With A < W. If T is a co-
coatomic submodule of W such that A + T is a Rad-supplement in W, then T has
a Rad-supplement in W.

Proof. If Y is a Rad-supplement of A + T in W, then we can write W =
(A+T)+Y and (A+T)NY < Rad(Y). AN(T+Y) is a co-coatomic submodule
of A, because

T A+ (T+Y) A
Tp“* T+Y  An(T+Y)

is coatomic. Let U be a Rad-supplement of AN (T 4+Y) in A. Then
A=[AN(T+Y)]+U

and
ANT+YV)NU=UN(T+Y)<Rad(U).

Further, we have

—(A4+T)+Y =[AN(T+Y)|4+U+T+Y =T+ (Y +U)

and
NY+0)<YN(T+U)]+UN(T+Y)]
SYNT+ A+ UNT+Y))
< Rad(Y) + Rad(U)
<Rad(Y +0)
As desired, Y + U is a Rad-supplement of T" in W. O
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Theorem 2.1. The class Sgad-cc is closed under taking finite sums.

Proof. Let W7 and W5 belong to the class Sgag-cc- It suffices to prove that W =
W1 + Wy belongs to the class Sgad-cc when both modules W7 and W5 belong to the
class Sgrad-cc- Consider A as a co-coatomic submodule of W. Then W = W7 +Wso+ A
can be written, and clearly 0 is a trivial Rad-supplement of W. Additionally, since
Wy 4+ A is co-coatomic in W and Wj belongs to the class Srad-cc, it follows that
W5 + A has a Rad-supplement in W by Lemma 2.2. By applying Lemma 2.2 again,
it is obvious that A has a Rad-supplement in W, since A is co-coatomic and Ws
belongs to the class Srad-cc- Finally, we conclude that W € Srad-cc- O

Recall from [21] that a module N is called finite W-generated if an epimorphism
from W to N exists for some finite set . The next corollary is obtained directly
from Proposition 2.2 and Theorem 2.1.

Corollary 2.2. The class Sgrad-cc is closed under taking W -generated modules for
each W belonging to the class.

Remember that a ring S is a left V-ring if each simple S-module is injective. This
condition is equivalent to every S-module W having a zero radical and it is also
equivalent to each proper submodule being the intersection of maximal submodules
as noted in [14].

Proposition 2.4. If S is a left V-ring, then the class Sraq.cc consists of semisimple
modules if and only if W is semisimple.

Proof. Since left V-rings are characterized by the condition that the radical of
every module is zero, then every nonzero module is coatomic.

(=) Thus, W € Sgad-cc if and only if each submodule of W has a Rad-supplement.
Since the radical of every module is zero, Rad-supplements are direct summands,
meaning every submodule of W is a direct summand.

(<) Let W be a semisimple module. Since each submodule of W is a direct
summand, each submodule has a Rad-supplement. O

Corollary 2.3. If S is a left V-ring, then the class Sgrad-cc is closed under taking
direct sums.

Proof. Let S be aleft V-ring and {W;; i € I} be a class of S-modules which
also belongs to the class Sgrad-cc for any index set I. It is a fact that any direct sum
of semisimple modules is semisimple, as stated in [11], Corollary 8.1.5. On the other
hand, semisimple modules and those modules belonging to the class Sgad.cc coincide
over left V-rings. Therefore, the claim is clear. O
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Corollary 2.4. Let W be a module over a left V-ring. Then W € Sgad.cc if and
only if W is the sum of local submodules of itself.

Proof. This follows from [1], Proposition 3.6, as Soc(W) = Loc(WW) where
Loc(W) is the sum of local submodules of W. O

Let us consider the Z-module 8% which belongs to the class Srad.cc. In contrast,
7Z does not belong to the class Sgad-cc. Hence, this example emphasizes that a mod-
ule W need not belong to the class Sraq-cc while a factor module of W can still belong
to the class Srad-cc-

Now, we investigate the suitable conditions that make the implication given above
be valid.

Theorem 2.2. Let W be a module and let A be a submodule such that
A € Srad-cc of W where % is radical. Then W € Srad-cc-

~

Proof. Let N < W be co-coatomic. Thus, so is NLM > ¥=. By the assump-

tion, NLJFA is radical, as % is radical. Therefore, we can express W = N + A. Since
A € SRad-cc and W has the trivial Rad-supplement {0}, N has a Rad-supplement

in W by Lemma 2.2. O

Corollary 2.5. Let W be a module. Suppose that —%— has no nonzero maximal

Soc(W)
submodule. Then W € Srad-cc-

It is evident that each Rad-supplemented module belongs to the class Srad-cc-
However, the converse is not universally true. To illustrate this, let us provide an
example confirming this assertion.

Example 2.1. Consider the non-Noetherian commutative ring formed by the

direct product lo_o[ S;, where each S; is a field denoted as S. Suppose that M is a sub-
i>1

ring of the given non-Noetherian commutative ring, consisting of all sequences (s;)ien
where there exist s € S and j € Nwith s; = sforalli > j. Let W =5; M. Given that
Soc(W) is a maximal submodule of W, it follows that the quotient module %(W)
does not possess any nonzero maximal submodule. According to Corollary 2.5, this
leads to the conclusion that W € Sraq.cc. However, it is worth noting that W is not
Rad-supplemented, as demonstrated in [17], Example 2.5.

Proposition 2.5. Let W € Srad-cc. If W includes a maximal submodule, then it
also contains a w-local submodule.

Proof. Consider a maximal submodule P of W. It is evident that P is also
a co-coatomic submodule of W. Based on the assumption, there exists T" < W where
W =P+T and PNT C Rad(T). Hence, T is a w-local by [6], Lemma 3.3. O
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Now, we give a characterization of the module class Sraq-cc based on radical sub-
modules.

Theorem 2.3. Let W be a module and A < W be radical. If % € SRad-cc, then
W e SRad-cc-

Proof. Consider any co-coatomic submodule N of W. It follows that NLJFA ~
x w . : N+A W . : :
o = w4 is coatomic, and so j{ < -5 Is co-coatomic. By the assumption,
-~ v

A
: N+A T ;o W W _ N+A | T
there is a Rad-supplement submodule of ===, say %, in % where % = =2 + %

and W < Rad(%) = %(T) as A = Rad(A4) < Rad(T). Therefore, W = N+T
and N NT < Rad(T). Hence, T is a Rad-supplement of N in W. O

Recall that P(WW) denotes the sum of all radical submodules of W. Thus, P(W)
represents the largest radical submodule contained within W.

Corollary 2.6. Let W be a module, and consider submodules N and K where
N C K CW. Then K € Srad-cc if and only if % € SRad-cc-

Proof. The conclusion follows from Theorem 2.3. O

Corollary 2.7. Let W be a module and N C W. Then W € Sgad-cc if and only
if % € SRad(cc)- In particular, W € Srad-cc if and only if % € SRad-cc-

Proof. This is clear by Corollary 2.6. (]

Let us give another characterization for a ring R to belong to the class Srad-cc,
using the fact that every finitely generated module is coatomic.

Theorem 2.4. For a ring S, the following statements are equivalent.

(1) ¢S is Rad-supplemented.
(2) SS S SRad—cc-
(3) &S is cofinitely Rad-supplemented.

Proof. The proofis clear. O

For a finitely generated module W, we can extend the previous theorem in the

following manner.

Theorem 2.5. Let W be a finitely generated module. The following statements
are equivalent.

(1) W is Rad-supplemented.
(2) W € SRad-cc-
(3) W is cofinitely Rad-supplemented.

Proof. The proof is straightforward. O
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Proposition 2.6. The following statements are equivalent for a coatomic mod-
ule W:

(1) W € Srad-cc-
(2) W is Rad-supplemented.

Proof. (1) = (2) Let W be a coatomic module. Every submodule of W is
co-coatomic, as each factor module of W is coatomic. By the hypothesis, each sub-
module of W has a Rad-supplement in W. Consequently, W is Rad-supplemented.

(2) = (1) This is clear. O

In accordance with [22], an epimorphism ¢: F — W is called a generalized cover
if ker(¢) C Rad(F'), and a generalized cover p: F' — W is referred to as a projec-
tive cover if F is projective. A generalized semiperfect module is a module whose
factor modules have a generalized projective cover. It has been established in [22],
Theorem 2.2 that each generalized semiperfect module is Rad-supplemented. Given
that every Rad-supplemented module is Rad-cc-supplemented, it follows that every
semiperfect module belongs to the class Srad-cc-

Proposition 2.7. Let S be a semilocal ring. Every left S-module, which belongs
to the class Srad-cc, Is generalized semiperfect if and only if S is left perfect.

Proof. («) This is evident.

(=) Conversely, consider W as a left S-module with W = Rad(WW). Since
W € Srad(ce), it is generalized semiperfect by the hypothesis. So there is an onto
homomorphism ¢: P — W where P is projective. Since ker(y) C Rad(P) # P,

P__ >~ TV has a maximal submodule. Since W = Rad(W), this implies that

ker(p)
W = 0. Thus, S is left perfect by [21], 42.9. |

From [21], we retrieve the definition that an S-module W is called reduced if every
submodule of W contains a maximal submodule, denoted as P(W) = 0. It is im-
portant to note that for every coatomic S-module W, Rad(IW) <« W. Additionally,
it is worth mentioning that every coatomic S-module is reduced over commutative
Noetherian rings.

Proposition 2.8. Let W be a coatomic module over a commutative Noetherian
ring. Then W € Sgraq.cc if and only if W is supplemented.

Proof. The implication can be deduced from Lemma 4 in reference [19]. O

Proposition 2.9. Let W be a module over a commutative Noetherian ring and A
be a co-coatomic submodule of W. If W € SRad(CC), then A € Srad-cc-
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Proof. Consider W € Sgad-cc. We can deduce from Proposition 2.2 that
% € SRad-cc- Since A < W is co-coatomic, the factor module % is coatomic.
According to Proposition 2.8, % is Rad-supplemented. Furthermore, due to the
coatomic %, it is also reduced. Consequently, by [19], Proposition 2, we can infer

that A is Rad-supplemented. Hence, A € Sgad-cc- O

Remark 2.1. In view of Theorem 2.2 and Proposition 2.9, we obtain that the
class of the module class Sgad-cc is not closed under extensions, in general. Let
00— K — W — A — 0 be a short exact sequence. If K < W is co-coatomic and A
is radical, then the module class Sraqd.cc is closed under extensions.

Corollary 2.8. For a module W over a commutative Noetherian ring, the follow-
ing statements are equivalent:

(1) W €SRad-cc-
(2) Each maximal submodule of W belongs to the class Srad-cc-
(3) Each cofinite submodule of W belongs to the class Srad-cc-

Proof. (1) = (3) Consider a cofinite submodule A of W. Thus, the quotient
module % is finitely generated. Since % is coatomic, A is a co-coatomic submodule
of W. The proof follows from Proposition 2.9.

(3) = (2) This is clear.

(2) = (1) Consider W as the sum of A and B, where A and B are maximal
submodules of W. By the hypothesis, we have that A and B belong to the class
SRad-cc- Thus, by Theorem 2.2, W € Sgrad.cc. If W is w-local, W € Sgrad.cc by
Lemma 2.1. O

Definition 2.2. We define TSRad-cc = {M; for all N < M, N € Spad-cc}-

It is obvious that any semisimple module belongs to the class Sraq-cc. In the fol-
lowing proposition, we explore a hereditary class and cohereditary class of a module.

Proposition 2.10. The class T SRrad-cc is closed under taking submodules and
quotients.

Proof. Let W € TSRad-cc and K < A < W. Then K € Sgad(cc) by hypothesis.
Therefore, A belongs to the class T Sraq.cc. Consider any factor module % of W
where % < %. So K < W. Since W € T SRad-cc, we have K € Sgad.cc. Conse-
quently % € T Srad-cc- O
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3. MODULE CLASS SRad-cc OVER COMMUTATIVE DOMAINS

In this part, we will take all rings as commutative domains, unless specified other-
wise.

Remember that T'(WW) is represented by the set of whole elements v € W for which
there is a nonzero element s € S with su = 0, i.e., Ann(u) # 0. Here, T'(W) is called
the torsion submodule of W. If W = T(W), W is called a torsion module, while W
is referred to as torsion-free if T(W) = 0.

Proposition 3.1. Let W be an S-module over a nonsemilocal commutative do-
main. If W € T Srad-cc, then it follows that W is a torsion module.

Proof. Assume that 0 # € W. We show that Ann(z) # 0. Suppose that
Ann(z) = 0, i.e,, S = Sz. Since W € TSRad-cc, the S-module Sz € TSRad-cc-
Then sS € Srad-cc. Thus, Theorem 2.4 establishes that S is Rad-supplemented.
Additionally, according to [19], Proposition 4, it can be deduced that S is semilocal.
This contradicts our assumption. Consequently, W is a torsion module. O

Corollary 3.1. Let W € T SRad-cc Over a nonsemilocal Dedekind domain.
Then W is torsion.
It is obvious that there is a decomposition W = €@ Tp (W) for a torsion module W

PeQ
over a Dedekind domain S. Here, © denotes the set of all maximal (prime) ideals

of S, and Tp(W), a submodule of W, represents the set of all elements z € W for
which there exists a positive integer n such that p”z = 0.

Lemma 3.1. Let W be a coatomic module over a nonsemilocal Dedekind domain.
Then W belongs to Srad.-cc if and only if % is torsion and each p-primary part of

% € SRad-cc-

Proof. It clear by Proposition 2.26 and Theorem 3.1 in [23]. d

Corollary 3.2. Let W € Sgrad-cc be a coatomic torsion-free over a nonlocal
Dedekind domain. Then it is radical.

Proof. Given that S is a Dedekind domain, there exists K <g W where
% = K. According to [1], Lemma 4.4, P(W) is injective. As W is a torsion-free
S-module, W is radical by Lemma 3.1. O

Theorem 3.1. If the ring S is a Dedekind domain, then TSRrad-cc = {M; M is
a torsion module whose all of its p-primary parts belonging to Srad-cc } -
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Proof. Let W be a module over a nonsemilocal Dedekind domain and W €
TSRad-cc. (=) This is obvious by Corollary 2.7.

(<) Consider W as a torsion module where each p-primary part of W belongs
to the class TSRad(cc) Let K < N < W where K < N is co-coatomic. Since

W= @@ Tp(W), N= @(NNTp(W)) and K = @ (K NTp(W)). It follows
PeQ PeQ PEQ

from £ = PEQ(%) that K NTp(W) is co-coatomic submodule of N NTp(W)
for every P € Q. By the hypothesis, K N Tp(W) has a Rad-supplement Xp in
NN Tp(W). Thus,

NﬂTp(W) = [KQTP(W)] + Xp

and
[KQTP(W)] NXp=KnNnXpC Rad(Xp).

Let X = @ Xp. Then N = K + X. Since K N Xp C Rad(Xp) for every P € (,
Peq

KNX = [@KnTP(M)] N (@ Xp> C Rad(X)

PeQ PeQ
by [11], Corollary 9.1.5. So, N € Sgrad(cc)- Therefore, W € TSrad-cc- O

In the example provided below, it is demonstrated that the module classes
T SRad-cc and Sgad-cc are not necessarily closed under extension in general.

Example 3.1. In Example 2.1, the modules Soc(W) and WVFW) € SRad-cc
but W does not.

4. MODULE CLASS Sg-Rad-cc

Definition 4.1. Sg Rad-cc is defined as the class {W; for all co-coatomic A < W,
A has a Rad-supplement that is a direct summand of W}.

With this definition, we generalize the concept of the module class Sg_Rad-cc which
is introduced in [3].

It is obvious that the module class Sg Rad-cc 1S a subclass of the module class
SRad—cc-

Furthermore, we have the following relations between some specific variations of
supplemented modules and our modules from the first part of the paper, owing to
the definitions given above.

Proposition 4.1. Let W € Sg.Rad.cc With Rad(W) <« W. Then W is ®-co-
coatomically supplemented.
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Proof. Consider any co-coatomic submodule A of W. By the assumption,
there exists B <g W such that W = A+ B, AN B < Rad(B). Since Rad(B) <
Rad(W) <« W, B <g W, we have also AN B < B by [21], 19.3(5). Hence, W is
®-co-coatomically supplemented. (I

Corollary 4.1. Assume W is a coatomic module. Then, W € Sg_Rad-cc if and
only if W is @-co-coatomically supplemented.

Proof. Since every coatomic module has a small radical, the proof follows from
Proposition 4.1. (I

Proposition 4.2. Let W be a projective module. The following statements are
equivalent:

(1) W € Sg-Rad-cc-
(2) For each co-coatomic submodule A of W, there exist Y < A and B < W such
that W =Y @& B and AN B < Rad(B).

Proof. (1)= (2)If Ais a co-coatomic submodule of W, then there exists a Rad-
supplement B of A such that is a direct summand of W. Then A+ B=W, ANB <
Rad(B) and W = Z & B for some submodule Z. Since 425 = 448 = W o~ 7 then
AQLB is a projective module. Hence the exact sequence 0 - ANB — A — AQLB -0
splits, and so AN B is a direct summand of A. Let A = (AN B) @Y. Therefore,
Y®B=Y+(ANB)+B=A+B=W.

(2) = (1) If A and B are as in (2), then B is a Rad-supplement of A, and a direct
summand of W. O

Theorem 4.1. The following statements are equivalent for a finitely generated
module W.

(1) W is cofinitely ®-Rad-supplemented.
(2) W is @-Rad-supplemented.
(3) W e S@-Rad-cc-

Proof. (1) = (2) and (2) = (3) are clear.
(3) = (1) is clear from [9], Proposition 2.2. O

Lemma 4.1. If W is a radical module, then W € Sg_Rad-cc-

Proof. Consider a co-coatomic submodule A of W. Since Rad(W) = W,
Rad(W) is a Rad-supplement of A in W which is a direct summand of W, as desired.
O
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Proposition 4.3. Let W € Sg_Rad-cc- If W has a maximal submodule, then W
includes a w-local direct summand.

Proof. This follows from [16], Proposition 2.4. O

Corollary 4.2. If W € Sg Rad-cc has a small radical, then W has a local direct

summand.

Lemma 4.2. If W is a w-local module, then W € Sg_Rad-cc-

Proof. Assume that A is a co-coatomic submodule of W. Consequently, the
factor module % is also coatomic. Therefore, there exists a maximal submodule
% < % containing all the proper submodules of %. Since W is w-local, the radical
P = Rad(W) stands out as the unique maximal submodule of W that encompasses A.
Consequently, W is as a Rad-supplement of A in W, constituting a direct summand.

This concludes the proof. O

Corollary 4.3. Every direct summand of an w-local module belongs to the class
S@—Rad(cc)'

Proof. The clarity of the statement arises from the implications of Lemma 4.1
and Lemma 4.2, which establish that every direct summand of a w-local module is
to either a radical or w-local. This observation aligns with the proposition stated in
[16], Proposition 2.6. O

Proposition 4.4. The following statements are equivalent for an indecomposable
module W':

(1) W € SgRad-cc-

(2) Each maximal submodule of W has a Rad-supplement, that is a direct summand
of W.

(3) Rad(W) =W or W is w-local.

Proof. (1) = (2) Consider any maximal submodule P of W. Since % is cyclic,
and thus coatomic, then P < W is co-coatomic. Therefore, by the assumption, P
has a Rad-supplement which is a direct summand of W.

(2) = (3) Assume that Rad(W) # W. Then there exists a maximal submodule
P < W having a Rad-supplement T' <g W, such that W = P+ T, PNT < Rad(T)
and W = T & Ty for some submodule 77 of W. Then, T =0or T = W as W is
indecomposable. Suppose that 7' = 0. This case contradicts that P is a maximal
submodule of W. So, T = W. Thus, P < Rad(W) is obtained, and this implies that
P =Rad(W). Hence, W is an w-local module.

(3) = (1) This is clear from Lemma 4.1 and Lemma 4.2. O
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Corollary 4.4. Let W be an indecomposable module that is not radical. Then W
is w-local if and only if W € Sg_Rad(cc)-

Lemma 4.3. Let W be a module and A < W. If A is an w-local, then X is
a Rad-supplement of a proper co-coatomic submodule T of W such that W = A+T.

Proof. Consider T as a co-coatomic submodule of W such that W = A4+ T.
Then - = A%;T is coatomic and so A%;T has a maximal submodule. As A is w-local,
Rad(A) is the only maximal submodule of A containing A NT. Hence, A serves as

a Rad-supplement of T in W. O

Proposition 4.5. Let W be a module and A < W. If A is a co-coatomic sub-
module of W and {S;}}_; is the family of w-local submodules of W where T is
n
a Rad-supplement of A+ > S; in W, then T + > S; is a Rad-supplement of A in
i=1 i€l
W where I C {1,2,...,n}.

Proof. Let us point out that each submodule of W containing A is also
co-coatomic in W. Using this fact, the proposition can be proved via Lemma 4.3
and [9], Lemma 2.13 by repeated operations. O

Now, we investigate the properties of direct sums of modules which belong to the
class Sg-Rad-cc-

Proposition 4.6. Let A and B belong to Sg Rad-cc- Then so does W = A @ B.

Proof. Consider Y as a co-coatomic submodule of W. By the isomorphism,

Yo4 = (Y + A) YNA — BnN({Y+A)

v W (Y+A)+B_ B
N

IR

is coatomic. Thus, BN (Y + A) is a co-coatomic submodule of B. From the assump-
tion, there is a direct summand H of B where

B=[BN(Y +A)+H

and
BN(Y+A)]JNnH= (Y +A)NH<Rad(H).

Now following this, we have

W=A+B=A+BNnY +A|+H=[(A+B)nY +A)]+H
=WnY+A)]+H=Y+ A+ H.
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Since Y < W is co-coatomic, % is coatomic. As being coatomic is a property
preserved under factor modules, we have that AN (Y + H) < A is co-coatomic by
using the isomorphism

A . W ¥
AN(Y+H) Y+H Y-

Y
Thus, there exists T' <q A where

A=[AN(Y +H)|+T,
[AN(Y +H)|NT= (Y +H)NT < Rad(T).

Therefore,
W=A+Y+H)=[AnNY+H)|+T+Y+H) =Y+ (HaT).
Furthermore

YNHA+T)SHNY+T)]+ TN + H)
< Rad(H) @ Rad(T) = Rad(H & T).

Therefore, H ® T is a Rad-supplement of Y in W which is a direct summand of W.
Consequently, W € Sg_Rad-cc- O

Corollary 4.5. A finite direct sum of modules which belongs to the class Sg_Rad-cc
remains in the class Sg.Rad-cc-

Corollary 4.6. A finite direct sum of w-local modules also belongs to the class

S@-Rad-cc .

Proof. The clarity of this statement is derived from the implications presented
in Lemma 4.2 and Corollary 4.5. (I

Consider direct summands A and B of W such that W = A+ B. If ANB <g W,
then W is referred to as a module with the property (D3) [15].
Proposition 4.7. Let W € Sg Rad-cc With the condition (D3). In that case, each

co-coatomic direct summand of W belongs to the class Sg_Rad-cc-
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Proof. Consider A <g W asco-coatomic. Thus, W = Ad X; for some X7 < W
where W' =~ X, is coatomic. For any co-coatomic submodule N of A, we have

1 =
_ ABXy X1 X1
X1NN

W ~Y A

="~ =vOxan
% is coatomic as a direct sum of two coatomic modules. Based on the hypothesis,
there is a direct summand D of W such that W = N + D and N N D < Rad(D). It
follows that AN D is a direct summand of W since it has (D3). From the modularity

we get A= N + (AN D). Moreover, we have

Since X is coatomic, then is coatomic. Therefore,

NN(AND)=NnD<Rad(D)N (AN D) =Rad(AN D)

from [8], 3.7 (3). Hence, A € Sp_-Rad-cc- O

A submodule A of W is called closed in W if it has no proper essential extension
in W. According to [8], an S-module W is referred to as a (UC)-module if every
submodule has a unique closure in W. W is called an extending module if each closed
submodule of W is a direct summand of W.

Corollary 4.7. Let W be a UC-extending module. If W € Sg_Rad-cc, then so is
every co-coatomic direct summand of W.

Now, we explore adequate conditions under which a factor module of modules,
that belong to the class Sg_Rad-cc, also belongs to this class Sg Rad-cc-

Example 4.1. Let S be a local commutative ring whose ideals are not totally
ordered with respect to inclusion. For n > 2, the finitely presented indecomposable
module W & % cannot be generated by fewer than n elements [20], Theorem 2.
Here, S(™) belongs to the class Sg Rrad-cc by [9], Example 4.1 but W does not belong

to SEB-Rad-CC .

From the provided example, we observe that a submodule of a module which
belongs to the class Sg.Rad-cc may not belong to this class itself.

According to the information presented in reference [21], a submodule A of an
S-module W is called fully invariant if g(A) < A for all g in Endg(W). Notably,
Rad(W) qualifies as a fully invariant submodule of W.

Now, we show that the implication given above is valid for the factor modules of
a module constructed from fully invariant submodules.

Proposition 4.8. Let W be a module and A < W be a fully invariant submodule.
If W € Sg-Rad-cc, then so does %.

~

Proof. Let % < “% be co-coatomic. Thus, § = is coatomic, meaning

NENE

that N is co-coatomic in W. By the hypothesis, there is a Rad-supplement K of N
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in W which is a direct summand, that is W = N + K, NN K < Rad(K) and
W =K ® K;. By [7], Lemma 3.4, KXA is a Rad-supplement of % in %. Moreover,
as A is fully invariant, we have A = (K N A) @ (K1 N A) for some Ky < W. Using
this fact, we obtain

(K +A) A (Ki+A) K@(KlﬁX)mKl@(KﬁA)

X X n A A
_(KEnA)@[(KinA)+ K)N K]
n A
(KNA)a(Ki1NnA) (KeK))nA
= = = O.
A A
Therefore, % = (K+A) @ (KlJrA is obtained. Hence, A € Sg-Rad-cc- O

Corollary 4.8. Let W € Sg Rad-cc- Then, Rag‘(w) and SOX{M) belong to the class
S@-Rad-cc-

Proposition 4.9. Let W € Sg_Rad-cc and A < W be a fully invariant submodule.
If A <g W is co-coatomic, then A € Sg.Rad-cc-

Proof. LetY < A be co-coatomic. Then é is coatomic. As A is co-coatomic

direct summand of W, there is a submodule X; of W such that W=AdX;. Itis

W ~ 3 3 W _ AeX, __ XlJrY ~ A X1
clear that - = X7 is also coatomic. Further, - = 57 = Y 4 v O <Ay
is coatomic. Since 4 ¢ and is

are coatomlc

As X, is co-coatomic, Xi%Y 1Y ) %
coatomic. So, Y is a co-coatomic submodule of W. From the assumption, there is
a direct summand D of W such that W =Y +D,YND < Rad(D) and W = D& D;.
Since A is fully invariant submodule of W, we have A = (AN D) & (AN D;). From
modularity, we obtain A =Y +(XND)and YN(AND) =Y ND < Rad(D) <
Rad(WW). As AN D is a direct summand of W, we have Y N (AN D) < Rad(AN D).
Thus AN D is a Rad-supplement of Y in A which is a direct summand. Hence,

Ae S@-Rad-cc' g

Proposition 4.10. For a left V-ring, the class of Sg.Rad-cc consists of semisimple
modules.

Proof. This is a consequence of Proposition 2.4. O

Theorem 4.2. S is a semiperfect ring if and only if each finitely generated free
S-module belongs to the class Sg_Rad-cc-
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Proof. (=) Assume that S is a semiperfect ring. Then by [15], Corollary 4.2,
g5 is @-supplemented. It follows that ¢S is also @-Rad-supplemented. Thus, S €
So-Rad-cc. Hence, any finitely generated free S-module F' = S (") belongs to the class
Sg-Rad-cc by Corollary 4.5.

(<) By the hypothesis, §S € Sg Rad-cc as a finitely generated free S-module. As
each submodule of ¢S is co-coatomic, ¢S is @-Rad-supplemented and therefore, it
is @-supplemented by [9], Proposition 2.2. Therefore, 5.5 is supplemented. Hence, S
is a semiperfect ring by [15], Corollary 4.42. O

Corollary 4.9. A ring S is semiperfect if and only if §S € Sg_Rad-cc-
Proposition 4.11. If W € Sg_Rad-cc and W' is coatomic, then W is an irredun-
dant sum of local direct summands of W.

Proof. Thisis clear from [9], Proposition 2.18. O

The following example shows that a module, which belongs to the class Sg_Rad-cc,
need not be @&-Rad-supplemented.

Example 4.2. Let us consider the Z-module Z(,) = {{ € Q| pty} where p is
a prime number. Since pZ ) is the unique maxunal of Z(py then 7, € SgRad(cc)
by Lemma 4.2. However, it can be seen from [4], Example 3.1 that 7, is not
a Rad-supplemented module. Therefore, 7, is not @®-Rad-supplemented.

Proposition 4.12. If W € Sg Rad-cc, then
mented.

P?I[jV) is @-co-coatomically supple-

Proof. Since f(P(W)) < P(W) for every f € Endr(W), P(W) is a fully
invariant submodule of W. Then, % € Sg-Rad-cc by Proposition 4.9. Consider K
as a submodule of W that is both co-coatomic and contains P(W). Then, there

. . W s )
is a direct summand P(?/V) of POV such that (W) oy T P(T;/V) and P(% C
Rad(P(W)) Since P%V) is reduced, P(W) is coatomic by [5], Theorem 2.6. So

Rad(P(W ) < P(W) By Proposition 4.9, we have that P(W) is @-co-coatomically
supplemented. ([

Theorem 4.3. Let W be a module over a Dedekind domain. The following
statements are equivalent:

(1) W e S@-Rad-CC'
(2) % € Sg-Rad-cc-
(3) va) is ®-co-coatomically supplemented.
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Proof. (1) = (3) This conclusion follows from Proposition 4.12.

(3) = (2) This implication is clear.

(2) = (1) By our assumption, there exists a decomposition W = P(W) & N for
some submodule N of W. Since % = N belongs to the class Sg.Rad-cc and P(W)
is a radical module, W € Sg_Rad.cc by Lemma 4.1 and Corollary 4.5. [l

Theorem 4.4. Over a Dedekind ring, Srad-cc is a subclass of Sg_Rad-cc-

Proof. Assume that W € Sg Radcc- The fact that % is co-coatomically
supplemented is readily apparent. Since % is reduced, % is -co-coatomically
supplemented. By Theorem 4.3, W € Sg.Rad-cc- O

5. MODULE CLASS SPRad-cc

In [13], the author introduced generalized cofinitely semiperfect modules using
generalized projective covers of Rad-supplement modules. We now refine this term
via Rad..-semiperfect modules as follows.

Definition 5.1. We define SPRrad-cc as the class {WW; each isomorphic factor
of W has a generalized projective cover}.

A ring S is called a left maz ring when every nonzero left S-module possesses
a maximal submodule. This is equivalent to the claim that each nonzero left
S-module is coatomic [21]. Consequently, any module which belongs to the class
SPRad-cc over a left max ring is considered to be generalized semiperfect.

Recall from [8] that a ring S is called left Bass if each nonzero S-module possesses
a maximal submodule. Left Bass rings are characterized by Rad(W) <« W for each
nonzero S-module W.

Proposition 5.1. Every module which belongs to the class SPRraq-cc over a left
Bass ring is co-coatomically semiperfect.

Proof. The proof is obvious since Rad(W) <« W holds for every nonzero
module W over a left Bass ring. (Il

Proposition 5.2. Let S be a regular ring. Then every S-module which belongs
to the class SPrad.cc IS co-coatomically semiperfect.

Proof. Consider A as a co-coatomic submodule within a generalized co-
coatomically semiperfect S-module denoted by W. In such a case, there is a gener-
alized cover f from the projective module P to the factor module %. Given that S
is regular and Rad(P) = Rad(S)P = 0, then ker(f) < P. Consequently, f is a
projective cover of %. This implies that W € SPRrad-cc- O
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Corollary 5.1. Let W be an S-module over a left V-ring. W is co-coatomically
semiperfect if and only if W € SPRad-cc-

Proof. This follows directly from Proposition 5.2 as every module over a left
V-ring possesses a zero radical. O

Theorem 5.1. For a module W, the following statements are equivalent:

(1) W e SPRad—cc-
(2) W € ASRad-cc With supplements that have generalized projective covers.
(3) W € Srad-cc with Rad-supplements that have generalized projective covers.

Proof. (1) = (2) Let A be a co-coatomic submodule of W, where W can
be expressed as the sum of A and a submodule Y such that W = A+ Y. By
the hypothesis, there exists an epimorphism f: P — % for a projective module P
with ker(f) < Rad(P). As P is projective, there is a homomorphism g: P — Y.
Consequently, the image of g, denoted as Im(g), serves as a Rad-supplement of A
in W according to [13], Lemma 4.1, and it is contained in Y. Thus, P characterizes
as a generalized projective cover for Im(g), given by ker(g) < ker(f) < Rad(P).

(2) = (3) is clear.

(3) = (1) Consider a co-coatomic submodule A of the module W. Under the
given hypothesis, there is a Rad-supplement Y of A, and this Rad-supplement has a
generalized projective cover denoted by f, specifically, the map f: P — Y where P
is the generalized projective cover. Then, the map n: ¥ — % is a generalized
cover. Consequently, the composition to f: P — % = % serves as a generalized
projective cover. This result can be deduced from [22], Lemma 1.1 and Lemma 1.2.

Hence, W € SPrad-cc- =

Proposition 5.3. SPRrad-cc is closed under taking quotients.

Proof. Consider W € SPrad.cc, and f: W — W7 as a homomorphism. As-

sume that A < f(W) is co-coatomic. The homomorphism n: W — @ such that

~

n(m) = f(m) + A is surjective for every m € W. Since W € SPRrad.cc and rlL(,ax) =

fWw) fw)
v TA

v is a generalized projective cover. Consequently, f(W) € SPradecc- U

Corollary 5.2. Each factor module of a generalized co-coatomically semiperfect
module inherits the property of belonging to the class SPrad-cc-

Proposition 5.4. SPRrad.cc is closed under taking generalized projective covers.
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Proof. Consider N € SPRrad-cc, and let f: W — N be a generalized cover.

Additionally, let A < W be co-coatomic. The homomorphism f: % — % defined

by f(m+ A) = f(m)+ f(A) is an epimorphism. The kernel of f is given by ker(f) =

ker(i)JrL < Rad(ILVHL < Rad(%), as f is a generalized cover. Thus, f is a generalized

cover. On the other hand, % is coatomic as it is homomorphic image of a coatomic

factor module %. By our assumption, there is a generalized cover n: P — %
where P is projective. Therefore, a homomorphism ¢g: P — % exists such that

fog=h. As h is an epimorphism and f is a generalized cover, it follows that g is an
epimorphism. Furthermore, ker(g) < ker(fog) = ker(h) < Rad(P). Consequently, P
is a generalized projective cover of %. ([

Corollary 5.3. If A < Rad(W) and % belong to the class SPRrad-cc, then W €
SPRad—cc-

A generalized cover f: P — W is called a generalized W-projective cover whenever
P is W-projective.
Now, we give a characterization theorem for a generalized W -projective cover.

Theorem 5.2. The following statements equivalent for a module W:

(1) Each coatomic factor module W has a generalized W-projective cover.
(2) W € ASRad-cc which have generalized W -projective covers.
(3) W € Srad-cc which have generalized W -projective covers.

Proof. The proofis analogous to the proofs of Theorem 5.1 and Proposition 5.4.
O

Proposition 5.5. Let W € Sg Rad-cc and W be projective. Then W € SPRrad-cc-

Proof. Let A be a co-coatomic submodule of W. Under the given hypothesis,
there exists a Rad-supplement 7' that serves as a direct summand in W, meaning
that W = A+ T where ANT < Rad(T), and W = T @ T for some submodule
T, < W. Consider the inclusion map i: T — W and the natural homomorphism
w W — %. Note that T is projective. The composition map noi: T — % is an
epimorphism and ker(noi) = ANT < Rad(T). Hence, T is a generalized projective
cover of % and so W € SPRrad-cc- O

Proposition 5.6. Let P € Sg_Rad-cc and f: P — W be a generalized projective
cover of W. Then P € SPRrad-cc if and only if W € SPRad-cc-

Proof. (=) Thisis clear by Corollary 5.2 and Proposition 5.5.
(<) It follows from Proposition 5.4. O
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Lemma 5.1. Let W be a projective module. If W is semiperfect, then each
finitely W -generated module belongs to the class SPrad.cc. Conversely, if W is
finitely generated, the converse statement holds true.

Proof. Clear by [3], Lemma 3.10. O

Since every finitely generated module has small radical, the notions of co-coatomi-
cally semiperfect modules and modules that belong to the class SPRrad.cc arise in the
same situation for finitely generated free modules.

Corollary 5.4. The following statements are equivalent for a ring S':
1) S is semiperfect.
2

(

(2)

(3) Each finitely generated free S-module is co-coatomically semiperfect.
(4)

FEach finitely generated free S-module is semiperfect.

FEach finitely generated free S-module belongs to the class SPrad-cc-

Proof. (1)<« (2) This is clear from [10], Lemma 1.2 and [12], Theorem 2.1.
(1) & (3) This is clear by [3], Proposition 3.11.
(1) & (4) This is clear from Lemma 5.1. O
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