
Mathematica Bohemica

Saravanan Gunasekar; Baskaran Sudharsanan; Serap Bulut
Sakaguchi type functions defined by Bernoulli polynomials

Mathematica Bohemica, Vol. 151 (2026), No. 2, 273–289

Persistent URL: http://dml.cz/dmlcz/153624

Terms of use:
© Institute of Mathematics CAS, 2026

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/153624
http://dml.cz


151 (2026) MATHEMATICA BOHEMICA No. 2, 273–289

SAKAGUCHI TYPE FUNCTIONS DEFINED

BY BERNOULLI POLYNOMIALS

Saravanan Gunasekar, Baskaran Sudharsanan, Serap Bulut

Received August 11, 2024. Published online March 17, 2025.
Communicated by Grigore Sălăgean

Abstract. In this paper, the class of Sakaguchi-type functions defined by Bernoulli poly-
nomials has been introduced as a novel subclass of bi-univalent functions. The bounds for
the Fekete-Szegö inequality and the initial coefficients |a2| and |a3| have also been estimated.
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1. Introduction

Let H be the class of analytic functions in the open unit disc U = {z ∈ C : |z| < 1}
and consider the classes P , A and S defined by

P = {p ∈ H : p(0) = 1 and ℜ(p(z)) > 0, z ∈ U},
A = {f ∈ H : f(0) = f′(0)− 1 = 0},
S = {f ∈ A : f is univalent in U},

respectively. It is clear that the function f ∈ A can be expressed as

(1.1) f(z) = z +

∞
∑

n=2

anz
n, z ∈ U.

For two functions f, g ∈ H we say that the function f is subordinate to g in U, and
write

f(z) ≺ g(z), z ∈ U
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if there exists a Schwarz function

ω ∈ Ω := {ω ∈ H : ω(0) = 0 and |ω(z)| < 1, z ∈ U}

such that

f(z) = g(ω(z)), z ∈ U.

A subclass consisting of functions f ∈ A satisfying the analytic criterion

ℜ
(

zf′(z)

f(z)− f(−z)

)

> α, 0 6 α < 1

was introduced by Sakaguchi [20] and these functions were named after him as Sak-

aguchi type functions [17], [18], [22]. Sakaguchi type functions are starlike with

respect to symmetric points. Frasin [10] generalized Sakaguchi type class which had

functions of the form (1.1) given by

ℜ
(

(s− b)zf′(z)

f(sz)− f(bz)

)

> α, 0 6 α < 1, s, b ∈ C with s 6= b, |s| 6 1, |b| 6 1, z ∈ U.

Orthogonal polynomials have been the subject of extensive research in recent years

from a variety of perspectives due to their importance in probability theory, math-

ematical statistics, mathematical physics, and engineering. The classical orthogonal

polynomials (Hermite polynomials, Laguerre polynomials, Jacobi polynomials, and

Bernoulli polynomials) are the orthogonal polynomials that are most widely utilized

in applications. We provide additional contemporary instances of the link between

geometric function theory and classical orthogonal polynomials in [2], [4], [5], [11],

[25]. One of the numerous special functions researched is fractional calculus, a tradi-

tional branch of mathematical analysis whose foundations were provided by Liouville

in an 1832 work and which is today a very active study topic [14]. The Bernoulli

polynomials are a field of mathematics named after Jacob Bernoulli (1654–1705). To

solve fractional-order differential equations of the Lane-Emden type, a novel approx-

imation method based on orthonormal Bernoulli polynomials has been developed

[19], whereas in [8], [9], [13] Bernoulli polynomials are used to numerically resolve

Fredholm fractional integrodifferential equations with right-sided Caputo derivatives.

The Bernoulli polynomials Bn(x) are frequently specified (see, e.g., [15]) using the

generating function

(1.2) F(x, t) =
text

et − 1
=

∞
∑

n=0

Bn(x)

n!
tn, |t| < 2π,
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whereBn(x) are polynomials in x ∈ C, for each non-negative integer n (see Figures 1

and 2). Since the Bernoulli polynomials are easily computed using recursion as

(1.3)

n−1
∑

j=0

(

n

j

)

Bj(x) = nxx−1, n = 2, 3, . . . ,

Bernoulli’s initial few polynomials are

(1.4) B0(x) = 1, B1(x) = x− 1

2
, B2(x) = x2−x+

1

6
, B3(x) = x3− 3

2
x2+

1

2
x, . . .
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Figure 1. Image of U under F(x, z).
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Figure 2. Graphs of Bn(x), for x real.
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A function f ∈ A is called bi-univalent in U if f ∈ S and its inverse function has
an analytic continuation to |w| < 1. Let Σ = {f ∈ S : f is bi-univalent}. For the
function f ∈ A given by (1.1), the inverse function g = f−1 is of the form

(1.5) g(w) = f−1(w) = w − a2w
2 + (2a2

2
− a3)w

3 − (5a3
2
− 5a2a3 + a4)w

4 + . . .

Examples of functions that belong to the class Σ include

f1(z) =
z

1− z
, f2(z) = − log(1− z), f3(z) =

1

2
log

(

1 + z

1− z

)

.

However, the function z/(1− z)2 is a member of the class S but does not belong
to Σ.

Although Lewin [12] stated the class of bi-univalent functions, Netanyahu, Clunie,

Brannan, and many others [1], [3], [4], [6], [16], [21], [23], [24], [25], [26] elevated the

passion on the boundaries for the coefficients of these classes. Young scholars have

been fascinated by this area of study so far.

In the light of the above definitions, we introduce a new general subclass of A with
respect to symmetric points.

Definition 1.1. The function f ∈ Σ is in the class BSλ
Σ
(s, b, x, z) if

(1.6)
(s− b)zF′

λ(z)

Fλ(sz)− Fλ(bz)
≺ F(x, z), z ∈ U,

and

(1.7)
(s− b)wG′

λ(w)

Gλ(sw) −Gλ(bw)
≺ F(x,w), w ∈ U,

where

Fλ(z) = (1− λ)f(z) + λzf′(z), z ∈ U,

Gλ(w) = (1− λ)g(w) + λwg′(w), w ∈ U,

g = f−1 is given by (1.5) and 0 6 λ 6 1, s, b ∈ C with s 6= b, |s| 6 1, |b| 6 1.

R em a r k 1.1. (i) For s = 1 and b = −1, we get the following new class

BSλ
Σ
(x, z), which consists of functions f ∈ Σ satisfying

2zF′

λ(z)

Fλ(z)− Fλ(−z)
≺ F(x, z)
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and
2wG′

λ(w)

Gλ(w)−Gλ(−w)
≺ F(x,w).

(ii) For s = 1 and b = 0 we get the following new class BHλ
Σ
(x, z), which consists

of functions f ∈ Σ satisfying
zF′

λ(z)

Fλ(z)
≺ F(x, z)

and
wG′

λ(w)

Gλ(w)
≺ F(x,w).

(iii) For s = 1, b = −1 and λ = 0 we get the following new class BSΣ(x, z), which

consists of functions f ∈ Σ satisfying

2zf′(z)

f(z)− f(−z) ≺ F(x, z)

and
2wg′(w)

g(w)− g(−w) ≺ F(x,w).

(iv) For s = 1, b = −1 and λ = 1 we get the following new class BCΣ(x, z), which
consists of functions f ∈ Σ satisfying

2(zf′(z))′

(f(z)− f(−z))′ ≺ F(x, z)

and
2(wg′(w))′

(g(w) − g(−w))′ ≺ F(x,w).

(v) For s = 1, b = 0 and λ = 0 we get the class BHΣ(x, z), which consists of

functions f ∈ Σ satisfying
zf′(z)

f(z)
≺ F(x, z)

and
wg′(w)

g(w)
≺ F(x,w).

(vi) For s = 1, b = 0 and λ = 1 we get the class BNΣ(x, z), which consists of

functions f ∈ Σ satisfying

1 +
zf′′(z)

f′(z)
≺ F(x, z)

and

1 +
wg′′(w)

g′(w)
≺ F(x,w).

The classes BSΣ(x, z) and BCΣ(x, z) are introduced by Buyankara et al. [7].
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2. Coefficients estimates for the class BSλ
Σ
(s, b, x, z)

Throughout this paper, unless otherwise stated, we assume that

0 6 λ 6 1, s, b ∈ C with s 6= b, |s| 6 1, |b| 6 1.

Theorem 2.1. Let f given by (1.1) be in the class BSλ
Σ
(s, b, x, z), and define

(2.1) L = (1 + 2λ)τ − (1 + λ)2(s+ b)σ and M = (1 + λ)σ,

where

(2.2) σ = 2− (s+ b) and τ = 3− (s2 + sb+ b2).

Then we have

|a2| 6 min

{ |x− 1/2|
(1 + λ)|σ| , γ

}

,

where

(2.3) γ =



































√
6|x− 1/2|3/2

√

|3(2L−M2)(x− 1/2)2 +M2|
, L 6= 1

2
M2

and

(

x− 1

2

)2

6= − M2

3(2L−M2)
,

√
6|x− 1/2|3/2

|M | , L =
1

2
M2

and

(2.4) |a3| 6
|x− 1/2|2
(1 + λ)2|σ|2 +

|x− 1/2|
(1 + 2λ)|τ | .

P r o o f. Let f ∈ BSλ
Σ
(s, b, x, z). Then there exist analytic functions l(z), m(w) :

U → U, given by

(2.5) l(z) = l1z + l2z
2 + l3z

3 + . . .

and

(2.6) m(w) = m1w +m2w
2 +m3w

3 + . . . ,
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respectively, which are analytic in U with l(0) = 0, m(0) = 0 and |l(z)| < 1,

|m(w)| < 1, z, w ∈ U, such that

(2.7)
(s− b)zF′

λ(z)

Fλ(sz)− Fλ(bz)
= F(x, l(z))

and

(2.8)
(s− b)wG′

λ(w)

Gλ(sw)−Gλ(bw)
= F(x,m(w)),

respectively. It is to be noted that since

|l(z)| = |l1z + l2z
2 + l3z

3 + . . . | < 1, z ∈ U

and

|m(w)| = |m1w +m2w
2 +m3w

3 + . . . | < 1, w ∈ U,

then

(2.9) |li| 6 1 and |mi| 6 1, i = 1, 2, 3, . . .

Since

(2.10)
(s− b)zF′

λ(z)

Fλ(sz)− Fλ(bz)
= 1+(1+λ)σa2z+{(1+2λ)τa3−(1+λ)2(s+b)σa22}z2+. . .

and

(2.11)
(s− b)wG′

λ(w)

Gλ(sw) −Gλ(bw)
= 1− (1 + λ)σa2w

− {(1 + 2λ)τa3 + [(1 + λ)2(s+ b)σ − 2(1 + 2λ)τ ]a22}w2 + . . . ,

where

σ = 2− (s+ b) and τ = 3− (s2 + sb+ b2),

we have

(2.12)
(s− b)zF′

λ(z)

Fλ(sz)− Fλ(bz)
= 1 +B1(x)l1z +

[

B1(x)l2 +
B2(x)

2!
l2
1

]

z2 + . . .

and

(2.13)
(s− b)wG′

λ(w)

Gλ(sw)−Gλ(bw)
= 1 +B1(x)m1w +

[

B1(x)m2 +
B2(x)

2!
m2

1

]

w2 + . . . ,
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respectively. We get the following equations:

(1 + λ)σa2 = B1(x)l1,(2.14)

(1 + 2λ)τa3 − (1 + λ)2(s+ b)σa22 = B1(x)l2 +
B2(x)

2!
l21,(2.15)

−(1 + λ)σa2 = B1(x)m1,(2.16)

[2(1 + 2λ)τ − (1 + λ)2(s+ b)σ]a22−(1 + 2λ)τa3 = B1(x)m2 +
B2(x)

2!
m2

1.(2.17)

Adding (2.14) and (2.16), we get the following equation:

(2.18) l1 = −m1.

Further squaring and adding (2.14) and (2.16), we have

(2.19) 2(1 + λ)2σ2a2
2
= B2

1
(x)(l2

1
+m2

1
).

Then the addition of (2.15) and (2.17) gives

(2.20) 2[(1 + 2λ)τ − (1 + λ)2(s+ b)σ]a2
2
= B1(x)(l2 +m2) +

B2(x)

2!
(l2
1
+m2

1
).

From (1.4), (2.9) and (2.19) we get

|a2| 6
|2x− 1|

2(1 + λ)|σ| .

Also using (2.19) in equation (2.20), we obtain

[

2{(1 + 2λ)τ − (1 + λ)2(s+ b)σ} − B2(x)

B2
1
(x)

(1 + λ)2σ2

]

a2
2
= B1(x)(l2 +m2),

and then

(2.21) a2
2
=

B3
1
(x)(l2 +m2)

2[(1 + 2λ)τ − (1 + λ)2(s+ b)σ]B2
1
(x)− (1 + λ)2σ2B2(x)

.

A small computation leads to

(2.22) |a2| 6
2|B1(x)|

√

3|B1(x)|
√

|6(2L−M2)(x2 − x) + (3L−M2)|
,

where

L = (1 + 2λ)τ − (1 + λ)2(s+ b)σ
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and

M = (1 + λ)σ.

Next, in order to obtain the bound for |a3|, subtracting (2.17) from (2.15) we have

(2.23) 2(1 + 2λ)τ(a3 − a22) = B1(x)(l2 −m2) +
B2(x)

2!
(l21 −m2

1).

Using equations (2.18) and (2.19) in (2.23), we get

(2.24) a3 =
B2

1(x)

2(1 + λ)2σ2
(l21 +m2

1) +
B1(x)

2(1 + 2λ)τ
(l2 −m2).

Applying (1.4) and (2.9), we have the desired bound for |a3|:

(2.25) |a3| 6
|2x− 1|2

4(1 + λ)2|σ|2 +
|2x− 1|

2(1 + 2λ)|τ | .

�

Letting s = 1 and b = −1 in Theorem 2.1, we get the following result.

Corollary 2.1. Let f given by (1.1) be in the class BSλ
Σ
(x, z). Then we have

|a2| 6 min

{ |x− 1/2|
2(1 + λ)

, γ

}

,

where

γ =















√
6|x− 1/2|3/2

2
√

| − 3λ2(x− 1/2)2 + (1 + λ)2|
, 0 < λ 6 1 and

(

x− 1

2

)2

6= (1 + λ)2

3λ2
,

√
6|x− 1/2|3/2

2
, λ = 0

and

|a3| 6
|x− 1/2|

2

(

1

1 + 2λ
+

|x− 1/2|
2(1 + λ)2

)

.

Letting s = 1 and b = 0 in Theorem 2.1, we get the following result.

Corollary 2.2. Let f given by (1.1) be in the class BHλ
Σ
(x, z). Then we have

|a2| 6 min

{ |x− 1/2|
1 + λ

, γ

}

,

281



where

γ =



































√
6|x− 1/2|3/2

√

|3(1 + 2λ− 3λ2)(x − 1/2)2 + (1 + λ)2|
, 0 6 λ < 1

and

(

x− 1

2

)2

6= (1 + λ)2

3(3λ+ 1)(λ− 1)√
6|x− 1/2|3/2

2
, λ = 1

and

|a3| 6
|x− 1/2|

2

(

1

1 + 2λ
+

2|x− 1/2|
(1 + λ)2

)

.

Letting s = 1, b = −1 and λ = 0 in Theorem 2.1, we get the following result.

Corollary 2.3. Let f given by (1.1) be in the class BSΣ(x, z). Then we have

|a2| 6















|x− 1/2|
2

,

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

>
1

6
,

√
6|x− 1/2|3/2

2
,

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

6
1

6

and

|a3| 6
|x− 1/2|

2

(

1 +
|x− 1/2|

2

)

.

Letting s = 1, b = −1 and λ = 1 in Theorem 2.1, we get the following result.

Corollary 2.4. Let f given by (1.1) be in the class BCΣ(x, z). Then we have

|a2| 6 min

{ |x− 1/2|
4

,

√
6|x− 1/2|3/2

2
√

| − 3(x− 1/2)2 + 4|

}

,

(

x− 1

2

)2

6= 4

3

and

|a3| 6
|x− 1/2|

2

(

1

3
+

|x− 1/2|
8

)

.

Letting s = 1, b = 0 and λ = 0 in Theorem 2.1, we get the following result.

Corollary 2.5. Let f given by (1.1) be in the class BHΣ(x, z). Then we have

|a2| 6 min

{
∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

,
6|x− 1/2|3/2

√

|3(x− 1/2)2 + 1|

}

,

(

x− 1

2

)2

6= −1

3

and

|a3| 6
|x− 1/2|

2

(

1 + 2

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

)

.
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Letting s = 1, b = 0 and λ = 1 in Theorem 2.1, we get the following result.

Corollary 2.6. Let f given by (1.1) be in the class BNΣ(x, z). Then we have

|a2| 6















|x− 1/2|
2

,

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

>
1

6
,

√
6|x− 1/2|3/2

2
,

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

6
1

6

and

|a3| 6
|x− 1/2|

2

(

1

3
+

|x− 1/2|
2

)

.

R em a r k 2.1. We now show that our class BSλ
Σ
(s, b, x, z) is nonempty. We

consider, for example, the function f∗(z) = z + βz2/4 , where

β = min

{ |x− 1/2|
(1 + λ)|σ| , γ

}

and σ and γ are defined as in Theorem 2.1. A simple calculation shows that the

inverse function is g∗(w) = (−2 + 2
√
βw + 1)/β.

Figure 3 shows the images of z = w = eiθ, 0 6 θ < 2π under f∗(z) (red-full line)

and g∗(w) (blue-dashed line) for s = 1, b = 0, and λ = 0.

Figure 4 shows that the subordination holds for both f∗(z) and g∗(w). The green

curve (dash-dotted line) represents the image of z = eiθ, 0 6 θ < 2π under F(1, z).

The red and blue curves are, respectively, the images of z = w = eiθ, 0 6 θ < 2π

under zf ′

∗
(z)/f∗(z) and wg

′

∗
(w)/g∗(w).

Im

Re

0.5

–0.5

–1

–1 10–0.5 0.5

1

Figure 3. The images of f∗(e
iθ) and g∗(e

iθ), θ ∈ [0, 2π).
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Re
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0.2

0
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–0.2

Figure 4. The images of the functions subordinated to the Bernoulli function.

R em a r k 2.2. It is worth noting that our results improve the results of

Buyankara et al. [7].

3. Fekete-Szegö inequality for the class BSλ
Σ
(s, b, x, z)

Theorem 3.1. If the function f of the form (1.1) belongs to BSλ
Σ
(s, b, x, z), then

for any complex number ρ,

(3.1) |a3 − ρa22| 6















|x− 1/2|
(1 + 2λ)|τ | , 0 6 |ψ(ρ)| 6 1

2(1 + 2λ)|τ | ,

|ψ(ρ)|, |ψ(ρ)| > 1

2(1 + 2λ)|τ | ,

where

|ψ(ρ)| =



































24|x− 1/2|3
|12(2L−M2)(x − 1/2)2 +M2| |1− ρ|, L 6= 1

2
M2

and

(

x− 1

2

)2

6= − M2

12(2L−M2)
,

24|x− 1/2|3
|M |2 |1− ρ|, L =

1

2
M2

and L and M are defined by (2.1).
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P r o o f. From (2.18) and (2.23) we get

a3 − ρa2
2
= (1 − ρ)a2

2
+

B1(x)

2(1 + 2λ)τ
(l2 −m2).

By using (2.21) in the above equality, we obtain

a3 − ρa22 = B1(x)

[(

ψ(ρ) +
1

2(1 + 2λ)τ

)

l2 +

(

ψ(ρ)− 1

2(1 + 2λ)τ

)

m2

]

,

where

ψ(ρ) =
(1− ρ)B2

1
(x)

2[(1 + 2λ)τ − (1 + λ)2(s+ b)σ]B2
1
(x) − (1 + λ)2σ2B2(x)

.

Thus, we have

|a3 − ρa22| 6















|B1(x)|
(1 + 2λ)|τ | , 0 6 |ψ(ρ)| 6 1

2(1 + 2λ)|τ | ,

2|ψ(ρ)| |B1(x)|, |ψ(ρ)| > 1

2(1 + 2λ)|τ | .

�

Letting s = 1 and b = −1 in Theorem 3.1, we get the following result.

Corollary 3.1. If the function f of the form (1.1) belongs to BSλ
Σ
(x, z), then for

any complex number ρ,

|a3 − ρa2
2
| 6















|x− 1/2|
2(1 + 2λ)

, 0 6 |ψ(ρ)| 6 1

4(1 + 2λ)
,

|ψ(ρ)|, |ψ(ρ)| > 1

4(1 + 2λ)
,

where

|ψ(ρ)| =



































6|x− 1/2|3
|− 12λ2(x − 1/2)2 + (1 + λ)2| |1− ρ|, 0 < λ 6 1

and

(

x− 1

2

)2

6= (1 + λ)2

12λ2
,

6

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

3

|1− ρ|, λ = 0.
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Letting s = 1 and b = 0 in Theorem 3.1, we get the following result.

Corollary 3.2. If the function f of the form (1.1) belongs to BHλ
Σ
(x, z), then for

any complex number ρ,

|a3 − ρa22| 6















|x− 1/2|
2(1 + 2λ)

, 0 6 |ψ(ρ)| 6 1

4(1 + 2λ)
,

|ψ(ρ)|, |ψ(ρ)| > 1

4(1 + 2λ)
,

where

|ψ(ρ)| =



































24|x− 1/2|3
|12(1 + 2λ− 3λ2)(x− 1/2)2 + (1 + λ)2| |1− ρ|, 0 6 λ < 1

and

(

x− 1

2

)2

6= (1 + λ)2

12(3λ+ 1)(λ− 1)
,

6

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

3

|1 − ρ|, λ = 1.

Letting s = 1, b = −1 and λ = 0 in Theorem 3.1, we get the following result.

Corollary 3.3. If the function f of the form (1.1) belongs to BSΣ(x, z), then for

any complex number ρ,

|a3 − ρa2
2
| 6















|x− 1/2|
2

, 0 6 |ψ(ρ)| 6 1

4
,

6

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

3

|1− ρ|, |ψ(ρ)| > 1

4
.

Letting s = 1, b = −1 and λ = 1 in Theorem 3.1, we get the following result.

Corollary 3.4. If the function f of the form (1.1) belongs to BCΣ(x, z), then for
any complex number ρ,

|a3 − ρa2
2
| 6















|x− 1/2|
6

, 0 6 |ψ(ρ)| 6 1

12
,

6|x− 1/2|3
4 |− 3(x− 1/2)2 + 1| |1− ρ|, |ψ(ρ)| > 1

12
and

(

x− 1

2

)2

6= 1

3
.
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Letting s = 1, b = 0 and λ = 0 in Theorem 3.1, we get the following result.

Corollary 3.5. If the function f of the form (1.1) belongs to BHΣ(x, z), then for

any complex number ρ,

|a3 − ρa22| 6















|x− 1/2|
2

, 0 6 |ψ(ρ)| 6 1

4
,

24|x− 1/2|3
|12(x− 1/2)2 + 1| |1− ρ|, |ψ(ρ)| > 1

4
and

(

x− 1

2

)2

6= − 1

12
.

Letting s = 1, b = 0 and λ = 1 in Theorem 3.1, we get the following result.

Corollary 3.6. If the function f of the form (1.1) belongs to BNΣ(x, z), then for

any complex number ρ,

|a3 − ρa22| 6















|x− 1/2|
6

, 0 6 |ψ(ρ)| 6 1

12
,

6

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

3

|1− ρ|, |ψ(ρ)| > 1

12
.

Letting ρ = 1 in Theorem 3.1, we get the following consequence.

Corollary 3.7. If the function f of the form (1.1) belongs to BSλ
Σ
(s, b, x, z), then

|a3 − a22| 6
|x− 1/2|
(1 + 2λ)|τ | .

4. Conclusion

In this study, we have successfully introduced a new subclass of bi-univalent func-

tions, termed Sakaguchi-type functions, defined by Bernoulli polynomials. Through

rigorous analysis, we have proved that the class is nonempty and derived bounds

for the Fekete-Szegö inequality and provided estimates for the initial coefficients |a2|
and |a3|. These findings contribute to the broader understanding of bi-univalent func-
tions and open new avenues for further research in this area. Future work may explore

additional properties and applications of these functions, potentially leading to new

insights and advancements in the field of geometric function theory.

287



References

[1] O.Alnajar, A.Amourah, J. Salah, M.Darus: Fekete-Szegö functional problem for an-
alytic and bi-univalent functions subordinate to Gegenbauer polynomials. Contemp.
Math. 5 (2024), 5731–5742. doi

[2] A.Amourah, A.G.AlAmoush, M.Al-Kaseasbeh: Gegenbauer polynomials and bi-univa-
lent functions. Palest. J. Math. 10 (2021), 625–632. zbl MR

[3] A.Amourah, B.A.Frasin, T.M. Seoudy: An application of Miller-Ross-type Poisson dis-
tribution on certain subclasses of bi-univalent functions subordinate to Gegenbauer
polynomials. Mathematics 10 (2022), Article ID 2462, 10 pages. doi

[4] S.Baskaran, G. Saravanan, B.Vanithakumari: Sakaguchi type function defined by
(p, q)-fractional operator using Laguerre polynomials. Palest. J. Math. 11 (2022), 41–47. zbl MR
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[7] M.Buyankara, M. Çağlar, L.-I.Ot̂ırlă: New subclasses of bi-univalent functions with
respect to the symmetric points defined by Bernoulli polynomials. Axioms 11 (2022),
652–661. doi
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