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Abstract. In this paper, the class of Sakaguchi-type functions defined by Bernoulli poly-
nomials has been introduced as a novel subclass of bi-univalent functions. The bounds for
the Fekete-Szegd inequality and the initial coefficients |az| and |ag| have also been estimated.
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1. INTRODUCTION

Let H be the class of analytic functions in the open unit disc { = {z € C: |z| < 1}
and consider the classes P, A and S defined by

P={peH: p(0)=1and R(p(z)) >0, z € i},
A={jeH: f(0)=7(0) -1 =0},
S ={f € A: fis univalent in i},

respectively. It is clear that the function f € A can be expressed as
o0

(1.1) f(2) zz—l—ZanZ", z € 4l
n=2

For two functions f, g € H we say that the function f is subordinate to g in i, and
write

f(z) <9(2), zed
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if there exists a Schwarz function
weN:={weH: w0)=0and |w(z)| <1, z €}

such that
f(z) = g(w(z)), =z €Ll

A subclass consisting of functions § € A satisfying the analytic criterion

R(i) > 0<a<

was introduced by Sakaguchi [20] and these functions were named after him as Sak-
aguchi type functions [17], [18], [22]. Sakaguchi type functions are starlike with
respect to symmetric points. Frasin [10] generalized Sakaguchi type class which had
functions of the form (1.1) given by

(st

>a, 0<a<l, s,beCwiths=#b, |s|]<1, |b<1, z€ 4l
EE=) s

Orthogonal polynomials have been the subject of extensive research in recent years
from a variety of perspectives due to their importance in probability theory, math-
ematical statistics, mathematical physics, and engineering. The classical orthogonal
polynomials (Hermite polynomials, Laguerre polynomials, Jacobi polynomials, and
Bernoulli polynomials) are the orthogonal polynomials that are most widely utilized
in applications. We provide additional contemporary instances of the link between
geometric function theory and classical orthogonal polynomials in [2], [4], [5], [11],
[25]. One of the numerous special functions researched is fractional calculus, a tradi-
tional branch of mathematical analysis whose foundations were provided by Liouville
in an 1832 work and which is today a very active study topic [14]. The Bernoulli
polynomials are a field of mathematics named after Jacob Bernoulli (1654-1705). To
solve fractional-order differential equations of the Lane-Emden type, a novel approx-
imation method based on orthonormal Bernoulli polynomials has been developed
[19], whereas in [8], [9], [13] Bernoulli polynomials are used to numerically resolve
Fredholm fractional integrodifferential equations with right-sided Caputo derivatives.

The Bernoulli polynomials 98,,(x) are frequently specified (see, e.g., [15]) using the
generating function

t xt e n
(1.2) Fla,t) = — :Z% @) o] < 2,
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where B,,(z) are polynomials in « € C, for each non-negative integer n (see Figures 1
and 2). Since the Bernoulli polynomials are easily computed using recursion as

n—1
(1.3) Z (?) Bj(z)=nz"', n=23,...,
3=0

Bernoulli’s initial few polynomials are

1 1 1
(1.4) Bo(z) =1, Bi(x) = T= g Bo(x) = :cQ—:C—i—é, By (r) = 2° — g:cQ—f——x,...

2
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2
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Figure 1. Image of { under F(z, 2).
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Figure 2. Graphs of Bn(z), for = real.
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A function f € A is called bi-univalent in il if f € S and its inverse function has
an analytic continuation to |w| < 1. Let ¥ = {f € S: f is bi-univalent}. For the
function f € A given by (1.1), the inverse function g = §~! is of the form

(1.5)  glw) = (w) = w — agw? + (243 — az)w?® — (5a3 — Sazaz + as)w* + . ..

Examples of functions that belong to the class ¥ include

f1(2):1izv fa(2) = —log(1 - 2), f3('z)_%log(1tz>'

However, the function z/(1 — 2)? is a member of the class S but does not belong
to X.

Although Lewin [12] stated the class of bi-univalent functions, Netanyahu, Clunie,
Brannan, and many others [1], [3], [4], [6], [16], [21], [23], [24], [25], [26] elevated the
passion on the boundaries for the coefficients of these classes. Young scholars have
been fascinated by this area of study so far.

In the light of the above definitions, we introduce a new general subclass of A with
respect to symmetric points.

Definition 1.1. The function f € ¥ is in the class BSR(s, b, z, 2) if

(s = 0)z83(2)

(1.6) o050 T sel
and

(1.7) QS(AS(;wl;)i”Q;*A(&) < Flz,w), wedl
where

Salz) = 1 = N)f(2) + A=f'(2), 2z €4,
Gr(w) = (1 = Ng(w) + Mg’ (w), w € 4,
g=1flisgiven by (1.5) and 0 < A< 1, s,b € C with s # b, |s| < 1, |b] < 1.

Remark 1.1. (i) For s = 1 and b = —1, we get the following new class
BSA(z, 2), which consists of functions f € ¥ satisfying

2:3,(2)

—3/\(2’) = (=) < F(z,2)
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and ,
2w (w)

Qﬁ,\(w) — Qﬁ)\(—w)

(ii) For s =1 and b = 0 we get the following new class BH(z, 2), which consists

< F(z,w).

of functions f € ¥ satisfying
—— < Flz,z
w® (w)
G (w)
(iii) For s = 1, b = —1 and A = 0 we get the following new class BSx(«, z), which

and

< F(z,w).

consists of functions f € ¥ satisfying

22f'(2)

i e <)
and 5 /()
wg' (w

o) —g(ow) <7 @)

(iv) For s =1, b= —1 and A = 1 we get the following new class BCx(z, z), which
consists of functions f € ¥ satisfying

2(z'(2)'

@ oy <7 @)

e 2wy (1))
wg’ (w
————— < F(z,w).
(8(w) — g(—w))’
(v) For s =1, b =0 and A = 0 we get the class BHyx(z, z), which consists of
functions f € ¥ satisfying

=f'(2)
f(2)

wg' (w)
g(w)
(vi) For s =1, b = 0 and A = 1 we get the class BNx(z, z), which consists of
functions f € ¥ satisfying

< F(z,2)

and

< F(x,w).

" ()
f'(2)

wg" (w)
o' (w)

The classes BSx(x, z) and BCx(x, z) are introduced by Buyankara et al. [7].

1+

< F(z,2z)

and
1+

< Flz,w).
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2. COEFFICIENTS ESTIMATES FOR THE CLASS BS3 (s, b, z, 2)
Throughout this paper, unless otherwise stated, we assume that
0<A<]1, s,beCwiths#b, |s|<1, b <1.

Theorem 2.1. Let f given by (1.1) be in the class BSa(s, b, z, z), and define

(2.1) L=(1+20)7— 1+ N?(s+bo and M = (1+ o,
where
(2.2) oc=2—(s+b) and T=3—(s>+sb+b?).

Then we have

—1/2
|as| gmin{M 7},

(1+Nlo|’
where
V6lz — 1/2[2 L+ L2
VIBRL = M%)(x —1/2)2 + M?[’ 2
1\’ M?
2.3) 5= = oM
23) 7 and <x 2) 7 T3GL )
V6|x — 1/23/2 1
] L==M?
| M| ’ 2
and
|z —1/2 |z —1/2|
2.4 < :
24) 93] S T2l T s e

Proof. Letfé& BSA(s,b,z,2). Then there exist analytic functions [(z), m(w) :
L — 3L given by

(2.5) 1(2) =iz +1o2® + 1325 + ...
and
(2.6) m(w) = miw + mow? + msw® + .. .,
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respectively, which are analytic in 4 with [(0) = 0, m(0) = 0 and [I(z)| < 1,
|m(w)| <1, z,w € 4, such that

(s = b)z83(2)

(2.7) m =8(x,1(2))
and
(2.8) (s = D) _ 5 m(u)),

G (sw) — & (bw)

respectively. It is to be noted that since

|l(Z)|:|llz+1222+1323+...|<]., zel

and
Im(w)| = |miw + maw? + maw® +...] <1, w4,
then
(2.9) il <1 and |mi| <1, i=1,2,3,...
Since
)R
(2.10) %% =1+ (1+Noagz+{(14+2\)Taz — (1+1)?(s+b)oad}z? +. ..
and
(s — bw} (w)
2.11 =1—-(1+X
1) & w) = 6 w) (14 A)oazw
—{(1+2N)7az +[(1 +N2(s +b)o — 2(1 + 2\ 1]as}w? + .. .,
where
oc=2—(s+b) and 7=3—(s%+sb+b?),
we have
(s —0)z83(2) _ [ Ba() o] o
(2.12) 3)\(82) — S,\(bz) =1+ %1(%‘)l12 + -%1(1‘)l2 + 21 ll A S
and

(2.13) @(j(;wl;)fii((zzzu) =14+B1(z)mw+ _%1(m)m2 +

5822(':5) mf} w? 4 .. .
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respectively. We get the following equations:

(214) (1 + )\)O'ag = %1(%)11,
2 2 _ B ()
(2.15) (I+2N)7a3 — (1+N)?(s+b)oa; = Bi(x)la + Tll,
(2.16) —(1+ Noaz = B1(x)ma,
B

(2.17) [2(1 4207 — (1 + N (s + b)alaz—(1 + 2\)Taz = By (z)ma + 22(,5“) m3.
Adding (2.14) and (2.16), we get the following equation:
(218) ll = —mj.
Further squaring and adding (2.14) and (2.16), we have
(2.19) 2(1+ \)20%a3 = B3 (x) (12 +m?).
Then the addition of (2.15) and (2.17) gives

_ 2 2 _ Bo(z) 0 2
(2.20)  2[(14+2M)7 — (1 +N)*(s + b)olas = B1(x)(l2 + m2) + (11 +m7).

2!

From (1.4), (2.9) and (2.19) we get

lag| < M
S 2(1+ Ao

Also using (2.19) in equation (2.20), we obtain

2{(1 +2\)7 — (1 + N)?(s + b)o} — 338 (1+ X202 |a3 = By (2)(lg + ma),
and then
(2.21) a2 Bi () (2 + m2)

T2+ 207 — (1 + N2(s + b)0]B2(z) — (1 + N)20°Bs(z)

A small computation leads to

(2.22) laa] < 2|81 ()| /31 (2)]

= V6L — M?)(a? —x) + (3L — M2)|’

where
L=142\)7 -1+ )\)?*(s+b)o
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and
M =1+ \o.

Next, in order to obtain the bound for |as|, subtracting (2.17) from (2.15) we have

B
(2.23) 2(1 + 2\)7(az — a3) = By (x)(lz — ma) + 22('33) (12 —m3).
Using equations (2.18) and (2.19) in (2.23), we get
_ B () 2 2 B1(x)
(224) asz = m(ll + ml) + m(b - m2).

Applying (1.4) and (2.9), we have the desired bound for |as|:

|22 — 12 |22 — 1]
14+ M)2|o2 201+ 2))|7|

(2.25) |as| < X

Letting s =1 and b = —1 in Theorem 2.1, we get the following result.

Corollary 2.1. Let f given by (1.1) be in the class BSg(x, z). Then we have

—1/2
|as| gmm{w 7},

21+ N7
where
—1/2/3/2 1N (a 2
\/6|.13 /| , 0<)\Slaﬂd(l‘——>#%,
2¢/] = 3X\2(z — 1/2)2 + (1 + \)?] 2 3\
B . 3/2
V6lz —1/2| 7 =0
2
and

las| <

|z —1/2] 1 +|a:—1/2|
2 14+2x  2(1+X)2)°

Letting s = 1 and b = 0 in Theorem 2.1, we get the following result.

Corollary 2.2. Let f given by (1.1) be in the class BH3(z, z). Then we have

laz| < min{wﬁ},
14+ A
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where

VIBAF2X=3X2)(z — 1/2)2 + (1 + 1)?| h
_ 1\’ (14 X)?
e md (v 3) # 5@ o0
\/6|$—1/2|3/2 A=1

2

and
|as| <

lz—1/2|/ 1 +2|x—1/2|
2 1422 (1+X)2 )

Letting s =1, b= —1 and A = 0 in Theorem 2.1, we get the following result.

Corollary 2.3. Let f given by (1.1) be in the class BSx(x, z). Then we have

|z —1/2| o1t

sl < 2 217 6’
2| S _ 3/2

Ve —1/2172 ) 1)1

2 2 6

and

|z —1/2] |z —1/2]
|a3| 9 + 9

Letting s =1, b= —1 and A = 1 in Theorem 2.1, we get the following result.

Corollary 2.4. Let f given by (1.1) be in the class BCx(z, z). Then we have

el s { 1 2 —s@-122 a4 "2 73

and

lz—1/2) (1 |z —1/2|
< — .
s < = 5T 8

Letting s =1, b = 0 and A = 0 in Theorem 2.1, we get the following result.

Corollary 2.5. Let f given by (1.1) be in the class BHx(x, z). Then we have
6lo — 1/2)%/2 } (x . 1)2 L1
VB 1722+ 1) 2 3

z—1/2 1
i < B2 1ol 1)

1
r— =
2

|a2| < min {

and
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Letting s =1, b =0 and A = 1 in Theorem 2.1, we get the following result.

Corollary 2.6. Let f given by (1.1) be in the class BNx(z, z). Then we have

x—1/2 1] 1

>

le—1/2| L1

< 2 217 6
az| % .

? Bz — 1/2/3/2 1 1

_— T — — <_

2 2|6

and

—1/2[ (1  |e—1/2]
o < — .
s < = 3T 3

Remark 2.1. We now show that our class %Sg(s,b,a:,z) is nonempty. We
consider, for example, the function f.(z) = z + 82%/4 , where

1z =1/2]
o =min{ (i}
and ¢ and « are defined as in Theorem 2.1. A simple calculation shows that the
inverse function is g.(w) = (=2 + 2y/Bw + 1) /8.
Figure 3 shows the images of 2 = w = !, 0 < # < 2% under f.(z) (red-full line)
and g.(w) (blue-dashed line) for s =1, b= 0, and A = 0.
Figure 4 shows that the subordination holds for both f.(z) and g.(w). The green
curve (dash-dotted line) represents the image of z = €', 0 < 6 < 2x under F(1, 2).

The red and blue curves are, respectively, the images of z = w = ¢, 0 < 0 < 2x
under zf1(2)/f. (=) and wg! (w)/g. (w).

-

Figure 3. The images of f+(el?) and g.(e'?), 6 € [0, 2n).
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Figure 4. The images of the functions subordinated to the Bernoulli function.

Remark 2.2. It is worth noting that our results improve the results of
Buyankara et al. [7].

3. FEKETE-SZEGO INEQUALITY FOR THE CLASS BS2(s,b,, 2)

Theorem 3.1. If the function § of the form (1.1) belongs to BS (s, b, z,z), then
for any complex number p,

|z —1/2| 1
TR < < -
(3.1) las — pa3] <
[¥(p)] (o) > ——
where
24|z —1/2 L
[12(2L — M?)(z — 1/2)2 +M2||1 o, L#3M
1\2 M?2
[(p)| = and <x_5) T
24|z —1/2[3 g
|M|2 | p|7 5

and L and M are defined by (2.1).
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Proof. From (2.18) and (2.23) we get

B (x
as — pad = (1 — p)ad + —21&)_

By using (2.21) in the above equality, we obtain

as — pa3 = B (x) K?ﬁ(P) + m>l2 + (w(P) - m»m}

where

(1 - p)B3(2)
[+ 207 — (1 + N)2(s + b)o]B2(z) — (1 + N)202By(z)

Y(p) = 5

Thus, we have

1B (2)] 1
W, 0< |¢(P)| < )

|a3—pa2|< (1 2)‘)|3|,
21 X

1
(1+2)\)|7|
Letting s =1 and b = —1 in Theorem 3.1, we get the following result.

Corollary 3.1. If the function f of the form (1.1) belongs to BSa(x, z), then for

any complex number p,

|z —1/2| 1
51T L on) < < -
|az — paj| < 1
>
WOl > g
where y o
x_
- <
|— 12X2(z — 1/2)2 + (1 + \)2| 1—pl, 0<AL1
1 2 (1+>\)2
(o)) = and (x_ 5) LU
3
6%—5 |1_P|, A=0.
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Letting s = 1 and b = 0 in Theorem 3.1, we get the following result.

Corollary 3.2. If the function f of the form (1.1) belongs to BH(z, z), then for
any complex number p,

[z —1/2] 1
57T T oy < < —
2 2(1+2)) 0< )l < 4(1+2))
lag — pas| < X
>
(o)l lv(p)| = O
where
24|z —1/2]3
1- <A<1
1\? (14_/\)2
[(p)| = and (2-3) # Garsn=T
3
M A=

Letting s =1, b = —1 and A = 0 in Theorem 3.1, we get the following result.

Corollary 3.3. If the function f of the form (1.1) belongs to BSx(x, z), then for
any complex number p,

o —1/2) 1

Ly | < < =
9 ) 0< |¢(P)| S

3

1—pl, [Y(p)] =

las — pa3| <
6

1
rT— = —.
2 4

Letting s =1, b = —1 and A = 1 in Theorem 3.1, we get the following result.

Corollary 3.4. If the function f of the form (1.1) belongs to BCx(x, z), then for
any complex number p,

|z —1/2] 1
Ly e § < <
| 2|< 6 ) O\WJ(PN\ 12;
as — pas| < .
BT 6|z — 1/23

1 !
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Letting s =1, b = 0 and A = 0 in Theorem 3.1, we get the following result.

Corollary 3.5. If the function f of the form (1.1) belongs to BHx(z, z), then for
any complex number p,

|z —1/2|

2 Y

24|x — 1/2J3
12(z — 1/2)2 + 1|

0 < (o)l <

)

] =

las — pa3| <

1 1\° 1
- > - -
[1—pl, |¥(p)|= and <x 2> 12

Letting s =1, b =0 and A = 1 in Theorem 3.1, we get the following result.

Corollary 3.6. If the function f of the form (1.1) belongs to BNx(z, z), then for
any complex number p,

z—1/2 1
L 0< (o)l < 75

) 12’
las — pa3| < 3
6

xr— —

S| 1ol el > <

Letting p = 1 in Theorem 3.1, we get the following consequence.

Corollary 3.7. If the function § of the form (1.1) belongs to BS(s, b, z, ), then

v —1/2

2
as — a5 < ————.
o = a2l S (T

4. CONCLUSION

In this study, we have successfully introduced a new subclass of bi-univalent func-
tions, termed Sakaguchi-type functions, defined by Bernoulli polynomials. Through
rigorous analysis, we have proved that the class is nonempty and derived bounds
for the Fekete-Szeg inequality and provided estimates for the initial coefficients |as|
and |as|. These findings contribute to the broader understanding of bi-univalent func-
tions and open new avenues for further research in this area. Future work may explore
additional properties and applications of these functions, potentially leading to new
insights and advancements in the field of geometric function theory.
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