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TIMELIKE MINIMAL SURFACE IN E3
WITH ARBITRARY ENDS

PRIYANK VASU, RAHUL KUMAR SINGH, AND SUBHAM PAUL

ABSTRACT. In this paper, we show the existence of a timelike minimal surface
with an arbitrary number of weak complete ends. Then, we discuss the
asymptotic behaviour of the simple ends and the topology of the singularity
set of the constructed timelike minimal surface.

1. INTRODUCTION

A timelike surface in Lorentz-Minkowski 3-space E3 := (R3, dz? + dy? — dz?)
whose mean curvature function vanishes identically is called a timelike minimal
surface, and a spacelike surface with vanishing mean curvature function is called
a spacelike minimal surface or more commonly a maximal surface. The theory of
maximal surfaces is well-studied, and much progress has already been seen in the
direction of maximal surfaces when compared to the theory of timelike minimal
surfaces (see [17, [12], etc).

One of the important tools to study the geometry of zero mean curvature surfaces
in E$ is their Weierstrass-Enneper representation, which O. Kobayashi gave in [10]
for maximal surfaces and by J.J. Konderack in [I1] for timelike minimal surfaces
using split-complex numbers.

In this paper, motivated by the work of P. Kumar and S.R.R. Mohanty in [12],
where they have shown the existence of genus-zero complete maximal surfaces with
an arbitrary number of ends, we have considered the problem of the existence of a
timelike minimal surface with an arbitrary number of weak complete ends. Since a
timelike surface by definition is Lorentzian, and the fact that completeness is not a
natural property of a Lorentzian metric as it is for a Riemannian metric (this is
mainly due to the absence of results like the Hopf-Rinow theorem), see page 32
n [I8]. Because of this reason, in our problem, we consider the notion of weak
completeness instead of completeness.

In order to show the existence of such a timelike minimal surface requires
addressing the period condition as given in Theorem [2.11] which is significantly
more challenging than addressing the corresponding period condition for maximal
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and minimal surfaces. This complexity arises due to the lack of analytical tools
available in the split-complex analysis compared to complex analysis (like the
unavailability of the Cauchy integral type formula). A timelike minimal surface
with ends causes the domain to become disconnected (see Definition [2.13)), making
it hard to define the period condition, and hence, it is difficult to understand how
a timelike minimal surface behaves across the disconnected parts. To solve this
problem, we have exploited the relationships between complex, split-complex, and
bicomplex numbers. We believe that this result (see Theorem will make an
important contribution to the global theory of timelike minimal surfaces in E3.

We have also shown that the sum of two maximal surfaces (with certain as-
sumptions on their corresponding Weierstrass data) restricted on the split-complex
plane is a timelike minimal surface (see Proposition . As a consequence of this
fact, we have shown that the topology of the singularity set of the timelike minimal
surface depends on the singularity set of the generating maximal surfaces (see
Proposition . Furthermore, we have also studied the asymptotic behaviour of
the simple ends of a timelike minimal surface (see Theorem [5.5]).

This paper is organised as follows: In section [2] we summarize basic facts about
bicomplex numbers and bicomplex functions in a form suitable for our purpose and
give basic definitions, and introduce the notion of bicomplex surface. In section
we have defined and solved the period condition for the bicomplex surface. In
section [d we study the topology of the singularity set of the timelike minimal
surface. In section [5} we study the asymptotic behaviour of simple ends of the
timelike minimal surface. Finally, in section [6] we prove the existence of a timelike
minimal surface with n number of weak complete ends.

2. PRELIMINARIES

The ring of bicomplex numbers denoted by BC can be identified as R* with the
standard topology. It is defined as

BC:={Z=ax1 +ize+jas +kay|x1,22,23,24 € R}
={Z=z+jz |z =x1 +ize, 20 =23 +ixs e C(i)},
where i, j and k are imaginary units, satisfying,
i#j, ij=ji, k=ij, i®=j>=-1,
so that k? = 1. The ring of split-complex numbers denoted by D is defined as,
D:={2 =21 +kuay|x1,24 € R} c BC.
Throughout this article, we will use the following notations and conventions.
2.1. Notations and Conventions.
~If 2 =21 +ize +jas + kay, then Re(2) := a1, Imy(2) := x9, Imy(2) := a3,

Img(2) := x4, and Z restricted to D is denoted by 2|D = x1 + kx4, and

f:QcBC— BC denotes a bicomplex-valued function, where 2 is an open
set in BC, and f|D denotes f restricted to Q n D.
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- If 2 =2z + ky, then Re(2) := z and Im(2) := y, and f: 0 cD— D denotes
a split-complex-valued function, where Q is an open set in D. If 2 € D, then
its norm is defined by |2|H2) =2 —y2

— The set C(i) denotes the field complex numbers with i as its imaginary unit.

If z=a+1b, then Re(z) :=a, Im(z) := b, and f: Q c C(i) —» C(i) denotes
a complex valued function, where € is an open set in C(i).

The rings BC and D have zero divisors; the set of zero divisors in BC is denoted
by & :={Z|2#0,27 4+ 23 = 0} and let Sy := S U {0}. Then the set & N D =
{=a2+ky| 2 # 0,22 —y? = 0} will denote the set of zero divisors in D and let
S :=67nD.

Let e, el € D such that

el =
2 2
Then it can be easily checked that they satisfy the following:

1+k 1-k
(2.1) eim 5 o

e+eT=1; e—eT=k;
eel =0; ee=e and efel =e.

Next, if we consider the following two subsets BCe := {f1e | 51 € C(i)} and BCgt :=
{ﬁQeT | B2 € (C(i)} of BC. Then it turns out that every Z in BC can be uniquely
expressed as 7 = [1e + Boel, where B, = 2, — iz and 2 = 2, + iz belongs
to C(i). This representation of the bicomplex number is called the idempotent
representation. Furthermore, any Z € D can be written as

(2.2) 2= 2|D = Re(f1)e + Re(Ba)e’.

Next, for any Z € BC we denote its conjugate by z* and it is defined as zZ* :=
Z — jZ2 = fre + (el where Z denotes the usual complex conjugation.

Now, we state some facts about functions defined on BC, which will be used in
this article.

Let F': Q ¢ BC — BC be a bicomplex function. Then F can be expressed in
the idempotent form as: F = Gie + Gyel, where Gy, G both are complex valued
functions of two complex variables 31, 82 in general. Then we have the following

theorems:

Theorem 2.1. ([I5]) The bicomplex function F is holomorphic if and only if
G1(81) and Ga(B2) are holomorphic functions.

Theorem 2.2. ([2]) The bicomplex function F is meromorphic if and only if
G1(B1) and G2(B2) are meromorphic functions.

We say F has a pole at j = p1e + poel if G; and G has a pole at p; and ps
respectively. For more details about bicomplex functions and their properties, one
can see [15],[2], and [I4].

Definition 2.3. Let f: Q0 c D — D be a function defined by f(é) = f(:E +ky) =
u(x,y) + kv(z,y), where u,v are real-valued C functions defined on Q. We say f
is split-holomorphic if it satisfy u, = v, and uy = v, on Q.
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The question of split-meromorphic functions is more complicated. We will say

that f has a pole at %, if and only if % is zero at Zy. However, it may happen that

zeroes of f are not isolated, or even if zeroes of f are isolated, then the pole is not
isolated, as can be seen in the example below,
Example 2.4. Consider the following function:

A 1 r —ky r —ky

o1 _ . V2= a2+ kyeD\S.
72 P k)@ —Kg) xQ—yQ’VZ x + ky e D\S

A map f :QcD->Dis split-analytic if it has a power series expansion in Q.
The split-analyticity implies split-holomorphicity. But the converse is not always
true (see [6]).

Definition 2.5. Let f :Qc DD be split-analytic and let Zy be a zero of f,
then f(é) =(2— éo)mﬁ(é) in a neighbourhood of 2y for some split-analytic function
h with iAL(éO) # 0. We call m to be the order of zero off at Zg. We would call a
function g to be split-meromorphic if § = %, where f is a split-analytic function

and p is called a pole of § if p is a zero of f

Let P denote the set of poles of the split-meromorphic function g, then we call
P + S the set of associated zero divisors of P.

Remark 2.6. In order for the function § (as above) to be well defined on Q, we
have to remove the P + S from § (see Example . Now, note that the domain
O\(P + S) is disconnected.

In this article, by split-holomorphic function, we always mean split-analytic func-
tion only. For more details about the theory of split-holomorphic and split-meromor-
phic functions on D, one can check [6] and [1].

Next, we state some facts about the bicomplex functions, which highlight their
relation to the split-holomorphic and split-meromorphic functions.

Fact 2.7. ([5]) Let F : Q — BC be a bicomplex function satisfying

(2.3) F(z*) = (F(2))* YZeQnQ* cBC.

Then F(E) eD forall 2 € Q nD. In other words, F|D becomes a split-complex
valued function.

As a consequence of this fact, we get

Fact 2.8. Let F : Q — BC be a bicomplex function that satisfies equation (2.3)).
If F is bicomplex holomorphic (respectively, bicomplex meromorphic) on Q c BC,
then F|]D is split-holomorphic (respectively, split-meromorphic).

Now, we will recall the Weierstrass-Enneper representation for a maximal surface,
which can be stated as follows:

Theorem 2.9. ([4]) Let 2 be an open subset of C(i), g be a meromorphic function,
and f be a holomorphic function on Q such that :
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(1) fg? is holomorphic on Q.

(2) Im(g) #0 on Q,
(3) Re Sw ((1—9¢?) .29, (14 ¢%)) fdz =0 for all closed loops v on Q.

Then, the map X : Q — E3 given by

z

(2.4) X(2) = Ref (1-9¢7),29,(1+9¢%) fdz

20
defines a mazimal surface with base point zy € Q, where (g, f) is called the Weiers-
trass data of X.

The third condition in Theorem is referred to as the period condition
for the maximal surface. The induced metric on X coming from E} is given
by h = 4(Im(g))* |f|? and the set of points where the metric h degenerates is
{z € Q:Img(z) = 0or f(z) = 0}. The set Sing(X) := {z € Q : Img(z) = 0}
denotes the singularity set of X and {z € Q: f(z) = 0} is called the branch point
set of X.

Now, we introduce the timelike minimal surface in E$:

Definition 2.10. ([9]) Let U be an open set in R?, and let X : U < R? — E? be
a C? map with the property that

(2.5) (X, Xy = (X0, Xop), (Xu,Xy)=0.
Then X (u,v) is a timelike minimal surface if and only if
(2.6) Xuu — Xow = 0.

Similar to the case of minimal and maximal surfaces, Jerzy J. Konderak [I1]
has obtained the Weierstrass-Enneper type representation for timelike minimal
surfaces using the theory of split-complex numbers.

Theorem 2.11. Let Q be an open subset of D, § be a split-meromorphic function,
and f be a split-holomorphic function on £ such that the following hold:
(1) fg? is split-holomorphic on ),
(2) Tm(g) # 0 on Q,
(3) Re S& ((1—29%) .29, (1 +¢%)) fdz =0 for all closed loops 4 on €.
Then
(2.7) X(2) = Ref (1-4%) .20, (1+4%) fdz

20

defines a timelike minimal surface with base point Zy € Q, where (g, f) is called the
Weierstrass data of X.

The third condition in Theorem [2.11] is called the period condition for the
timelike minimal surface X. The induced metric on X coming from E} is given
by h = —4(Im())* |f|ﬂ2) The set of points where the metric i degenerates is
{2€ Q:Img2) = 0or f(2) = 0}. The set Sing(X) := {2 € Q: Img(2) = 0},
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denotes the singularity set of X and {2 € Q: f(2) = 0} the branch point set of X.
The induced metric on X coming from E? is given by

(2.8) hes =2 (1+[a13)° 1121422 + Re{ (1 + §°)® f?dz?}.
Definition 2.12. We say a timelike minimal surface X is E3-complete' or weak
complete? if it is complete with respect to the metric hys.

For more details about timelike minimal surfaces, one can check [6] and [3].
Now, we define the end of a timelike minimal surface similar to how Taishi
Imaizumi defined it for a maximal surface in [7].

Definition 2.13. Let Q c D be an open set, g be a split-meromorphic function,
andf be a split-holomorphic function defined on Q. Also, let P be the set of poles of
a=((1- g2) 257, (1+9?) f. Now, if the map X : O* = O\(P+5) — E3, deﬁned
by equation (2.7) is a timelike minimal surface with Weierstrass data (§

then we deﬁne a point p € P to be an end of X. Also, we say p is a weak complete
end if X is weak complete in a neighbourhood around p.

Here, note that the ends of a timelike minimal surface are quite different from the
ends of a maximal surface and a minimal surface. As we can see from Remark
if X has ends, then defining the period condition on Q\(P + S) is difficult. This
makes studying timelike minimal surfaces with ends nontrivial. We have addressed
this problem in section [3 using the theory of bicomplex numbers.

Kaname Hashimoto and Shin Kato were the first to present the bicomplex
extension of zero mean curvature surfaces in £ (see section 4 of [5]). For simplicity,
we will use the term “bicomplex surface” instead of “bicomplex extension of zero
mean curvature surface”. Their representation unfolds as follows:

Any bicomplex surface can be locally represented as

(2.9) é(g):f (L-) .25, (1+ ) fdz

where, f is a bicomplex holomorphic function and g is a bicomplex meromorphic
function. Suppose that (g, f) satisfies the equation (2.3, then using the fact |2
we get the projection Re <I>| is minimal timelike immersion from Q A D into ]E3

with Weierstrass data ( g|D, f|D .
Remark 2.14. ([5]) The Re <i>|D is a split-harmonic map with respect to the metric
daz? —dz? on QA D.

A complex-valued function G of a complex variable 3 is called conjugate-symmetric
if it satisfies the condition G(83) = G(5).

Remark 2.15. A bicomplex function h(Z) = G1(31)e + G2(B2)e’ satisfies equa-
tion (2.3) if and only if both G1 and G5 are conjugate-symmetric.

ISenchun Lin and Tilla Weinstein first used this term in [13].
2This term was first used in the context of maximal surface by Masaaki Umehara and Kotaro
Yamada in [I7].
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3. TIMELIKE MINIMAL SURFACE FROM BICOMPLEX SURFACE

In [T16], it is shown that any timelike minimal surface can be locally expressed as
a sum of two null curves. Motivated by this idea, we aim to construct a bicomplex
surface as a sum of two maximal surfaces, as detailed in this section. Furthermore,
by restricting the domain of a bicomplex surface to the split-complex plane, we
obtain a timelike minimal surface.

The following lemma can be easily verified:

Lemma 3.1. Let Z = 31e + 3se’ € BC, then Rez = %(Reﬁl + Re 7).

Remark 3.2. If7 : [a,b] — BC be a curve, then 7(t) = v1(t)e +72(t)e’; Vt € [a, b],
where v1(t) and 2(t) are curves in C(i). Furthermore, 5 is a loop if and only if
v1(t) and v2(t) are loops.

Let g be a bicomplex meromorphic function and f~ be a bicomplex holomorphic
function defined on Q2 < BC. If for all loops 74 in Q\P

(3.1) Rej (1-5%) .29, (1+3%)) fdz =

where P is the set of poles of ((1 — §2) , 20, (1 + gZ)) f. We call equation the
“real period condition for bicomplex surfaces”. Furthermore, if (g, f) satisfies the
condition given in the equation , then using the Fact and the equation 7
X == Re(®(2))|, ;
data given by (g, f|,)-

gives a timelike minimal surface on (Q\P) D with the Weierstrass

Remark 3.3. It is important to note that a timelike minimal surface can be
obtained without requiring (g, f) to satisfy the condition specified in equation .
By utilizing Remark we observe that all three components of Re(@(z))|D are
split-harmonic, i.e., it satisfies equation . Also, the parametrization ® satisfies
equation (2.5)). As a result, X = Re(@(z))|D defines a timelike minimal surface on
(Q\P) N D. However, this approach causes the loss of the Weierstrass data for our
timelike minimal surface because now (§|D, f|D) are maps from D to BC.

Next, we find a suitable (g, f) such that the real period condition given in
equation satisfies.

Using the period condition for maximal surface, we solve the real period condition
for bicomplex surfaces given in equation (3.1)). We assume X}, : Q; < C(i) — E3
are maximal surfaces with Weierstrass data (gx, fx)(k = 1,2) that satisfy the
period condition for maximal surfaces given in the equation . To define a
bicomplex surface, we take g := gie + go€' as a bicomplex meromorphlc function
and f = fie+ fgeT as a bicomplex holomorphic function on Q=0Qre+ el IBBC
Now, if we substitute the idempotent expressions of § and f in equation
and then using the Lemma and Remark along with the properties of e, e
as mentioned earlier (see equation (2.1])), the real period condition of bicomplex
surface splits into period condition of maximal surfaces X; and X5 as follows:
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Reﬁ((l—f) 2, (1+3%)) f 5=;{Ref ((1—97) 201, (1 +g7)) frdf

‘ ReL2 (1= g2) . 202, (1 4+ 2)) fzdﬁz}

for any loop 4 = 11e + ’YQGT in Qe + QgeT c BC.

This shows that Re(®) (see equation (2.9)) is well-defined even if ® is not
well-defined, and Re <i>|D is a timelike minimal surface. Moreover, if (gk, fx) (for k =
1,2) are conjugate-symmetric as mentioned in Remark then the Weierstrass
data of the timelike minimal surface is given by (§|D, f|D).

Now, we can state the following proposition:

Proposition 3.1. Let X; and X3 be the mazimal surfaces with Weierstrass data
(g1, f1) and (go, f2), and § := gie + goe’ and f := fie + foel both are satisfying
(2.3). Then, X = %(Xl + X2)|D is a timelike minimal surface with the Weierstrass

data (§|D,f|D).

Example 3.4. Let 91(51) = —B1, 92(B2) = =P, f1(B1) = —5z, and fo(B2) =
5 —=. From equation (2 , we obtain
aj 9 9 aj
X1 = (M + a1, In(ay +07), 2+ a1> ;
and
a 2 | 32 az
X2 = (CM + 0/27111(042 + b2)7 m - a2> 5

where 31 = a1 +iby = (Il +I4)+i($2—1‘3) and By = ag+iby = ($1—I4)+i(:€2 +1‘3).
Now, using Proposition[3.1, we compute

A 1 1/1 1 1 1
X = 5(Xl—i—XQ)‘D =3 <a1 +a; + — + as,In(a?) + In(a3), o a + o a2> .
Further simplification yields
> T 2 2 Ty
X(w1,74) = (M + a1, In |2f — o], g —331) ,
which defines a timelike minimal surface on D\S.

4. SINGULARITIES OF TIMELIKE MINIMAL SURFACES

Let X; and X3 be two maximal surfaces as introduced in section [3] with their
Weierstrass data (g1, f1) and (g2, f2) respectively such that the functions gy, fr(k =
1,2) are conjugate symmetric. Therefore, j = gie+gse’ is a bicomplex meromorphic
function and f = fie + foe' is a bicomplex holomorphlc function defined on
Q= Qe + Qe € BC and they satisfy the equation (2.3] . ). So, X = 2(X1 + Xo) |]D

becomes a timelike minimal surface on Q = Q A D with Weierstrass data (§|D7 f |D)



TIMELIKE MINIMAL SURFACE 83

(see Proposition [3.1)). Also, if Sing(X;) and Sing(X>) are the sets of all singular
points of X; and Xs, respectively, then we have the following lemma.

Lemma 4.1. Q c Sing(X;)e + Sing(X>)e'.

Proof. The functions ¢i, g» are conjugate symmetric. If 2 = ae + be' € Q, then
from equation ([2.2)) it follows that a, b are real. This implies g;(a) = g1(a) and
g2(b) = g2(b). Therefore, Im(g1(a)) = 0 and Im(gs(b)) = 0. Hence, the claim. O

Remark 4.2. If Sing(X;) ¢ R and Sing(X;) c R, then Q0 = Sing(X;)e +
Sing(X5)e'.

Now, recall Sing(X) = {2 = ae + bel € O : Im(§) = 0}. Therefore, using the
expressions of e, e’ from equation (2.1)) and the fact that § = §|D, we see 1 +kzy =
ae+bel € Sing(X) if and only if g1 (a) = g2(b) and a = z1 + 24, b = 21 — x4. Hence,
we write

(4.1) Slng(X) = {a:l +kz, € Q : gl(l‘l + $4) = gg($1 — l‘4)}

From above it is clear that Sing(X ) is a closed disconnected subset of

Q\(U{x1+kx4EQ:zl+z4:ai}UU{$1+kI4€QSZ‘1—IL‘4=bJ’}>

i=1 j=1
= X (say),

where ai,...,a,, are the poles of g; in 21 "R and by, ...,b, are the poles of g in
Qs N R. Now we have the following proposition:

Proposition 4.1. IfSing(X;) € A1 € Q1 and Sing(X2) € As < Qo, where Ay, Ay
are compact subsets in C(i) such that Ay and Ay do not contain any pole of g1 and
ga respectively, then Sing(X) will be compact.

Proof. From the Lemma and the fact Sing(X) c Q, we have Sing(X) c
(Aje + Ase’) nID < x. Since Ay, Ay are compact subsets, (Aje + Asel) n D is also

compact. Hence, Sing(X) is compact, being a closed subset of a compact set. O
Corollary 4.3. If Sing(X,) and Sing(X») are compact, then so is Sing(X).
Proposition 4.2. Sing(X) is a discrete subset of Q0 or whole of Q).

Proof. Consider the analytic function of two complex variables F': 1 x 5 — C,
defined by F(B1, f2) = 91(81) — 92(B2), V(B1, B2) € Q1 x Qa, where g1, g are
as before and 2 = Q n'D, Q is identified to Q1 x Q5. Note that F' = 0 gives
Sing(X) =), and if F # 0, then in any connected open subset of €, x 2, the set
{(B1,B2) : F(f1,B2) = 0} can not have a limit point. This translates into the fact
that if age + boe' € Sing(X ), then there exists a sufficiently small neighbourhood
of age + bpe' containing no other singularity of X. O
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5. ASYMPTOTIC BEHAVIOUR OF SIMPLE ENDS

It is a well-known fact that an embedded end of a complete minimal surface in
E3 with finite total curvature is asymptotic to either a plane or a half of a catenoid
(see [8]). Analogous to this fact, Imaizumi in [7] characterizes the asymptotic
behaviour of simple end for maximal surfaces into three types. Here, we start by
recalling the definition of a simple end of a maximal surface.

Definition 5.1. ([7]) A mazimal surface X with Weierstrass data (g, f) has a
simple end at point p if a = ((1 — g2) , 29, (1 + g2)) f has a pole of order two at
point p.

Let X = %(Xl + X2)|D be a timelike minimal surface as in Propositionm Then
we have the following definition

Definition 5.2. A timelike minimal surface X = (X1 + X2)|D is said to have a

simple end at pre + poe' € Q, if the mazimal surfaces X1 and Xo have simple ends
at p1 and pa, respectively.

Note 5.3. It is evident that the above definition of simple ends aligns with the
Definition[2.13 of ends for timelike minimal surfaces.

We now present a version of Imaizumi’s classification of the ends of a maximal
surface that suits our purpose. This is done by requiring the Weierstrass data (g, f)
to be conjugate-symmetric in Theorem 2.7 of [7], we obtain the following lemma:

Lemma 5.4. Let Q = {f € C(i) : || < 1}and let Q* := Q\{0}. Assume X : Q* —
E$ is a mazimal surface with conjugate-symmetric Weierstrass data (g, f) such
that the end 0 is simple. Then X in a neighbourhood of 0 is asymptotic to one of
the following types:

(1) (ar'cosb, clogr, ar~' cosb),
(2) (ar‘1 cosf + clogr, 0, ar—! cos + clog r),
where (3 :=ret € Q,a e R\{0}, and c € R.

Let 31,82 € C(1)\{0}. If we write §; = r1(cos €y + isin6,) and fBs = ro(cosfy +
isin 6y), where, 7, > 0 and 6, € (—m, 7] for k = 1,2; then Z = B1e + B2e’ € D\{0}
if and only if ; = 0 or 7 and 8, = 0 or 7. ’IN‘herefore7 617‘1€+€2~T29T € D\{0}, where
ex € {1,—1} for k = 1,2, and here we say f|D(51e + pael) = f(errie + eargel).

Now, the behaviour of an end of X depends on the behaviour of X; and X5 in a
neighbourhood of 0. Let Q = (Q1e + Qsef) N D, where Q1 = {8, € C(i) : |31] < 1}
and Qo = {3 € C(i) : |B2| < 1}. Hence, we have the following result:

Theorem 5.5. Let X : Q\S — E? be a timelike minimal surface given by X =
%(Xl +X2)|D. Then X in a neighbourhood of 0 is asymptotic to one of the following
types:
(1) X(qme + egrgeT) = %(qalrfl + 62@27‘2_1, c1logry + cologrs, 61a17”1_1
+ egagrgl)
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(2) X(elrle + egrgeT) = % (elalrl_l + 62a2r2_1 + cologrs, ¢y logry, elalrl_l
+ 62&27“2_1 + o logra)

(3) X(err1e + earqel) = L(erarry ! +erlogr + e2aory ' calog o, erairy !
+cilogry + 62a27"2_1)

(4) X(errie + exrgel) = L(erarry ! +c1logry + €2aary ! + calogra, 0, €1a17y
+cilogry + EQGQTz_l + o logra)

where, €, € {1,—1} for k =1,2, a1, a2 € R\{0}, and c¢1,c2 € R.

Proof of the above theorem can be seen from Proposition [3.1] and Lemma [5.4]

Example 5.6. Recall in Example both X1 and X5 have poles at 0 € C(i).
Consequently, the timelike surface X also has a pole at Oe + 0ef =0 € D\S. The
asymptotic behaviour of X; around 0 is given by:

1 1
(— cosf,2Inry, —— cos91> ,
T1 T1

and that of Xo is:

1 1
(— cosfy,21Inry, —— cos 02> ,
T2 T2

Therefore, X ina neighbourhood of 0 is asymptotic to:

1 € € € €
= <—1 — 2 2logry + 27y, —— — 2) .
2 T1 T2 T1 T2

6. TIMELIKE MINIMAL SURFACE WITH AN ARBITRARY NUMBER OF WEAK
COMPLETE ENDS

The construction of a complete genus zero maximal surface with an arbitrary
number of ends has been studied by P. Kumar and S.R.R. Mohanty in [12]. We aim
to construct a timelike minimal surface with an arbitrary number of weak complete
ends. We have divided this construction into two steps: the first step is to find
suitable Weierstrass data for two maximal surfaces that solve the period condition
on the punctured complex plane, which also satisfies the conjugate-symmetry
property (see Remark . For this, we have to modify the Weierstrass data of a
maximal surface as given in Section 3 of [12].

Let g be a conjugate-symmetric meromorphic function on C(i) u {oo} having
poles only at the points (pg); of order (xy);, where k = 1,2 and i = 1,...,n.
Without loss of generality, for each k we can assume that (py); is real for i =
1,...,n—1and (px), = 00. Now, consider the two conjugate-symmetric holomorphic
functions f; and fy as follows:

n—1 2n—2

_ (a1): i
fi(B) = ; Gl ;0 (b1);5]
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and
n—1 (a2)i 2n—2

R0 = 2 o ¥ Z (02)if%

where (ax)q, (by); are real numbers which are to be determined later.

Next, we define j := gre+goel and f := fie+ foe', which satisfy the equation ,
since g, fr (for kK = 1,2) are conjugate-symmetric. At the same time, we take
(z1); = (w2); for all i = 1,...,n, which will ensure that § = gie + goe’ has a pole
at p; = (p1)ie + (p2)se’ of order (x1);. Moreover, §|D = ¢ has pole at p; of order
(z1)i-

Now only thing is to show that (g, fx) (for k = 1,2) are the Weierstrass data for
some maximal surface X; on C(i) u {0}\{(pk)1,-- -, (Pk)n}. For that, we need to
show there exists a real vector ((a)i, (bg);) € R"™! x R?"~! such that the period
condition, as in Theorem holds on C(i) u {o}\ {(pr)1,---, (Pk)n}. The pair
(gk, fx) satisfies the period condition if the residues of g2 f; and g f) vanish at the
points (pg)1,- - -, (Pk)n—1. This gives us the following homogeneous system of linear
equations in the variables (a); and (by);:

(6.1)  Res(p,), (gfe) =0, Resg,y, (9ife) =0, i=1,...,n—1; k=12

Since g, fr are conjugate-symmetric, the above system consists of at most
2n — 2 linear equations with real coefficients having 3n — 2 variables (ay); and (bg);.
Therefore, the solution space for the system of equations has dimension at
least n. This allows us to choose suitable non-zero vector ((ax);, (bx);) such that
(gk, fr) satisfies the period condition. Then from Proposition we get a timelike
minimal surface with the Weierstrass data (§|D,f|D) in D\({p1,...,Pn-1} + 5)
having ends at p;.

It may happen that for some i (i = 1,...,n — 1), (ax); = 0, in which case (px);
may not be a pole of fi. This implies f |D may not have a pole at p;. Thus, while
the pair (§|D, f |D) gives a timelike minimal surface, it may not be weak complete
around the neighbourhood of the end p;. Hence, we aim to modify f such that p;
becomes a weak complete end. Let us consider the following functions:

2n

(fr)i(Be) = ), (o)

=B — (1))
fori=1,...,n—1, where ((ax);) € R?" such that (g, (fx):) satisfies the period

condition for maximal surfaces and atleast one (ay); # 0. Therefore, we have the
following homogeneous system of linear equations in the variables (ax);:

Res(ﬁk)j (gk(fk)l) = 07 Res(?k)i (g%(fk)l) =0, .7 = 13 RN (e ]-7 k= 172

This gives us 2n — 2 independent linear homogeneous equations with 2n variables.
Hence, there exists non-zero (ay);. Now, if we define Fy := fj + Z:'L:_ll(fk)iy then
(gk, Fy) will satisfy the period condition on C(i) u {o0}\ {(pr)1,---, (Pr)n} such
that all (pg); ’s are poles of g and Fj. Thus, we have §|D = § and F|D = F, both
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having poles at p;, ensuring all endpoints are weakly complete. Consequently, we
arrive at the following theorem:

Theorem 6.1. Given k € N and py,...,pr € D, there exists a timelike minimal
surface X : D\({p1,...,Pr} +S) — E} having k weak complete ends at the points
P1s-- - Pk

Remark 6.2. Now, the constructed timelike minimal surface X with the Weiers-
trass data (Q,ﬁ') is weak complete if the degenerate set of metric hugs (see equa-
tion ) is compact. Clearly, this is not the case unless we assume the domain
of X to be bounded.
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