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Abstract. We describe new classes of dual and hyper-dual numbers whose coefficients
consist of the k-Leonardo numbers. We will call these numbers dual k-Leonardo numbers
and hyper-dual k-Leonardo numbers, respectively. Then we examine several fundamental
properties associated with the dual and hyper-dual k-Leonardo numbers, including recur-
rence relations, Binet-like formula, ordinary generating function, exponential generating
function, and some identities such as Catalan and d’Ocagne.
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1. INTRODUCTION

The sequence of Fibonacci numbers is the most famous of all integer sequences,
which can be found on The Online Encyclopedia of Integer Sequences (OEIS) [13],
identified as A000045. This sequence has been examined and studied in detail in sev-
eral studies, for example, [8], [10], [18]. The sequence of Leonardo numbers, which
can be found on the OEIS [13], is identified as A001595. The Leonardo sequence has
a relationship with the Fibonacci sequence because its recurrence relation is a non-
homogeneous extension of the recurrence relation of the Fibonacci sequence. This
makes the Leonardo sequence more intriguing to researchers. For example, in [3],
Catarino and Borges studied the Leonardo sequence and obtained some significant
formulas for this sequence.

The Leonardo sequence, denoted by {Le,}, is defined for all n > 2 by the nonho-

mogeneous recurrence relation

Le,=Le,—1+Le,—2+1
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with Leqg = Le; = 1. Moreover, for n > 2, the homogeneous recurrence relation of
the Leonardo sequence is given by

Le,y1 =2Le, — Le,_2

with Leg = Le; =1 (see [3]).

Recently, some researchers have studied the distinctive characteristics of some
special sets related to the Leonardo numbers, including dual numbers, Gaussian
numbers, hybrid numbers, hyper-dual numbers, and quaternions. Some examples of
these studies can be found in [1], [2], [9], [11], [12], [14], [15], [16], [17], [19], [20]. In
particular, Karatag defined the dual Leonardo numbers in [9]. For n > 0, the nth
dual Leonardo number, denoted by D Le,, is defined as

DLe, = Le,, +cLey41,

where ¢ is the dual unit. Furthermore, as an extension of dual Leonardo numbers,
Ozkaldi Karakus et al. introduced the hyper-dual Leonardo numbers in [12]. For
n 2 0, the nth hyper-dual Leonardo number, denoted by H D Le,, is defined as

HDLe, = Le,, +ecLent1 +€*Lepio + ce* Leps,

where € and €* are the dual units.
Here, it is useful to briefly remind the concepts of dual and hyper-dual numbers.
The dual numbers were introduced by Clifford [4]. Any dual number d is defined as

d=dy+edy,

where dy and d; are real numbers, and ¢ is the dual unit such that €2 = 0 and
¢ # 0. The hyper-dual numbers were introduced by Fike and Alonso [5], [6]. Any
hyper-dual number hd is defined as

hd = do + edy + €*dy + e€*d3,

where dy, di, d2, and d3 are real numbers, and € and €* are the dual units that
satisfy the rules

(1.1) &%= e = (ee*)2 =0, e#c*, eet=cc, e#0, & #£0, ee*#£0.

In this paper, we consider the generalization of the Leonardo sequence called
the k-Leonardo sequence. This newly generalized Leonardo sequence is defined by
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Gokbas in [7] as follows: Let k be a positive real number. The k-Leonardo numbers
are defined by

(12) Lek,n = kLek’n,1 + Lek,n72 +1, n>=2

with Lekyo = Lekyl =1.
Moreover, the author of [7] gave the recurrence formula as

Lek’nJrl = (k + l)Lek,n + (]. — k‘)Lek’n,l — Lek,n,g, n>=2

with Ley o = Leg1 =1 and Ley 2 = k + 2, and the Binet formula of the k-Leonardo
sequence as

(13) Lek,n =at1" + ﬂtgn + ’ytgn, n =0,
where
(1.4) o (K2 +1)(k2+4— (k—2)VEk2 +4)
’ B 2k(k% +4) ’
6_(k2+1)(k2+4+(k—2)\/k2+4) o1
- 2% (k2 + 4) T TR
k+Vk?+4 k—Vkz+4
(1.5) h=—7b—) tb=—73— h=L

The main objective of this paper is to describe the dual k-Leonardo numbers, and
hyper-dual k-Leonardo numbers as an extension of the dual k-Leonardo numbers.
The dual k-Leonardo numbers is a generalization of the previously introduced dual
Leonardo numbers, and the hyper-dual k-Leonardo numbers is a generalization of
the previously introduced hyper-dual Leonardo numbers. Furthermore, we aim to
investigate some fundamental properties of these numbers.

2. THE DUAL k-LEONARDO NUMBERS

In this section, firstly, we give the definition of the general term of the dual
k-Leonardo numbers. Then we present some formulas and identities for these num-
bers.

Definition 2.1. Let k be any positive real number. For a nonnegative integer n,
the nth dual k-Leonardo number, denoted by Ley, ,,, is defined as

—_~—

(2.1) Lepn = Leg n +cLeg ny1,
where Ley, p, is the nth k-Leonardo number, and ¢ is the dual unit.
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Remark 2.1. If we put £k =1 in (2.1), we get the nth dual Leonardo number
in [9].

Theorem 2.1. Let n > 2 be an integer. Then we have
(22) Lek,n = k‘Lekm,l + Lek,n,g + (]. + 6)
Withl//(;;): 1+e¢ andl//(;;,/l =1+e(k+2).

Proof. If n =2, then we get

kLent + Leno + (1+¢) = k(1 +e(k +2)) +2(1 +¢)
= (k+2)+e(k® + 2k +2)
= Lepa +cLlegs

—~—

= Ley,2,

by virtue of (2.1).
If n > 3, then from (1.2) and (2.1) we get

—_~—

Legn = Legn +eLleg ni1
=kLegn—1+ Legn—o+1+e(kLegn + Legn_1+1)
= k(Legn-1+eLlekr) + (Legn—2 +eLlegn_1)+ (1 +¢)
— kLep1+ Lep o+ (1+2).

O

On the other hand, from the recurrence relation in (2.2), we can derive the follow-
ing recurrence relation for the dual k-Leonardo numbers:

—~—

(2.3) Lewnsr = (k+ 1) Lepn + (1 — k) Lepn1 — Lewn2, 13> 2.

Throughout this section, let ¢1* := 14¢tq, to* := 1 +¢to, and t3* := 1 +¢&t3, where
t1, t2, and ¢3 are defined as in (1.5).

Theorem 2.2. Forn > 0, the Binet-like formula of the dual k-Leonardo numbers
is
(2.4) Lekn = oty ™1™ + Bta™ta™ + yt5™ts",
where «, f3, 7, t1, ta, and tg are defined as in (1.4) and (1.5).
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Proof. The proof is clear from (1.3) and (2.1). O

Theorem 2.3. The ordinary generating function of the dual k-Leonardo numbers

is

ZL l+e—(k—e)z+ (k—¢e)x?
R Wy AR § e oy e g

Proof. From (2.3) we obtain

= E Lep nx"™ = Leg o + Lep 1z + Leg ox” + E Lej nx"
n=0 n=3

o0
= L€k70 + Lek’1$ + Lek’2$2 + Z k+1 Lek n—1

+ (1 —k)Legn—2 — Legp—3)z"

= [/,._97;) + [ié;;m + [Té;;xz +(k+ 1)z Z Lekm_lx”_l
n=3

> —_——— > —_———
x? E Lekm_gx”_Q — 3 E Lekm_gx”_g
n=3 n=3

= 56\1;) + fe\z:w + fe\z:zxZ —(k+ 1)x(fe\k,/1x + Ee\k:)) -(1- k)x2fe\k7)
+(k+ Daf(@) + (1 - k)2® f(2) — 2* f(2).

Then we find

F@) (1= (k+ Dz — (1 —k)2® +a°) = Lero + (Leps — (k+ 1) Lep o)z
+ (Leps — (k+1)Lepy — (1 — k) Lego)2?
=14ce+ (=k+e)x+ (k—e)x?

by virtue of Lepo = 1+¢, Legy = 1 +e(k+2), and Leps = k + 2+ e(k2 + 2k + 2).
Thus, we get

l+e—(k—e)z+ (k—¢)x?
1—(k+1)x—(1—k)z2+ a3

flz) =
O

Theorem 2.4. The exponential generating function of the dual k-Leonardo num-

bers is
n

o
—~—7
ZLek,n — Oétl* t1x+ﬁﬁ2* tox +’yt3* tg:c
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Proof. Using (2.4), we have

i n
* * * z
ZLekn . Z (at1™t1" + Pla"t2" +yts™ts")
oo n
tix
zat1*2(1|) + Bty* Z(
n=0 e n=0

— Oétl*etlx +Bt2*et2z +'yt3*et3z.

The following result follows from Theorem 2.4.

Corollary 2.1. The Poisson generating function of the dual k-Leonardo num-
bers is

s —
ZLek,n%e_x — atl*e(tl_l)” +/6t2*e(t2—1)x —l—’yf,g*e(ts_l)x.

From now on, throughout this paper, let Uy := (k? + 1)/vVk2 + 4, Uy := (k—2) —
VEk2+4, and U3 :=VEkZ+4+ (k—2).

Theorem 2.5 (Catalan’s Identity). For nonnegative integers n and r such that
r < n, we have

—_~—

Lek,n—rLek,n-i-r - (Lek,n)Q
2

LRV
1 n—r r \2

U, 0s
T (24 (Vo + 4" (2" — 1)

224 (Ws + )" " (4" — t3")?

Proof. By virtue of (2.4), we get

—_~—

Lek,n—rL;I;r:-r - (fgk,/n)z
= (a1 "ty 4 Btttz ts" ) (at T+ Bta te" T 4 vtz ¥ 3" )
— (ot " t1"™ + Bta ta"™ + yts*ts")?
= afti "t (i) (07— t2")? + aty "t (tats)" T (0 — ts7)°
+ Byta*ts* (tats)™ " (ta" — ts")?.
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Since «, B, v, t1, t2, and t3 are defined as in (1.4) and (1.5), we can obtain the

following;:
(k2 +1)? (B +4— (k- 2)VE2+4)
(2:5) By T 22(k2 1 4) ’
B+ )R+ 4+ (k- 2)VE2 + 4)
pr=- 262 (k2 + 4) ’

tito = —1, titg =t1, tots=1ts.

Moreover, from t1*, to*, and t3*, the following holds:

((k+2)+2

(26) t1¥ " =1+ ek, th't3* =1+¢

<(k+2)—2

Y

to*ts* =1+¢

Using the equalities in (2.5) and (2.6), we have

Lek,n—rLek,n+r - (Lek,n)Q
2 2
_ %(1 k) (=) (0 — ")
(k2 + 1) (k2 +4— (k—2)VEZ + 4)
a 2k2(k2 + 4)
(1 +e€ <(k +2) +2 B2 5 4>>t1nr(t1r —t37)?
(K> 4+ 1)(K* + 4+ (k—2)Vk2 +4)
2k2 (k2 + 4)

( ( (k+2)— +4>)t2"_”"(t2”" Ty
(

- (k2 + 1)2%% ") (94 (k- 2) + VIR T AT (07— 1)
NG 1)2%@ =) 04 e ((h+2) — VR D" (" — t57)?

- @712(1 +ek) (=1 (0 — 1) + @41;;1;2 (2+ (W5 +4))t" " (02" — ts")?
N %;2{3 (2+ (W2 +4))1" " (2" — t37)*.
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Corollary 2.2 (Cassini’s Identity). For n > 0 we have

—_~—

Lek,n— 1 Lek,n-{-l - (Lek,n)Q

_ % <\111(1 +ek)(=1)" (K + 4) — %(2 +e(Tg+ 40"

—~—

v
s R e )

Proof. Taking r = 1 in Theorem 2.5, we obtain

—_~—

Lekn-1Lenni1 — (Legn)?

—_~—

‘1’12 n—1 2, W1y n—1 2
= T(l + Ek‘)(—].) (tl — t2) + Ak2 (2 + 6(\:[/3 + 4))t1 (tl — tg)
U, 0 -1 2
- 152 (2 + E(\I’Q + 4))t2n (tz — f,g) .
From tq, t2, and t3, we find
k—2)+Vk?+4
(2.7) t1 —to = VK2 + 4, tl—t?,:( )+2 + :
(k—2)—Vk?+4
to — i3 = .
2
Using (2.7) and after some necessary calculations, the desired result can be obtained.

O

Theorem 2.6 (d’Ocagne’s Identity). For nonnegative integers m and n such that
n < m, we have

— o~ T, 2
Legny1Lerm — LegnLegmi1 = Tl(l +ek) ()" VE2 +4(t T — 1)
o
+ 2—;(2 Fe(Ts 4+ A" (™" =t
v
- 2—;(2 + (g + 4))ta™ (t " — tg™ ™).

Proof. From (2.4), we get

—~—

Legnt1Ley,m — Leg nLeg,my1
= (et "t 4 Bta ta™ T yta 3" ) (it Tt ™ + Bl ™ + s ™)
— (a1t + Bta*ta™ 4+ ytz*ts™) (ot ¥ty T 4 Bta*ta™ T £ yta*ts™ )
= aft1 "t (t1te)" (t1 — ta) (L7 — ™7 ")
Tyt Mt (tts) (b — t3) (8™ — ™)
+ B'ytg*tg*(tgtg)"(tg — tg)(tgmfn — tgmfn).
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Using (2.5), (2.6), and (2.7), we have

—_~—

Lek,n+1Lek,m - Lek,nLek,m—H
(k* +1)2

= intt ek)(—1)" VK2 + 4(t, ™ — 1)
02D (oob (b4 2) + VIR DI (07 1)
— 2]5)]62]:2' —1*—)4(2 + 6((/(3 + 2) _ \/m»th(tzm,—n _ tgm—n)

v
- 71(1 +ek)(=1)"TIVEZ 4 4™ — t™ )

i
+ 2—1;(2 +e(Ug + )t (™" — ™)
Wy

— 5 (24 e(Ta + 4t (8" — "),

3. THE HYPER-DUAL k-LEONARDO NUMBERS

In this section, we define and study the hyper-dual k-Leonardo numbers.

Definition 3.1. Let k be any positive real number. For a nonnegative integer n,
the nth hyper-dual k-Leonardo number, denoted by H Ley, ,,, is defined as

—_~—

(3.1) HLey,, = Leg,n +cLegpny1 + 5*Lek7n+2 + E€*Lek7n+3,

where Ley, , is the nth k-Leonardo number, and ¢ and £* are the dual units in (1.1).

Remark 3.1. If we put £k = 1 in (3.1), we get the nth hyper-dual Leonardo
number in [12].

Theorem 3.1. Let n > 2 be an integer. Then we have
(3.2) HLep, = kHLep 1+ HLepp o+ (1+¢+ & +ce¥)

with HLepo = 1+ ¢ + (k + 2)e* + (k2 + 2k + 2)ec* and HLep, = 1+ (k + 2)e +
(k2 + 2k + 2)e* + (k3 + 2k? + 3k + 3)ec*.

Proof. The proof is very similar to that of Theorem 2.1, so we omit it. O
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From the recurrence relation in (3.2), the following recurrence relation for the
hyper-dual k-Leonardo numbers can be deduced:

(33)  HLepny1 = (k+1)HLepn + (1 — k)HLegp—1 — HLepn_o, 03> 2.
Proposition 3.1. Let H/I_/\e_k/m be the nth hyper-dual k-Leonardo number. Then

e~
HLeyy —eHLegni1 —e"HLep pto —ec*HLeg i3 = Leg, — 2™ Leg pt3,

J—
HLepy —eHLegnt1 +e"HLeg pyo —ee*HLeg nt3 = Legn + 26" Leg 2.

Proof. From (1.1) and (3.1), the proof is straightforward. O

Throughout the rest of this paper, let £; := 1 +t1e +t12e* +t1%ee*, £y := 1 +toe +
to2e* + to3ec*, and t3 := 1 + t3e + t3%e* + t33ec*, where t;, to, and t5 are defined as
in (1.5).

Theorem 3.2. For a nonnegative integer n, the Binet-like formula of the hyper-
dual k-Leonardo numbers is

(3.4) HLekm =at1t;" + 6£2t2n + 72?3!‘3”,

where «, f3, 7, t1, ta, and tg are defined as in (1.4) and (1.5).

Proof. The proof is clear from (1.3) and (3.1). O

Theorem 3.3. The ordinary generating function of the hyper-dual k-Leonardo

numbers is
g(z) = ZHTé;nx”
n=0
 HLepo+ (HLepy — (k+ 1) HLego)x
1—(k+1)xz—(1-ka2+23
(HLepo — (k+ 1)HLep1 — (1 — k)HLeg.0)2?
1—(k+1)x—(1-k)a2+a3 '
Proof. Let

(3.5) g(x):H/L\ezo—f—H/L\e;lx—i—H/L\CZQxQ—|—...—|—H/L\e;nx"+...
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Then multiplying (3.5) by —(k + 1)z, —(1 — k)22, and 2, respectively, we obtain

(3.6) —(k+1)ag(z) = — (k+1)HLegox — (k + 1)HLeg 122
— (k+1)HLepoa® — ... — (k+1)HLepn 12" — ...,
(3.7) —(1—k)ag(x) = — (1 - k)H Leyox® — (1 — k)H Ley, 12°
—(1—k)HLepoa* —...— (1 — k)HLepn_s2™ — ...,

and

P

(3.8) 23g(x) = HLeg ox® + H/Eék/,lm‘l + I{/i/\e_k/,2$5 +...+ H[//é\k_;_:;.l?n +...
From (3.5), (3.6), (3.7), and (3.8), we get

(1= (k+ Dz — (1— k)2 + 2%)g(x)
— HLepo + (HLepy — (k +1)HLep o)z
+ (HLegs — (k+1)HLep — (1 — k)H Leg )

[ee]
+ > (HLegy — (k+ 1)HLex 1 — (1 — k)HLeyn—2 + HLeg n—3)z"
n=3

Using the recurrence relation in (3.3), we have

(1—(k+ 1)z — (1 —k)2* +2°)g(x)
= HLepo+ (HLegs — (k+ 1)HLep o)z
+ (HLegs — (k+1)HLep — (1 — k) H Leg )

Then it follows that

—~—

HLek,O =+ (ml — (k + 1)I’I/L\€;0)J)
1—(k+1)xz—(1-ka2+23
(HLers — (k+ 1)HLeg, — (1— k) HLeyo)a?
1—(k+1)x—(1-k)a2+a3

g(z) =

O

Theorem 3.4. The exponential generating function of the hyper-dual k-Leonardo
numbers is

Z HLek n— = ate"* 4 Btye'?® 4 ytzels®
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Proof. Using (3.4), the proof can be done in a similar manner to Theorem 2.4.
O

The consequence of Theorem 3.4 is given in the following.

Corollary 3.1. The Poisson generating function of the hyper-dual k-Leonardo

numbers is
X~ g
Z HLekm—'e_’” — afle(tl—l)x + 6526(152—1)36 + ’yfge(ts_l)x.
— n!
Considering the multiplication rules of the dual units in (1.1), the next results can
be derived.

Lemma 3.1. For ty, t2, and t3, the following identities are true:

tity = (14 ke)(1 + (K* + 2)e%),
- (24 (W3 +4)e)(2 + VE2 + 4(V3 + 2)e¥)

13 = 4 )
£E = (24 (U +4)e)(2— VE2+4(Ts + 2)e*)
203 — 4 .

Theorem 3.5 (Catalan’s Identity). For nonnegative integers n and r such that

r < n, we have

—_~—

HLegpn HLepnir — (HLepn)?

] 2
= (U ke)(1+ (K + 2)e) (- 1)" 7 (07 ~ £27)
MRV
+ 81k22 (24 (U3 +4)e)(2+ VE2 +4(T3 +2)e")t," " (1" — t37)?
LR
= S22 (2 + 92— VR (W2 + D))" (1 — 157

Proof. From (3.4), we find

HLepp-rHLexpsr — (HLen)®
= (ad1t1" 7" + Blata™ " + ytats" ") (a1t " + Blata" T + ytsts" )
— (atyty™ + Blats™ 4 yists™)?
= aftita(tita)" " (L7 — ta")? + anytita(titz) (" — t37)?
+ Brytats(tats) " (ta" — t3")%
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By (2.5) and Lemma 3.1, we get
HLegpnwHLepnir — (HLegp)?
(kQ + 1)2 2 * - 2
= (1 ke)(1+ (K24 2)e") (= 1)" " (t," — to"
g TR (R 2 ()T~ T
(R HDWE 4= (F—2))(2+ (T3 +4)2) (2 + VE? + 4(V3 + 2)e*)
8k2VEk? 4+ 4

% tlnfr(tlr _ t3r>2
(R HDWVE 44 (F=2))(2+ (P2 +4)e) (2 — VE2 + 4(V2 + 2)e%)

8k2VE? + 4
X £ (ts" — t37")2
- ‘I’k{ (1+ ke)(1+ (K + 2)) (~1)" 7 (02" — ")
+\I'81]f;2(2+(x1/3+4 (24 VE? + 4(Tg + 2)e*) 0" (1" — t37)>
- S (B + 92)(2 — VI AW + 20 )" (1 —

Taking » = 1 in Theorem 3.5, we have the following:

Corollary 3.2 (Cassini’s Identity). For a positive integer n, we have
y

—~—

Hf@z,/n 1HLegni1 — (HLey,n)?

_ ‘I’k{ (1+ ke)(1+ (k2 + 2)e") (—1)"~2 (k2 + 4)

U,
- ék3(2+(%+4 )2+ VK2 4 4(Ts5 + 2)e

v,
+ ;k 2(24 (Uy + 4)e) (2 — VE? + 4(Ty + 2)*) "L

Theorem 3.6 (d’Ocagne’s Identity). For nonnegative integers m and n such that

n < m, we have

HLey, n+1H/LZ,:m — HLeyn HLepmin
7S
(U ko) (L4 (K 4 2)e) VA2 + 4(=1)" (0" = ™)

0,
F (24 (W3 + 4)e) (2 + VE2 + 4(U3 + 2)e) " (™" — 1™

ik
v
— o 2 (T2 +4)e)(2 = VR +4(Ty + 2)e )" (1" — 137",
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Proof. From (3.4) we get

P e N T

HLey pi1HLeyym — HLey nHLey m+1
= (abyty"t' + Blaty" T + ylsts™ ) (afity™ + Blata™ + ists™)
— (abita" + Blats™ + ylaty™) (ality ™! + Blata™ T + Alats™ )
= aftita(tite)" (t1 — t2) (L™ —t1™7")
+ aytits(tits)" (b1 — t3)(t3™ " — ™)
+ Btats(tats)" (ta — t3)(t3™ " — t2™ 7).

Using (2.5), (2.7), and Lemma 3.1, and after some necessary calculations, the desired
result can be obtained. O

4. CONCLUSION

In the present paper, firstly, the dual k-Leonardo numbers are defined, and several
properties involving these numbers are studied. These newly defined dual numbers
are the generalized form of the previously introduced dual Leonardo numbers given
in [9]. After that, as an extension of the dual k-Leonardo numbers, the hyper-dual
k-Leonardo numbers are defined, and many formulas and identities for these numbers
are obtained. The hyper-dual k-Leonardo numbers are the generalized form of the
previously introduced hyper-dual Leonardo numbers given in [12].
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