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Abstract. The concept of standard ideals in lattices, introduced by G.Gritzer and
E. T. Schmidt, plays a significant role in the development of lattice theory. It serves as
a generalization of normal subgroups in groups and ideals in rings to lattices. Similarly,
the notion of distributive ideals, introduced by O. Ore, is another important tool in lattice
theory. Building on these ideas, we extend the concepts of standard ideals and distribu-
tive ideals to the broader context of trellises. A trellis is a pseudo-ordered set where every
pair of elements has both the least upper bound and the greatest lower bound. Within
this framework, many of the results of Gritzer and Schmidt are effectively generalized to
trellises.

Keywords: trellis; weakly-associative lattice; pseudo-ordered set; standard ideal; dis-
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1. INTRODUCTION

Let L be a lattice. An ideal S of L is called standard [4] if S is a standard element
of the ideal lattice I(L), that is, if

(1.1) INSVI)=IANS)VIANJ) forall I,JeI(L).

An equivalent condition for the ideal S to be a standard ideal of L [4, Theorem 2] is
that the binary relation © defined on L, where for a,b € L, a = b (0) if and only if
aVb = (aAb)Vs for some s € S, is a congruence relation on L. Anideal D of L is called

distributive [3, Definition II1.3.1], if D is a distributive element of I(L), that is, if

(1.2) DV(IAJ)=(DVI)A(DVJ) foralll,JeI(L).
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Again, an equivalent characterization of the ideal D as a distributive ideal of L
(see Theorem II1.3.4 of [3]), is that the binary relation © on L, defined by declar-
ing x =y (O©) for z,y € L whenever there exists some a € D such that z Va =
y V a, is a congruence relation on L. These two concepts, together with the con-
cept of a meutral ideal, form an integral part of the development of lattice the-
ory. Standard ideals play the same role for lattices as normal subgroups do for
groups and ideals do for rings. In this work, we generalize the concepts of stan-
dard ideals and distributive ideals to certain generalizations of lattices, namely to
trellises.

The concepts of a pseudo-ordered set (psoset for short) and a trellis (also known
as a weakly-associative lattice) were first introduced independently by Fried [2] and
Skala [6]. A pseudo-order defined on a nonempty set P constitutes a reflexive and
an anti-symmetric relation < on it, making (P, <) a pseudo-ordered set. If a pseudo-
order is transitive, then it is a partial order. The notions of upper (lower) bound,
least upper bound, and greatest lower bound in psosets are defined analogously to
those in posets. A trellis T is essentially a psoset in which each pair of elements
possesses both a least upper bound and a greatest lower bound. A lattice is a trellis
whose pseudo-order is a partial order. An equivalent definition of a trellis (see [7])
is that it is a nonempty set T, together with two binary operations A and V on it,
satisfying the following three conditions:

(i) Commutativity: aAb=bAaandaVb=>bVaforall abeT.
(ii) Absorption: a A (bVa)=aV (bAa)=aforalla,beT.
(iii) Part-preservation: aV ((a Ab)V (aAc)) = aA ((aVb)A(aVc)) = a for all
a,bceT.

The pseudo-order on (T, A,V) is defined by: for a,b € T, a < b if and only if
aANb=aand/oraVb=">b A trellis T is called normal [5] if a Ab < a Vb for all
a,beT.

Let T be a trellis with pseudo-order <. A nonempty subset I of T is called an
ideal of T if it satisfies the following conditions: whenever a,b € I, then a Vb € I;
and whenever € T and a € I with x < a, then © € I. The ideal generated by
a nonempty subset H of T is the intersection of all ideals of T' containing H, and it
is denoted by (H]. If H = {a}, then we write (a] in place of (H]. An ideal I of T is
called principal if I = (a] for some a € T'.

The notions of a congruence relation © on a trellis 7" and the quotient trellis 7'/©
are defined standardly. For an element a € T, the congruence class of T' containing a
is denoted by [a]©. If T/O has a least element [a]® for some a € T, then I = [a]©
is an ideal of T', called the ideal kernel of ©. For a nonempty subset H of T, the
congruence relation generated by H, denoted by O[H], is the smallest congruence
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relation on 7" under which all pairs of elements of H are congruent. For an ideal I
of T', the quotient trellis T/O[I] is denoted by T'/I.
A trellis T is said to be modular [7] if for every z,y,z € T with z < z,

(1.3) xV(yAz)=(xVy)Az.

An element d of T is called distributive [5] if d is V-associative, that is,

(1.4) dVv(zVy)=(dVvz)Vvy forallz,yeT,
and
(1.5) dV(zAy)=(WdVz)A(dVy) forallz,yeT.

Finally, T is called sectionally complemented [1] if T" has the least element 0, and for
every a,b € T with b < a, there is ¢ € T such that bAc=0and bV c = a.
For terminologies and notations not mentioned here, the reader may refer to [3],

(4], [6], [7].

2. STANDARD IDEALS IN TRELLISES

Definition 2.1. An ideal S of a trellis T is called a ‘standard ideal’ if S is
normal, and the binary relation © defined on T by for a,b € T, a = b (0) <
JdseS: aVvb=(aAb)Vs,is a congruence relation on 7'

Remark 2.1. If T is a lattice, the definition in Definition 2.1 coincides with the
previously established definition of standard ideals in lattices.

Theorem 2.1. Let S be a standard ideal of a trellis T. Define a relation © on T
by fora,b € T,a=b (©) & 3Is€S: aVb=(aAb)Vs. Then ©® =0[S], and S is
the ideal kernel of O[S].

Proof. Since S is a standard ideal of the trellis T', the relation © is a congruence
relation on T. Let a,b € S. As S is normal, a Ab < aVb Put s =aVb Then
se€Sand aVb=(aAb)Vs. Thus a=0b(0). Consequently, a = b (0) for all
a,b € S, and hence ©[S] < O. Next, suppose a = b (0) for some a,b € T. Then
aVb=(aNb)Vs for some s € S. As s, (aAb)As €S, we have (aAb)As = s (O[S)).
Hence, aAb=(aAb)Vs=aVb (O[S]). Therefore, a = b (©[S]). Thus © < O[S],
and hence © = O[S].

Let a =b (©[S]) witha € T and b € S. Then a Vb= (a Ab) Vs for some s € S.
Since a Ab € S, we get a Vb € S, and hence a € S. Thus, S is the ideal kernel of
O[S5]. O
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Remark 2.2. If every ideal of a trellis T is a standard ideal, then it follows
from the above theorem that every ideal of T is the kernel of a congruence relation,
that is, T is a Hashimoto trellis (see [1]), and hence I(T) is a distributive lattice
[1, Theorem 3.6]. However, the converse does not hold. For example, consider the
trellis 7" in Figure 1 (the dashed line indicates the removal of transitivity between its
end points). Clearly, the ideal lattice I(T') is a distributive lattice, but not all ideals
of T are standard. In fact, the ideals S; and Sy are not standard.

oT=1{0,a,b,¢d,1}

(@] 53 = {07 a, ba C}

(e} SQ = {07 a, b}
a (B o S1=1{0,a}
00 o {0}
A trellis T The ideal lattice I(T)

Figure 1. A trellis 7" and the corresponding ideal lattice I(T').

Lemma 2.1. Let S be a standard ideal of a trellis T. Then for any ideal I of T,
every element of I V S can be expressed as x V s for some x € [ and s € S.

Proof. Using [1, Lemma 3.4], we have I VS = |J A, where Ag = TU S and

forn>1, n=0

(2.1) A, ={a€eT: a<dplay,...,a;) for some k > 1,

where p is a trellis polynomial and a; € A,,_; for 1 < j < k}.

We now prove, by induction on n, that every element of A,, can be written as x V s
for some z € I and s € S. The assertion holds trivially for n = 0. Assume that
the assertion holds for some n > 0. Let a € A,,41. Then a < p(aq,...,a;) for some
k > 1, where p is a trellis polynomial and a; € A, for 1 < j < k. By the induction
hypothesis, for each j, there are elements z; € I and s; € S such that a; = z;Vs; for
each j. Note that a; = z; (©[5]) for each j, and hence p(ai,...,ar) =p(z1,...,2k)
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(©[S]). Thus, a = a A plai,...,ar) = a A p(x1,...,z,) (O[S]). The definition
of ©[S] implies now that a = (a A p(x1,...,2x)) V s for some s € S. Note that
aAp(xy,...,z,) € I. This completes the proof of the lemma by induction. O

Remark 2.3. The converse of Lemma 2.1 holds in the case of lattices [4, The-
orem 2|, but not in the case of trellises. For example, consider the ideal Sy of the
trellis 7" in Figure 1. Clearly, for any ideal I of T, every element of I V S; can be
written in the form z V s for some x € I and s € S;. However, S is not a standard
ideal of T'.

Theorem 2.2. Let S be a standard ideal of a trellis T'. Then S is a standard
element of the ideal lattice I(T).

Proof. Using the fundamental characterization theorem of standard elements
in lattices [4, Theorem 1], it is sufficient to show that the binary relation ©g on I(T)
defined by for I, J € I(T), [ = J (Og) & 35, € I(T), 51 CS: IVJ=(INJ)VSi,
is a congruence relation on I(T).

Since S is a standard ideal, the binary relation © defined on T by for a,b € T,
a=b(©) < IseS:aVvb=(aAb)Vs,is a congruence relation on T. Now, define
a binary relation © on I(T) by: for I,J € I(T), I = J (©) if and only if for each
a € I there is b € J such that a = b (0), and for each b € J, there is a € I such
that a = b (©). Then O is a congruence relation on I(7T), by [1, Lemma 3.5]. We

complete the proof by showing that ©g = O.

Let I,J € I(T), J=1 (©) and I C J. Let y € J be arbitrary. Since J = I (©),
there is « € I such that z =y (0), and hence zVy = (x Ay) V sy, for some s, € S.
Note that x Vy € J, and so sy, € J. This holds for every y € J. Let S; be the ideal
of T generated by all such s,,. Then S; C S and J =1V S5;. All 55y € J imply
S1 C J,and so I V.S; C J. For the reverse inclusion, consider any y € J. Then
there is € I and s, € S such that zVy = (x Ay) V szy. Note that x Ay € I, and
hence x Vy = (x Ay) V 83y € IV S1. Thus, y € IV Sy. Therefore, I = J (Og).

Next, let I,J € I(T), J =1 (©g) and I C J. Then J = IV S for some Sy € I(T)
with S; € S. Let be J. Then b € IV S, and hence b = a V s for some a € I and
s € S by Lemma 2.1, as S is a standard ideal of T'. Then clearly a = b (6). Hence,
for each b € J, there is a € I such that a = b (0). Also, for each a € I, thereis b € J

such that a = b (0), as I C J. Thus, J =1 (0O).
Hence ©g = ©. This completes the proof. O

Remark 2.4. The converse of Theorem 2.2 does not hold for trellises. Consider
the trellis 7' in Figure 1. The ideals S; and Sy are standard elements of I(T), but
they are not standard ideals of T'.

o577



Lemma 2.2. Let S be a standard ideal of a trellis T', and I be an arbitrary ideal
of T. Then S N1 is a standard ideal of the trellis I.

Proof. Define a binary relation ® on I by: for a,b € I, a = b (®) if and only
ifavVb=(aAb)V s for some s € SNI. We need to prove that ® is a congruence
relation on 1.

Since S is a standard ideal of T', the binary relation © defined on T by for a,b € T,
a=b(0)=IseS:avb=(aAb)Vs, is a congruence relation on 7.

Clearly, @ is the restriction of © on I, and hence ® is a congruence relation on 1.
Therefore, S N I is a standard ideal of the trellis 1. O

The following is an extension of the first isomorphism theorem for standard ideals
in lattices [4, Theorem 13], to trellises.

Theorem 2.3. Let S be a standard ideal of a trellis T, and I be an arbitrary
ideal of T. Then S N1 is a standard ideal of the trellis I, and

(2.2) (IVS)/S=I/(InS).

Proof. The isomorphism statement can be proved by using the first general
isomorphism theorem of Rédei [4]. We have to prove that every congruence class,
modulo ©[S], of the trellis I V S may be represented by an element of I.

Let x € IV S. Since S is a standard ideal, using Lemma 2.1, we have t = a V s
for some a € I and s € S. Then clearly = a (O[S]), and hence [z]O[S] = [a|O[5],
where a € I. This completes the proof. O

Theorem 2.4. Let S be a standard ideal of a trellis T', and let I be an arbitrary
ideal of T. Then we have the following isomorphism of two intervals in I(T):

(2.3) [InSI]=[S,1VS].

An isomorphism is given by the correspondence

(2.4) Xx3xvSs (XelIns,I).
The inverse correspondence is

(2.5) Yy 3ynI (YelsIvs]).
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Proof. Since S is a standard ideal of T';, by Theorem 2.2 we get that S is
a standard element (and thus a distributive element) of the ideal lattice I(T"). Hence,
it follows that the map ® is a homomorphism.

To prove ® is one-to-one, let X1, Xo € [I NS, I] be such that SV X; = SV Xo.
Note that SNX, = SN(X1NI) = (SNI)NX; = SNI, and similarly, SN X, = SNI.
Since S is a standard element of I(T"), S can have at most one relative complement
in any interval containing it [4, Theorem 1], and hence it follows that X; = X».

Next we prove that U is the inverse of ®. Let Y € [S,I Vv S]. Then since S is
a distributive element of I(T"), we get ®(¥(Y)) = (Y N)vS=(YVvS)Nn(IVS)=
YN({IVvS)=Y. Also, for any X € [INS,I], as S is a standard element of I(T), we
have ¥(®(X) = (X vS ) NI=XnNnD)v(SN)=Xv({InS)=X.

This completes the proof of the theorem. ([

The following is a generalization of [4, Theorem 11], to trellises.

Theorem 2.5. Let T be a sectionally complemented normal trellis. Then, an
ideal kernel of a congruence relation on T is a standard ideal of T. Furthermore,
every standard ideal is the kernel of precisely one congruence relation.

Proof. Letanideal S of T be the kernel of a congruence relation ©® on 7. Then
clearly OS] < ©. To show S is a standard ideal of T, define a relation ® on T by:
fora,beT,a=b(®)if and only if a Vb = (a Ab) Vs for some s € S. We show that
¢ =0.

Let a,b € T and a = b (0). The trellis T is normal and so a Ab < a V b.
Since T is sectionally complemented, there is s € T such that (e Ab) Vs =aVb
and (a Ab)As=0. AsavVb=aAb(0), weget (aVb)As=(aAb)As (O). But
(aVb)As=[(aAb)Vs]As=s. Therefore s =0 (0), and so s € [0]© = S. Hence,
we have a Vb= (a Ab) Vs, where s € S. Thus, a =b (D).

Next, let a,b € T and a = b (®). Then a Vb = (a Ab)V s for some s € S.
Clearly, (a Ab) A s =s (©]S]). This gives (a Ab) As =5 (0), as O[S] < ©. Hence
aANb=sV(aAb)=aVb(0). Thus a=0b (0).

Therefore © = ® and hence & is a congruence relation, which implies that S is
a standard ideal of T'. Hence, we get ® = ©[5], and so © = O[S]. This shows that
if S is the ideal kernel of a congruence relation © on 7', then © = ©[S]. Hence, every
ideal kernel of a congruence relation on 7T is the kernel of at most one congruence
relation on T. Now, since every standard ideal of T is the kernel of at least one
congruence relation on 1" by Theorem 2.1, it follows that every standard ideal of T
is the kernel of precisely one congruence relation on 7. ([l

Below we have a generalization of [4, Lemma 8], to trellises.
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Theorem 2.6. Let S be a standard ideal of a trellis T, and I be an arbitrary
ideal such that both I V S and I A S are principal. Then I itself is principal.

Proof. Let IVS = (aland INS = (b]. Asa € IV S, and S is a standard ideal,
it follows that a = x V s for some z € I and s € S, by Lemma 2.1. We prove that
I=(zVbl.

We first note the following. Let w € I with w > x V b. Then

(2.6) (@) =SVIDSV(w 2S5V (xVvd 2SV(z] D (sVa]=/a]
Thus, SV (w] = SV (z V b]. Furthermore,
(2.7) (bl=SNID>SN(w 28N (xVb2DSn(b = (b,

as (b =SNICS. Thus, SA (w] =S A(xzVb]. Now, as S is a standard element of
the lattice I(T'), it cannot have more than one relative complement in any interval
containing it [4, Theorem 1]. Thus (w] = (x V b].

We now show that I = (xVb]. Asx,b € I, we have Vb € I, and thus (zVb] C I.
To prove the reverse inclusion, consider any p € I. Put w = pV (x Vb). Then
w € I and w >z Vb. It follows from the above that (w] = (z V b]. Now as p < w,
p € (w] = (x V b]. Since p € I is arbitrary, we have I C (x V b). O

Corollary 2.1. Ifthe join and meet of two standard ideals in a trellis are principal,
then each of these standard ideals must be principal.

Theorem 2.7. Let S; and Ss be any two standard ideals of a trellis T. Then
@[51 N SQ] = 9[51] N @[SQ]

Proof. Clearly, ©[S;NSs] < OS] and ©[S1NS2] < O[S2]. Thus B[S1NS3] <
O[S1] N O[Ss].

Let a = b (O[S1]NO[S2]). Then a = b (O[S1]) and a = b (O[S2]). The first
congruence implies that a Vb = (a A b) V s1 for some s; € S1, as S is a standard
ideal. Using this with the congruence a Vb = a A b (©[S2]), we have s; = (a V) A
s1 = (@ ADb) A sy (OS2]). As Ss is a standard ideal, there is so € Sy such that
s1 = ((@AD) A s1)V sa. Note that so < s7 and hence so € S; NSy, Then clearly
((aAND)As1) A sy =s2 (©]S1NS2]). Thus (aAb)Asy = ((aAD)As1)V sa = s1
(©[S1 N S3]). Consequently, a Ab=s1V(aAb) =aVb(B[S;NS3]). Thus a =b
(©[S1 N Ss]). Therefore O[S;] N OS] < O[S1 N Sa]. O

Theorem 2.8. Let I and J be any two ideals of a trellis T'. If either of these two
ideals is a standard ideal, then O[I vV J] = ©[I] V O[J].
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Proof. Clearly, ©[I] < ©[IV J] and ©[J] < ©[I V J]. Hence O[I] Vv O[J] <
©O[I v J]. To prove the reverse inequality, we prove that a = b (©[I] vV ©[J]) for all
a,belVJ.

Let a,b € IV J. As either I or J is a standard ideal, by Lemma 2.1, it follows
that a = i1 V j; and b = iy V jo for some i1,i2 € I and ji1,j2 € J. Clearly, iy = io
(O[I]) and j1 = j2 (©[J]). Consequently, a = i1V j1 =iz V jo =b (O[] vO[J]). O

3. DISTRIBUTIVE IDEALS IN TRELLISES

Definition 3.1. An ideal D of a trellis T is said to be ‘distributive’ if the re-
lation © on T, defined by for z,y € T, z =y (0) & Ja,b € D: xVa=yVb,is
a congruence relation on 7'.

Remark 3.1. IfT is alattice, then Definition 3.1 is equivalent to the previously
existing definition of distributive ideals in lattices.

Theorem 3.1. Let D be a distributive ideal of a trellis T'. Define a relation ©
onT by: forz,y € T, x =y (O©) if and only if x Va = y Vb for some a,b € D. Then
© = O[D]. Furthermore, D is the ideal kernel of ©.

Proof. Letz,y€e D. Puta=a2Vy. Thena € DandzVa=yVa=xVy.
Hence z = y (©). Consequently, ©[D] < O. Next, let z =y (©) for some z,y € T.
Then z Va =y Vb for some a,b € D. As a,x Aa € D, we have © A a = a (O[D)).
Hence z =axVa=yVb (O[D]). Thus x Ay =y (O[D]). Again, as b,y Ab € D, we
have y Ab=b (O[D]). Soy =yVb=2xVa (OD]) and hence x Ay = z (6[D)).
Thus =y (©[D]). This proves that © < ©[D]. Therefore © = O[D].

Let z =y (©), with y € D. Then xVa =y Vb for some a,b € D. Asy,b € D, we
have xt Va=yVbe D. Thus z € D, since z <z V a. O

Theorem 3.2. Let D be a distributive ideal of a trellisT. Then D is a distributive
element of the ideal lattice I(T).

Proof. Define a relation ©p on I(T) by: for I,J € I(T), I = J (©p) if and
only if IV D = JV D. To prove that D is a distributive element of I(T"), we need
to prove, by [3, Theorem III.2.2], that ©p is a congruence relation on I(7"). As D
is a distributive ideal of T', the relation © on T, defined by for z,y € T, x = y (O)
< da,b € D: xVa=yVb,is a congruence relation on 7. Now, define a binary
relation © on I(T) by: for I,J € I(T), I = J (©) if and only if for each a € I there
is b € J such that a = b (©), and for each b € J there is a € I such that a = b (0).
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Then O is a congruence relation on I(T'), by [1, Lemma 3.5]. We complete the proof

by showing that ©p = ©.
Let I,J € I(T), with I C J and I = J (©). We have by [1, Lemma 3.4],
o0
1

JVvD= J A, where Ag = JUD and for n >

n=0

(31) A, ={xeT: xdp(z1,...,2;) for some k > 1,

where p is a trellis polynomial and z; € A, for 1 < j < k}.

We now prove, by induction, that A, C IV D for each n > 0. For the case n = 0,
consider any j € J. As J = I (©), there is i € I such that j = i (). Hence,
jVa=1iVbfor some a,b € D. Since iVb € IVD,wehavej € IVD. Thus J C IVD,
and hence Ag = JUD C IV D. Let n > 1 and assume that A,,_1 C IV D. Consider
x € Ap. Then z < p(z1,...,2) for some k > 1, where p is a trellis polynomial and
zj € Ap—i for 1 < j < k. As Ap,_1 C IV D, weget z; € IV D for all j. Hence
p(z1,...,2K) € IV D, which implies that z € IV D. Thus, A, C IV D for all n.
Consequently, JVD CIVD. ButasI C J,weget IVD =JVvD. ThusI = J (Op).

On the other hand, suppose that I,.J € I(T) with I C J and I = J (Op), that is,

IVD=JVvD. Wehave IV D = J A, where Ag =TUD and for n > 1,

n=0

(32) A, ={xe€T: x<dp(z1,...,2;) for some k > 1,

wherep is a trellis polynomial and z; € A,_; for 1 < j < k}.

Consider any b € J. We shall find a € I such that a = (©). Note that be JV D =
[ee]
IVD = | A,. Suppose b€ Ay =TUD. If b € I, then we may take a = b. Suppose

beD. Fr;;coani € I and put a=bAi. Thena € I and aVb=b, where b € D. Hence
a =0 (0). Let n > 1 and assume that for every z € A,,_; there is y € I such that
y =z (0). Supposeb € A,,. Then b < p(z1,...,z) for some k > 1, where p is a trellis
polynomial and z; € A,_; for 1 < j < k. By the induction assumption, for each j,
there is y; € I such that y; = z; (©). But then p(z1,...,2x) = p(v1,...,yx) (©).
Consequently, b =bAp(z1,...,2t) =bADP(y1,...,yk) (©). Put a =bADp(y1,...,yk)-
Then a € I as p(y1,...,yx) € I, and a = b (©). Hence, by induction, for every b € J
there is a € I such that a = b (0). As I C J, we conclude that I = J (0©). O

Remark 3.2. For a trellis T, a distributive element of I(T) may not be a dis-
tributive ideal of T'. The ideals S7 and S5 of the trellis 7" in Figure 1 are distributive
elements of I(7T'), but they are not distributive ideals of T'.

Theorem 3.3. Let S be a standard ideal of a trellis T'. Then S is also a distribu-
tive ideal of T.
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Proof. Define a relation ©® on T by: for 2,y € T, z = y (0) if and only if
xVa=yVb for some a,b € S. We prove that © is a congruence relation on 7. As
S is a standard ideal of T', the following relation ® is a congruence relation on T,
where for z,y € T, we define x =y (®) if and only if x Vy = (z Ay) V s for some
s € S. We show that & = O.

Let z =y (®), where z,y € T. ThenzVy =z (®) andzVy =y (P), as D is
a congruence relation. Hence, zVy = xVa and x Vy = y Vb for some a,b € S.
Thus, 2 Va =y Vb, and hence z =y (0).

Suppose z,y € T and = y (0). Then xVa =y Vb for some a,b € S. Asa,b € S,
we have zVa=2x (®) and y Vb =y (P). Hence x =y (D).

Thus, ® = © and hence, O is a congruence relation on 7', which implies that S is
a distributive ideal of T. O

It is known that in a modular lattice, every distributive ideal is standard (see [1]).
The following generalizes this result to trellises.

Theorem 3.4. In a normal modular trellis T, every distributive ideal is standard.

Proof. Let D be a distributive ideal of T. As T is normal, D is a normal ideal.
Define a relation ® on T by: for z,y € T,z =y (®) ifand only if t Vy = (z Ay) Vd
for some d € D. We need to show that ¢ is a congruence relation on 7. As D is
a distributive ideal of T, the relation © on T, defined by for z,y € T, x =y (©) &
da,be€ D: xVa=yVb,is a congruence relation on 7. We show that & = ©.

Let z,y € T with x = y (®). Then 2 Vy = (x Ay) Vd for some d € D. But
then (xVy)Vd= (zAy)Vd, and hence xt Vy =z Ay (©), as d € D. Since O is
a congruence relation, we have z =y (0).

Let z,y € T with x = y (©). Then xVy = 2Ay (0), and thus (zVy)Va = (zAy)Vd
for some a,b € D. Hence

zVy=(xVy A ((zVy) Va)
=@Vy A((zAy)Vb)
=((@Vvy) Ab)V(zAY)
asz Ay < Vyand T is modular. Put d = (zVy)Ab. Thend € D as b € D, and

xVy=(xAy)Vd Thus xz=y (D).
Therefore ® = ©. This completes the proof. O

The following is a generalization of [3, Theorem I11.3.7], to trellises.

Theorem 3.5. Let D be a distributive ideal of a trellis T'. Then the lattice of all
ideals of T'/ D is isomorphic to the closed interval [D,T] of I(T).
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Proof. Letn: T — T/D denote the canonical onto homomorphism, defined by
n(z) = [z]O for every x € T, where © = O[D]. Define a map ¥: I(T'/D) — [D,T]
as follows: Let K be any ideal of T/D. Clearly, n~'(K) is an ideal of T and
D C n71(K). Define ¥(K) = n~!(K). Note that the map V¥ is isotone. Also, as
7 is onto, we have n(n~!(K)) = K for any K € I(T/D), and this implies that ¥ is
one-to-one.

Furthermore, ¥ is also onto. Let I be an ideal of T containing D. Note that
K =n(I) is an ideal of T//D. We prove that W(K) = I. Clearly I C n=(n(I)). Let
x € n~Y(n(I)). Then [2]© = [a]© for some a € I. Then, as D is a distributive ideal,
xVp=aVqforsomep,geD. Asaclandqe DC I, wehavezVp=aVqgel.
Consequently, z € I. Thus ¥(K) =n~}(K) =n"1(n(I)) = 1.

Finally, note that ! is also isotone. ([

Corollary 3.1. Let S be a standard ideal of a trellis T. Then the lattice of all
ideals of T'/S is isomorphic to the closed interval [S,T] of I(T).

Proof. Follows from the above theorem, because any standard ideal of T is
also a distributive ideal of T' by Theorem 3.3. (]

Theorem 3.6. Let d be a distributive element of a trellis T. Then D = (d] is
a distributive ideal of T'.

Proof. Define a relation © on T by: for 2,y € T, x = y (©) if and only if
xVa = yVb for some a,b € D. We prove that O is a congruence relation on 7T'. Define
a relation ©4 on T by: for x,y € T, x =y (04) if and only if z Vd =y V d. Since d
is a distributive element of T, by [5], Theorem 2.8, O, is a congruence relation on 7'
We prove that © = O,.

Let 2 =y (©4). Then zVd =yVd, where d € D. Hence = y (©). On the other
hand, suppose that z =y () for some x,y € T. Then =V a =1y Vb for some a,b €
D = (d]. As d is V-associative, d is left-transitive too [7, Theorem 11], and hence
D= (d={teT: t<d}. Thus, we have a,b Id. We have (zxVa)Vd=(yVvb)Vd.
But as d is V-associative, we get  V (aVd) =y V (bV d). Thus, x Vd =y Vd, and
hence, x =y (04). O
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