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Abstract. This paper focuses on the uniform stability of the zero solution and the asymp-
totic behavior of all solutions in the context of the neutral differential equation

(%) %[gg(t) —px(t—7)]+q(t)x(t—0)=0 fort > tg,

where 7,0 € RY, p € [0,1) and ¢ € C([tp,00), Ry). These results differ from most of the
existing results in that our results extend to include values of p € [%, 1) for (x). Besides,
the practical applicability of the given results is shown by a numerical example.

Keywords: neutral differential equation; uniform stability; globally attractivity; globally
asymptotic stability

MSC 2020: 34K20, 34K25, 34K40

1. INTRODUCTION

Over the last ten years, stability theory, as a way of describing the dynamics
present in a differential equation, has become much more adaptable and powerful.
During the last few decades, many scholars actively worked on the development
and establishment of sufficient conditions that guarantee the property that every
solution of a delay differential equation converges to zero as the time variable tends to
infinity. Later on, some researchers extended and generalized these tests for neutral
differential equations. The thing worth mentioning here is that both delay and
neutral differential equations involve delays. The latter includes added complexity
in that there are neutral terms with derivatives, which makes their analysis and
solution more complicated.
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In this paper, we consider the following neutral differential equation:

(1.1) %[x(t) —pt)x(t — 1)+ qt)z(t —o) =0 fort > to,

where 7,0 € RY, p € C([tp,0),R) and ¢ € C([tp,o0), Rf). When p(t) = p € R,
(1.1) can be simplified to

d

(1.2) =

[z(t) —px(t —7)] + q(t)z(t —0o) =0 for t > to.

Additionally, if 7 = 0, then (1.2) can be written as

q(t)

1—p

2 (t) + z(t—0)=0 fort > t.
Furthermore, for p(t) = 0, the asymptotic behavior of the solutions for simplified
DDEs by (1.1), which can be expressed as

(1.3) Z'(t) + qt)x(t —o) =0 for ¢t > to,

has been thoroughly examined in many literature, refer to [1]-[10], [12]—[15] for more
details. To commence, we will provide an overview that summarizes the most striking
results concerning (1.1), (1.2) and (1.3), which is relevant to the framework of this
work. In 1983, Ladas, Sficas and Stavroulakis [9] established sufficient conditions for
every solution of delay differential equations to tend to zero at infinity. Additionally,
these conditions imply an important point regarding the behavior of solutions of delay
differential equations and carry serious consequences in view of stability theory and
related fields of mathematical research and application.

Theorem A (Cf. [9], Theorem 3). Assume that

(1.4) / T (€ de = oo

to
and
t+o
(1.5) limsup/ q(§)d¢ < 1.
t—o00 t

Then every solution of (1.3) tends to zero as t — 0.

Subsequently, in 1987, Yoneyama [13] expanded and generalized the previous result
by replacing (1.5) with a weaker condition.
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Theorem B (Cf. [13], Theorem 4.1). Assume (1.4) and

t+o
(1.6) limsup/ q(§)d¢ < g
t

t—o0
Then every solution of (1.3) tends to zero as t — oo.

Notably, condition (1.5) holds greater strength than condition (1.6); however, the
upper bound % in condition (1.6) is considered as the optimal possible stability
for (1.3), as mentioned in references [10], [13], [14]. This highlights the significance
and strength of Theorem B in maintaining significant stability in the absence of
neutral elements in the equation.

Following this, Ladas and Sficas [8] extended Theorem A when neutral coeflicient p
is constant to encompass (1.2) and devised sufficient conditions for the convergence
of every solution z(t) of (1.2) to zero as t — oo in 1988.

Theorem C (Cf. [8], Corollary 3). Assume p € [0,1), (1.4) and

t+o
(1.7) limsup/ q(§)de < 1—2p.
t

t—o0
Then every solution of (1.2) tends to zero as t — 0.

It should be noted that in [8] the authors assume p € [0,1). Additionally, condi-
tion (1.7) reduces to (1.5) for (1.3), i.e., when p = 0. One can see that Theorem C
is not the best result of asymptotic behavior for (1.1).

Hence, in 1996, Yu [16] attempted to achieve better results when the neutral
coefficient p is a variable of (1.1) in the following theorem.

Theorem D (Cf. [16], Theorem 2). Assume that there exists p € [0, 1) such that
Ip(t)| < p for t > to. Further, assume (1.4) and

t+o
(1.8) limsup/t q(§)d¢ < g —2p(2 —p).

t—o0
Then every solution of (1.1) tends to zero as t — 0.

It should be noted that in [16] the author assumes p € [0,1). Moreover, when
p = 0, condition (1.8) simplifies to (1.5) for (1.3), thus enhances (1.7). As observed,
Theorem D is still far from achieving the optimal possible.

Several years later, Tang and Zou [11] found the opportunity to fill some of this
gap. They made improvements upon Theorem B and provided alternative result
of Theorem B, where p € [0,1) is admissible. This endeavor ultimately led to the
attainment of currently best result for (1.1), as quoted below.
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Theorem E (Cf. [11], Theorem 2.2). Assume that there exists p € [0, 3) such
that |p(t)| < p for t > to. Further, assume (1.4) and

3

1
__2a |:7_)7
5 D pe |0

t+o
(1.9) limsup/t q(§)dE < T(p) :=

t—o0

Then every solution of (1.1) tends to zero as t — 0.

Figure 1 illustrates the upper bounds for Theorem C, Theorem D, and Theorem E.

Y
g Lo ——Theorem C: 1 —2p

AR NG - -~ Theorem D: £ —2p(2 —p)
1 b D3 iimim._ |== Theorem E: T'(p)

1 1
1 2 p
Figure 1. Upper bounds of Theorem C, Theorem D and Theorem E when p € [0, %)

Theorem F (Cf. [11], Theorem 3.2). Assume that p € [0,1) and (1.4) holds.
Further, assume

1—p 3—-4p™

t+o+(m—1)1
(1.10) hmsup/t q(§)d¢ < T—pn 2

t—o0
where m € N satisfies 4p™ < 1. Then every solution of (1.2) tends to zero ast — cc.

Let v* = max{r,o} and v, = min{7,0}. A function z € C([tcx — v*, ), R) is
said to be a solution of (1.1) for some s € [tg,00) if x — pz(- — 7) is continuously
differentiable on [s,00) and satisfies (1.1) identically on [s,00). It can be concluded
that for any given value of s € [tg,00) and any initial function ¢ € C([s — v*, s], R),
(1.1) has a unique solution x = z(+; s, ) over the interval [s, o).

Next, we list a few essential definitions that will be utilized in the proof of our
main results.

Definition 1.1. The zero solution of (1.1) is said to be

(i) uniformly stable if for each e € R™ and each s € [to, 00), there exists §=4(c) e R
such that |p(t)| < § for all ¢ € [s — v*, s] implies |z(¢t)| < € for all t € [s, 00),
(ii) globally attractive if tlggo x(t;s,9) = 0 for any ¢ € C([s — v*,s],R), where
s € [to, o),
(i) globally asymptotically stable if (i) and (ii) hold.
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Uniform asymptotic stability and uniform exponential stability are also studied
in the stability theory of differential equations. While uniform asymptotic stability
ensures that solutions converge to an equilibrium point over time regardless of ini-
tial conditions, uniform exponential stability not only guarantees convergence but
also provides a rate at which this convergence occurs, exhibiting a stronger form of
stability. Global asymptotic stability complements uniform asymptotic stability by
ensuring that all solutions, starting from any initial condition, converge to the equi-
librium point, thus reinforcing the notion that uniform asymptotic stability applies
uniformly across a broader range of initial conditions.

The goal of this study is to improve and expand Theorem F, with the aim of
deriving new results. Our theorems should give enhanced understandings to both
the uniform stability of zero solution and the asymptotic behavior of all solutions
of (1.2).

The paper is organized as follows. In Section 2, we give results on the uniform sta-
bility of zero solution and asymptotic behavior of all solutions of (1.2). In Section 3,
we present a numerical example to demonstrate applicability and novelty of our
main results. Section 4 includes detailed proofs of the results in Section 2. Finally,
in Section 5, we give a few comments and examine a few thoughts for Theorem F,
Theorem 2.3 and Theorem 2.4 in [11] to finish up the paper.

2. MAIN RESULTS

In this section, we are now presenting our main results on the uniform stability of
zero solution and asymptotic behavior of all solutions of (1.2).

Theorem 2.1. Assume that p € [0,1). Further, assume

t+o+(m—1)7 1—
(2.1) / q(€)de < —L\/2(1—2pm) for t > to,
t

1—pm
where m € N satisfies 2p™ < 1. Then the zero solution of (1.2) is uniformly stable.

Theorem 2.2. Assume that p € [0,1) and (1.4) holds. Further, assume

t+o+(m—1)7 1-p
(2.2) limsup/ q(§)dé < —/2(1 —2p™),
t

t—o00 1-— P
where m € N satisfies 2p™ < 1. Then the zero solution of (1.2) is globally attractive.
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Theorem 2.3. Assume that p € [0,1) and (1.4) holds. Further, assume

t+o+(m—1)7 1 —p
s | 0(6)de | < T VBT =2,
t -p

t>to

where m € N satisfies 2p™ < 1. Then the zero solution of (1.2) is globally asymp-
totically stable.

3. A NUMERICAL EXAMPLE

In this section, we present a neutral differential equation where none of the results
(to the best of our knowledge) can deliver an answer for the asymptotic nature of its
solutions but our result Theorem 2.2 can be applied to get a positive answer.

Example 3.1. Consider the neutral differential equation
d 2 1 2
(1) 4 {x(t) - galt- 2)} + 1 {1 + gsin<§nt>}x(t —1)=0 fort>0.

Observe that p = 2, 7 =2, q(t) = £ [1 + Zsin(3nt)] > 0 and o =1 for t > 0.

> Theorem F: As an initial analysis, it becomes evident that the inequality

m 2m+2
4p™ = 3m <1 form=4,5,...
holds. Upon calculation, we determine for m = 1,2,... that
t+o+(m—1)1 t+2m—1 1 T )
by = 1imsup/ q(&)d¢ = limsup/ — (1 + - sin<—n§)) d¢

t—o00 t t—o0 t 15 4 3

0, mod(m,3)=0

2m —1
= 3
15 i, mod(m,3) 0

40

It can be demonstrated that the sequence u,, := (1/4,,) - (L —p)/(1 —p™)) -
(3 —4p™)/2 satisfies the inequality wmi1 < U for m = 1,2,... and uqy =
716/(728+391/3)~0.9 < 1. This observation immediately shows that

1—p 3—4p™

14
T pm 9

for m =4,5,...

Consequently, Theorem F cannot deliver any answer here.
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> Theorem 2.2: On the other hand, we observe with m := 2 that

Furthermore, upon computation, it is revealed that

1 1—p V2
ly==-=02< V2(1—2pm) = 2= ~ 0.28.
2= T (1—2pm) =~

Furthermore, it is easy to note that (1.4) holds. Thus, the conditions outlined in
Theorem 2.2 are satisfied. As a result, Theorem 2.2 applies here, thereby establishing
the global attractivity of the zero solution of (3.1). Two solutions of (3.1) are plotted

in Figure 2.
T
2 S !
R o e 1'2
1 —'\ ....
: v- _______
o1 10 2 I AAEEELE LA 30 40 50 60 t

Figure 2. Graphics of two solutions of (3.1) are plotted. Here, x; and xzo have the initial
functions ¢ (¢) = 1 and a(t) =t for ¢t € [—2, 0], respectively.

4. PROOF OF THE MAIN RESULTS

This section is devoted to the proofs of our main results.

Proof of Theorem 2.1. If p = 0, we obtain equation (1.3), and as a result,
Theorem 2.1 has already been shown in [13]. Hereafter, we consider the case where
p € (0,1). Now, pick that ¢ € N such that v, > 2(c + m7). By Definition 1.1 (i),
for any € > 0, define § := (1 — p)e/((1 + p)(2p + 3)¢). We will prove that for any
s € [to, ), p € C([s —v*,s],(—0,d)) implies that x(t) satisfies

(4.1) |z(t)| < e fort e [s,00).
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Here, we intend to establish the validity of (4.1) through two stage examination,
initially focusing on the interval [s, s + fv,] and subsequently extending our exami-
nation to the interval (s + fv., 00). The first part of the proof is similar to the proof
of Theorem 1 in [16]. We can prove the following inequality holds:

(4.2) lz(t)] < (2p+3)%6  fort € [s, s+ (v

Obviously, (4.2) implies that

(4.3) |x(t)] <e fort e [s,s+ Lv.

holds. Subsequently, we need to establish the validity of (4.3) on (s + fvi,00). To
do so, we assume the contrary, suggesting the existence of a certain t1 € (s + fv,, 00)
such that

(4.4) |z(t1)| =¢ and |z(t)] <e fort e s, t1).

Without loss of generality, we may suppose that x(t1) = e. For simplicity and
convenience, throughout this proof, we define a function z by

(4.5) z2(t) == z(t) —px(t — 1) fort € [s,00).
Using (1.2), (4.4) and (4.5), it follows that

2(s +0v2) < (s + tva)| + pla(s + v = 7)] < (20 +3) (1 +p)d = (1 - pe
and
(4.6) z(t1) = |z(t)] = pla(ty — 7)[ > (1 = p)e,
and thus z(s + fv,) < z(t1). Therefore, we can find t3 € (s + fv,, t1] such that
(4.7)  z(t2) =max{z(t): s+ v, <t <t1} and 2(t) < z(t2) for t € [s + Lvy, t2).

Define a function y by

(4.8) y(t) :== z(t) — p™ e fort e [s,00).

1—pm
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Then, we deduce from (4.5) and (4.8) that

m—1
(4.9) —z(t—0)= — Z p'z(t —o —ir) —pma(t — o —m7)
i=0
m—1
< - plz(t —o —ir) +pTe
=0
m—1

= — py(t —o —ir) fort e[ty —[o+ (m—1)7],ta].

1=

[}

It follows from (1.2), (4.5), (4.8), and (4.9) that

m—1

(4.10) y'(t) < —q(t) Z py(t —o —it) fort € [ty — [0+ (m —1)7],ta].
=0

Thereafter, we obtain by (1.2), (4.4), (4.5) and (4.8) that
(4.11) y'(t) <eq(t) fort e [s,ta].

It is evident by (4.6), (4.7) and (4.8) that

1—2pm

e>0.
1—pm

(4.12) y(t2) > (1 —p)

Afterward, it is imperative to establish that there exists j € {0,1,..., m—1} such that
y(ta—o—j7) < 0 holds. Otherwise, we have y(to—o—i7) > 0fori € {0,1,...,m—1}.
Thus, there is a left neighborhood (ta—o—i7—h, ta—0o—iT) of ta—o—iT for some h > 0
such that y(t) > 0 for (to—o—iT—h,ta—0o—i7), and so y(t—o—it) > 0 for (t2—h,t2)
and i € {0,1,...,m — 1}, and therefore by (4.6) and (4.9), we see that z(¢) is not
increasing on (t2 —h, t2). This contradicts the definition of ¢2 and so y(ta—o—j7) < 0
for some j € {0,1,...,m —1}. Hence, there exists t3 € [t2 — (0 + (m — 1)7),t2) such
that

(4.13) y(ts) =0 and y(t) >0 fort € (t3,t2).

Currently, we deliberate upon the following two possibilities.
(i) ft—o —ir <tz fort € [t — (0 + (m — 1)7),t2], then we estimate from
integrating (4.13) that
t3
—y(t—a—iT)SE/ q(§)d¢ for t — o — it < t3.
t—(o+(m—1)7)
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(ii) If tg <t — o —i7 < ta for t € [ta — [0 + (m — 1)7], t2], then we deduce

t3
—y(t—a—i7‘)<0<€/ q(§)d¢ forts <t—o —it < to.
t—(o+(m—1)T)

Combining (i) and (ii), we have
t3
(4.14) —y(t —o —1it) < e/ q(§)d¢ fort —o —iT € [ts, ta].
t—(o+(m—1)7)
Substituting (4.14) into (4.10) and using (2.1), we have

T

(419) (0 < et {2 - [ a(©)de| for el

1-p

By integrating (4.15) over [t3, t2] and using (4.13), we obtain
_m to _ n
y(tz) < 11 _pp a/tg q(n)[ 1_ ],)n\/2(1 — 2p™) —/ q(é)dff} d
_ m to 2 2
- e = vaw [ df‘a(/ ©)) |
1—p™ [(1- 11— ?
< el (T w) - () |

1—2p™
= 1— _—
( p)l_pmg’

which contradicts the evidence established in (4.12). Hence, (4.3) holds for t €
[s + lv,, 00), as desired. O

Proof of Theorem 2.2. To establish the desired result, it is sufficient to prove
that
(4.16) lim «(t) = 0.

t—o0

Let us consider the following two cases for the function z.

Case 1. If x is nonoscillatory, implying it eventually settles into either a posi-
tive or negative, for s € [tp,0), we can presume = becomes eventually positive on
s € [to,00). Let z be defined by (4.5). By utilizing the definition of z as provided
in (4.5) and subsequently referring to (1.2), it becomes evident that z eventually
decreases on [s,00). Let L, := tlggo z(t). Since z is bounded, L, remains finite.

Integrating (1.2) over [t1, 00), where ¢ € [s, 00) is sufficiently large, yields

/ " U(©)2(e — 0)de = 2(t) - L. < 0,

t1
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indicating from (1.4) that hm mfx( ) = 0. Denoting L, := limsup z(t), we pick two

increasing divergent sequences {&x }ren, {Sk tren C [8,00) su::h that ©(§;) — 0 and

z(sk) = L, as k — oco. It is worth noting that the sequences {x({x — 7)}ren and
{z(sk — 7) }ken are bounded, and by the Bolzano-Weierstrass theorem, they possess
convergent subsequences. Without loss of generality, we denote these convergent
subsequences as {z(&; — 7)}ken and {z(sx — 7)}ren, respectively. Furthermore, it
is important to observe that the upper bounds of the sequences {z(&; — 7)}ren and
{z(sg — 7)}ren cannot exceed L,. Consequently, we infer from (4.5) that

2(sk) = 2(&k) = [x(sk) — pr(sk — 7)] — [2(&) — p2(&k — 7)]
(k) — p(sk — 1) — (&) + pr(§k — )
> x(sk) —px(sk — 7) —x(&) for k € N.

X

Letting k — co yields 0= L, — L, > (1 —p)L, > 0, which implies L, = 0, i.e., (4.16)
holds. Thus, the proof for Case 1 is finalized.
Case 2. If x is oscillatory, we define

L, := limsup |z(¢)].

t—o0

Our assertion is that L, = 0. Assuming the contrary, suppose L, > 0. Let
{sk}n C [8,00) be an increasing divergent sequence such that z(s;) — L, as k — 0.
It is noteworthy that the sequence {z(sx — 7)}ren is bounded, and by the Bolzano-
Weierstrass theorem, it possesses a convergent subsequence. Without loss of gener-
ality, we denote this convergent subsequence as {z(sx — 7) }ren. Furthermore, it is
evident that the limit of the sequence {z(sx — 7)}ren cannot exceed L,. As a result,

|2(sk)| = |z(sk)| = plz(sk —7)] for ke N.
As k — oo, we conclude that
(4.17) L,>(1-p)L; >0,

where L, := hmsup |2(t)].
t—

According to (2 2), for any given € € (0, (1 —2p™)L), there exist t1 € [to, 00) and
B > 0 such that

(4.18) |z(t)] < Ly +¢ forte [ty — v, 00),

and

t
1 _
/ g(€)dE < B < —\a(T—2p™) fort € [t1,00).
t—(o+(m—1)7) 1-p
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Subsequently, we define a function y as

@19) () = 2(t) — p" 11__;; (Lo +2) forte [t —[o+ (m—1)7],00).

Then, by utilizing (4.5), (4.18), and (4.19), we derive that

m—1
(4.20) —z(t—0)= — p'2(t — o —it) —pTa(t — o —mT)
i=0
m—1
< - pz(t—o—it) +p"(Ly +¢)
1=0
m—1

= — py(t — o —it) fort € [t1,00).

i

I
o

It is evident by (1.2), (4.19), and (4.20) that

m—1

(4.21) y'(t) =2'(t) = —q(t)z(t — o) < —q(t) Z py(t — o —it) for t € [t1,00).
=0

It should be emphasized that z’ is oscillatory, and hence there exists an increasing
divergent sequence {&;}ren C [$,00) such that & > t1 + 2(0 + (m — 1)7) + 7 for
keN, & — oo and |2(&)| — L, as k — oo with |2(&)| > (1 — p)(Ly — ¢€) for each
k € N, and also the sequence {&}ren consists of the left local maximums of |z|.
Without loss of generality, we may assume that z(&;) > 0. Then, for k € N, we can

deduce
_ m 1—p
&) = (6) P 1 (L +2)
> (1= p)(Ls =) = " f B (L + )
R Gt Ll Y

1—pm

In view of the definition of the sequence {&i}ren, we see that y(& — o —ip7) < 0
for some ig € {0,1,...,m — 1} and all k& € N. Hence, for each k € N, there exists
sk € [&r — (0 + (m — 1)7), &) such that

y(sg) =0 and y(t) >0 forte (si,&kl-
It follows from (1.2), (4.18), and (4.19) that
y'(t) < (Ly +¢€)q(t) fort € [t1,&] and k € N.
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We can show that

(4.22) —y(t—oc—io7) < (Ly+e) (B - /t q(§) df) for t € [sg,&k] and k € N.

Sk
Substituting (4.22) into (4.21), we have

m

1-p
1—p

(Le +€)q(t) <B - / q(§) df) for t € [sg,&k] and k € N.

Sk
Replacing € by (L, + ¢) and using similar arguments to that in the proof of Theo-
rem 2.1, we can conclude that

1—p™ B2

y(fk)éz(l_p) (Ly+¢) forkeN.

Thus, for k£ € N we estimate

m

I-—p™ 1-p
L <[—2—=B%+p™ L .
(e te) (ﬂl—m o 1—pm)(x+ﬂ

1-p
1—pm

(4.23) 2(&k) = y(&) + 1™

Letting k — oo and € — 0 in (4.23), we have

L, =limsup z(&) < (ﬂB2 +p™ L-p )Lx < (1-p)La,
k—00 2(1-p) L—pm

which contradicts the assertion (4.17), i.e., L, = 0. Hence, the proof for Case 2 is
completed. O

Proof of Theorem 2.3. The proof immediately follows from Theorem 2.1 and
Theorem 2.2. 0

5. FINAL COMMENTS AND DISCUSSION

In this section, our attention is directed towards exploring some ideas. Initially, we
outline that replacing the condition p+ %pm < 1in [11], Theorem 2.3 and Theorem 2.4
with a weaker one p + (1 + (1 — p)?)p™ < 1 in the following theorems will lead to
improved results.

Theorem 5.1. Assume that there exists p € [0,1) such that 0 < p(t) < p for all
t > to. Further, assume

t+3c+(m—1)7 1 —p
/ Q(f)d§<(1—p)<1+T> for t > ty,
t

where m € N satisfies p + (1 + (1 — p)?)p™ < 1. Then the zero solution of (1.1) is
uniformly stable.
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Theorem 5.2. Assume that there exists p € [0,1) such that 0 < p(t) < p for all
t > to. Further, assume (1.4) and

t+30+(m—1)71 1—p
limsup/ q(§)d¢ < (1-p) (1—|— —),
t

t—o0 2

where m € N satisfies p + (1 + (1 — p)?)p™ < 1. Then the zero solution of (1.1) is
globally attractive.

By combining [11], Theorem 3.1 with Theorem 2.1, we derive a more general result
extending [11], Theorem 2.1.

Theorem 5.3. Assume that p € [0,1). Further, assume

1—-p 3—-4p™ c {0 1 )
t+o+(m—1)7 1—pm 2 ’ b ) w
/ q(§) d¢ < for t > to,
t 1-p 2(1=2p™), pe {L L)
L—pm ’ Va2

where m € N satisfies 2p™ < 1. Then the zero solution of equation (1.2) is uniformly
stable.

Additionally, by combining Theorem F with Theorem 2.2, we establish a broader
generalization of Theorem E.

Theorem 5.4. Assume that p € [0,1) and (1.4) holds. Further, assume

1—p 3—4p™ 0 1
t+o+(m—1)7 1 —pm 2 ) pe |: ’T\/Z)’
lim sup/ q(§)d¢ <
t

o0 1—p\/7 11
2(1 = 2p™), e[——)
T VU PE A

where m € N satisfies 2p™ < 1. Then the zero solution of (1.2) is globally attractive.

It is evident that when m = 1 and p(t) = p, the previous theorems reduce to [11],
Theorem 2.1 and Theorem 2.2.
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