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Abstract. An integral transform is a useful and simple tool represented by algebraic prob-
lems in the process of solving differential equations. Though not as familiar as the other
transforms, Sumudu transform has interesting advantages. Because of its scale and unit pre-
serving properties and the ability to solve differential equations without resorting to a new
domain, it is considered to be advantageous over the other transforms. Prefunctions possess
some of the properties of elementary functions but not periodicity. Extended prefunctions
generalise prefunctions. After having obtained the Sumudu and its inverse transform of pre-
functions and extended prefunctions, we have analysed them for their properties. The main
objective of this article is to obtain closed form solutions for the integral, integro differential
equations and initial value problems in terms of prefunctions and extended prefunctions. It
is interesting to visualise their solutions using MATLAB for fixed parameters.

Keywords: bicomplex numbers; bicomplex Sumudu transform; prefunction; initial value
problem

MSC 2020: 44A05, 30G35, 44A15

1. INTRODUCTION

In day to day life things keep changing and describing how often they change
and at what rate, ends up in differential equations and have commendable ability
to predict the world around us. Differential equations act as a channel between the
developments of mathematics and applications and have gained importance in almost
every area of application, viz medicine, economics, engineering, to name a few.

Khandeparkar et al. [7] have defined prefunctions for a real variable ¢, as a set
of functions possessing a sequence {f,(t),t € R} which approaches to one of the
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elementary functions as n — 0. Motivated by the work of Dhaigude [5], efforts have
been made to define prefunctions of a complex variable z. Thirumalai et al. [8] have
defined prefunctions of a complex variable z and studied their properties. Functions
of a complex variable ¢ that possess a sequence {f,(t),t € C} such that they tend
to one of the elementary functions as n — 0 are called prefunctions of a complex
variable t. Prefunctions possess some of the properties that are possessed by the
elementary functions but periodicity. The extended prefunctions are generalizations
of elementary functions for which we can obtain sets of prefunctions.

The definitions of pre-exponential, pretrigonometric and prehyperbolic functions
are listed in the table below:

S. No Definition

tnth

1 peXp(t,B)—l—l—ZF(n+1+6),t€Candﬁ>0

B

S 12n+8
3 |peos(t,B) =1 Z( )W,te@andﬁ}()

t2n+5+1

(_1)nm, teCand >0

M8

4 |psin(t,B) =

n=0

f2n+5

oo
5 pcosh(t,ﬁ):l—i—zm,te@andﬁ}O

f2n+5+1

6 |psinh(¢,5) = ZF2n+2+6 teCand >0

Table 1. Definition of prefunctions.

We obtain generalized trigonometric and hyperbolic extended prefunctions, by
dividing the series expansions for pexp(—t, 5) and pexp(t, §) into n absolutely con-
vergent series. We fix n = 3 for our work in Table 2.

Sumudu transform was introduced in 1993 by Watugala [9] and used to solve
ordinary differential equations in control engineering. It also plays a vital role in
solving ordinary differential equations in the branches of Mathematics and Physics.
The bicomplex Sumudu transform was defined in 2017 by Agarwal et al. [1].

Definition 1.1. The bicomplex Sumudu transform of f(t), a bicomplex-valued
piecewise continuous function of exponential order k, is defined as

(L1) SHORES / Tt rnar = Fo), ceq

636



S. No Definition

o0
T |pMso(t,B) =1+ 3 (-1)" ;hrirsy, t € Cand B> 0
n=1
&)
8 |pMaa(t,8) = > (—1)" Flgray, t € Cand 8> 0

3
Il
=]

3n+24p3

118

9 | pMsa(t,B) =

3
Il
=]

(3n+8

10 png(ﬁ,ﬁ):l—i— Elm,teCandﬁEO
n=

(3n+1+8

 TEnrarpy t€Cand 520

18

11 | pN3.(t,B) =

3
I

8

3n+24p3
12 pNB,Q(t,ﬁ): m,tECandﬁ’}O
0

n

Table 2. Definition of extended prefunctions.

where (Q is defined as

i o-feen(orn()

Os = {€ = 21 +i2za: 22 + 22 # 0} being the set of singular elements in bicomplex

and £ ¢ Og},

space.

Setting S and the imaginary part of the bicomplex number, £ = z; + jzo at 0,
we obtain the complex Sumudu transform of prefunctions. In the complex Sumudu
transform of prefunctions of a complex variable z = x + iy, if we replace y by 0, we
obtain the Sumudu transform of prefunctions of a real variable. Thus, the bicomplex
Sumudu transform generalizes the Sumudu transforms in C and R.

Let f(t) represent a prefunction of a complex variable t. Then f(t) is said to be of
exponential order k, as tlglolo f(t)e ™ = tlggo f(t)/e* = 0, where k is real number and
that guarantees the existence of Sumudu transform of prefunctions. For an exten-
sive study about prefunctions, Sumudu transform and solutions of nonhomogeneous
ordinary differential equations using Sumudu transform one can refer to [2], [3], [4],
6], [10].

We have obtained the Sumudu transform of prefunctions and extended prefunc-
tions, discussed about the associated properties and solved certain nonhomogeneous
ordinary differential equations, integral equations and integro differential equations
whose solutions are pretrigonometric, prehyperbolic and extended prefunctions.
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2. THE BICOMPLEX SUMUDU TRANSFORM OF PREFUNCTIONS

We know that

thrﬁ

(2.1) pexp(t 1—1—2 Tn+1+0) teCand >0

Slpexp(t, B); €] = % / e~/€ pexpl(t, 8) dt

n+p3
:é/ t/g{HZ nt+1+6 }dt
t+f3

e/ _t/g‘“*/ _%Z TCESETIh

1 n
—1+;m (n+1+/5)f +A

o0
=14) &
n=1
§6+1
1—§’

=1+ £# 1.

Thus, the bicomplex Sumudu transform of the prefunction pexp(t, ) is

§ﬂ+1

(2.2) Slpexp(t, 8); §] = bexp(§, B) = 1 + y:

, §# 1

It is to be noticed that when 8 = 0, pexp(t, 3) = exp(t) and its Sumudu transform
is given by 1/(1 —=¢), £ # 1.

Prefunction Sumudu transform Inverse Sumudu transform
pexp(~t, ) | Slpexp(~t, 8):€] =1 — (~1)?$5¢, € # 1| 5711 — (~1)°§7¢] = pexp(~t, )
1 £ ; -1 12y _
pCOS(t7 5) S[pCOS(t./ 5)75] =1- 1+&2» é 75 +i S [1 - W] - pCOS(t, 5)
psin(t, ) | S[psin(t, B);€] = &g, € # i s [ e] = psin(t, )
pcosh(t, B) | S[pcosh(t,B);&] =1+ 5‘”2, &#£+1 St [1 + fi%] = pcosh(t, B)
. y ) _ghh _areftiy
psinh(t, ) | Slpsinh(t, §):¢] = Lor, € # +1 §71[e] = psinh(t, B)

Table 3. Sumudu transform pairs of prefuntions.
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Clearly, inverse bicomplex Sumudu transform of prefunction pexp(t, 5) is

(2.3)

€B+1
1-¢

S! {1 +

|- e

A similar working helps us to arrive at the bicomplex Sumudu transforms and the

inverse transforms of prefunctions and they are listed below.

Extended prefunction Sumudu transform Inverse Sumudu transform
pMs(t, B) S[pMso(t. B):€] =1 — S, € # —1| S [1 = ] = pMso(t, B)
B+1 B+1
pMs 1 (t, B) SlpMs 1 (t,8); €] = 5e, £ # -1 |57 5w = pPM3sa(t, B)
Ms.o(t, S[pMso(t, B):€] = $20 e+ 1 | S7UEE2] = pMyo(t
b3 2(t, ) [p 3,2( >ﬁ)7£]* 1+£37£7é [1+£3:| =D 3,2( 75)
5ﬁ+3 1 £3+3
PNz (1, B) S[pNso(t,B);¢l =1+ 3=, §#1 | S [1+ @] = pN3(t, B)
S —17gftty
pN3.1(t, B) S[pNsa(t, B);¢] = 3=, £ #1 S [1_33} =pN31(t, B)
B+2 B+2
pNsa(t, B) S[pNsa(t. B):€] = £, € £ 1 S5 = pNsa(t, )

Table 4. Sumudu transform pairs of extended prefunctions.

3. PROPERTIES OF BICOMPLEX SUMUDU TRANSFORM OF PREFUNCTIONS

Theorem 3.1 (Linearity property). Let pexp,(£,a) = S[pexp,(t,a);&] and
pexpy (&, B) = S[pexp,(t, B); €] be the bicomplex Sumudu transforms of prefunctions

pexp; (¢, @) and pexps(t, ) of exponential orders K1 and Ko, respectively. Then

(3.1) Slepexpy (t, ;&) + copexpy (t, B §)] = c1Dexpy (€, a) + c2bexpy (€, B),

where K = max{Kj, Ks}.

Proof.

We know that

st~ 1+

e,
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By applying the definition of bicomplex Sumudu transform of prefuntions we get

[c1 pexpy (¢, @ §) + ca pexpy (£, 55 )]

= % / e_t/g[m pexp (t, a; §) + c2 pexpy(t, §; )] dt
0

tn+a

_1 /¢ o
_5/0 B [Cl<1+zfn+1+a)>
n+p
+CQ(1+ZPnt+1+6 )]dz

5ﬁ+1
—01[1—1- 1_§] +02[1+ 1= §]
= c15[pexpy (¢, a); ] + c2S[pexpy(t, B); ]
= c1pexp; (&, @) + capexp, (€, B).

£a+1

In the same manner, the linearity property can be proved for other prefunctions

also.

O

Theorem 3.2 (Change of scale property). Let pexp(¢, 3) = S[pexp(t, 3); €] be
the bicomplex Sumudu transform of prefunction pexp(t,3). Then

(3.2) Slpexp(at, 8); §] = bexp(ag, B), a >0, £ €Q.

Proof. Consider

Spexp(at, §); €]

-1 / /% pexp(at, B €) dt
f/ pexp (at, ;&) dt  (put at = u)

— —u/ag .
- /0 e/ pexp(u, 5:) du

+8

_ L[ g u"
_ag/o [1+Zrn+1+6)}du

1 n+p
) —u/ag g _/ S P
a§/0 ¢ v ), an+1+6>

a§ﬁ+1
1—aé
= pexp(a, B).

Likewise, the change of scale property can be proved for other prefunctions also. [
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Theorem 3.3. Let pexp(&, 3) = Slpexp(t, 8);€] be the Sumudu transform of
bicomplex valued function pexp(t). Then for £ € Q

(33)  Slpexp/(t, B):€] = é{@@(g,m ~ pexp(0, 8],

Slpexp”(t, B); €] = §2[pexp(£, a) — pexp(0, B) —  pexp(0, B)],

m—1
5[peXp(m)(t,6);£]—gim{@c/p(f,ﬂ) pexp(0 €* pexp® (0 ]

k=1

Proof. Consider

Slpexp/(t, B); €] = %/ e~ /€ pexp’(t, B) dt
o t/€ - (n+ B)t+h= 1)
5/ (1 EESE A
*t/£1 - M .
= (Z CESESN A

L[ e <°° (n+ Byt~ 1>
+ — e dt - es.
52/0 Z Fn+1+45) ?

n=1

Integrating by parts, we get

Slpexp'(t, 8); € [ 3 —pexp; (0 fipeXp(&,ﬁ)} e1
[ —pexp, (0 ; peXp(é‘zvﬂ)} e

= m[(pexp(&,ﬂ)el + pexp(&2, B)e2)
1— (pexp(0, B)e1 + pexp(0, B)ez)]
= 5[5&5(5,6) —pexp(0, B)], € €Q.
By replacing pexp), (¢, 8) using pexp” (£, ), we have
(3.4) Slpexp”(t, B); €] = Slpexp} (t, B); €]

= %[pexm(f; B) — pexp4(0, B)]
- % %[5@5‘({)(@ B) — pexp(0, B)] — pexp’(0, B)
_ é[m(g,g) pexp(0, B) — Epexp’ (0, B)]-
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The above result is true for n = 1.
Assume that the result is true for n = m, that is,

m—1

(3.5) ﬂmmwwmﬂ—gﬂ@ﬁmm pexp(0 ¢ pexp® (0, >}

k=1

To prove the result for n = m + 1, we replace pexp(™ (t, 3) using pexp(™+1D (¢, 3).
Then

m—1
S[pexp™ (¢, 8): €] = %[gim {p/e\fp(f,ﬂ) pexp(0 Z €% pexp® (0, )H
k=1
= ,Em% [@\ﬁ)(é}ﬂ) pexp(0, 8) — > _ &" pexp® )],
k=1

Hence, by the principle of mathematical induction, the result is true for all n € N.
A similar proof holds true for other prefunctions also. ([

Theorem 3.4. Let pexp(¢, B) = S[pexp(t, B); €] be the bicomplex Sumudu trans-
form of prefunction pexp(t, ). Then

t
(3.6) ﬂéwmwmqﬁﬁmw,&n

Proof. From the definition of bicomplex Sumudu transform, we have

t . _l [e%e] e t y
(3.7) S[/O pexp(n, B) dn,ff} = é/o e /O pexp(n, B) dn dt.

By changing the order of integration, we get

t 1 00 00
SUO pexp(1, ) dn;é] = E/o pexp(n, B) dn/n e e dt

= %/0 €e™"$ pexp(n, B) dn
= £pexp(€, B).

We can prove the same for other prefunctions using the same method. O

Theorem 3.5. Let pexp(€, 3) = S[pexp(t, B); €] be the bicomplex Sumudu trans-
form of prefunction pexp(t, 3). Then

(3.8) S[tpexp(t, B); €] = & d—fpexp(é” ,B) + Epexp(€, 8), €€

642



Proof. Since

d__ d [>*1 — P
69 N~ [ X )

by using the idempotent representation of &,

d d [®et/a > B
(3.10) d—gpexp(f,ﬁ) = d—fl/o —§1 [ + F( —l—l—i—,@)] dt-eq

d 00 o—t/&2 e n+B
+ — dt - es.
dé /0 [ Z } ’

n+1+p)

Using Leibniz rule for integration, we get

d 5 et/ ad tntB
w60 g [ S

© 9 e~t/& tn+p
7 - lat-
o 0& & [ Z T'in+1+ 5)] “

© q 0 B
- —t t/gl{ }dﬁ
</o g EZ: Tnt1+p)] " @

1
_ —t/&1 — tn+6 .
/0 fte { ; n+1+6>}dt 61)
—t/&2 - ¢t ] .
+</0 Ete [ z:: 17 dt - es

/e tn+5 .
/ thetf[1+ZF +1+6}dt 62)
< 2 Sitpesp (6 )i€] - éS[pexpgu,/s);ﬂ)el

( Sltpexp (t,8); €] - iS[pepr(tvﬂ);g])CQ

&3 &

B ms[t(pe}(pl(t’ B)e1 + pexpy(t, B)e2); &1e1 + &aes]
_ ms[pexpl(t; 6)@1 + peXpQ(t, 5)62; Elel + §262]

— g Sltvexp(t, 3] - pSlpespit. 9): ¢
Thus,

(3.11) S[t pexp(t, B); €] = € d%pexp@ 8) + £ PERD(E, B).

Proofs for the other prefunctions follow the same method.
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Theorem 3.6. Let pexp(¢, a) = S[pexp(t, a); €] and pexp(€, B) = Slpexp(t, #); €]
be the bicomplex Sumudu transforms of prefunctions pexp(t,«) and pexp(t, ) of

exponential orders K1 and Ko, respectively. Then

(3.12) S[pexp(t, a) x pexp(t, 8); &] = £ pexp(&, a)pexp(&, B), £ € Q,
where K = max{Kj, Ks}.
Proof. We have

S[pexp(t, a) * pexp(t, 5); &] = %/0 e "¢ (pexp(t, @) * pexp(t, B)) dt

1 [e’e] t
= E/ e*t/g/ pexp(v, ) pexp(t — v, §) dv dt.
0 0

By replacing z — v using 17 and applying change of order of integration, we have
1 oo oo
S[pexp(t, ) * pexp(t, B); €] = ¢ / pexp(v, @) dv/ e */€ pexp(t — v, B) dt
0 13

L7 e ao [ e d
§/0 e "/% pexp(v, @) v/o e "¢ pexp(n, B) dn
= £ pexp(&, a)pexp(§, B).

Results on convolution for other prefunctions can be obatined in the same manner.
O

Theorem 3.7. Let pexp(&, 3) be the bicomplex Sumudu transform of prefunction
pexp(t, B) of exponential order K, analytic in ). Then

(313)  pexp(t, 5€) = —— [ eS¢ pewp(e, ) de = 3 Res[el/S¢ pexp(€, B)),
21y Jr

where I' = (I'1,T'2) is a piecewise continuous differentiable closed contour in bicom-
plex space.

Proof. We know that bicomplex Laplace transform of prefunction pexp(t, 8) is

(3.14) L[pexp(w) 1} -/ et pexp(t, ) dt, € € 0,
0

T
which deduces to

1 ] 1 _ 1 [ —t/¢ o
(3.15) EL peXp(t,ﬁ),g = E/o e”"/* pexp(t, B) dt = pexp(¢, ).
Then
1

(3.16) L [pexp@, 8

] )
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Using inverse bicomplex Laplace transform, the above equation yields

(3.17)  pexplt, ;6) = —— et/ﬁpexp(é,a) de = — [ e pamp(e, B) de.
T T

211 211

For other prefunctions also we can find this result by using their respective definitions.
O

4. SOLUTIONS TO SOME INTEGRAL AND INTEGRO DIFFERENTIAL EQUATIONS
IN TERMS OF PREFUNCTIONS USING BICOMPLEX SUMUDU TRANSFORM

Example 4.1. Consider the integral equation,

t B+1
TR TR

(4.1) v(t,6)+/0 (b8 dt =1 = (<1 g +1.
Applying the bicomplex Sumudu transform,

t 5 B+1

S{v(t,B)} + S{/o v(t, @) dz} =S5{1} - S{(—l) m} + S{t},
N G VR R LT
on simplification it gives
L (_1)ﬂ£ﬁ+1

Taking inverse on both sides, we obtain v(t, ) = pexp(—t, 8).

Example 4.2. Consider the integro differential equation

t B+1
(4.2) v'(t,/s)+/0 v(t,ﬂ)dt:t—m

with initial condition
(4.3) v(0,8) = 1.

Taking bicomplex Sumudu transform on both sides, we have

S{v'(t, B)} +S{/Otv(t,6)dt} = S{t} — S{F(TBL:Z)}’

£IV(6.8) = 00.0)] +6V(€.6) =€ — €.
Using initial condition (4.3), we get
§ﬁ+2
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The inverse Sumudu transform fetches the following result:
v(t, B) = peos(t, B).

5. PREFUNCTIONS AND EXTENDED PREFUNCTIONS AS SOLUTIONS OF INITIAL
VALUE PROBLEMS

In this section, we have applied bicomplex Sumudu transform techniques to obtain

the solutions of some initial value problems involving linear nonhomogeneous first,

second and third order ordinary differential equations with constant coefficients.

The initial value problems, their solutions and the plots of the solutions are listed in

Table 5.
S. No Initial value problem Solution in terms Graph with
of prefunction parameter [ = 2
1 ul(t7 ﬁ) - u(t7 ﬁ) = F(é—il) - 17 U(t,ﬂ, 5) = pexp(t7 57 5) -
u(0,8) =1
2 [W(t8) +u(t,B) = 1= (1) rcbiy, [ ult, B3 ) = pexp(—t,4:) | w0
u(0,5) =1
3 u'(t, B) + ult, B) = Hays u(t, B;€) = psin(t, 5;€)
u(0, 8) = v/(0,8) =0
4| WL B) +ult,B) =1— gy, | ult, Bi€) = peos(t, B; )
w(0,8) = 1,w/(0,8) = 0
5| w8 +ult,B) = 1— mhrry, |4z B:€) = PMao(z, B5) | meon i
u(0,8) = 1,4/(0,8) ="(0,8) =0
6 | w(tB)—u(t,B) =ty — 1, | u(t,3:€) = pNao(t, B €)
u(0,8) = 1,u'(0,8) =u"(0,8) =0

646
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6. CONCLUSION

In this article we have obtained Sumudu and its inverse transforms for prefunc-
tions. We also have analysed Sumudu transforms of prefunctions for its properties.
It is interesting to see that the solutions of certain initial value problems upto third
order are found to be the prefunctions and the extended prefunctions. Any study
without visualization is meaningless. So we have plotted the graphs of the solutions
to study the nature and behaviour.
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