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Abstract. We investigate the uniqueness of an entire function f(z) sharing one finite value
CM with its shift and its difference operator, in each case we find that f(z) = h(z)3%%/¢,
where o # 0, 8 > 1 and h(z) is a periodic entire function of period c¢. Here, we say that
two entire functions f(z) and g(z) share a value a CM if f(z) — a and g(z) — a have the
same zeros with same multiplicities.
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1. INTRODUCTION

In the field of complex analysis, using Nevanlinna theory, the study of entire
functions is of great importance due to their definition on the entire complex plane.
In this paper we will use p(f) to denote the order of growth of f and A(f) (or A(1/f))
to denote the exponent of convergence of zeros (or poles, respectively). For an entire
function f(z), we define its shift by

fe(z) = f(z+ ),
and its difference operators by
Acf(z) = f(z+0¢) = f(2), ALf(2) = ATTH(Acf(2), neN, n>2

We say that f(z) and g(z) share a(z) CM (counting multiplicities) provided that
f(z) —a(z) and g(z) — a(z) have the same zeros counting multiplicities. The unique-
ness of meromorphic functions sharing values with their difference operators has been
studied in many papers, see, e.g., [1], [2], [3], [4], [7], [10], and sharing values with
their shifts has been investigated by many authors, see, e.g., [3], [5], [6], [8]-
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In 2016, El Farissi, Latreuch and Asiri proved:

Theorem A ([3]). Let f(z) be a transcendental entire function of finite order
such that f(z) # f(z+c¢). Then f(z), f(z + ¢) and A.f(z) cannot share any finite
value a # 0 CM. Furthermore; if a = 0, f(z) must be of the form f(z) = h(z)e®*/°,
where o # 0 and h(z) is a periodic entire function of period c.

It is natural to ask what happens if A.f(z) is replaced by A.f(z + nc) in Theo-
rem A. Corresponding to this question, we obtain the following results.

Theorem 1.1. Let f(z) be a transcendental entire function of finite order such
that f(z) £ f(z+c¢). Then f(z), f(z+¢) and A.f(z+nc), n € N, cannot share any
finite value a # 0 CM. Furthermore, if a = 0, f(z) must be of the form

f(z) = h(z)B*/°,
where o # 0, 8 > 1 and h(z) is a periodic entire function of period c.

Example 1.1. The entire function

flz) = ¢

such that
flz+1) =ef(2), Aif(z+n) =e"(e-1)f(2),
and hence, f(z), f(z+ 1) and Ay f(z + n) share 0 CM.

In this corollary, we have replaced f(z+c¢) with A.f(z+ (n+1)c) in Theorem 1.1,
and we obtained the same result.

Corollary 1.1. Let f(z) be a transcendental entire function of finite order such
that f(z) # f(z+c¢). Then f(2), Ac.f(z +nc) and A.f(z+ (n+1)c), n €N, cannot
share any finite value a # 0 CM. Furthermore, if a = 0, f(z) must be of the form

f(2) = h(z)B°7/",
where oo # 0, 8 > 1 and h(z) is a periodic entire function of period c.

Example 1.2. The entire function
f(z)=¢e™, meC",
such that
Arf(z+n) =™ (" = 1)f(2), Arf(z+n+1) =™ —1)f(2),
and hence, f(z), A1 f(z+n) and Ay f(z +n + 1) share 0 CM.
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In this theorem, we generalized Theorem A by replacing A, f(z) with A7 f(z), and
we obtained the following results.

Theorem 1.2. Let f(z) be a transcendental entire function of finite order such
that f(z) # f(z+c¢). Then f(z), f(z+¢) and A7 f(z), (n > 1), n € N, cannot share
any finite value a # 0 CM. Furthermore, if a = 0, f(z) must be of the form

f(z) = h(z)B**",

where o # 0, 8 > 1 and h(z) is a periodic entire function of period c.

Example 1.3. The entire function
flz) = ¢

such that
flz+1)=ef(z), ATf(2) = (e—1)"f(2), meNT,

and hence, f(z), f(z + 1) and A} f(z) share 0 CM.

In this corollary, we have replaced f(z + ¢) with A” f(z + ¢) in Theorem 1.2, and
we obtained the same result.

Corollary 1.2. Let f(z) be a transcendental entire function of finite order such

that f(z) £ f(z+c¢). Then f(z), A?f(z) and A?f(z+¢), (n > 1), n € N, cannot
share any finite value a # 0 CM. Furthermore, if a = 0, f(z) must be of the form

f(z) = h(z)B**,

where o« # 0, 8 > 1 and h(z) is a periodic entire function of period c.

Example 1.4. The entire function
flz)=¢*
such that
ATf(z) = (e=1)"f(2), ATf(z+1) =ele=1)"f(2), neN

and hence, f(z), AT f(z) and A} f(z+ 1) share 0 CM.
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2. LEMMAS
For the proof of our results, we need the following lemmas.

Lemma 2.1. Let n be a nonnegative integer, and let f(z) be a meromorphic
function
AL f(2) + AL f(2) = AL f(z + o).

Lemma 2.2 ([9]). Suppose f;(z) (j =1,2,...,n+1) and g;(2) (j =1,2,...,n)
(n > 1) are entire functions satisfying the following conditions:

(i
(ii

n

) 5 HEO = fuia (o)

j=

) The order of f;(z) is less than the order ofet*®) for1 <j<n+1,1<k<n.
And furthermore, the order of f;(z) is less than the order of e9(*)=9(2) for

nz2and1<j<n+1,1<h<k<n.
Then f;j(2) =0 (j=1,2,...,n+1).

Lemma 2.3. Let f(z) be an entire function of finite order, and let a(z) be a pe-
riodic entire function of period c. Suppose that f is a solution of the difference

equation
flz+c)—alz) _
-z
where K is a constant. Then
AL f(z) —a(z) O a(z)
R CEEA O ek

Lemma 2.4. Let f(z) and g(z) be entire functions of finite order, and let a(z) be
a periodic entire function of period c. Suppose that f is a solution of the difference

equation

f(z+¢) —a(z) = [f(2) — a(2)]e??).
Then

f(Z + ’I’LC) — a(z) — [f(z) o a(z)]eg:o g(eric).
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3. PROOFS OF THE LEMMAS, THEOREMS, AND COROLLARIES
Proof of the Lemma 2.3. We prove by induction that for all n € N*:

AT —alz) o al2)
) —atzy) ~E D

For n = 1: We have
f(z+¢) —alz)

e —atz)

the fz+0) - atz)

Z2+c)—alz . B

f@-a) b
then

fleto) = fz) —alz) _ALf(z)—alz) _ . | _ az)
f(z) —a(z) f(z) —a(z) f(z) —a(z)
Suppose the result is true for n. Then
Atf(z)—alz) _ o n_ alz)
R CEEA B ek
then
AL f(z) —alz) = [f(z) —a()](K = 1)" — a(z),

then

ATFLF(z) = [f(z 4+ ¢) — a(2)](K — 1" — a(z) — [£(z) — a(2)](K — 1)" +
— [F(2) — a(E(K — 1) — [£(z) — a(2)](K - 1)"
— [F(2) — a))[K (K —1)" — (K — 1))
— [F(2) — a(2))(K — 1+
ATLF(2) —a(z) = [f(2) — a(2)](K — 1" — a(2),
then ATHF(2) — a(2) (2)
" z) —a(z) ntl a(z
e~ EVT T o—am

Hence, the result is true for n + 1.

Proof of Lemma 2.4. We prove by induction that for all n € N*:

n—1
> g(z+ic)
ei=0 .

f(z+nc) —a(z) = [f(2) - a(2)]
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Forn=1:
fz+¢) —a(z) = [f(2) — a(2)]e??).

Suppose the result is true for n:

f(z+ (n+1)c) —a(z) = [f(z +ne) — a(z)]edETno)

n—1

> g(z+ic)
= [f(z) —a()e =" oot
S g(a+ic)
= [f(2) —a(2)]ei=0 :
Hence, the result is true for n + 1. ([

Proof of Theorem 1.1. Suppose that f(z), f(z+c¢) and A.f(z+nc) share 0 CM.
Then

f(Z + C) — ep(z)

and
32) Acf(z4nc) _ flz+n+1)) = flz4n0) _ 40

f(2) f(2) ’
where p and ¢ are polynomials. By (3.1) and Lemma (3.4), we deduce that

n—1
> p(z+ic)
e 1=0 .

(3-3) f(z+ne) = f(z)ef

From equations (3.2) and (3.3) we deduce that

n n—1

> p(z+ic) > p(atic)
f(z)ei=0 — f(z)e=0 _ ),
f(2)
then
n n—1
(34) eigo p(ztic) — eigo p(ztic) — e(I(Z) .

In order to prove that p(z) and ¢(z) are constants, we need to treat the following

cases:

(a) If q(z) = Cst, (e?®) = K) and p(z) # Cst, then we deduce from (3.4) and
Lemma 2.2, the contradiction
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(b) If p(z) = Cst, (e?*) = K) and ¢(z) # Cst:
If e?*) = K = 1. By (3.1) we deduce the contradiction

Fz+0) = £(2).
Then K # 1. By (3.4) we deduce
Kntl _ gno— eq(Z)7
then we deduce the contradiction
0 # degq(z) = p(e??) = p(K" ' — K™) = 0.

(c) If p(z) # Cst and q(z) # Cst, we have two subcases:
(i) If degp # deggq, then from (3.4) we have

n—1
pleine) _ OB PO

Then by Lemma 2.2, we deduce the contradiction
1=0.

(ii) degp =deggq
Case (A): If p — g = Cst, then by (3.4), we have

n n—1
Cst+ > p(z+ic) Cst+ Y p(z+ic)
i=1 i=1

e —e =1

Then by Lemma 2.2, we deduce the contradiction
1=0.

Case (B): If p — ¢ = h # C'st, then by (3.4) we have

)+ S p(atic) ()4 S p(atic)
e i=1 e =1 =1

Then by Lemma 2.2, we deduce the contradiction

1=0.
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Suppose that eP(*) = 4 where « is a complex number and § > 1. From (3.1) we
have

(3.5) Fz+0) = BF(2).

If f(2) and g(z) are two different solutions of (3.5), then h(z) = f(2)/g(2) is a periodic
function of period c. Obviously, g(z) = $%*/¢ is a solution of (3.5), hence, the entire
solutions of (3.5) must be of the form f(z) = h(z)B3**/¢, where a # 0, f > 1,
and h(z) is a periodic entire function of period c.

Suppose now that f(z), f(z + ¢) and A.f(z + nc) share a # 0 CM. Then

f(z+c)_a:ep(z)

(3.6) 7(2)—a
and
3.7) Acf(z+ne)—a  f(z+(n+1)c) = f(z+nc) —a = 01(2)

f(z)—a f(z)—a

where p and ¢ are polynomials. From (3.6) and Lemma 2.4 we deduce that

n—1
> p(z+ic)
(3.8) fz+nc)—a=(f(z) —a)ei=0 :
From equations (3.7) and (3.8) we deduce that
3 pla-tic) Eﬁlp(zﬂfi)
(f(z) — a)e= — (f(z) —a)e= — 0 _ a2
f(z) —a '
Then
n n—1
(39) L — eigop(Zer) _ eigo p(zFic) _ e‘l(z).
f(z) —a
From (3.6) we deduce that
a aeP?)

(3.10) &) —a fEid_a

By using equation (3.9), we deduce that

n+1 n
(3.11) _aet® B0 et g

fz+c)—a
By using equations (3.9), (3.10) and (3.11), we deduce that

Sopetic) S petic) S pletic)
ei=0 — 2ei=0 + ei=0 _ oP(2)

(3.12) P Ha(z+e) | qa(2) _ .
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In order to prove that p(z) and ¢(z) are constants, we need to treat the following
cases:
(a) If p(z) = Cst, (e?*) = K) and ¢(z) # Cst.
If e?(*) = K = 1, then by (3.6), we deduce the contradiction

fz+¢) = f(2).

Then eP(*) = K # 1, and by (3.9), we deduce the contradiction
a
0=A ——— ) = MK — K" — 1)) = p(e?*)) = deg ¢(2) # 0.
(5=2) =~ ) = plet)) = degq(z) #

(b) If g(z) = Cst, (e9*) = K) and p(z) # Cst, then by (3.12) we have

n41 ) n ) n—1 )
JDopterie) o S S oo

We deduce by Lemma 2.2 the contradiction
—K =0.

(c¢) If p(z) # Cst and q(z) # Cst, we have two subcases:
(i) If degp # deggq, then from (3.12) we have

ﬂil p(z+ic)—q(z) Eﬂi p(z+ic)—q(z) ﬂil p(z+ic)—q(z)
2ei=0 + e=0

ei=o — — P t+azte)—a(z) — _q.

We deduce by Lemma 2.2 the contradiction

(ii) degp = deggq —-1=0.
Case (A): If p — q = Cst, then by (3.12) we have

nt1 n n—1
Cst+ > p(z+ic) Cst+ > p(z+ic) Cst+ Y p(z+ic)
i=1 2¢e i=1 i=1

. eCst—i—q(z+c) - _1.

e +e

We deduce by Lemma 2.2 the contradiction
—-1=0.

Case (B): If p — q = h # C'st, then by (3.12), we have

S petie)th(z) 3 p(aioth(z) S p(atie)th(z)
2ei=1 + ei=1

2 _ _ ehta(ste) — _1
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Then by Lemma 2.2, we deduce the contradiction
—1=0.

Finally, we deduce that p(z) and ¢(z) are constants, which is also a contradiction
with the fact that f is transcendental entire function. So, there is no entire function
satisfying the hypothesis of Theorem 1.1 when a # 0. O

Proof of Corollary 1.1. Suppose that f(z), Acf(z +nc) and Ac.f(z+ (n+1)c)
share 0 CM. Then

A f(z + nc)

3.13 e
(349 £

and

2
pry  ASCHOED) A £ AS 0
f(2) f(z)
where p and ¢ are polynomials. By using equations (3.13) and (3.14),
A%f(z + ne)

3.15 S\ ga(z) _ op(2)

(3:19) £
By using equation (3.13),

(3.16) Aif(z +ne) = f(z + C)ep(z+c) _ f(z)ep(Z),

by using equations (3.15) and (3.16),
F()e — F(2)e) = [z + )bt — f(2)en).

Then

flz+¢) _
3.17 _ ot(2)=p(z+o).
(347 7%
From equations (3.13) and (3.17) we deduce that f(z), f(z + ¢) and A.f(z + nc)
share 0 CM. By using Theorem 1.1, f(z) = h(z)5%*/¢, where a # 0, 3 > 1, and h(z)
is a periodic entire function of period c.

Suppose now that f(z), A.f(z+nc) and A.f(z+ (n+1)c) share a # 0 CM. Then

Acf(z+nc)—a

el T op(2)
(3.18) o —a e
and
Acf(z4+(n+1)c)—a  Alf(z+nc)+Acf(z+nc)—a a(2)
319 fo—a ) —a o
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where p and ¢ are polynomials. By using (3.18) and (3.19)

(3.20) ALfEH10) _ ae) _ aolo),
f(z) —a
By using (3.18),
(3.21) AZf(z+ne) = f(z+c)ePEHI) — qePEHe) — f(2)eP®) 4 qeP?),

by using (3.20) and (3.21),
f(Z)eq(Z) _ f(z)ep(Z) — aed®®) 4 qeP®) = f(z+c)ep(2+0) — qePzte) _ f(z)ep(Z) + aeP?),
then

fet+o) —a _ g@)-peto)
(3.22) e =° .

By (3.18), (3.22) and Theorem 1.1, we deduce a contradiction in that f(z), f(z +c¢)
and A.f(z + nc) cannot share a # 0 CM. Consequently, we deduce that f(z),
Acf(z+ne) and A.f(z + (n + 1)c) cannot share a # 0 CM. O

Proof of Theorem 1.2. Suppose that f(z), f(z + ¢) and AZ f(z) share 0 CM,
then

f(Z + C) — ep(z)

3.23
(32 )
and
i(_1)n—t .

(3.24) Actz) _ iz R — 12

f(2) f(z) ’
where p and ¢ are polynomials. By using equation (3.23) and Lemma 2.4,

S p(etie)
z+ic

(3.25) fz+ne) = flz)e

By using (3.24) and (3.25),

n—2 no1
AP > p(ztic) > p(ztic)
(3.26) %()Z) — (_1)" + n(_l)”—lep(z) L n(_l)eizo P 4 gi=o0 P

— (%)
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In order to prove that p(z) and ¢(z) are constants, we need to treat the following

cases:
(a) If p(z) = Cst, (e?*) = K) and ¢(z) # Cst, then we deduce from (3.23) that
flz+¢)
3.27 =K.
520 e

If K =1, then we deduce the contradiction
fz40¢) = f(2).
If K # 1, by using Lemma 2.3 and equations (3.24) and (3.27),

A?f(z) — eq(z) _ (K _ 1)n

f(z)
Then we deduce the contradiction
deg ¢! = p(e??) = p[(K —1)"] =0,

where ¢(z) # C'st.
(b) If ¢(2) = Cst, (e9®) = K) and p(z) # Cst, then from (3.26) we deduce

n—2 n—1

A" z4ic z4+ic
cf(z) =(=1)"+ n(_l)n—lep(z) +. L+ n(_l)eigo ( ) + eigo o ) =K
f(z)

Then
Tpetie) % platic
z+ic z+ic
(1) — K]eP® 4 an(=Dem "0 pem Y Zp(=1)n.
By Lemma 2.2, we deduce the contradiction
n(—=1)" = 0.
(c) If p(z) # Cst and q(z) # Cst, we have two subcases:
(i) degp = degg:
Case (A): If p(z) = q(z), then from (3.26) we deduce
p(etic) S platie)
z+ic z+ic
(=11 —1]eP® 4. pa(—1e fein = —(=1)"

By Lemma 2.2, we deduce the contradiction
—(=1)*=0.
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Case (B): If p(z) — q(z) = Cst, then from equation (3.26) we deduce

=S p(atic)

n—1
= 2 p(zic)
= +n(=1)""t—e e = +...4n(—1)e PEHm=be) — 1

(=1)"e
Then by using Lemma 2.2 we deduce the contradiction
—-1=0.
Case (C): If p(z) — q(z) # Cst, then from (3.26) we deduce

n—2 n—1
> p(z+ic) > p(z+ic)
n(=1)""teP) 4 4 n(—l)efzop T e T i) = (=™

By Lemma 2.2, we deduce the contradiction
—(-n"=0.

(ii) degp # degq:
By using Lemma 2.2 and (3.26), we deduce the contradiction

(—1)" = 0.

Suppose that e?(*) = 8 where « is a complex number and § > 1. From (3.23)
we have

(3.28) Fz+0) = BF(2).

If f(z) and g(z) are two different solutions of (3.28), then h(z) = f(z)/g(z) is a pe-
riodic function of period c. Obviously, g(z) = 3%*/¢ is a solution of (3.28), hence the
entire solutions of (3.28) must be of the form f(z) = h(z)5**/¢, where a # 0, 8 > 1,
and h(z) is a periodic entire function of period c.

Suppose now that f(z), f(z + ¢) and A? f(z) share a # 0 CM. Then

flz4+c)—a )
(3.29) - e?
and

A?f(z) —a _ ~4(2)
(3.30) 7]“(2’) — e?\®/)
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where p and ¢ are polynomials. From (3.29) and Lemma 2.4, we deduce that

n—1

> p(z+ic)
(3.31) f(z+mnc)—a=(f(z) —a)ei=° : .
By using equations (3.30) and (3.31),
n—2 n—1
> p(ztic) > p(ztic) a
-1 "+n —1 n—lep(2)+...+n —1)ei=0 + ei=0 — :eq(z),
(1) + (1) (-1) o
then
a _ n n—1_p(z)
3.32 — = (—-1)"+n(-1 el .
(3.32) o = (1) ()
n—2 n—1
+ n(—1)ei=o PEHO | BTN ),

In order to prove that p(z) and ¢(z) are constants, we need to treat the following

cases:

(a) If p(z) = COst, (e?*) = K) and q(z) # Cst then, by using Lemma 2.3 and
equations (3.29) and (3.30), we have

Acf(z)=az) e e 0GR e
(3.33) f(Z) — a(z) (K 1) f(Z) _ a(z) :

If K =eP*) = 1, then we deduce from equation (3.29) that
feto)—a=fG) —a

Then we deduce the contradiction

Gz +0) = f(2).

Then
K #1.

By using equation (3.33), we deduce the contradiction
a
0—)\(7) = M(K —1)" — e7®)) = p(e9)) £ 0.
=) = MU = 17 =) = pler)
(b) If g(z) = Cst, (e9®) = K) and p(z) # Cst, then we deduce from equation (3.29)

that

a aeP(?)
(3.34) &) —a et _a

662



By using equation (3.32), we deduce

aeP(?)
3.35 — _[(=1)" = K]eP® _1)rlep()+p(ate)
(3.33) flz+c)—a (=) Je "+ n(=1)"e +
S p(etic) 32 plaic)
+n(—1)ei=o + ei=0 .

By using equations (3.23), (3.34), and (3.35), we deduce

n—1

Y pletic) 3o platic)

[(—1)" = K]+ [n(=1)"" = (=1)" 4+ K]eP®) 4 .. 4[1 +nJe=0 —ei=0 =0,
then
— 3 p(atic) — 3" p(atic)
[(~1)"—K]e =0 An(=1)" = (=1)"+Ke = 4. +[l4n]e PO =1,

By using Lemma 2.2, we deduce the contradiction
1=0.

(c) If p(z) # Cst and q(z) # Cst, we need to treat the following cases:
By using equation (3.32), we deduce

aeP(?)

= (_1)nep(2) + n(_l)n—lep(2)+p(Z+C) 4o

n—1 n
+ n(_l)eq‘,go platic) + eq‘,;op(Zer) _ ep(Z)Jrq(erc) )

By using equations (3.32), (3.34), and (3.36), we have

(3:37) (D)™ + [n(=1)"" = (1) + ...

n—1 n
+ (]_ + n)el';o p(zic) _ eigop(Zer) _ eQ(Z) + eP(Z)'HI(Z-i—C) =0.

(i) degp = degg:
Case (A): If q(z) — p(z) = Cst, then we deduce from equation (3.37) that

(=) + [n(=1)"" — (1) — eT5t)eP) 4
n—1 n
+ (1 + n)eigo plztic) _ eq‘,;op(z-‘r’w) + ep(2)+(1(z+0) =0.

By using Lemma 2.2, we deduce the contradiction
(-1)*=0.
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Case (B): If q(z) —p(z) = h(z) # C'st, then we deduce from equation (3.37)
that

n—1 n
(—1)me ) 4 4 (14 n)e,:; PEHE _ BPEHD | h) 4 et

=—n(=D)""1+ (=1)" = (=1)"(n+1).
By using Lemma 2.2, we deduce the contradiction
(-D)*(n+1)=0.

(ii) degp # degq:
By using Lemma 2.2 and equation (3.37), we deduce the contradiction

(—1)" = 0.

Finally, we deduce that p(z) and ¢(z) are constants, which is also a contradiction
with the fact that f is a transcendental entire function. So, there is no entire function
satisfying the hypothesis of Theorem 1.2 when a # 0. 0

Proof of Corollary 1.2. Suppose that f(z), A”f(z) and A” f(z+c¢) share 0 CM.
Then

A?f(z) _ (=)

and

ALf(z +0)
3.39 Tel P T a®)
(339 7
where p and ¢ are polynomials. By using Lemma 2.1 and from equation (3.39) we
have

ATf(z) + AT F(2)
3.40 - - =102,
(340) 7
By using equations (3.38) and (3.40), we have
A?—Hf(z) — eq(z) _ ezr)(z)

f(z) ’
then
(3.41) ATFF(z) = f(2)e7) = f(z)eP).
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By using equation (3.38), we have
ALf(2) = f(2)e",
then
(3.42) AT (2) = f(z + ¢)ePEHe) — f(2)eP®),
By using equations (3.41) and (3.42), we have
F(2)8) = F(2)ePD = f(z + et — f(z)er),
then

flz+¢) _
3.43 1E+9) _ ae)-pte),
(3:49) 7%
From (3.38) and (3.43) we deduce f(z), f(z + ¢) and A” f(z) share 0 CM. By using
Theorem 1.2, f(z) = h(2)3%*/¢, where a # 0, > 1, and h(z) is a periodic entire
function of period c.
Suppose now that f(z), A% f(z) and A? f(z + ¢) share a # 0 CM. Then

Agf(z) —a — oP(2)
(3.44) —F—a = °
and
(3.45) Acflete)—a _ e,

f(z)—a
where p and ¢ are polynomials. By using Lemma 2.1 and equation (3.45), we have

A f()+ ALf(z) —a
f(z)—a

By using equations (3.44) and (3.46), we have

(3.46) =et®),

A?—Hf(z) _ eq(z) _ ep(z).
f(z)—a
Then
(3.47) APHLE(2) = f(2)e1®) — f(2)eP®) — ae?®) 4 qeP),

and by equation (3.44), we have
3.48 APPLF(2) = f(z + 0)ePET) — f(2)eP(?) — qeP(zHe) 4 geP(2),
(3.48) c
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By using equations (3.47) and (3.48), we have
f(Z+C)ep(Z+C) — f(z)ep(Z) — qePEre) o geP(2) — f(z)eq(Z) — f(z)ep(Z) — ae?®) 4 qeP(*)
then

M — o2(2)=p(z+c)
(3.49) o —a e .

By (3.44), (3.49) and Theorem 1.2, we deduce a contradiction in that f(z),
f(z + ¢) and AZf(z) cannot share a # 0 CM. Consequently, we deduce that
f(z), A f(z) and A? f(z + ¢) cannot share a # 0 CM. O
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