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Abstract. In this context, the main interest of this paper is to construct a family of
surfaces in E° space which is the adjoint pair of a given curve. Then, using the modified
orthogonal frame with torsion, we express the necessary conditions for the surface family
that recognize the adjoint curve as a geodesic curve, an asymptotic curve and a line of
curvature. Also, the singular points of the surface given by the parametric equation are
expressed. It is concluded that the adjoint curve of the alpha curve whose torsion is not
constant can not be geodesic on the surface under any circumstances. In addition, the
case where the adjoint curve of the unit velocity alpha curve with nonconstant torsion
with respect to the modified orthogonal frame with torsion is the Salkowski curve, is also
exemplified. By the way, this work is illustrated by several examples.

Keywords: the modified orthogonal frame with torsion; adjoint curve; Salkowski curve;
geodesic curve; asymptotic curve; line of curvature; surface family
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1. INTRODUCTION

Curves and surfaces are two of the most important basic topics of differential ge-
ometry, and we encounter them in almost every differential geometry book ([13],
[21], [24], [26], [27], [29], [30]). In addition, the construction of another curve from
a curve with the help of Frenet vectors has an important place in differential geome-
try. An example is the adjoint (or conjugate) curve defined in ([11], [12], [23]) as the
integral of the binormal vector of a curve with arbitrary parameter s. The adjoint
curve is a concept in differential geometry, particularly in the study of curves in
Euclidean space. Robotics, particularly path planning and motion analysis, is a no-
table application of adjoint curves. Adjoint curves can help determine optimal paths
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that minimise energy consumption or avoid obstacles in robot motion planning. By
analysing the properties of an adjoint curve, it is possible to derive smooth trajec-
tories that are in compliance with physical constraints. All in all, adjoint curves
provide valuable geometry insights, which improve the efficiency and effectiveness
of robot applications. In general relativity, the path of a particle (geodesic) can be
described as an adjoint curve in a curved space time. The modified orthogonal frame
would be used to describe how the space time around a massive body (like a star
or black hole) distorts the particle’s path. The adjoint curves can then be used to
analyze the optimal trajectory of the particle under the influence of gravitational
forces. The combination of adjoint curves and the modified orthogonal frames in
physics provides powerful tools for analysing the dynamics and transformations of
systems in a variety of contexts. Whether in classical mechanics, general relativity,
electromagnetism or fluid dynamics, these concepts help to understand how physical
systems evolve under changes in reference frames, rotations, accelerations and other
transformations. They enable precise calculations and theoretical models of motion,
energy and forces in different physical environments. In geometric mechanics, the
motion of a system (like a particle or rigid body) can often be described by curves in
a manifold. The adjoint curves are often used in Lagrangian mechanics to describe
the evolution of a system’s configuration space, ensuring that the system’s behavior
is understood in relation to other constraints. Nurkan and Giiven have recently de-
fined the integral curves of Smarandache curves with respect to the Frenet frame in
3-dimensional Euclidean space; in particular, the characterisations of these adjoint
curves when the given curve is a general helix and a slant helix [22]. However, the
use of other frame instead of Frenet’s gives the mathematician a new idea. Using
the Frenet frame, Sasai defined the modified orthogonal frame at points where the
curvature is different from zero [25]. Bukcu and Karacan expressed Sasai’s work
in 3-dimensional Minkowski space. They also gave a new version of the modified
orthogonal frame with torsion in 3-dimensional Euclidean and Minkowski space [10].

A specific example of using the modified orthogonal frame is in planning robotic
arm movements. In industrial robots, robot arms are often required to perform
complex tasks such as assembly or welding, where precision and coordination of
movements are critical. This application demonstrates how the modified orthogo-
nal frames simplify the complex calculations involved in robot motion, leading to
efficient and reliable performance in industrial environments. Considering all these
studies, the idea of constructing the adjoint curve of a curve according to the modi-
fied orthogonal frame formed by torsion was born by Arikan and Nurkan in [2]. In
addition, the problem of finding a family of surfaces passing through a given curve
and accepting this curve as a special curve is one of the important topics studied
recently. In this sense, this problem was first formulated by Wang et al. [28]. They
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gave necessary and sufficient conditions for the given curve to be geodesic on the
surface. Li et al. [19] studied the problem of finding a family of surfaces that ac-
cepts a given curve as a line of curvature. For recent studies on the problem of
finding a surface family that contains known special curve pairs and accepts these
curves as an asymptotic and line of curvature, see ([5], [7], [9], [18]). In addition,
recently, Atalay [3] expressed a new approach to special families of curved surfaces
according to the modified orthogonal frame; Atalay and Simsek [6] have expressed
the necessary and sufficient conditions for polynomial curves, which are widely used
in various fields of physics (such as projectile motion, kinematics, optics, quantum
mechanics, relativity, electromagnetism, etc.) due to their ability to model and ap-
proximate a wide variety of physical phenomena, to be isogeodesic, isoasymptotic,
and curvature line on the surface, and carried the subject to ruled surfaces in E3.
Yakut and Kizilay [31] studied the curve evolution with a new modified orthogonal
Sabban frame. In addition to these, there have been several studies on special curve
pairs and special surfaces based on the modified orthogonal frame ([1], [4], [8], [14],
1151, [16], [17], [20)).

The concepts of adjoint curves and the modified orthogonal frames have specialized
applications in physics, particularly in fields involving dynamics, mechanics, and
geometry. While both concepts are advanced, they play key roles in the analysis of
motion, rotations, and transformations in various physical contexts.

In this work, we define conditions for the adjoint curve of the given curve with
respect to the modified frame with torsion to be both parametric on the parametric
surface and geodesic, asymptotic or line of curvature in E3, respectively.

2. PRELIMINARIES

In this section, we will explain some basic definitions and two types of the modified
orthogonal frames defined for curves with nonzero curvature and torsion.

Let a(s) be a C2 space curve of arc length parameter s in the Euclidean 3-space.
Then the Frenet frame {t(s),n(s), b(s)} of the curve «, where t(s),n(s), b(s) are the
tangents of the principal, normal and binormal vectors of «, respectively, is defined by

t'(s) 0 K(s) 0 t(s)
n'(s) | = —«(s) 0 7(8) n(s) |,
b’(s) 0 —-7(s) O b(s)
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where k(s) = ||a”/(s)|| and 7(s) = —(b’(s),n(s)) are called the curvature and torsion
of the curve «, respectively.

Let a(s) be an analytic curve. Then this curve can be reparameterised by its
arc length s. For this curve we will assume that the torsion function 7(s) is not
identically zero. Thus, an orthogonal frame {T,(s), N, (s),B;(s)} can be defined as

follows:

da dT,
T7_:—7 NT: 5 BT:TT NT.
ds ds x

Taking into account the above equations and the Frenet equations, we obtain the
following relations linking the Frenet frame and a new frame at nonzero points of 7:

T.=t, N,=mn, B, =r7b.

A new frame makes it easier to include the following equations using the Frenet frame
<TT;NT> = <T‘raB‘r> = <NT;BT> =0, <TT;TT> =1, <N7'7N‘r> = <BT;BT> =72
The derivative equations of the new orthogonal frame {T.(s),N,(s),B,(s)} are
derived from fundamental equations

T/ (s) = =Ny (s),

(21) N’ (s) = —k7T (s) + ;NT(S) 4 7B, (s),

BL(s) = —rN.(5) + ZB.(s),
where 7 = det(a’, o”’, ') /k? is the torsion of the curve a.
Thus, the orthogonal frame {T,(s),N,(s),B.(s)} is called the modified orthogo-

nal frame with nonzero torsion [10].

Definition 2.1. Let « be a unit speed regular curve with curvature x # 0 and
torsion 7 # 0. If the modified orthogonal frame with torsion of « is {T,(s), N(s),
B (s)}, then the adjoint curve of « is defined as [2]

(2.2) B(s) = /BT(s)ds.

Theorem 2.1. Let o be a unit speed regular curve in E® and B be the adjoint
curve of o according to the modified orthogonal frame with torsion. If the modified
orthogonal frames of a and 3 are {T.(s), N,(s),B,(s)} and {T,(s),N,(s),B.(s)},
the curvature and torsion are k, T and R, T respectively, then the following relations
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hold [2]:

TT = _BT7
N-r = _%NT)
T
(2.3)
E‘r = ETT?
=1, T=2
T

Corollary 2.1. If « is a general helix (or circular helix) parametrized by arc-
length parameter s, then the adjoint curve of 3 according to the modified orthogonal
frame with torsion « is a general helix (or circular helix) [2].

Corollary 2.2. If 5 is the adjoint curve of a (not a general helix) according to
the modified orthogonal frame, then S is a Salkowski curve [2].

An isoparametric curve «(s) is a curve on a surface ® = ®(s, v) that has a constant
s or v parameter value. In other words, there exists a parameter sy or vg such that
a(s) = ®(s,vp) or a(v) = ®(sg,v) [24]. A curve a(s) in ® C IR? is a geodesic of
® provided that its acceleration o is always normal to ® [24]. A regular curve «
in ® ¢ IR? is an asymptotic curve provided that its velocity o’ always points in an
asymptotic direction, i.e., the direction in which the normal curvature is zero [24].
The simplest criterion for a curve in ® to be asymptotic is that its acceleration o’
is always tangent to ®. A regular curve o in ® is a line of curvature provided that
its velocity o/ always points in a principal direction [24].

Theorem 2.2. A surface curve is a line of curvature if and only if the surface
normals along the curve form a developable surface [13].

3. SPECIAL ADJOINT CURVED SURFACE FAMILIES ACCORDING TO THE MODIFIED
ORTHOGONAL FRAME WITH TORSION

Suppose we are given a unit speed parametric curve a(s) with unit velocity such
that ||a”(s)|| # 0 and 7 # 0 in 3-dimensional space. Let 8 be the adjoint curve of a.
The surface family that possesses 5 as a common curve is given in the parametric

form as

(3.1) ®(s,v) = B(s) + [x(s,v)T+(s) + y(s,0)N7(s) + z(s,v)B(s)],
' L1 <s< Ly, Ky <v< Ko,
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where z(s,v), y(s,v) and z(s,v) are called differentiable marching-scale functions
and {T,(s),N,(s), B,(s)} is the modified orthogonal frame with nonzero torsion of

the curve .

Remark 3.1. Note that choosing different marching scale functions gives dif-

ferent surfaces which have 3(s) as a common curve.

Our goal is to find the conditions for which the given curve /3(s) is an isoparametric,
and geodesic, asymptotic or line of curvature on the surface ®(s,v). Firstly, as 5(s) is
an isoparametric curve on the surface ®(s,v), there exists a parameter vy € [K7, K|
such that

(3.2) x(s,v0) = y(s,v0) = 2(s,v9) =0, L1 <s< Lo.

Using equations (2.2) and (2.3) in (3.1),

Bs.0) = [ Bols)ds + [%z@,v)TT(s) =~ )N () 4 —a(s,0)Bo (s)]
L1 <s< Ly, K1 < s < Ky is obtained.

The normal vector field of the surface ® is given by

_ 0P(s,v) " 0P(s,v)

Uls,v) 0s ov

where “x” is the vector product. We calculate

EICEIENRCETEE
_ () / sv—nsT/(s) 8,0 R2(S)zsv
. ) vle) = k() s o)+ S50 ) -
k(s) Oy(s,v) 1 0x(s,v)
+72(s) v <1+T(S) 0s
|+ Sats.0) - Sy |
k(s) 0z(s,v) 1 0x(s,v)  7'(s) K(s)
NCE (HT(s) o5 ()" >_@y(8’“>> )
1 Ox(s,v) (K(s) Oz(s,v) K(s) lzsv K2(s) .
7o (o (5 e+ )
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i % 825}71}) (x<s,v> + ;((?) aygss,w (;((?))'y(sw)'
. + n(S):;((zy(svv) + jjéiiz(sv)) N
_ :»2((58)) 8y((;v, v) (ig 82’5;, v) (;((Ss)))z(s’“)
" f((j))y(s’”)> |

Along the curve 3(s) we have

_k(s) (1 0Oy(s,vo) . 0z (s,v0) s
(3.3) U(s,v9) = () (T(s) s T(s) + 50 N( ))

If the unit normal vector vanishes at any point of a surface ®(s,v), i.e., at any

point, then these points are called the singular points of the surface. So the following
result is obvious.

Corollary 3.1. Since k # 0, 0z(s,vg)/0v or dy(s,vg)/Ov must be different from
zero for the normal to be defined. If 0z(s,v)/0v # 0 and O0y(s,vo)/0v # 0, then
there is no singular point on the surface ®(s,v).

Theorem 3.1. Let o(s) be a unit speed curve with nonzero torsion and (3(s) be
the adjoint curve of «(s). (s) is parametric and geodesic on the surface ®(s,v) if

x(s,v0) = y(s,v0) = 2(s,v9) = w =0, L3 <s< Ly,
K; < v, vog < K2 (vg fixed),
(34) 82’(8,1}0) - _)\( )TQ(S) )\( ) # O
o 8 k(s)’ s ’
7(8) = constant.

Theorem 3.2. Let a(s) be a unit speed curve with nonzero torsion and 3(s) be
the adjoint curve of a(s). B(s) is parametric and asymptotic on the surface ®(s,v) if

0
x(s,v9) = y(s,v0) = z(s,v0) = % =0, L;<s<Lo,
(3.5) Ky < v, vg < K3 (v fixed),
8y(851}0)

50 A(s)T(s), A(s) #0.
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Corollary 3.2. The curve given according to the modified orthogonal frame with
curvature cannot be geodesic and asymptotic at the same time.

Theorem 3.3. Let a(s) be a unit speed curve with nonzero torsion and (3(s) be
the adjoint curve of «(s). [(s) is parametric and line of curvature on the surface
O(s,v) if

z(s,v0) = y(s,v0) = 2(s,v9) =0, L7 < s < Lo,
0(s) = — [K(s)ds, K1 <wv,v9< Kz (vg fixed),
0x(s,v0) _ 1 s) cosf(s s

o st (s eostle), 2(s) 0,
QU 00) sy (s)sin (),
W) \(syr(s), Ms) £ 0

Proof. Let e(s) be a vector field orthogonal to the curve 8(s). Then we can
write
e(s) = cosO(s)N,(s) + sinf(s)B,(s),
where 6(s) is the angle between e(s) and the vector field N, (s) of the curve 3(s).

According to Theorem 2.2, a line of curvature on the surface is given by (3.1) if and
only if e(s)//U(s,vo) and the ruled surface

Q(s,v) = B(s) + ve(s)

is developable. Using (3.3) we have

o)/ /U (s,10) = P — L) cosi(s) ana 2510)

Ee o) = 7(s)y(s)sind(s)

and (s, v) is developable if and only if det(5’(s), e(s),€’(s)) = 0. Since

det(3/(5):e(s).€/(5) = S5 () +/(5).
K % 0, we get
det(B'(s).¢(s), () =0 <= 8(s) = ~ [ (s)d,
which completes the proof. O
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4. EXAMPLES OF GENERATING SPECIAL ADJOINT CURVED SURFACES ACCORDING
TO THE MODIFIED ORTHOGONAL FRAME WITH TORSION

Example 4.1. Let a(s) = (£sin(s), —2 cos(s), 2s) be a unit speed curve. The

Frenet apparatuses of a(s) are

=
—
v
~—
Il
—
I
wn
=
=]
—
v
~—
I
Q
@}
w0
—~
v
~—
o
=

The modified orthogonal frame with torsion of the units speed curve derived elements

a(s) are as follows:

16 16 . 12)

B.(s) = (—% cos(s), 3F sin(s), %

Therefore, the adjoint curve of the curve a(s) is

50 = [ Br(s)as = (=55 snto) 5o eosts). 25 )

In Figure 1, for —2n < s < 2%, we have shown «(s), and the adjoint curve of af(s).

R
—

< .15

N 0.65

0.60 0.35 0.10 —0.15 -0.40 -0.65

Figure 1. a(s) (in red) and the 3(s) adjoint curve (in gray).
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Remark 4.1. As can be seen from the equations and the figures, the alpha
curve and the beta adjoint curve of alpha are circular helices.

Choosing z(s,v) = y(s,v) =0, z(s,v) = —%ﬁsv, A(s) = s, vg = 0, we obtain the
surface

16 36 16 36 12 48
Dy (s,v) = (—2—5 sin(s) + 25 Y cos(s), T cos(s) + T sin(s), T + —sv)
—2n < s < 21, —2n < v < 27, satisfying (3.4) and accepting 8(s) as an isoparametric
and geodesic curve (Figure 2).

&\

R

/>¥ﬂ J"”#\T4>//
\\/ /\///F_ _/—j T Xz

Figure 2. A member of the surface family accepting the curve 3(s) as an isoparametric,
and geodesic curve.

Choosing z(s,v) = z(s,v) =0, y(s,v) = —%sv, vg = 0 we obtain the surface

16 3 16 3 12
Dy (s,v) = (—% sin(s) + =5V sin(s), ~3 cos(s) + =5V cos(s), 2—58)

—n< s <, —2n < v < 27, satisfying (3.5) and accepting 5(s) as an isoparametric

and asymptotic curve (Figure 3).

Choosing z(s,v) = 0, y(s,v) — 2svsin(2s), z(s,v) = 3svcos(2s), y(s) = s, O(s) =

%s, vp = 0 we obtain the surface
_16 sin(s) + §5v sin(s) sin §5 - gsv cos(s) cos §5
25 5 5 16 5
1 3 . (3 9 . 3
D3(s,v) = | —=cos(s) + =5V cos(s) Sm<gs> ~ 165V sin(s) cos(gs> ,

123 3
—s— —svcos| =s
25 4 5

=21 < s < 2%, =271 < v < 2, satisfying (3.6) and accepting B(s) as a line of
curvature (Figure 4).
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Figure 4. A member of the surface family §(s) as an isoparametric, and line of curvature.

Example 4.2. Let

a(s) = z<cos(s) + COss(;)s),sin(s) + sinéSs) , _2 cos(s))

be a unit speed curve. The Frenet apparatuses of «a(s) are

t(s) = 3 (— sin(s) — —Sinégs),cos(s) + cos(3s) 2 sin(s)),

1 K
V3 V3 1
(-7 cos(2s), -5 sin(2s), 5) )

n(s) =
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b(s) = (SCOS(S) ; cos(3s) ,sin®(s), ? cos(s)),

Kk(s) = V3cos(s), 7(s) = —v/3sin(s).

The modified orthogonal frame with torsion of the units speed curve derived elements

a(s) is as follows:

T, (s) = Z <— sin(s) — sinz())?)s) ,cos(s) + COSZE)SS), % sin(s)),

N.(s) = (; sin(s) cos(2s), ; sin(s) sin(2s), —? sin(s)) ,

B.(s) = —? sin(s) <3 cos(s) — cos(3s), —v/3sin(s), ; cos(s) sin(s)) .
Therefore, the adjoint curve of the curve «(s) is
V3 V3

= (—T(sin‘l(s) + sin’(s)), —5(128 — 8sin(2s) + sin(4s)), Z COS2(8)> .

In Figure 5, for —2n < s < 2r we have shown «(s) and the adjoint curve of a(s).

%

/
0.6 4

0.1/ /
L4
/ ¥
0.4 1 E 0
3

0.9 e

0.65 0.15 035  -0.85
Figure 5. a(s) (in red) and the 3(s) adjoint curve (in gray).

\RBAASRAAS

Corollary 4.1. From equations (2.8), for ®(s) = 1 and T(s) = —cot(s) (not
constant) the beta adjoint curve of the alpha with respect to the modified frame

with torsion is the Salkowski curve.
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Corollary 4.2. Since the torsion of the given alpha curve is not constant, the

adjoint curve of this alpha curve cannot be geodesic on the surface ®(s,v), no matter
which marching scale functions z, y and z are chosen.

Choosing z(s,v) = z(s,v) = 0, y(s,v) — vv/3tan(s)sin(s), A(s) = tan(s), vo = 0
we obtain the surface

.4 .92 3 .
1 (sin®(s) +sin“(s)) + 2V sin(s) cos(2s)
Dy(s,v) = V3

—5(125 — 8sin(2s) + sin(4s)) + gv sin(s) sin(2s)

)

1 cos?(s) — 731) sin(s)

—t<s<n —2 <o < 2, satisfying (3.5) and accepting is S(s) as an isoparametric,
and asymptotic curve (Figure 6).

Figure 6. A member of the surface family 3(s) as an isoparametric, and asymptotic curve.

Choosing 0(s) = +/3sin(s), v(s) tan(s), vo = 0, z(s,v) = 0, y(s,v) —
vv/3sin(s) sin(v/3sin(s)), z(s,v) = —v(v/3sin(s))~! tan(s) cos(v/3sin(s)), we obtain
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the surface

D5(s,v) =

—?(sm‘l(s) + sin?(s)) + gv sin(s) cos(2s) sin(y/3 sin(s))

3 - v sin(3s)
+Tv COS(\/gSln(S)) + 4—\/3 sin(s)
V3

———(12s — 8sin(2s) + sin(4s)) + gv sin(s) sin(2s) sin(v/3sin(s)) | .

32
_ ?v cot(s) cos(v/3sin(s))

cos(v/3sin(s)),

v cos(3s)

443 sin(s)
= cos?(s) — ﬁv sin(s) sin(v/3 sin(s)) — % cos(v/3 sin(s))

cos(v/3sin(s))

4

-2 < s <2, —n < v < 7, satisfying (3.6) and accepting 3(s) as a line of curvature

(Figure 7).

Figure 7. A member of the surface family 8(s) as an isoparametric, and line of curvature.

5. CONCLUSION

In this study, the parametric equation of the adjoint curve of a given curve ac-

cording to the modified orthogonal frame defined in the case of nonzero torsion in

3-dimensional Euclidean space and the conditions for both parametric and geodesic,

asymptotic and line of curvature, respectively, on the given surface are given. Also,

the singular points of the surface given by the parametric equation are expressed. It

is obvious that the results obtained here will be used in many areas where curves

and surfaces are applied. Computer imaging, virtual reality, aerospace engineer-

ing, mechanical and kinematic analyses are prime examples. Another application
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of the adjoint curve and the modified orthogonal frame is related to models that
show how they simplify complex computations related to robotic motion and lead to
more efficient and reliable performance in industrial environments. These models are
determined by applying the modified orthogonal frame transformations to compute
smooth paths that take into account the robot’s joint boundaries and workspace
constraints. In this work, since the adjoint curve of the given curve according to the
modified orthogonal frame is used, it is expected to contribute to further research in
different spaces in these areas.

Acknowledgements. The author would like to thank the referees for their
contributions during the preparation of the article for publication.
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