Linear Differential Transformations of the Second Order

24 Existence and uniqueness problems for solutions of the differential
equation (Qq)

In: Otakar Bortivka (author); Felix M. Arscott (translator): Linear Differential
Transformations of the Second Order. (English). London: The English Universities Press,
Ltd., 1971. pp. [209]-212.

Persistent URL: http://dml.cz/dmlcz/401695

Terms of use:

© The English Universities Press, Ltd.

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://dml.cz



http://dml.cz/dmlcz/401695
http://dml.cz

24 Existence and uniqueness problems for solutions
of the differential equation (Qq)

24.1 The existence and uniqueness theorem for solutions of the differential equation (Qq)

At the basis of general transformation theory lies the following theorem:

Theorem. Let ty € j, Xo€J, X (+# 0), X; be arbitrary. Then there is precisely one

“broadest” solution Z(t) of the differential equation (Qq) in a certain interval k (< j)
with the Cauchy initial conditions

Z(ty) = Xo, Z'(t,) = X, Z"(ty) = Xy (24.1)
where “*broadest™ is used in the sense that every solution of (Qq) satisfying the same
initial conditions is a portion of Z(t).

Let o, A be arbitrary phases of the differential equations (q), (Q), whose values at the
points to, X, are linked as follows:

ote) = A(Xo);  o(fo) = A(Xo) X5 o'(to) = A(Xo)X5? + A(Xo) Xy, (24.2)
Then Z(t) is the solution of the differential equation (Qq) generated by the linked
phases o, A:
Z(t) = A a(r). (24.3)

Proof. We choose one of the phases o, A, for instance the phase o, arbitrarily; then
the other, A, is determined uniquely as in § 7.1 by the values A(X,), A(X,), A(X,)
given by the formulae (2), (§ 7.1).

The solution Z(¢) generated by the phases «, A obviously satisfies the initial condi-
tions (1). We have therefore to show that every solution X(¢) of (Qq) defined in an
interval i (< j) with the initial values (1) is a portion of Z(¢). From § 23.4, 1, the func-
tion a(t) = A[X(r)], which is defined in the interval i, is a portion of a phase a, of
(q); more precisely, of that phase a, which is determined by the same initial values (2)
as for o. It follows that ay(t) = a(f) for € and further that a(f) = A[X(¢)] for
t € i, thus X(z) is the portion of Z(¢) which exists in the interval i. This completes the
proof.

From §23.4, 2 the curve defined by the function Z(¢) passes from boundary to
boundary of the rectangular region j x J.

24.2 Transformations of given integrals of the differential equations (q), (Q) into each
other

We now concern ourselves with the following question; if two integrals y, Y of the

differential equations (q), (Q) are given arbitrarily, can we transform one of them

(say, Y) into a portion j of the other integral y, by means of (23.7), using a suitable

solution X(¢) of the differential equation (Qq), t € i (= j)? If the answer is yes, then
8
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naturally the integral y is transformed by the solution x of the differential equation
(gQ), inverse to X, into a portion ¥ of Y as in (23.10).

The answer to this question is in the affirmative, provided only that we be allowed,
if necessary, to change the sign of one of the two integrals y, Y. We can even prescribe
arbitrarily the value X, taken by the function X at an arbitrary point #,€j, X, =
X(to). However, it must be emphasized that the data mentioned above cannot be
chosen completely arbitrarily, since at two homologous points 7' = X(¢) (€ I = X(i)),
and t = x(T') (i) the transformation formulae (23.7), (23.10) show that the two
integrals y, ¥ must have the same sign or must both vanish.

We set out the principal result more precisely in the following theorem:

Theorem. Let y, Y be arbitrary integrals of the differential equations (q), (Q). More-
over, let t, € j, X, €J be arbitrary numbers, which satisfy one or other of the following
conditions (a), (b):

(@) y(to) # 0 # Y(X,), (b) y(t5) = 0 = Y(X,).

Then there exist broadest solutions X of the differential equation (Qq), which take
the value X, at the point to,i.e. Xo = X(t,), and in their intervals of definition transform
the integral Y into a portion y of y:

Y[X(1)]
VIX©l

In case (a) there is precisely one increasing and precisely one decreasing broadest
solution X of the differential equation (Qq); in the case (b) there are oo' increasing and
the same number of decreasing broadest solutions X.

In both cases (a), (b) the symbol ) denotes the number +1, as follows:

(@) 7 = sgn y(to) Y(X,)
(b) 5 = { sgn y'(to) Y(X,) for increasing solutions,
"= —sgn y'(t,) Y(X,) for decreasing solutions.
Proof. We first assume that there is a solution X of the differential equation (Qq)
defined in an interval k (< j) and which is broadest in the sense of this theorem. Then

the following relations hold in the interval &

yt)y=n RAGON ]L

¥ty =1 : (24.4)

VX
i Yixm) ., I Y[x@] X"(r)
y(f):’)’) e —— t—_——T.—'_—T—'
VIxX ol 2VIXm) X4 |
It is easy to verify that the functions X, X', X" take the following values at the
point 7, in the two cases (a), (b):

(24.5)

(@) X(to) = Xo»  X'(t)) =¢ yz(Xo)’
Vi(to)
Y(X, _
X"(fo) =2 1‘4Ef ;) [ Y(Xo) Y(Xo) —_ ['f.y(t())}"(fo)]: (246)
¢ oy L V)
(b) X(t)) = X,, X(to)=¢ P




Existence and uniqueness problems for solutions 211

where ¢ = +1. In case (b) the value X”"(¢,) is not determined by the conditions (5).
Obviously, e = 1 or e = —1 according as X is increasing or decreasing in the interval k.

In case (a), therefore, the initial values X(z5) = X,, X'(¢,) (5 0) and X"(t,) are
uniquely determined by (i) the integrals y, Y (ii) the choice of the values t, € j, X, € J
and (iii) whether the function X is increasing or decreasing. In case (b) this holds only
for the initial values X(¢,), X'(#,). From the theorem of §24.1, it follows that the
number of broadest solutions X of the differential equation (Qq) satisfying the condi-
tion of the theorem cannot exceed the number stated in this theorem.

Now let X be the broadest solution of the differential equation (Qq) determined by
the initial conditions (6) (a) or (b); in the case (b) let X, be arbitrary. The existence
of this solution X is ensured by the theorem of § 24.1; let the interval of definition of
X be k (= j).

According to § 23.2, 1, the function

Y[X(@)]

(1) = ————s 24.7
(1) N (24.7)

which is defined in the interval &, is a solution of the differential equation (q) and it
is in fact the portion contained in k of the integral 7 of (q) determined by the Cauchy
initial conditions

N Y(Xo)
y(to) = ——
VIX(to)]
Y(X, 1 Y(X, X"(t,
= T (X0 X'Uo)

VIX'(10)] 73 V| X'(to)] X (1)

If we replace X'(t,), X"(t,) by the values given in the formulae (6), then in both
cases (a), (b) we have

f'(’o) = 7])’(’0)§ F(ty) = 77,,‘/'1(’0),
and it follows that for r € k
() = (o).

Consequently the solution X of the differential equation (Qq) transforms (by (7))
the integral Y into the portion of the integral y defined in the interval &. This com-
pletes the proof.

One remark needs to be added. The formula (7) can also be expressed as:

y(t)=n M"“_—Eﬂ'}:’ (24.8)
VIX'0)
where, however, validity is limited to the interval k£ (< j). In special cases it can
happen that (8) is valid in the whole interval j and at the same time the range of the
function X coincides with the interval J. Then the function X transforms (by (8)) the
integral 9 Y in its whole domain into the integral y. Naturally, this situation only
occurs if the interval of definition k& of X is identical with j and also the interval of
definition, K, of the function x inverse to X is identical with J. This occurs, in particu-
lar, if the differential equations (q), (Q) are oscillatory. Then any two arbitrary phases
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o, A of these differential equations are similar to each other; consequently the
intervals k and j coincide and the intervals K, J coincide also (§9.2).

For example, the function sin ¢ (arising from the carrier ¢ = —1), is transformed
into the integral 4/7J,(T) of the Bessel differential equation (1.24) over the whole
range t€(— o0, ), by means of a suitable increasing function x(T) (€ Cs), T e
(0, o). Hence we have the following representation of the Bessel function J,(T'):

sin x,(T)

J(T) = ——L
() VT x,T)
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