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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XVII — 1967

SOME APPLICATIONS OF THE SECOND METHOD
OF LIAPUNOV TO DYNAMICAL SYSTEMS DESCRIBED
BY PARTIAL DIFFERENTIAL EQUATIONS

P. C. PARKs, Coventfy

Abstraet

The second method of Liapunov is applied to the stability of dynamical
systems described by partial differential equations. This extension of the
well-known technique for ordinary differential equations is illustrated by two
examples drawn from the field of aeroelasticity — the torsional divergence of
a wing and the supersonic flutter of a panel. Reference is made to the work
of other authors working in various promising fields of application.

Introduection

When applying the second method of Liapunov to stability problems of
ordinary differential equations we generally wish to show that the Euclidean
state space norm S = (¢ 4+ 2% 4 ... + 22)'/2 tends to zero as time tends to
infinity, and the stability definitions, Liapunov theorems and their proofs
are expressed in terms of S — for example in KaLmaNn and BERTRAM [1].
When considering systems of partial differential equations it may be possible
to choose a new norm, which will involve an integral of the system dependent.
variables and their space and time derivatives, which provides a measure
of the disturbed system, from its undisturbed state. We may then take over
all the definitions and theorems for ordinary differential equations, replacing
Liapunov functions by ‘“Liapunov functionals”.

This idea has been put forward by Zusov [2], VoLkovV [3] and MovcHAN
[4] in the U.S.8.R., but only recently have applications of this theory been
seen, PARKS [5] and Waxa [6].

Basic Theorems

The following theorems were given by MovcHAN [4], but are expressed here:
in the language of KarLMaN and BErRTRAM [1].
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Stability Theorem

Suppose there exists a Liapunov functional V such that when p 5«
0 < a(p) < V < B(0), V = 0 when p = 0, where a(p) and f(g) are continuous

non-decreasing scalar functions of ¢, and that , making use of the partial

dr

diff. equation and its boundary conditions, i (311 < —y(0) <0,

2#0, y(p) =0, g =0, then the system is asymptotically stable. If
a(p) >0 as p >oo then the system is asymptotically stable in the large.

Instability Theorem

Suppose there exists a Liapunov functional ¥ such that V is bounded
above in terms of p and that where V > 0, ddV is also positive. Suppose further
that given 6 however small there always exists an initial motion at time
t, with g(f,) < & such that at this time 7 > 0 then the undisturbed motion’
is unstable.

The stability theorem is stated in a general way and provides conditions
for uniform asymptotic stability. Certain relaxations may be possd)le for
example when considering autonomcus systems.

Applications
The important aeronautical engineering field known as ,aeroelasticity’
provides some interesting examples of the Liapunov functional technique.

(1) Torsional Divergence of a wing

For simplicity let us consider a uniform wing (Fig. 1) in torsion under the
influence of aerodynamic loads which depend on the local incidence @ and

local angular velocity 379
The equé,tion of motion for a strip element will yield
%0 3 3@ ., 00

where kg and kg are the aerodynamiec strip ,,derivatives”.
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Consider now a norm g = { Jor+ (8@) y} and a tentative Liapunov

functional
!
@) p=1 fGJ (ify)) +1 (39) — kO dy

~ /

for which, on substituting for I —@ from (1),

1
ar 00 20 00 3@ 70
@  =[arPE0 (e ] 1 ket k-
0

cy ct oy
l

2
Leea—g—d —fk(, (@) dy
a
0

on integrating the second term by parts and using the boundary conditions,
which are that 9=0aty=Oand%=0aty=l.

Now k;, will be negative and so we have stability (but not, without furthér
argument, asymptotic stability) if V is positive definite in terms of p. Using
the Schwarz inequality that

b 2 b b
@ [fna < frafiran

we have
Y 2 2 v 2 Yy
a0 20
“(ay) dy} Sf(ay) dyfdy
0 0 0
1 [}

o= [[ () a] = [[ () o]
and so
! 1 . .
©) ()f@%y)dyg [!(%g—)zdy]ofydy= U(?g)dy] L

Thus V is positive definite in terms of p if -

or

(6) Qs > % 12k,

283



Now, for a uniform wing there is an exact theory of torsional divergence found
by solving the equation

for O(y) when the wing root (y = 0) is at incidence a. The solution is
(8) O(y) = o(tan pl sin py -+ cos py — 1)

where p2 = ky/GJ, and torsional divergence occurs when pl - #/2. Thus the
exact criterion is

(9) . GJ > J_z—‘i,,, 12k,
+alerkin encergy methods may also be applied to yield for an assumed mode
Oy) = ylt
(10) aJ >,_31_ %k,
and for an assumed mode O(y) = 2(y/[l) — (y[l)?
(11) GJ > %lzkﬂ

We notice that the Liapunov criterion is conservative while the Galerkin
methods underestimate the exact torsional stlﬁ'ness required to prevent
divergence as

1
3

[

2
(12) 3> 5 >

-

>

9

(2) Panel flutter

Fig. 2 shows a pin jointed two dimensional panel. The equation of motion
of this panel in supersonic flow is
842 822 0z Oz
(13) + 8t2 W + 00w (Ua’f‘ﬁ) =0

where ,,piston theory has been employed in calculating the aerodynamic
force on a panel element. [p in (13) is air densaty]
Consider ‘a norm

1
— oz\ 2 022\ * a2\ ? 112
9={f0’”+(%) +(&) +(5) “"}

and a tentative Liapunov functional
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] 1 a 2 2 2 2
W el ol

for which

av oz\*® oz ¢z
15 =71 -2y - 22 22 da
(15) at . €0 (et) 0 U 7 74w
2
We should like a term in (__3_2) in dv s0 we try
ox ot
(16) V="V,+4+ 1V,
where
(17) V ——1~f 02?4+ 2n a—zdx
2= g | Q0= "
0
with
. .
de___f 0z ? (8.2 2 o%\ 2
0

Now using a lemma due to Lorp RaYLEIGH, employed also by MovcHAN [4]
that

l 1 . l
0%\ w2 oz\? a [,
0 0 0
- . dv.
we shall have a positive definite ¥V and — ¥ if

AD | a2 2D 1

and 1
m m 5 0 U e — 2
. . . 1 o,
are positive definite matrices. An optimum choice of 4 is 1 = - ng when

we obtain conditions

72D
F>— 5T
(20)

2
and U2 < (F + Z-EITD)/m _



The first condition is precisely the Euler buckling criterion for the panel and

the second condition, for.long panels under tension, says that the air speed
must be less than the speed of waves travelling in the stretched panel: this

is a well known criterion, but obtained here by an unconventional method.

(3) Other aeroelasticity problems

We note the non-linear structural damping treated by Parxs [5], and the
bending torsion flutter of a non-uniform wing considered by \Waxe [6] (but
note the comments by PArks [7]), and the body bending-tail flutter of Waxe
[8]. Most of these papers look at old problems using the new Liapunov

technique.

(4) Other fields of applications

We nots papers on a chemical reacter problem by BLopgETT [9], on plasma
stability by McNamarA and Rowranps [10], on instabilities in Shid dyna-
mies by Prrrcuarbp [11], and on stability in elastic bodies by SaHIELD [12].

There is an urgent need for further research into the construction of Liapu-
nov functionals for these problems — physical quantities such as total energy
are useful and other functionals may be generated by multiplying the
differential equations through by suitable dependent variables and integrating

by parts.
There are likely to be important advances in these directions before long.
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