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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XVII — 1967

INVARIANT MANIFOLDS FOR DISCRETE SYSTEMS

A. HAarLANAY, Bucharest

In this paper a general theorem on the existence of invariant manifolds
for discrete systems is obtained using the general method of J. KuRrzwEIL
[1]. As this theorem is true for discrete systems in a Banach space it may be
applied to prove the existence of invariant manifolds for some systems with
time lag.

1. General theory

Consider a discrete system 2, +; = fu(s); fa : Gn = X - X, n is an integer,
X is a Banach space and @y, is a domain in X. If ¥ € G; we may define the
solution x,(it, #) for n > # such that xs(#, ) = &; if fu(za(f, T)) € Gp4, this
solution is defined for all » > 7. Suppose this is the case; then obviously
Tn(ny, Tn (7, T)) = 24(#i, &) for all n >n; > 7.

The general theorem we shall prove concerns discrete systems in a product
space X = C X C; these systems will be described by two functions c¢,(#, ¢, )
and y,(#, ¢, y) defined for n > @, ¢ € C, y €Q, cu(#1, ¢, y) € C, yu(#, ¢, 9) €C,
a'nd SllCh tha‘t’ On('ﬂl, cm (ﬁ’ E, ;)7 'Ynl(ﬁa Es 77)) = cn(’ﬁ, Er 77)3
Yn(ny, Cn,(7, ¢ P)s vn, (7, ¢, ¥)) = ya(, ¢, P).

Theorem 1. Consider a discrete system in the product space C X €. Suppose
there exist positive constants 1, L, N, aj, o5, 0 < o, <1, 0 <ty < 1, Ky, k»
such that: 1° |[¢]| <1 imply that cn(#, ¢, y) ts defined for all n > and
llea(@, ¢, P)|| <1 for n > + N.

20, Jlg)l <L, |6l <0, i+ N <n < ii + 2N imply
llea(®, €1, ) — ca(@l, E, PN + L l|pa(@, Ty, §) — yal, E, P)| < oy |16, — Gl

Gl <1 Gl <1, |16 — &)l < L ||y, — Pall  imply

a) |lyn(fi, €y, 1) — va(fi, G, P2) — 71 + Fall < @ |71 — Pl

for i <n <@+ 2N



b) |lea(fi, €y, ;) — ca(fl, Ca, Po)l| < (1 — &) L ||P; — 7all
for i+ N<n<d@+ 2N

10, ch(ﬁ, 511 771) - Cn(ﬁ’ 62’ 5"2)” + ;!Vn(ﬁ, 61; )71) - Vﬂ(ﬁ” 62’ ?2)” = .
< bk (|6, — Gl + |1, — Fall) for all n >4 for which the functions are
defined. Then for each integer n there exist a function pn: € - C and positive
constants K, 0 < o < 1 such that

a) [[pa(V)l <4

b) [[Pn(y1) — Pa(y2)ll < L |17y — pall; N

¢) |[8l| < U implies ||c(#, &, 5) — Pu(yn(@, §, 7)) < Ko |6 — pa?)ll;

d) ¢ = pa(p) implies cu(#, ¢, P) = palya(#, &, §)) for all n;

€) pp ts uniquely determined by the above properties;

£) 1° If syl + v, &, §) = culii, &, 7), yun(ii + v, 8 7) = ya(®: &, 7) for all

n, 7, ¢,  for which the functions are defined, then pn+,(y) = Pa(y)-
20, If cu(#, 8, + ©) = cu(#, &, 7), yal#, 8,5 + ©) = yu(#, & ) + @ for
all m, #i, ¢, 9 for which the functions are defined, then pu(y + ) = pa(y)-

g) If each sequence mi —o0 contains a subsequence ny, such that cnink (% +

-+ s, 6 P)y Vrtni® + N, G, ) are convergent for 1 - oo, uniformly on
each finite set of values n > i and uniformly with respect to i, ¢, 7, then the
sequence Py 18 almost periodic uniformly with respect to y.

Proof. A. Denote by @Q(l, L) the set of functions ¢q: € - C such that
lg(r2) — ¢yl < L 117y — pall, llg(x)ll <1 Let 9%, : € € be defined by
9%,4(%) = yal#, ¢(¥), 9). From condition 3° a) follows for # < n < i + 2N
that [|9%,a(71) — 0%,a(Pe) — 1 + Fall < @ |17y — 74l hence (1 — &) |[p1 —
— Pl < 1P0aF0) — Fa@R)ll < (1 4 2) 171 — all-

It is proved then by a lemma of Kurzweil that for # <n <# 4 2N
9% 4 is a one-to-one mapping of € onto €; let ¢2;: € - € be the inverse
mapping.

B. Define the mapping P, :q: € - C by

[Puaq] (%) = cal(, glofa(P)], ofa(¥)), A <m <di + 2N.

For#i + N <n <@ 4+ 2N we have ||[[Pn3g] (7)]| < from condition 1° and
I[Pnag](71) — [Puagl(F)] < (1 — 25) Llofa(71) — ofa(P) [| < L |17y — el
from conditions 3° a) and b).

It follows that for # 4+ N <n < # + 2N we have P, ;g € Q(l, L), hence
Pys:Q(, L) _)Q(l’ L). )

C. Let a4+ N<#,<#+2N, Ai,+N<iiy,<#,+ 2N, ¢, = Psag.
We have 19:5;,;:1()7) = 7ﬁ,(ﬁ1, Gnl(’ﬁ, Q[o'gh.ﬁ(f)]’ Ggl,ﬁ(f’))’ 7) =

= ya,(fiy, ¢y (B, 4[05,5(P)], 04,2(7)), 9F,,4l0%,.2(P)]) =
= yu,(it, gl0o%,a(P)]; 67,.a(¥)) = 97,408, a(P)].
From here we deduce 9% ;[9%.4(y)] = 9%,4(y). The mapping 9% ; is the
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product of two mappings which are one-to-one and onto hence 9%, has an
inverse o%,; defined on €. It follows that 9 5 has an inverse defined on €
for all # << n << @ + 4N ; the reasoning may be repeated and we deduce that
92 5 has for all n > # an inverse defined on €. In our proof we used the fact
that ¢, = P, g belongs to Q(l, L); hence we must prove that P, q € @(l, L)
for all » > @ + N.

We have [Pa,ag] () = ca,(#, glof,a(})], 0},a(p)) =

= oa,(fly, 65,(R, q[0%,.a(P)); 0%,.4(¥), v, (7 gL, a(P)]; 0F,4(9)))-
But o}z = of,a(o%;n,), hence cz,(#, g[of, (7)), 0F,4(3)) =

= o, (7, g[of,.a(0fa, (V)] ohalofin(P)) =

= [Pa,aq] (03,2,(7)) = qiloia,(7)] and
(i, g0, a(P)], 08,.4(7)) = 0%,4(0 5,a(7)) = ofsa,(P)-

It follows that

[Ps,aq] () = c,(fiy, ilo%n ()], 020,)) = [Pr,ng:] ()
hence Pj g €Q(l, L) and Pa,aq = Pg a,Ps 9.
The reasoning may be repeated and we deduce that P, q € Q(l, L) for all
n > + N and that Ps,4 = Pj,3Paq for all #i, > 7, >"i 4+ N.
Let us remark the most important relation
[Pr.aq] (7a(@, q(7), 7)) = [Prag] (9%.4(7)) =
= ca(fl, glofa05a(P)], oha0Ra(P)) = cn(fh, q(7), 7) for all n = .
D. We have ch(ﬁ, Ea 77) - [Pn,ﬂq] (yn(’ﬁ,, E: ;))” <
< lleal#, 3 ) — calii, 4@), )| +
+ 1I[Pusq] (7 (i, 4B), ) — [Pnag] (vn (8, &, P <
= ch(ﬁ! 6’ '}7) - cn(ﬁ, q(?)a ‘}7)” + L Hyn(ﬁ, 9(‘}7), ?7) - yn(ﬁ’ E’ :};)” <
< llg(p) — €| for ||g]| <1, & + N <n < # 4 2N.
From here follows that
[1[Pn,a22] (¥n(s 45(P), 7)) — [Puagqi] (¥a(#E, ¢2(7) PN < o3 112(F) — ¢2()I]
hence
[Pn,ig2] (7) — [Pn,aga] PN < o4llgolofa(P)] — qilofa(P]Il,
i+ N<n<i+ 2N.
Let now ¢, € @(, L), lim ¢4() = q(7) uniformly with respect to y € €. Let

7 €€, J; = ola(P), hence ¥ = pu(&, qi(7:), 7). We have ||qi(¥:) — (Il <
< L ||%; — 94| hence from condition 3° a) we deduce
(I — o) [[Pe — Pl < Nlvnl®@, qulF0), Po) — vald, qi(F1), P <

< H'}’n(’ﬁ, qt()ji)s 7’0 — (i, qf(;f): ?71)” +

+ lya(®, g5(71)s 71) — va(®, qu(Py), 71)” =

= ||yn(@, g5(75), 71) — val@, qu(F), PP < TakB~1q3(F1) — G:(F9)]-
For £ >0 let N, > 0 be such that » > N, implies ||gn+p(y) — gu(P)| < ¢
for all y € €; then ||gn+p(Pn) — quPn)ll < & for n > N, and [|Fj+p — ¥l <
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< kg — @Il < T kH-* hence F; is a Cauchy

— oy 2

sequence. Let y, = lim ;. We have lim g4(p;) = q(9,), im ¢ (%, ¢;(95), 95) =
] j—>o0 )

j oo

= ca(ft, 4(Po), Po)y lim ya(@t, g;(7), ¥1) = ya(i, ¢(¥0), %), hence
j +co
yu(#, 4(Po), Vo) = s }Lm [(Puaqs] () = 171:“ [Paa1s] (ya(@, g5(95), 71)) =
=1lim ca(fi, q5(71), 1) = ca(@l, q(Po); Po) = [Puaq] (va(®, ¢(Po)s Po)) =

= [Pnaq] (), .
the convergence being uniform with respect to y € €.

We have thus proved that for all » > 7 from ¢; % ¢ follows that P, q;".
Y Pung. ’

E. We have lim P, = pu, pn€Q(, L), Py, 2,00, = Pn, for n, >n,.

> —o0
Let #iy=m, @ —2N <fljy <@ — N, j>i>1; we have Puq9=
= Ppa(Pa,n9) and
[I[Pnagq] (P) — [Prag] P =
= |[[Pa,n,,- - -, Paad] ) — [Paa,- - - Paa(Pa,s9)] PN <
< of-tsup [[Pa,ng] (7) — q@P)|| < «f~'.2l, hence

lim [P,.q] () cxists, uniformly with respect to y € €.
i—>00

Moreover '

[Pn,ad2] () — [Pusgi] ()| < afsup [1q2(%) — ¢2(7)l|, hence
lim [Pnage] (7) = lim [Paagq] () and pp does not depend on g. From

i—>00 i1—>oc0
Py, n,Pn,nq = Py, aq it follows for ## - —oco that P, npa, = pa, (ny =n,).
Let indeed ii; > —co; then Py, z9% pn, hence Py, Pn ag% Pa,npn, and
Pn,,ﬂ.q % Pn;.

F. The functions p, have all properties stated in theorem 1. It is obvious
that p, € Q(l, L) hence a), b) are verified. We have further

[Pnaq] (ya(®, ¢(7,) $)) = cn(®, q(7), ) and Puaps = Pa
for all n > ii. Let in the first relation ¢ = pj;; we get

ca(Rl, pa(7),7) = [Puapa] (va(@l, pa(F), 7)) = Pu(yn(@, pa(7),7))
for n > 7. We shall prove that the relation holds for all n. We have

pa(7) = [Paa—pa—1] (7) = cal@ — i, pa—[oF55(7)]. oh%i(7))

va(f — 1, pa[oBiTiP)), oB5(P) = ORioRiy) = ¥
hence

cn(ﬁs pﬂ(f’)y 77) = cn('ﬁ' - if Px -1'[03;’,'.‘{_",;(7)], Ug:.lﬁ——‘lz(f’)) =

= Pa(ya( — 1, pa-oh55(P)], Ug?fﬁi(f’)))
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and this relation is true for > % — 7. We get from here

en(it — 4, pa-i(P), ¥) = pa(ya(it — i, pa—i(¥), 9))
and relation d) is proved for all .

To establish ¢) we start from |lca(#, ¢, ¥) — [Puagl yu (&, ¢, 9))|| <
< ollgp) —¢l| for &4 N <n <@+ 2N, |[¢]| <I; let in this relation
q = pa. We get ||c,,(ﬁ ¢, 9) — [Puapal (va(@, €, P))| < oql|pa(y) — €|, hence
llen(#, €, ) — Palya(®, & P)| < aqllpa(P) — €|| for # + N <n <@t + 2N.
By induction it is then proved that

llea(ft, €, 7) — Dal(yald, & P < ofl[pa(P) — €| for A+EN<n<a+
+ (¢ + 1) N.
For # <n <ii 4+ N we have
llen(®, €, §) — ca(®, pa(P), P + [ya(@, €, §) — ya(@, pa(®), P)|| <
< k,kY1e — pa@)l|
|pn(yn(it, PaP), 7)) — Palya(@, & Y| < L |[ya(®, pa(P), §) — valii, & P)|| <
< LkkP||6 — pa(®)ll, hence

llea(#, €, ) — Palya(i, c, 77))|| < (1 + L) kk|[e — pa®)]l.

1

‘\ —
Let K= (14 L)k, (’:Tz) , &= o;; we have

llea(#; €, §) — palya(@, ¢, P))|| < KaN|[E — pa(P)|| < Ko®||E — pa(P)l,
n<<n<ii+ N

llea(®, €, 7) — Palyn (%, €, P))]| < o¥¥][C — pa()]] S 7 &7 — @) <

< Ke|[c — pa(?)l|
for i + kN <n <@ + (k + 1) N, hence for all » > @, and property c) is
established. Let us prove property e). Let p; with properties a), b), ¢), d),
7€, &' =@ — N, ' = o 2(P); we have pi(J) = pa(ya(¥', pa(7'), #)) =
= ca(®', pw(#), ) (by d)) and |[ca(’, Pa(F'), §') — Palya(@’, pa(7), ¥)|| <
< Ko™#||pp(¥#') — pw(@)|| (by ¢)). It follows that |[pa(F) — pa(¥)|| <
< Ko¥||pi(¥') — pa @)l and by induction [1pa(7) — pa(P)I| <
< Kad¥||pa—sn(PD) — pa—jn(3D)|| < 2lKa/N and for j >0 we get pi(y) =
= pa(p).

G. To obtain property f) 1° we remark that °

[Pn,ﬁq:l (yﬂ(ﬁ! q(;’)’ ;)) = Cn(ﬁ, q(’;): &) = 0n+v(’ﬁ + v, Q(f’), f’) =
= [Pray,a64] (Yu+lfi + v, 4(7), §)) = [Prtr,a+9] (va(#, ¢(3), $))
hence Py 49 = Py+,,4+,9 and for i - —co we get p, = pp+,.
Let then in the conditions of f) 2° ¢ be periodic of period w; we have
[Pn,ﬂQ] (Vn(ﬁ; Q(? + w), 5; + (0)) = cu(fl, Q(f’ + ), ;}" + o) =
= cn(ﬁ’ Q(;)’ ;) = [Pn,ﬁq] (Vn(ﬁ" 9(77)- f'))
hence [Pnaq] (97,4(7) + @) = [Pn,aq] (93,4()) and for 7 = ola(y) we get
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[Pnig] (¥ + ®) = [Pnag]l (y).  For it > —0 we get pu(y + o) = pa(y).
We shall now prove g).
Let lim ci(@, 8, y) = c¥(#, ¢, p), lim yi(#, ¢, ¥) = yX(#, ¢, y) the conver-

i->c0 i—>00

gence being for n = # + N uniform with respect to #, ¢, . We have
¢ +n(i, 4(7), 7) = [P n,29] (Y5 n(F, ¢(7), )
ch+n (i, (7). 7) = [Prinaq] (visn(®, 4(7), 7))
since if systems ci(#, ¢, $), y4(#, ¢, 7) have all the properties 1°, 20, 30 40,
the same is true for the limit system ck(#, ¢, p), vE(#, ¢, p).

We deduce
PP ~,5q] (v +x(fi, 9(7), 7)) — [P;F+N 2q] (v 5+n(f, q(7), 7)) <

< llck+n(R, 4(7), 7) — [P n.aq] (Vhn (@, 7). P +

+ lick+n (R, 4(7), §) — c5+n (@, 9(7), P)I| <

< L||v4+n(#, ¢(7), #) — 7 5+n(#, ¢(7), P)I| +

+ llchan (@, 95, ) — ke, 4G), DI < Ker,  lim & =0,

N[P$)n.aq] (7) — [P%+n.ag] (9)]] < k'e;.  We have further
NP v ag1] (7) — [Ph+nag] DN < I[PPv.a01] ) — [Phavagi] P)|] +
+ I[PR+n.491] (P) — [Phanvade] P < K'eg + oy sup 19:3) — gl

It follows that ||[P{—nq] (77) [Pn-ing] @) =
- ”[P ';I:i n—NP n)—N n—aN - .. P@ n—(j~1).V, n—JNQJ (77) -
[Pn,n—N 2 —(I—I)N,n—INQJ (7)” < kel + oy + “% + ...+ 1{) <
ke
S 1— oy

and for j — oo we get

k'e;

—

lIp(7) — pR@I < §
hence lim p&(y) = p¥($) uniformly with respect to » and y € €.
i->00

Let now ny; —o00, ng; the subsequence from the statement of g); denote
05.("7, E, ;) = cn+nk;(n + Ny 6, ;)’ yk(ﬁ’ 5: 77) = Vn+ng, (ﬁ + Mgy E: 77)- The
systems ck(#, ¢, ), yL(#, ¢, ¥) have all properties 19, 20, 3° 4° from the
statement since these properties depend uniquely on the difference n — #.
Hence lhm p®(P) = p*(¥), the convergence being uniform with respect to

n and 3. But PPy = Pping,i+nr, hence for 4 > —oo  we get p&) = pying,
and Pping, converges to pj uniformly with respect to » and . The almost
periodicity of p, is thus proved.

Remarks. 1° If the system has the property of periodicity from f) 1° we
can get p, by proving that the mapping P, : Q(, L) - Q(l, L) has a unique
fixed-point. We may organize @(I, L) as a metric space in the usual way with
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the distance g(q,, g,) = sup ||g:(¥) — ga(»)l|. Let & be such that N < hv <

?
<2N. We have [ Phs,091] () — [Phr,o22] (V)| <  sup [|g;(P) — ¢.(P)I| =
k4

= 0;0(¢1, 92) hence o(Pp, oq1, Phy,oq2) < %,0(¢1, g2) and Pp, o is a contraction
in @(, L). It follows that Pp,,, admits a unique fixed point q,. But Pp, , =
= Ppy,(-1Ph=1)s,0 = Pb,oPh—-1)s,0 and by induction Py, = (P,.)* which
shows that ¢, is a fixed point for P, .

For this proof to be complete we must show that Py, . Pn,n, = Pny,n,
holds for all n, < n, < n, (and not only for n, > n, + N).

From the fact that the fundamental relation [P, aq] (yn(#, ¢(7), 7)) =
= cu(#, ¢(9), ) holds for all n > # we deduce

[Pnyn,9] (Vn(n1, 4(F), §)) = cny(ny, 9(7), §) =

= cna(nw cng(nl’ q (?)s 5")’ y‘n,(nls Q(;)’ 77)) =

= O, (Mg, [Pn..nﬂ] (Vny(my, q(), P))s ZACE q(®), ¥)) =

= [Pn,,n,Pry,ng] [Vny(a; Cny(71, 4(F), )5 Yro(m1, 4(7), ¥))] =

= [Pu, 0, Pryn,9] [Yn,(11, ¢(7), §)]; if we set in this relation % = o, 4, ()
we get [Pn,n,g] (7) = [Pnyn,Ln,ng] (7)-

Let then ¢, the fixed point of P,, and p, = Pn,oq0 We have P, pis=
= PpaPnodo = Pn,odo = Pn. Observe that p, eQ(l, L); indeed Py g, =
= Ppity,m9o = Prtto,nePhs, 90 = Pr+hs, 90 €Q(, L) since n + hv > N. Pro-
perties a), b), ¢), d), e) are eastly verified since in proving them we used only
pn €Q(l, L) and P, sps = py. We have then pny, = Pui, 000 = Pusy,sPr090 =
= Pu+,,090 = Pn,o90 = Pn and if we observe that Pp,,, maps the set of periodic
functions of period w from Q(I, L) in itself when condition f) 2° is verified, it
is seen that g, is periodic and pu(y + @) = [Pnu,e90] (¥ + ®) = [Pn,g] (¥) =
= puly).

20, We can use the above method for discrete systems of the form c¢y(ii, ¢)
and obtain conclusions about the existence of an exponentially stable bounded
solution which is periodic in the case of periodic systems and almost-periodic
in the case of almost-periodic systems. The proof for this case is much simpler.

We state the following proposition.

Let a discrete system have the properties:

10 |8 <!, # 4+ N <n <@+ 2N implies ||ca(@, ¢)|| < I.

20, |[G)] <1, |IG5)] <1, #+ N <n<# + 2N imply

llen(f, €1) — cn(f, E)l| < 0y|[C; — G|
30, |lea(ft, 1) — cn(f, Cy)|| < kykB—7|[¢, — G,l| for all n >n, [|&]]| < H.
Then there exists a sequence p, € C such that

a) |lpall <1,
b) Pn = cu(n,, pn,) hence py, is a solution,
0) ”cn(ﬁ, E) - Pn“ = k“”_ﬁlla - Pﬂ” for ”E” < l: n = ﬁ’
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d) if ¢y (B 4 v, C) = ca(d, ¢) then pyy, = pu,

e) for almost periodic systems p, is almost periodic.

We prove this proposition in the same way as we proved the theorem.
Let |[¢]| <1, Pya€ = ca(#t, €); Pa, g, ¢ = Pa,p,Ps,n € is obvious. Let n = @i,
fig — 2N < #lg4q < %y — N, j > 1 > 1; we have
llen(@e, €) — cu(fy, E)|| = ||ca,(Rg, ca,(it, €)) — ca(fiy, ca,(fis, T))|]
where ¢’ = c,(fiy, ¢). We get ||ca(fis, C) — cn(fly, ¢)]| < ad=Y[¢ — &' < 2lai-1
hence lim c¢,(#t, ¢) exists for ||¢|| <<I. We define p, = ﬂlim cn(#, €) and

—->—

fi > —oo

the proof of properties b), c), d), e) is as in the general case.

II. The theorem on continuous dependence on parameters and
the stability theorem.

In order to get a system for which the conditions from the general theorem
are verified we have to prove a theorem on the continuous dependence on
parameters and a stability theorem.

Theorem 2. Consider the discrete systems xniy = fu(Tn), Tniy = fn(@n) and

suppose that ||fu(x) — fa(@)|| < & \| Y 3f,, ( ) l < & for all n and for
all ze6y || 2| < &, -3-% <k,

Suppose that

6 n a n 3 n a n

I () = I () | < iy — 2l | L2 @) = 42 0y " oz, — =)
hm w(g) = O, ® increasing.
e->0

. . Ky -1
Then ||zn(l, £) — xpy(f, T) || < K =1 §

|[2n(f, Zo) — @n(f, &) — ap(R, &3) + wp(7, i1)ll < an(§) |[€y — T4l
for i <n<i 4+ N, ;im oan(&) = 0.

Proof. We have ||zaw(fi, Z) — x34(f, I)|| = |Ifa(Z) — fa@)]] < &
Suppose ||za+p(fi, ) — xz+p(@, T)|| < (1 + Ky + ... + Ki71) & Then
[|Ea4p+1(A; B) — 234pra(@, | = || fasp@as+p(f, L)) — fr+p@g+p(@, DI <

< faro(@arp(#, T)) — farp(@z+0(R, "E)_)” +
+ | fa+o(@5+0(, ) — fa+o@a+o(f, Z)I| <
< Ky||#a1p(fi, &) — 2a4p@, )| + <A+ Ky + ... + KY) &
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and the first assertion is proved. Let us remark that from this assertion it
follows that if the solution of system xp4, = fr(x) is defined for i < n <
< @ + N then if & is small enough the solution of the system 2,4, = fu(xs)
will be also defined for such =.

To prove the second assertion we start from
Tatq(fl, ) — Tana(W, Ty) — Tya(i, Tg) + (i, Ty) =
= falp) — fa(Z)) — filde) + fa(Z) =
1

= f [%f% (#, + ATy — Ty) (T — Ty) — éf“ (Fy + ATy — &) (T, — a:l)]dl
0

We get

s+ (@, Tp) — Ta+q(R, Ty) — 2544(3, Tp) + Ta1(7, Ty)l| < E||Eg — 74l

We have then

Tt pr1(fly T3) — Tagpra(@, £1) — Taip+a(R, Tp) + Ty+p+1(f, ) =
= farp@a+p(@, T3)) — fa+n(@a+n(f, T1)) — fr4p(@q+p(f, T,)) +
+ fip(@a+p(, £1) = fa+p(@a+n(ft, T2)) —

— furpl®asp(fi, £y) 4 Ta4p(ft, o) — Tr4p(R, )] +

+ fuspl®@n4p(@, &) + xr1p(f, Ty) — Th4p(, ;)] —

— fatp@a+p(R, T3)) + fatp(@r+p(fl, Ty)) —

— faso@a4+p(, &) + farp(@a+p(@, Tp)) —

— furp@a+p(ft, 71)) — fR1p(@34p(R, T5)) + fa+p(@h (R, &) =
1

f Urio (g, (0, 39 +
0
+ M@asp(fl, Ty) — Tasp(it, Ty) — Ti4p(f, T3) + T34p(R, )] d}*(xil-#p(nv &Lp),—

— Tayp(f, 1) — Tap(fl, Ty) + T34p(R, Ey)) —
1

— [ Hrer g, 8) +

0
+ A@r1p(, T1) — Ta4p(R, T))] dAF4p(#, Ty) — Za4p(R, Tp)) +
1

a 7] ~ o~
+ [ Lo (i, ) +
0

+ A@rop(fi, 1) — Xi+p(fi, T5))] dA(X7+p(7, Ty) — Taip(fi, Tp)) +

0 o e ~
'f"J‘ fz;p [®a+p(ft, X3) +
0
+ Axr+p(fE, Tp) — x34p(f, T1))] dA(XT+p(7, Tp) — Zi+p(f, ,)) T
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1
ofs 0 s =
— [ ier i, ) +
0
+ l(x?Hp(ﬁ’ i'z) — Zi+p(#, 531))] dA(x7+p(7, 5‘2) - xg+p('ﬁ, 51))
It follows that
Vp+1 = |[@a+p+a(f, Tg) — Tatp+ (R, Tp) — T +p+ (7, &) + xg+p+1(’ﬂ, )<
< Ky|[%a+p(, Tg) — Tatp(f, T1) — Xi+p(R, To) + 2a4p(R, Z)|| +
+ o(||zg+p(@, T1) — Ta+p(#, Ty)|]) |25 4B, T1) — T74p(7, Z)|| +
+ &|xi4p(fi, Tg) — Trap(, Ty)|| <
Ky —1 — - oIl -
<K+ o K =1 &) Kp||ty — &l + EKT||8; — |
hence vp+; < Kywp + Bn(8) ||Zy — 34][.
From here we get

KN —1 Ky
P=1g |5 & N it S =1 N7, — F
vp < K71 |2, — 4| +K1(w(K1_ 1 5) +§) K, —1 [T — Iyl
hence vy < an(&) ||7y — I,|| for 0 < p < N, lim ap(&) = 0 and the theorem
&0
is proved.

Theorem 3. Consider the system

Yo+1 = Ya(yn, )
B+ — I = Op(yn, On)
and suppose that:
a) Yu, Oy are defined for ||y|| < H, 9 €€,

Yy . |ler . || 2@n
'@‘ (y, 9) ‘ <K, 29 (s ﬂ)l[ <K, -3?(.% .19) ” <K,
20, -
5 U9 ” <K,
6Yﬂ ’ ’ a:Yn ’” " T ' 9
G 1) — SR )|sl.f1<ny g+ 119 — 071,
ay’ﬂ ’ ’ aY‘n 7] ’” ' o ’ amn
S s 0) — S, 97 'SKl(lly — g e+ 1197 — 91,
a@ﬂ ’ ’ 6@’” " ’” ' ’ T ’ 2
o 09— S, )l < Ky(lly — Ik + 119 — 9”1,
307,, ’ ’ a@ﬂ " ’ ’ " ’ ZImy
S, ) — S, )“sKl(uy — gl (1 — 8
b) Y,(0, 9) =0, OO0, 9)= ay.
n—1
¢) Let Ap(d) = aal;” (0,9), 6n=9D+ 2 ax; then there exists 0 < g<l1
k=1
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and K such that ||zx(i, 2)|| < Kq*~7||Z|| for all solutions of the system zp4y =
= An(ds) za.

If all these conditions are fulfilled there exist q', K', | such that
10 ||gl| <1 implies ||ya(®, 7, D)|| < K'q>|g|| for n =1
207N <t 1"l <1 imply ]
HNyn(®, §, &) — yaldi, §7, 9| < K'q>=%(||5" — "1l + o||9" — §"]))
l19a(, 7', &) — Balli, g7, 8") — & + F"ll S K(lF — 9”1 + ellF — 1))
(! depends on p).

Proof. A. Let V,(2) = sup ||zp+p(n, 2) || ;;; we have [[z]| < Va(z) < K|lz]].
p>0
- o o~ 1 o oy 1
Let V3 = Valza(#, 2)] = sup [[zn+p(n, 2a(f, 2))]| — = 8up ||24(f, )=
=0 q »=0 q
. U | o~ 1
it follows V3., = S;lg)ﬂznwﬂ(n’ 2)| P = fgll’ [|2n+p(#, 2)]| 1 <

T |
< sup ||2n+2(7, 2)|| g1
hence

1
Via — Va < (g — 1) sup [[za4p(@, Z)|| — = —(1 — q) V7.
>0 q
We have further Va(2') — Va(z'") = sup |[zn4p(ns #)]| — — SUp [z, 2"} = <
p=0 q?  p>0 qP

’ n 1 ’ ”n
= sup l1zn+p(n, 2') — 2n+p(n, 2”)|| g~ 5 l[zn+p(n, 2" — 2")| Fr
= Va(z' —2") < K||2' — 2"
hence |Vu(z') — Va(z")| < K|[2' — 2"||.

B. We put the first equation of the system in the form
lYn+1 = Au(0n) Yn + Bu(Yn, Fa);
Bu(Yn, 191;) = Y'n(?/n, Pu) — An(0n) Yn = Yn(yn, On) — Yn(O, On) — An(an) Yn =

3Y
—= (0 On) Yn =

Y
f - (AYn, On) yn dA —

0Yq Y

f [” % (lgns D) — ”” 20N m] dlyn + (oY 0. -2 6n))ym

hence [1Ba(¥n, Fa)ll < Killyall“+* + Kyl|yall [|#a — all".

Let ﬁn = 01’, —_— 611,; ‘we ha.ve ﬂ”"‘l -— ﬂ” = '3”4-1 — ﬂn — (61;.{.1 -— an) =
= On(Yn, On) — on = On(Yn, ¥s) — Ou(0, V), hence 1Br+r— Bull < K, ||yall-
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n—1
If 6a=9a we get ||Bull < > llyxll for
¥=#
n > 'ﬁ‘, ﬁﬁ = O'

C. Let yu(7, 9, z~9), Ou(#, g, :9) a solution of the system,

V% = Valya@®, 9, ). We have Vi — V= Vynlzns(n, ya(®, 7, )] —
— Valyn(®, §, D] + Vars[¥nsa@, Yalit, §, D] — Vaalznsa(, yal@i, 7, 9] <
< —(1 — q) V3 + Kllynt1(n, yn(ii, g, 9) — za4y(n, ya(®, §, D).

But yn+1(n’ yn(ﬁ’ g’ 5)) = An(én) yn('ﬁ: gs 5) + Bn(y“('r" ?], ;9)7 79”(%: g, 5))

Zn+1(n, Yn(@, G, 5)) = Au(0n) yu(#, 7, '9-)

hence

\1n-+1(%, Y@, 8, ) — zna(, yu(i, 9, M| = Illfn(yn(n 7, 8), Ou(di, 7, DI <

< Ky|lya(@, §, )|+ + K2+|ya(R, §, mn(k}_:ﬁnyk(ﬁ, 7, M-
It follows that
Vi, — Vi< —(1 — q) Vi + Kllya(#i, 5, 9)I*1 +

n—1
+ Kallya(, 9, DI 2. llys(ii, 9, D))" <

n—1

< —(1 —q) Vi + KVt + K V5 ( 2, Ve
k=7

Let g <¢' <1, Wa= ?17,71_—,,— V# we have

1 ~ 1 ~ 1 ~ ~
IV""H — Wa= W V';:""l - q'n—ﬁ Vz = q'n—ﬁ+1 (V:'*'l - V*) +

-
q

+ Wy (qi - 1) = —1W, [ _%_Iq"z Ve — KS( Z V*)"]

TR T (—ql_l)<——nn[1_q—1{ V;;ﬂ-Aa(Z V*)/‘]

We deduce that

n-1
Wy = Wa =W [1 = LKt grnm - 5o (5 guamy]

Wi = Vi = Va(g) < K||gl.
Suppose Wi < U’ for k < n; then

n-—1 n—1

n 1
) O S
(Zq g £ I—=qY
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n—1

1— LK ey - (> ) =

q
k=
¢ Ky onomn Ks U
l———,—'—'—;‘ n(n ﬁ)lll__’_____;_'__>0
==y 7! ¢ Q=g

1

g —qy K ]_
K =23 __|n
2 + (l _ ql)"'
For such I’ and for Wi <V, k <n we get Wnyy — Wa < 0 hence Wpyy <
< W, <U and the inequality is proved by induction if it is true for k = i,
1

b e
jf 1——5,—>l"‘ (%-{-L) hence if l’<[ (g 9) T

o 1 r— )"
pe. if 191l < & 4 Iq{) _.
. L
[K2 ta= q’)"]"

For such § we have W, <V’ for all n > il hence
an'*‘l —_ IVn S _a]Vn, IVn+1 < (1 -_ ot) IVn,
Wa<( — ) Wa=KQ — a)~%|gll;
it follows that V% < K[g'(1 — «)]*=#||7]| 'hence
lyn(®, g, O < Klg'(1 — «)I*=7||9]|
and the first assertion of the theorem is proved.
D. Lot now g = @ g 5) 9= yali g F), 00 = 0n(@ ¥, P,
9% = Oulii, go 00); suppose ||F|| = 117”1l Ia ="
Denote Vi* = Vu(yn — yn); we have
Vi, — Vix = Vanlzan(n, yp — ya)] — Valza(, Yo — Yn)l -
+ VanaWn+ — Yn+1) — Va+lZnn(n, Yn — yn)l <
< —(1— q) VA + Kllyp+s — Y41 — 2analm Y — Ya)ll-
But
[Yn+1 — Yntr — 2ol Yn — Yn)ll =
— | Yt On) — Yy, 97) — Aul(dn) (9 — y2)ll <.
< || Yn(¥ns 93) — Y, Ol +
1 | Yl O) — Yaln, #2) — An(dn) (95 — Ya)ll <

+

o0

+| [

0

1
W foYn , » . ”
< ‘\ [ 552 n 00 (92 — 03y @2
; ;
1

, Y
Yns In) — —3?/3

0. 30) 65 — 92102 | =
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- f (%t 00 — 552 0, 00) a0, — o) | +
0

1
oY , oY, ’ oY '
+“f(—ay— i 03) — T3 (0, 33) + T (0, 6) —

6Yn

¥, a,.)) A — v <

= 1{1”?/1&“””0 — Pl + Ky sup [yz]1"llyn — vall +

+ Ky||9% — Oull“llyn — vall =

< KK (1 — ] =07 (l1yn — Yall + 1195 — Jall) +
+ K195 — 8all*llyn — all-

We know that .
n—1 n—1

Ball = 119 — Sall < Ky S lwill < KKNFN S [9'(1 — a)]k—n
k== k=1

hence [|@, — d,||* < K,||#'||*. We have further
1 — 1 — (05 — On) = On(Yn, 07) — On(yn, ¥'s) =

3@ » , a n » ,
= f [ - w O%) (Yn — yn) + @19 (?/n’ %) (95 — ﬂn)] di =

40 o o
= | =y @i 9) W — ya) dA +

0
+f[aa‘f," wh ) — 00 0, 00| (03 — 00y
0

hence setting vy, = 9, — ¥, we get
yn+s — vall < Killyn — yall + K K" (1 — )V @=D[F[[*]| pal]-

It follows that
lrall < llyll + 3, (il = gl + K g (1 — )=l |1l
hence i
05— 0l <103 — B+ K, 3, 1l — 3l +
+ Byl S (70— ]| —
for n >a + 1. =
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By a discrete analogue of the Gronwall lemma this inequality yields

n—1
[|[9n — Oal| < Kl|19"" — 9'i] -I-kgﬁ llyx — wll.
Let us estimate |9} — 9), — & + &'|| = ||yn — yal|. We have

n—1
llyn — vall Skz (Killyz — gl + K K"[q'(1 — a)JE=D||g[1][ye]]) <
=7
n—1
< > (Killye — 9l + KK ™g'(1 — a)]*®=D]|F"[[“|[yall) +
k=m

n—1
+ K KMgl S g1 — )] C=lyr — yall
k=7

which yields the inequality

n—1
[0 — 90 — " + &'l < Ke(kgﬁ ly" — yill + 1711419 — 0'1[)-

Using these inequalities we have
Vati — Va* < —(1 — @ Vi* + K [|7']1"lg' (1 — )1~ Dlyn — all +

n-—1 .

+ Kl|7'11"lyn — yaull + Kolg'(1 — )J'@=D[F'||* > |lyk — yill +
k=#

+ Klq'(1 — )= (g| ||| 8" — &)
Let ¢ = q + K" and choose ! small enough in order that ¢'' < ¢, ie.

1
] < (117{__1)2 Suppose ||y'|| < I; it follows

8
n-—1
Vit — Va* < —(1—¢") Vi* + Kylg'(1 — o)l e-o)igll S g — il +
k=%
+ K fg'(1 — a)J =9 [g'| || 6" — ]|
Let W3 = 7!,,% V% we have

1
Wiy = rEa=l Vih <

n—1

1 ’ ’ ” ’
< W(q"vz* + Kylg'(1 — )] e=M|g'l| 2 Iy — will +
+ K fg'(1 — ) =m||y'||#{| " — &|]) =

n—1

K , ’ 1 . 1t n—H% ” ,

= Wi+ I (—[—q%‘l]—) E llyh — will +
k=7

K, nn [q'(l — a)]l‘ b 9 Qr
+ q—,Tg 7'Ml (—_—q" ) [19" — &,

hence
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n-—1

k
K "1 — n k—#
wr= Wi+ oy (WEZA) TSy
j=1

q
k=n n—1
Ky ot — 5 ([q'(l——a)]")""‘
29 1711418 — B S AR/ o) I
+ B gy — o > (L0 <
k=4
K 171 35
< Vi* 4 2. |9 — ¥ +
e T wa—ar | !
qu.

n—1 n-—1

> "1 \ k-7
B > (3 (L)) s — g <

9 = = q

- ' gt Kﬂllg'“”
S— ]X ”q g H + qu — [ql(l — a)]‘u
n—1

Ko g ([q'u — a)],,);-n lly7 — g3l
+ qu ”9 H; qn - 1 _ [q'(l _.m)]”

qll

18" — 9| +

hence
llyn — ynll < VE* = ¢ W5 <
< K¢"* g — §"|| + KullF'||*|8" — &'|] "% 4

n—1
+ Kyll7llrg ™ Z (Lq'“—q,_f‘f’—]f)j—ﬂuy; — 3l
Let up, = % llyn — yall; we have
9t ~"un < Kq" 7 — 9711+ Kullg 118 — 3l g+
+ Klyiegnes > (L2 ) g,
< K|l — 0"l CRATIME — 5+
+ Knnq'n"; ([—?11—},@1);'2; |

hence un < Kyp(|l§" — §711 + 11711419 — &'])).

It follows that . .
llyn — Yl < K@ 217 — 771 + 0711087 — 1)
180 — Op — 3" + &l < Kyu(l17 — 571l + 11g'11M19” — &]])
and the theorem is proved.
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III. The theorem on invariant manifolds.

We may now prove the following theorem on the existence of exponentially
stable invariant manifolds.

Theorem 4. Consider the discrete system

Yn+1 = Y(Yn, %) + Glen(yn, O, €)

On+1 = On + Op(Yn, 9n) + O (Yn, On. €)
Suppose that Y5, O verify all the conditions of theorem 3 and Y}, O} verify
the regularity conditions of theorem 2. Then for |e| small enough there exist
Pn : € = C such that

a) ||pa(I)] < U(e),

b) [[Pa(1) — pa(B)l] < Lie) ||9y — Bl }Llf)l l(e) = 1{5}1 L(e) = 0;

o) 19l <1 _implies ||ya(#, §, 9) — pa(da(fi, §, I < K'q*="||7 — pa(I)Il,

d) ¥ = pa(d) implies ya(i, §, 3) = pa(Ia(#, 7, 3))
and the solution is defined for all integers n.

e) Py 18 unique with the above properties,

f) 19, If '(r’m-(.% 9) = Y;;(?/, 9), Y'rll+v(y’ 9. €) = Y}l(y’ 9, ¢),

;;+.v(y, 9) = 0:1(?/: 9), @11;+..(?/x D, e) = @3.(?/, ?, €)
then pu+, = pa.
20, If Yaly, ® 4+ o) = Yy(y, 9), Y},(y, ?+ o, &) = Yi(y, 9, ¢),
Ou(y, 9 + ) = Ou(y, 9), Oiy, ¥ + o, &) = G4y, I, ¢),
then pu(? + @) = pa(d).
g) If Y, YL, Oy, O are almost periodic sequences (uniformly with respect
to y, 9, ) then py is an almost-periodic sequence.

Proof. We have to verify that the discrete system considered verifies all
conditions of theorem 1. Let yj, ¥, be defined by the system for ¢ = 0.
From theorem 3 we have ||y,(%, §, 9)|| < K'¢'"* ||| for n >4, ||§]| <.

Let N be such that K'q'N < % ; we have for # <<n <# + 2 N using theorem 2
llya(@, g, )| < llyn(ii, 9, ) — yali, g, DI + |lya (i, g, )| < Bulel + K<
g—i’— H for |¢| and ! small enough and the solution is defined for such x.
Further, for n > + N we have ||ya(#, §, 9)|| < Bnlel + K'q'Ml < Bule| +
+ —;—l < 1, for || émall enough. Condition 19 of theorem 1 is verified.

We have then by theorem 3

llyn(@ §', &') — ya(@, §, )| < K'q(||§F" — §"l| + ell®” — 9”1])
[19a(@, §', &) — a(@, §", 3") — &' + 8[| < K'(IlF" — §"Il + ell®” — 4"|)).
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It follows using theorem 2 that

(1yn(#, §') — ya(it, 57, O)| 4 L ||On(®, §', ) — Oa(#, §", F)| <
< lyn(#, §', 9) — ya(@i, §", 9) — ya(#, §', 9) + ya(#, §', 9| +
+ L ||On(, §', 9) — Ou(ft, §”, 9) — Ou(@, §', F) + 95(#, §”, 9)|| +
+ llya(®, §', 9) — Y@, §, )| + L ||95(#, §', 8) — 93(&, ", 9)|| <
< oon(e) 1§ — || + Lan(e) |17 — 7”1l + K'¢'¥||g" — §"']] +
+ LK'||l§ — g}
for it + N <n < 7 + 2N, hence for |¢], L small enough we get
Nyn(#, §'s 9) — yn(@t, §"', | + L ||9a(#, §', ) — Fu(@i, 77, F)| <
<elly —y'll, o<,
and condition 29 of theorem 1 is verified.
In order to verify condition 3° a) we see that for # <<n <@ 4 2N,

17 — gl <LII® — #"]] we have
10u(it, 7', 9) — Oa(ii, 77, 9) — & + 0"I| <
< 1[0a(#, §, 9°) — Duli, g, ") — B3R, §, ') + 0, g, 8| +
+ 1030, 7, 0) — 0560, 97, 9) — & + 9| <
< agnte) (17 — 971 + 18 — 9”1) + KU1 — 91l + ollo — 8"|}) <
< agn(e) (1 + D) 10 — 8] + KL + ) |8 — 9”]] < o[ — "],

oy < -31— if |¢|], L and p are small enough.

We have then for it + N <n <# + 2N, ||§f — §"|| < L || — &"|| the
estimation
yn(@, §', 9') — ya(®, §7, 9N < ||yal@, §', &) — ya(#@, §, 9”)]] 4
+ lyn(@, §'s ') — yn(®, §7, 9) — yu(, §', 9') + yu(@, §7, 9| <
< K'qN(F — 771l + o 119" — 9”1]) + aon(e) (19" — §71l + 1|1 — 9”|]) <
S—;- (L + o) [|9" — 9"[| + aonle) (L + 1) |19 — 9| <

< (I —a) L[| — 8|
if |¢| and p are small enough.

Condition 4° is obvious from the regularity conditions.

It is easy to see that conditions in f) and g) theorem 4 imply conditions
in f) and g) theorem 1.

Theorem 4 is thus proved.
It is useful to consider the ’autonomous’ case

Yn+1 = Y°(Yn, On) + eYyn, On, €)
Fnty = On + O°(Yn, Fn) + €0 Yn, O, €)
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An invariant manifold for such system will be a function p: € — C such that
if §=p(9) then Y°(4, 9) + eY(4, 9) = p(d + 6°(F, 9) + £O'(y, 9, ¢)), ie.
an invariant manifold for the mapping defined by the system.

BIBLIOGRAPHY

[11J. KurzwElL, Exponentially Stable Integral oranifolds. Averaying Principle and
Continuous dependence on a Parameter. Czech. Math. J. 16 (91), 1966.

191



		webmaster@dml.cz
	2012-09-12T20:25:01+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




