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Abstract. Some recent results concerning properties of solutions of the
half-linear second order differential equation

(r@®)®(z) + c(t)P(z) =0, &(z):=|z|" %z, p>1, (%)

are presented. A particular attention is devoted to the oscillation theory of
(). Related problems are also discussed.
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1 Introduction

In this contribution we deal with the oscillatory properties and related problems
concerning the half-linear second order differential equation

(r)®(2")) +c(t)P(x) =0, &(z):=|z|P %2z, p>1, (1)
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where r, ¢ are continuous functions and r(¢) > 0. In the recent years it was shown
that solutions of (1) behave in many aspects like those of the Sturm-Liouville
equation

(r(t)z") +c(t)z =0 (2)

which is the special case p = 2 of (1). The aim of this paper is to present some
results of this investigation and also to point out situations where properties of
(1) and (2) (considerably) differ. Note that terminology half-linear equations is
motivated by the fact that the solution space of (1) has just one half of the
properties which characterize linearity, namely homogeneity (but not additivity).

The investigation of qualitative properties of nonlinear second order differential
equations has a long history. Recall here only the papers of Emden [26], Fowler
[27], Thomas [40], and the book of Sansone [39] containing the survey of the results
achieved in the first half of the last century. In the fifties and later decades the
number of papers devoted to nonlinear second order differential equations increased
rapidly, so we mention here only treatments directly associated with (1). Even if
some ideas concerning the properties of solutions of (1) can be already found in
the papers of Bihari [4,5], as pioneers of the qualitative theory of (1) are usually
regarded Elbert and Mirzov with their papers [21,36]. In the following years, in
particular in the nineties, the striking similarity between oscillatory properties of
(1) and (2) was revealed. On the other hand, in some aspects, e.g. the Fredholm-
type alternative for solutions of boundary value problems associated with (1), it
turned out that the situation is completely different in linear and half-linear case
and the absence of the additivity of the solution space of (1) brings completely
new phenomena.

The paper is organized as follows. In the next section we present a brief survey
of basic properties of solutions of (1). Section 3 is devoted to the oscillation theory
of (1) and in the last section we discuss some other problems associated with (1).

2 Basic properties of (1)

Consider a special equation of the form (1)

/

(@(2")) + (p— D)&(z) =0

and denote by S = S(t) its solution given by the initial condition S(0) = 0,
S’(0) = 1. In [21] it is shown that the behaviour of this function is very similar to
that of the classical sine function. In particular, this function is odd, periodic with
the half-period ), := and satisfies the generalized Pythagorian identity
ISP+ 15" = 1.

Using this function, one can introduce the generalized Priifer transformation
as follows. Let = be a nontrivial solution of (1). There exist differentiable functions
p, @ such that

2T
psin(w/p)’

(t) = p(H)S(e(t), 17 ()2’ (t) = p(t)S' ((1)),
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where ¢ is the conjugate number of p, i.e., %4—% = 1, and the functions p, p satisfy
a certain first order system with Lipschitzian right-hand-side, which is, in turn,
uniquely solvable. Hence, the same holds for (1): given ¢y € R and A, B € R, there
exists a unique solution of (1) satisfying x(tg) = A, 2'(ty) = B which is extensible
over the whole interval where r, ¢ are continuous and r(t) > 0.

Other important objects associated with (1) are the p-degree functional

b
Flab) = [ ol = clyplds 3)
(equation (1) is the Euler-Lagrange equation of F considered in the class of func-
tions satisfying the zero boundary condition y(a) = 0 = y(b)) and the generalized
Riccati equation

W)+ (- DOl =0, g = Lo 0
which is related to (1) by the substitution w = Tg((;”;).

Functional (3) and equation (4) are related by the half-linear version of Picone’s
identity

b
F(y;a,b) = w(t)|y\|2 —|—p/ rlfq(t)P(rqfl(t)y/,w(t)@(y)) dt,

where , .
P(u,v) := M—uq)—&—ﬂ >0
p q

for all u,v € R with the equality if and only if v = §(u), and w is a solution of (4)
defined in the whole interval [a,b]. This identity is the main tool in the proof of
the next statement which summarizes the basic oscillatory properties of (1). This
statement is usually referred as the Roundabout Theorem.

Proposition 1. The following statements are equivalent:

(i) Equation (1) is disconjugate on an interval I = [a,b], i.e., any nontrivial
solution of (1) has at most one zero in I.
(ii) There exists a solution of (1) having no zero in [a, b].
(i) There exists a solution w of the generalized Riccati equation (4) which is
defined on the whole interval [a,b].
(iv) The p-degree functional F(y;a,b) is positive for every 0 £y € Wol’p(a, b).

Observe that Proposition 1 implies that Sturm separation and comparison
theorems extend verbatim to (1). Indeed, the separation theorem is essentially
the equivalence (i) <= (ii), while the comparison theorem is hidden in the
equivalence (i) <= (iv). In particular, similarly as in the linear case, equation
(1) can be classified as oscillatory or nonoscillatory according to whether any
nontrivial solution has or has not infinitely many zeros tending to oc.
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Finally, let us mention at least two differences in the basic properties of solu-
tions (1) (in addition to the already mentioned absence of the additivity of the
solution space). If z1, x5 is a pair of linearly independent solutions of (1), we have
no analogue of the Wronskian-type identity r(z}z2 — x12%) = const which holds
for (2), see [22]. We have also no half-linear analogue of the linear transformation
identity with = = h(t)y

hB)[(r(t)a") + c(t)z] = (r(OR* (©)y") +hO[rOF (1) + c)h®O]y  (5)

which is the starting point of the transformation theory of (2), see [6].

3 Oescillation theory

The equivalences given in the Roundabout Theorem (Proposition 1) suggest two
main methods of the oscillation theory of (1). The basic ideas and results based
on them are briefly explained in this section.

3.1 Variational method

This method is based on the equivalence (i) <= (iv) in Proposition 1. According
to this equivalence, to prove that (1) is oscillatory, it suffices to construct (for any
T € R) a nontrivial function y € Wy (T, 00) such that

F(y; T, 00) := /TOO [r(®)ly'[” = e(t)]yl*] dt < 0. (6)

On the other hand, for nonoscillation of (1) we need to show the existence of T' € R
such that F(y; T, 00) > 0 for every 0 # y € W, (T, 00).

In oscillation criteria, a typical construction of a function y for which (6) holds
reads as follows. Let T be arbitrary, T < ty < t; < t3 < t3, and let

07 te Tvto}v
f(t)vte tOvtlv

[
[to, t:]
y(t) = 1, te [tl,tg], (7)
[t2, t3]
[

where f, g are solutions of the one-term equation
(r(t)@(z")) =0 (8)

satisfying f(to) =0, f(t1) =1, g(t2) =1, g(t3) =0, i.e.
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By a direct computation, usmg the second mean value theorem of integral calculus
applied to the integrals f | f|P, ft r|g|P (see e.g. [14]) we have

Fy:T, o0) = ( /t:lrl_q(s) ds>1p+ ( /t :37‘1_‘1(5) ds)1p+ / c(tydt,  (9)

where s1 € (tg,t1), s2 € (t2,t3). Using this computation we can now easily prove
the following oscillation criteria.

Theorem 2. Suppose that foo r1=4(t) dt = co. Then each of the following condi-
tions is sufficient for oscillation of (1):

(i) (Leighton-Wintner criterion [50]).

b

blim c(t) = oo. (10)
(ii) (Nehari-type criterion [1/]). The integral [~ c(t)dt is convergent and

lim inf (/trlq(s) ds)p_l (/:o c(s) ds) > 1. (11)

Proof. A short computation and (9) show that each of conditions (i), (ii) implies
that the points ¢;, ¢ = 0,...,3, can be chosen in such a way that F(y; T, 00) < 0.

Concerning the nonoscillation criteria proved via the variational method, their
proofs are usually based on the Wirtinger-type inequality

p ) p
|l <y [ oo (12)

where M is a differentiable function such that M’(t) # 0 on [T, c0), which holds
for every 0 £ y € Wol’p(T, 00), see e.g. [12]. Using (12) we can prove the following
statement.

Theorem 3. Suppose that [~ r179(t) dt = oo and

i sup (/trl_q(s) ds)p (/:O ci(s) ds) < % (’%)H, (13)

where ¢4 (t) = max{0, c(t)}. Then (1) is nonoscillatory.

-1

1-p
Proof. Setting M(t) := ( ['r b pla( ) and using (13) one can show that
Fly;T,00) < 0.

The previous two statements are typical examples of the application of the
variational method in the oscillation theory of half-linear equations.
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3.2 Riccati technique

In this subsection we briefly sketch how the equivalence (i) <= (iii) can be used
to derive (non)oscillation criteria. We illustrate the application of this method in
the criteria which are similar to those presented in the previous subsection.

We start with the improvement of the statement given in Theorem 2 (ii).

Theorem 4. Suppose that [~ r'=9(t)dt = oo, the integral [~ c(t)dt is conver-
p—1
gent and liminf n (11) is > % (%) . Then (1) is oscillatory.

Proof. By contradiction, suppose that (1) is nonoscillatory. Then solutions of the
associated Riccati equation (4) satisfy the integral equation

w(t) = /too ct)dt+(p—1) /too 174 (s)|wl|? ds,

p—1
see [34]. Multiplying this equation by ( / K r1=4(s) ds) , using (13) and supposing

p—1
that limsup,_, ., (ft ri=a(s) ds) w(t) =: p < oo (in case when p = oo, to get a
contradiction is even easier than in our case u < co) we find an € > 0 such that p
satisfies the inequality

1/p—1\""
> p (%) +e+ |pl?

p—1
However, since [t|7 — ¢ + % (pp%l) > 0 for t € R, we have the required contra-

diction.

Nonoscillation criteria based on the Riccati technique are usually proved using
a slightly different method than just the equivalence mentioned in Proposition 1.
We look for a solution of the inequality

v Fe(t) + (p—1)r 1) |v]? <0 (14)

instead of (4), since it essentially means that a certain Sturmian majorant of (1)
is nonoscillatory and hence (1) is nonoscillatory as well.

Theorem 5. Suppose that [ r'=9(t)dt = co and [~ c(t) dt converges. If

limsup,_, (ft ri=a(s) ds)p71 ([ c(s)ds) < % (pp%l)pil ) (15)

lim inf;— o (ft ri=a(s) ds)p71 (ftoo c(s) ds) > —2%.%1 (E)ZFI , (16)

p

then (1) is nonoscillatory.
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»
is not difficult to verify that this function really satisfies (14), see [14].

Proof. Let v(t) = (ft r1=a(s) ds)l_p, 8= % (E)p_l . Using (15) and (16) it

All criteria presented by Theorems 2-5 contain the assumption [ it = 0.
A slight modification of the proofs of these statements enables us to find their
counterparts in case [~ 7177 < oo, see [14].

3.3 Perturbation principle and principal solution

In the previous criteria, equation (1) has been regarded as a perturbation of the
(nonoscillatory) one-term differential equation (8). It was shown that if the “per-
turbation” function ¢ in (1) is “sufficiently positive” (“not too positive”) then (1)
becomes oscillatory (remains nonoscillatory). The exact quantitative characteriza-
tion of these vague concepts is just given in Theorems 2-5.

From this point of view, it is a natural idea to consider (1) not as a perturbation
of the one-term equation (8), but as a perturbation of the the general two-term
nonoscillatory equation

(rt)@(z")) + é(t)P(x) =0, (17)

where ¢ is a continuous function, and to formulate (non)oscillation criteria for (1)
in terms of the difference ¢ — ¢. Note that this idea applied to linear equation
(2) does not produce essentially new criteria - due to the transformation identity
(5). Indeed, this identity applied to (2) written in the form (rz’) + cx = (rz’)’ +
¢x + (¢ — ¢)x = 0 and with the transformation function h which a solution of
(ra")’ + éx = 0 gives

h()[(r(t)2") + e(t)z + (c(t) — &(t)z] = (r(t)h* (1)) + R ()[c(t) — &(t)]y,

so the resulting equation is again an equation of the form (2). One can then
investigate it as the perturbation of the one-term equation (r(t)h?(t)y’) = 0 and
to transfer the obtained results “back” to the original equation (2).

Concerning the half-linear equation (1), as mentioned in Section 2, we have
no half-linear version of (5), so the idea to investigate (1) as a perturbation of
two-terms equation (17) brings really qualitatively new criteria. This approach
was (implicitly) used for the first time by Elbert [23], where it is proved that (1)
with » = 1 is oscillatory provided

b

i N 1 gy — _(p—1 3
bhjgo (c(t) tp)t dt = oo, 7—( ) ) . (18)

In this setting equation (1) with r = 1 is viewed as a perturbation of the generalized
Euler equation with the critical constant

(@) + () = 0, (19)
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whose one solution z(t) = "% can be computed explicitly and other solutions
behave asymptotically as 5 lg% t, see [24].

A natural question is why just the power *~! appears by the difference c(t) —
4t=P in (18). In the linear case p = 2 the answer is that h = ¢'/2 is the so called
principal solution of the Euler equation 2 + ;> = 0 (principal solutions of (2)
and (1) are discussed in more details later in this section). More precisely, the
transformation z = t'/2y transforms (2) with 7 = 1 into the equation (ty')’ +
(c - ﬁ) ty =0.

The concept of the principal solution of (1) was introduced by Mirzov [37]
and in [13,25] it was shown that this solution has many of the properties of the
principal solution of (2). Using this concept (1) we can now prove the following
generalization of the Elbert criterion (18), see [14,17].

Theorem 6. Suppose that (17) is nonoscillatory and h is its (positive) principal

solution. If
b

lim [ (e(t) — &(t)) hP(t) dt = oo (20)

b—o0o

then (1) is oscillatory.

Proof. The proof is similar to that of Theorem 2. We modify the test function (7)
as follows. We let y = h for ¢t € [t1,t2]. Then f, g are solution of (17) (instead of
(8)) satisfying f(t1) = h(t1), g(t2) = h(t2). Using (20) and properties of principal
solutions of (1) one can show that the points ¢;, 7 = 0, ..., 3, can be chosen in such
a way that F(y; T, 00) < 0, see [17].

Observe that in case ¢ = 0 Theorem 6 reduces to Theorem 2(i). Indeed, if
i 174 = o0 then h = 1 is the principal solution of the one term equation (8)
and (20) is the same as (10). Note also that Theorems 3-5 can be extended along
the line treated in this subsection as well, we refer to [12,17] for more details.

We finish this part with some remarks and open problems concerning the princi-
pal solution of (1). In the linear case the principal solution Z of (2) is (equivalently)
defined as a solution for which

im @ = h 7dt =
Ao oy =0 = / rz2() 2D

where z is any solution of (2) linearly independent of Z. Since both these char-
acterizations are based on the linearity of the solutions space of (2), they do not
extend (directly) to (1). Mirzov [37] in his construction of the principal solution of
(1) used the fact that if this equation is nonoscillatory, then among all solutions
of the associated Riccati equation (4) there exists the minimal one @, in the sense
that any other solution w of this equation satisfies w(t) > w(t) eventually. The
principal solution of (1) is then defined by

(1) = Cexp {/t r1=9(5)~ (5 (s)) ds} ,
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&~ ! being the inverse function of @, i.e. the solution # which is determined by
r®(z')
2(z)

In [16] we have tried to find an integral characterization of the principal solution
of (1) in such a way that in the linear case it reduces to the second expression in

(21). The main results of [16] are summarized in the next statement.

W= . In the linear case this construction is equivalent to (21), see [28].

Theorem 7. Suppose that equation (1) is nonoscillatory and T is its solution such
that &' (t) # 0 for large t.

(i) Let pe (1,2). If

o0 dt
/ rOROOF (22)

then T is the principal solution.

(if) Let p > 2. If T is the principal solution then (22) holds.

(iii) Suppose that [* rl=9(t)dt = oo, the function y(t) == [ c(s)ds exists and
v(t) > 0, but y(t) # 0 eventually. Then &(t) is the principal solution if and
only if (22) holds.

This theorem shows that the equivalent integral characterization of the prin-
cipal solution of (1) is known only in some particular cases. The subject of the
present investigation is whether (22) is really a good characterization. Another
intensively studied problem is the limit characterization of the principal solution
of (1), i.e. the extension of the first relation of (21) to solutions of (1). For some
results of this effort see [8,15,19].

4 Related topics

In this section we very briefly present some selected results related to the oscillation
theory of (1).

4.1 Asymptotics of nonoscillatory solutions

In this subsection we suppose that the function ¢ in (1) is positive or negative for
large ¢, in the former case we suppose in addition that (1) is nonoscillatory. Since
the solution space of (1) is homogeneous, we can restrict our attention to positive
solutions. These solutions can be divided into two main classes according to their
behaviour for large ¢

Mt ={z: 2/(t) >0}, M ={z: 2/(t) <0}
and each class MT, M~ is the union of two subclasses

MT =ML uUMg, ML ={z: 2(t) > oo}, Mj ={z: z(t) - L < oo},
M~ =MzUM,, Mj={z: z(t) - L>0}, My ={z: z(t) — 0}.
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The investigation of the classification of nonoscillatory solutions of linear equations
(2) along this line was initiated in [35]. Afterward, several papers extending the
results of this paper have appeared, see e.g. in [7,9] and the references given therein.
An important role is played by the integrals

T t
J = Tlim ra()et (/ c(s) ds) dt,
T T
Jy = lim (O (/ c(s) ds) dt
— 00 t

and using these intgrals the following results have been established in [7].

Theorem 8. Suppose that c(t) < 0 for large t, then

4.2 BVP’s associated with (1)

Consider the Dirichlet boundary value problem
(@(2")) + A0(x) + g(t, 2) = f(t), 2(0)=0=x(m), (23)

where A is a real-valued parameter, the number m, is defined in Section 2 and
the “nonhalf-linearity” g and the forcing term f satisfy certain additional assump-
tions. The literature dealing with solvability of (23) (not only with the Dirichlet
boundary condition) is very voluminous, see e.g. [10] and the references given
therein. The situation is similar to the linear case in some aspects, but in some
cases one meets completely different phenomena. Here we mention one of them,
the Fredholm-type alternative for solvability of the BVP

(@(2")) + AD(x) = f(t), 2(0) =0 = x(mp). (24)

Note that A; = (p — 1) is the principal eigenvalue of the unforced equation (24).
Using the detailed analysis of the geometry of the functional associated with
(24)

1 Tp "o _ » B Tp
Jf@):;/o (/P — Agl?} dt / F(tyydt

whose critical points over W,”(0,,) are solutions of (24), one can prove the
following statements, see [20] and the references given therein.
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Theorem 9. Fredholm’s alternative for p-Laplacian with p # 2.

(1) If X < 0, the functional J¢ has the unigue minimum over Wol’p(O,Wp), it 18
coercive and (24) has the unique solution.

(if) If 0 < XA < A1, the functional Jy is still coercive, but there exists f € C[0, )]
such that J¢ has at least two critical points (one of them is the global minimum
over Wol’p(O, Tp), the other one is of saddle type).

(iil) If A = M\ (and similarly for higher eigenvalues A\, = (p — 1)), the condition

/%f@ﬂﬂﬁza
0

where S(t) is the generalized sine function given in Section 2, i.e. the solution
of (24) with f =0, is only sufficient but not necessary for solvability of (24).
More precisely, there exists an open cone C C C[0,m,] such that (24) has at
least two solutions for every f € C and

/0 " )S () dt £ 0.

4.3 Half-linear difference equations

In recent years, considerable attention has been paid to the oscillation theory of
various difference equations. In particular, the oscillation theory of the Sturm-
Louville difference equation

A(’I"kA:L'k) + cxxr+1 =0, Az = Tyl — Tk,

has been deeply developed, see [1,31]. The discrete counterpart of (1) is the dif-
ference equation

A(rké(Axk)) + Ck@(l'kJrl) =0, rr#0. (25)

The basic oscillatory properties of (25) are established in [38] and the main result
of that paper is the discrete version of the Roundabout Theorem (Proposition 1).

Theorem 10. The following statements are equivalent

(i) Equation (25) is disconjugate on the discrete interval [0, N, i.e. the solution
x given by the initial condition xg = 0, ©1 # 0 has no generalized zero in
(0, N + 1], i.e.

rkxkxk+1>0, kZl,...7N.

(ii) There exists a solution x of (25) having no generalized zero in [0, N + 1].

(ili) There exists a solution w = {wy}n_y of the Riccati-type equation

_ Tk wr — W r@(Azx)
(1 ﬂ@%&@+@40%»> #=0 o(z)

such that i, +wy >0, k=1,...,N.

Awy, + ¢ +
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(iv) We have
N

Fa(; 0,N) = {ri| Aypl’ — crlyea|’} > 0
k=0

for every nontrivial y = {yk}g:%l satisfying yo = 0 = yn11-

4.4 Scalar methods for p-Laplacian

Several physical phenomena can be described by the partial differential equation
with the so-called p-Laplacian

div (||Vul[P72Vu) + c(z)®(u) =0, z = (z1,...,2,) € R, (26)

see e.g. [11]. It can be shown that the p-degree functional
Flw )= [ {I9ulP = c)lul} o
the Riccati type equation
divw + c¢(z) + (p — 1)||w||? = 0, w= - (27)

and Picone’s-type identity

Fly: ) = / wlyl? dS + p / P(Vy, d(y)w) dr.
on 0

p q
O L P LY
p q

where w is a solution of (27) defined in the whole domain {2, can be used to
establish Roundabout Theorem, Sturmian theory and to a certain extent also the
oscillation theory similarly as for ordinary differential equation (1) and for partial
differential equations with the “normal” Laplacian, see [2,3,18,29].
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