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SOME BASE AXIOMS FOR TOPOLOGY 
INVOLVING ENUMERABILITY 

C. E. AULL 

Blacksburg 

Consider the following axioms involving enumerability for a topological space 

E0: Every point of X is a Gd. 
GO 

£ t : For x e X, [x] = f\ Cn
x) where C{

n
x) is a closed neighborhood of x. 

E2 

E3 

E4 

E5 

E'. 

£ 7 

E* 

: (X, .r) 
: (X, &) 
: (X, ď) 
: {X, ,r) 
: (X, £Г) 

: (^, F) 

: (X, sr) 
: (^, ғ) 

satisfies the first axiom of countability. 

has a point countable base. 

has a cr-point finite base. 

has a cT-disjoint base. 

has a uniform (point regular) base. (See definition 2.) 

has a rj-discrete base. 

has a countable base. 

has a countable base "V and the neighborhood system of each 
closed set has a base which is a subfamily of 'V. 

For n > 2, £ ; J+1 -» E„ (£5 may be substituted for £ 5 in this relation). Clearly 
Ex -> £0 . 

We will be concerned with relations of these axioms to metrization, sufficient 
conditions for a space satisfying Et to satisfy £.• and examples to show the distinctness 
of these axioms where possible and finally the relation of some of these axioms 
to Moore spaces. Though there are some minor new results, the article is primarily 
a survey article presented with the hope of stimulating research in base axioms, 
particularly in regard to counter examples. For a deeper and more extensive coverage 
it is suggested that the reader start with [2], [3], [15], and [18]. 

£0 , £ i and E2 Spaces 

£ 0 and Et are not base axioms but their relations with E2 are among the earlier 
developments of point set topology. Specifically Aleksandrov and Urysohn [4] 
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showed that locally compact T2, £ 0 spaces are £ 2 and locally countably compact 
T3, £ 0 spaces are £2 . Note T3, £ 0 spaces are Et. 

The author [8] has given an example of a T2, £ 0 space that is not Ex. (One point 
fails to be the intersection of a countable number of closed neighborhoods.) It would 
be interesting if there existed a homogeneous T2, £ 0 space that is not £ / ) . 

Arens [19, 77] gives an example of a denumerable T5, Ex space that is not £2 . 

Properties of £ 2 spaces are well known. 

For an introduction to more recent developments see Heath [15]. For basic 
properties of £ 0 and Et spaces see Aull [8]. 

£ 3 Spaces 

Recently there have been interesting developments in £ 3 spaces in the Soviet 
Union and the United States. Some of the developments are as follows. 

Theorem 1. (Aleksandrov [2]) Locally separable T3, £ 3 spaces are metrizable. 

Theorem 2. (Ponomarev [22]) A T0 space is an £ 3 space iff it is the continuous 
open image of a metric space under an S-mapping. (An S-mapping is a mapping 
such that the inverse images of points considered as subspaces satisfy £7.) 

Theorem 3. (Corson and Michael 1964 [13]) A countably compact T2, £ 3 space 
satisfies £7 . 

Corollary 3. (Miscenko 1961 [20]) A compact T2, £ 3 space satisfies £7 . 

Theorem 4. (Heath [16]) A T3, £ 3 , M1 space is metrizable. (An Mx space 
is a topological space with a a-closure preserving base. See also Ceder [12]). 

To the author's knowledge there are no non-trivial conditions for an £ 2 space 
to be £ 3 unless one would want to consider denumerability of the space non-trivial. 
In fact there is an example of Aleksandrov and Urysohn [4, 77] of a compact £2 , T2, 
hereditary separable, hereditary Lindelof space satisfying the countable chain 
condition which is not metrizable. By Corollary 3, £ 3 is not satisfied. 

£ 4 and £ 5 Spaces 

Theorem 5. (Arhangel'skii [7]) A T3, £ 4 space is metrizable iff it is perfectly 
normal and collectionwise normal. 

) Editor's note: See S. P. Franklin, A homogeneous Hausdorff E0-space which isn't El9 

this volume, pages 125 — 126. 
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Miscenko [20] gave an example of a hereditary Lindelof T2, E3 space not 
satisfying T3 or E1. It is a consequence of Theorem 5 that T3, £ 4 hereditary Lindelof 
spaces satisfy E6. However, we need a new theorem to establish that Miscenko's 
example is not E4 since his example is not T3. 

Theorem 6. A hereditary Lindelof E4 space satisfies £7 . 

Proof. Let the cr-point finite base be designated by i^ = \J^n where each i^n 

is point finite. For fixed n there is a countable subcover Hf\ cz ir
n of \J\V: Ve i^n}. 

In general there is a countable subcover iV\ oi \J\V :Veir
n ~ \J ifn}. By the 

oo i = 1 

point finiteness of ir
n, ir

n = U iV\ and £ 7 is satisfied. 
fe=i 

In view of Theorem 5 it would be desirable to know if there exists a perfectly 
normal, collection wise normal, £3 , T2 space that is not metrizable and hence not £ 4 . 

For £ 5 spaces we have the following simple metrization theorem. 

Theorem 7. Every perfectly normal E5 space satisfies E6. Perfectly T4, £ 5 

spaces are metrizable. 

, Proof. Let V be a disjoint family of open sets. W = \J{V: V c rC] is an Fa set, 
i.e. W -= UF„ where each Fn is closed. There exists open Gn such that Fn a Gn cz 
cz Gn cz W. {Vn Gn} is a discrete family for each n. 

In view of Theorem 7 and the complicated proof of Theorem 5 it would be highly 
unlikely that £ 4 = £5 . See the end of the next section for a T3 not T4, £ 4 space that 
is not £5 . Corson and Michael [13], have an example of a non-metrizable T2, 
hereditarily paracompact, Lindelof £ 5 space. 

£5 Spaces and Moore Spaces 

In order to proceed further we will need to review some definitions. 

Definition 1. A Moore space is a T3 developable space. A topological space 
is developable if there exists a base ir = [Jf^nfor the topology ST such that each ir

n 

covers X and for xeX, Te 2T> there exists n, n(T) such that if xe Ve *f~w then 
V cz T. The family "T is referred to as a development. 

Definition 2. (£5) A base i^ for a topological space {X^ST) is point regular 
or uniform if every infinite subfamily of' f% each member of this subfamily con­
taining a given (arbitrary) point is a base at this point. 
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Aleksandrov [1] showed that E5 spaces are point countable and the base is a 
development such that each cover can be taken as point finite. From this Heath 
[17] concludes. 

Theorem 8. A TTspace (X, ST) is a metacompact Moore space iff (X9 2T) 
satisfies E5. 

Note. Metacompact = pointwise paracompact = weak paracompact. 

Since a Moore space has the property that every closed set is a G8, from Theorem 
6 we can conclude, 

Theorem 9. An E59 T4 Moore space is metrizable. For T4 spaces E5 + E5 «-» E6. 
Thus the example at the end of the last section is T4 and E5 but not E5. 

Bing has an example of an E5 space that is not normal and hence not metrizable 
but is screenable (every open cover has a cr-disjoint open refinement). The next 
theorem shows this example satisfies £5 . 

Theorem 10. A screenable E5 space (X9 $~) is E5. 

Proof. The point regular base °U can be expressed as a countable union of 
point finite covers <%n. Each point finite cover has a cr-disjoint open refinement 
f"n. The family V = U^"n is a cr-disjoint base for (X, ST). 

Heath [17] proved that a screenable Moore space is metacompact and clearly 
an E5 space is screenable. 

Corollary 10. For a Moore space (X, ST) the following relations hold 

(a )~(c ) ->(b)~(d) 

(a) (X93~) satisfies E5. 

(b) (X, ST) satisfies E5. 

(c) (X, 3T) is screenable. 

(d) (X9 3T) is metacompact. 

Clearly the condition E5 -» E5 for T4 spaces is equivalent to the statement 
every pointwise paracompact normal Moore space is metrizable. There is an example 
of Heath [17] which is metacompact, non-normal Moore space which is not screen-
able. Hence there exists a T3, £5 , £ 4 space which is not T4 or E5. Is there a collection-
wise normal £ 4 space that is not E5 ? 
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E6 — E8 Spaces 

We summarize the now classical theorems of Bing, Nagata and Smirnov along 
with an old theorem of Aleksandrov and Urysohn and a relative recent theorem 
of Arhangel'skii. 

Theorem 11. A T3 space (X, ST) is metrizable iff 

(a) (Aleksandrov and Urysohn [5]) it has a development ir = \jfn such 
n 

that i^n+i is a refinement of ir
n for all n and such that the union of each pair 

of intersecting elements of i^n+i ?s a subset of an element of ir
n. 

(b) (Nagata-Smirnov [21] and [24]) it has a a-locally finite base. 

(c) (Bing [11]) It satisfies E6. 

(d) (Arhangel'skii [6]) there exists a base ir for (X, ST) such that for x e Te 3" 
there exists T'' e ST', xeT cz T such that only a finite number of elements of i^ 
intersect both V and ~T. 

We need only mention the classical result of Urysohn that a topological space 
is metrizable and separable iff it is T4 and satisfies £7 . Examples of E6 spaces that 
are not £ 7 are numerous. For instance see Thron [25, 171]. 

The next theorem shows that the combined properties of compactness and 
metrizability can be expressed in terms of a base axiom which says something about 
closed sets as well as points. 

Theorem 12. A T3 space (X, 2T) is metrizable and compact iff 

(a) it satisfies £ 8 ; 

(b) there is a point-countable base if" for (X, ST) such that the neighborhood 
system of each closed set has a base which is a subfamily of Y\ 

Proof. See Aull [7] and [8]. 

Some Further Remarks 

Ralph Root [23] had the axioms for a first countable T2 space independent 
of Hausdorff. However his work is more difficult to follow and did not affect the 
main streams of point-set topology. See also Thron [25, 236]. 

Urysohn's metrization theorem about separable spaces involved T4 spaces. 
Tychonoff [26] replaced T4 by T3. 

The problem of the metrization of normal Moore spaces has an interesting 
history. See Heath [15] and Jones [18]. A recent review of a paper of Younglove 
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by F. B. Jones in the July 1968 Mathematical Reviews indicates some very interesting 
recent developments. Finally we list some questions involving counterexamples. 

1. Is there a homogeneous T2, £ 0 space that is not Etl
 1) 

2. Is there a perfectly T4, collectionwise normal £ 3 space which is not £4? 

3. Is there a collectionwise T4, £ 4 space that is not £ 5 or even a T4, £ 4 space 
that is not £5? 

Note, if every T4, £ 4 space is £ 5 then every normal metacompact Moore space 
is metrizable. 

4. Is there a T2 space with a a-locally finite base that does not satisfy E6 or 
perhaps not even £ 5 ? 

Added to the galley. In regard to question 3, the author has proved that he­
reditary CN, £ 4 spaces satisfy £5 . See AMS Notices 1969. 

References 

[1] P. S. Aleksandrov: On Metrization of Topological Ѕpaces. Bull. Acad. Pol. Ѕci. Math. 8 
(1960), 589—595, (Russian, English Ѕummary). 

[2] P. S. Aleksandrov: On Ѕome Basic Directions in General Topology. Russian Math. Ѕurveys 
I9 (1964), 1-39. 

[3] P. S. Aleksandrov: On Ѕome Results in the Theory of Topological Ѕpaces in the Last 25 Years. 
Russian Math. Ѕurveys I5 (1960), 127—134. 

[4] P. S. Aleksandrov and P. Urysohn: Memoire sur les espace topologiques compacts. Verh. 
Akad. Wetensch. Amsterdam, I4 (1929), 1-96. 

[5] P. S. Aleksandrov and P. Urysohn: Une condition necessaire et suffisante pour qu' une classe 
(L) soit une classe (D). Comptes Rendus Acad. (Paris), I77 (1923) 1274—1276. 

[6] A. Arhangeľskii: On Metrization of Topological Ѕpaces. Bull. Acad. Pol. Ѕci. Math. 8 
(1960), 589-595. 

[7] A. Arhangeľskii: Ѕome Metrization Theorems. Uspehi Math. Nauk I8 (1963), 139—143. 
[8] C. E. Aull: A Сertain Сlass of Topological Ѕpaces. Prace Matematyczne II (1967), 49—53. 
[9] C. E. Aull: Сlosed Ѕet Сountability Axioms. Indagationes Math. 28 (1966), 311 — 316\ 

[10] C. E. Aull: Сompactness As a Base Axiom. Indagationes Math. 29 (1967), 106—108. 
[11] R. H. Bing: Metrization of Topological Ѕpaces. Сan. Math. J. 3 (1961), 175—186. 
[12] /. Ceder: Ѕome Generalizations of Metric Ѕpaces. Pac. J. Math. II (1961), 105—125. 
[13] H. H. Corson and E. A. Michael: Metrizability of Сertain Сountable Unions. 111. Math. J. 

8 (1964), 351-360. 
[14] F. Hausdorff: Grunzüge der Mengenlehre. Leipzig (1914). 
[15] R. W. Heath: On Сertain First Сountable Ѕpaces. Proceedings Topology Ѕeminar, Wiscon-

sin, 1965, Princeton (1966), 103-111. 
[16] R. W. Heath: On Ѕpaces with Point-Сountable Bases. Bull. Acad. Pol. Ѕci. Math, I3 (1965), 

З9З-З95. 

1 ) Editor's note: See S. P. Franklin, A homogeneous Hausdorff E0-space which is riot Els 

this volume, pages 125—126. 



C. E. AULL 61 

[17] R. W. Heath: Screenability, Pointwise Paracompactness and Metrization of Moore Spaces. 
Can. J. Math. 16 (1964), 763-770. 

[18] F. B. Jones: Metrization. Am. Math. Monthly 73 (1966), 571-576. 
[19] J. L. Kelley: General Topology. Van Nostrand, Princeton, N. J. (1955). 
[20] A. Miscenko: Spaces with Point-Countable Base. Soviet Math. 3 (1962), 855 — 858. 
[21] J. Nagata: On a Necessary and Sufficient Condition of Metrizability. J. Inst. Polytech., 

Osaka City Univ., Series A 1 (1950), 93-100. 
[22] V. I. Ponomarev: Countability Axioms and Continuous Maps. Bull. Acad. Pol. Sci. Math. 

8 (1960), 135-140, (Russian, English Summary). 
[23] R. Root: Iterated Limits in General Analysis. Am. J. Math. 36 (1914), 79—134. 
[24] Y. M. Smirnov: A Necessary and Sufficient Condition for the Metrizability of a Topological 

Space. Dokl. Akad. Nauk. SSSR 77 (1951), 197-206. (Russian.) 
[25] W. J. Thron: Topological Structures. Holt Rinehart Winston, New York (1966). 
[26] A. Tychonoff: Ober einen Metrisation Satz von P. Urysohn. Math. Ann. 95 (1926), 139—142. 
[27] P. Urysohn: Zum Metrizations Problem. Math. Ann. 94 (1925), 309—315. 
[28] J. M. Worrell and H. H. Wicke: Characterizations of Developable Topological Spaces. 

Can. Math. J. 17 (1965), 820-829. 

VIRGINIA POLYTECHNIC INSTITUTE, DEPT. OF MATHEMATICS, BLACKSBURG, 
VA., U.S.A. 


		webmaster@dml.cz
	2012-09-21T11:06:23+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




