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UNIFORMLY CONTINUOUS BANACH VALUED MAPPINGS
J. viLiMovskY
Praha

Several coreflective classes of (Hausdorff) undform spaces conhec-
ted with multiplying and extension properties of Banach valued mappings
are described. The proofs concerning real-valued functions will appear
in (1], the proofs of the other results will appear elsewhere.

We shall denote tf the coreflector onto the class of all topolo-
gically-fine uniform speces. For X, Y uniform spaces we put U(X,Y)
the set of 21l uniformly continuous mappings of X into Y . The space
X will be called Y - t, if U(x,Y) = U(X,tf!) . The class of all spa-
ces having this property is coreflective (see [4] ). Denoting R the
resl line with the usual metrisable uniformity, one can prove the follow-
ing:

Progosition 1. U(X,R) 1is a ring under usuel operations if and
only if f£“€ U(X,R) for each feU(X,R) .

If o¢ is a cardinel, we denote by H(o¢ ) the hedgehog over o< ,
that is the set of all (&a,x>, ace¢ , 0<£x <1, where <(a,0>=<b,0>
for 811 a,beoc , with the metric D((a,x>,<a,y>) =I/x -y/ eand
<{a,x>, <b,y>) =x+y for a¥b.

w denotes simultaneously the countable cerdinel and the count-
able uniformly discrete space, I stands for & onedimensional compact
interval.

The results concerning mappings into finite-dimensional spaces are
contained in the following two theorems:

Theorem 1. The following coreflective properties of a uniform
space X are equivalent:
(1) Uu(Y,R) 1is a ring for each subspace Y of X .

(2) X 18 H(w )=ty .

(3) X is 'H(o¢ )-t, for every cardinal oc .

(4) X dis hereditarily R-t, .

(5) X is hereditarily Rn-'cf for all natural numbers n .
(6) X is hereditarily (Ix W)=ty .

(7 1 {fn] is a sequence of bounded uniformly continucus real-
valued functions such that the supports of fn ‘s form a uniformdy
discrete family in X , then an is uniformly continuous (or
equivalently, the family {'fn} is uniformly equicontinuous).

(8) If {A} is e uniformly discrete countable family in X , for

all n, Ay = Ufihy 3 5 1<k ] and each finite femily
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{An g3 1 = k ] 4is uniformly discrete, then the family { A
is uniformly discrete, then the feamily { A } is uniformly
discrete. (I.e. countable uniformly dlscrete unions of finite
uniformly discrete families are uniformly discrete.)

n, i}

Theorem 2. The class H(w )-tf described in Theorem 1 is the
largest coreflective class contained in J¢ where for X can be taken
one of the following classes:

a) The class of all uniform spaces X such that all uniformly continu-
ous real-velued functions from each subspace Y of X extend to
uniformly continuous functions on X .

b) The class of all uniform spaces X such that all real-valued functions
from countable uniformly discrete subspaces extend to uniformly conti-
nuous functions on X .

¢) The class of all uniform spaces X such that all Banach valued mapp-
ings from uniformly discrete subspaces extend uniformly continuously
to the whole space X .

The class described in a) is called RE by J. Isbell. Several
sufficient coreflective conditions have been known for a space to be in
RE. J, Isbell [3] proved thet locally fine spaces have this property and
recently Z. Frolik [2] showed that even all sub-inversion-closed spaces
are in RE. Here we have described the largest such coreflective cless
and we note that it is much larger than the class of sub-inversion-closed
spaces.

Now we turn our attention to infinite-dimensional case. As a result
similar to Proposition 1 we obtain:

Proposition 2. The following coreflective conditions on a uniform
space X are equivalent:
(1) U(X,E} is a module over U(X,R) for each Banach space E .
(2) For any cardinal o¢ the mapping x> f(x): I £(x)!l_, 1is uniformly
continuous, whenever f ¢ U(X,1. (occ }).

We recall that the mapping between two uniform spaces is called
distally continuous if the preimages of uniformly discrete families remain

uniformly discrete.
Now trying to find a theorem analogous to Theorem 1 for the general
case of Banach valued mappings, we obtain the following two results:

Theorem 3. The following coreflective properties of a uniform spa-
ce X are equivalent:
(1) 1Ir {A 1 1is a uniformly discrete countable femily in X end for
all n there is A = U{An’ itedl with {AiL i Le J}
uniformly discrete in X , then the family {An,L} i wmiforaly
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discrete in X .

(2) For any Banach space E, f € U(X,E) a sequence of bounded mapp-
ings with {supp fn ; D€ wjuniformly discrete, the mapping

fn is distelly continuous.

(3) For any Banach space E, f, a sequence of bounded distslly con-
tinuous E-valued mappings with {supp fi; ne @} uniformly
discrete in X , the mapping EEfn is distelly continuous.

(4) For any Banach algebra E and any subspace Y of X, £2 is

distally continuous for f eU(X,E) .

Theorem 4. The following coreflective conditions on a uniform
space X are equivalent:

(1) U(Y,E) is a module over U(Y,R) for every subspace Y of X
and E a Banach space.

(2) X is RE and U(X,E) 4is a module over U(X,R) for each Ba-
nach space E .

(3) U(X,E) is a module over U(X,R) for all Banach spaces E and
X fulfils one of the conditions in Theorem 1.

(4) For every Banach space E, £,€ U(X,E) bounded uniformly conti-
nuous with {supp f, ; ne «w } uniformly discrete in X +the
mapping Elfh is uniformly continuous.

(5) U(X',E) 4is a ring for each subspace X of X aend E a Banach
algebra.

(6) Each cover of the form {U n Vg ; new, acA] is a uniform
cover of X provided that {Un} n 18 @ countable finite-dimen-
sional uniform cover and {Vg_}e is a uniform cover of X for
all n .

We recall that the space X is called sub-metric-fine if for all
complete metrisable space M there is U(X,M) = U(X,tfl) . One can show
that all sub-metric-fine spaces form a coreflective class which is con-
tained in the class described in Theorem 4, and that these two classes
are not equal.

Now we present twe sufficient coreflective conditions concerning
extensions of uniformly continuous Banach valued mappings. Note that it
remains open, whether these corefledtions are the largest ones or whe-
ther such largest coreflective classes even exist.

Theorem 5. Let X be sub-metric-fine. Then for each Banach spa-
ce E and uniformly continuous E-valued mapping defined on any sub-
space Y of X there is & uniformly continuous extension of it on the
whole space X .
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Theorem 6. Let X be a uniform space enjoying the properties
from Theorem 4 and let E be a Banach space having its closed balls
uniformly injective (for example spaces 1., (o< ) for some cardinal
o¢ ). Then all uniformly continuous E-valued mappings extend from
arbitrary subspaces on the whole space X .
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