Toposym 4-B

Jiirgen Flachsmeyer; Frank Terpe
On convergence in the space of summations

In: Josef Novak (ed.): General topology and its relations to modern analysis and algebra IV,
Proceedings of the fourth Prague topological symposium, 1976, Part B: Contributed Papers. Society
of Czechoslovak Mathematicians and Physicist, Praha, 1977. pp. 119--124.

Persistent URL: http://dml.cz/dmlcz/700705

Terms of use:

© Society of Czechoslovak Mathematicians and Physicist, 1977

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/700705
http://project.dml.cz

ON CONVERGENCE IN THE SPACE OF SUMMATIONS
J. FLACHSMEYER AND F. TERPE

Greifswald

O. Introduction

In [17] end [8] the authors began to develop a general theory of
summation on a state space X and a parameter space T . X and T
are Hausdorff locelly compact but non compact spaces., A summation
S =( pvt)tcT on X over T is a family of bounded Radon measures (v,
on X . The specific aspect of our theory is to describe the behavior of
summations by weak convergence of the family (””t)téT on suitable com-
pactifications of the state space X . This theory gives a framework,
which contains as a special case the classical summation by Toeplitz- me-
trices and has applications in stochastic processes [ 8]. Because of the
last we name notions of summetion in vocabulary close to that of stochas-
tic processes. M (X) denotes the space of bounded Radon meesures on X .

A summation S = ( pvt)teT on X over T is called convergence
preserving iff S-lim f : :tgig(u%(f) exists in R for every fe C,(X),
where Ca(X) is the space of 2ll continuous resl functions on X hav-
ing @ limit at infinity. S 1is called permenent iff S 1is convergence
preserving and S-lim f =x}3§°f(x) for all fe ca(x) . S 1is called con-
vergence generating iff S-1lim f exists in R for all fc:Cb(X) .
Here Cb(X) is the space of &all bounded resl continuous functions on X .
S 1is celled core-contracting iff 1lim inf £(x)€1lim inf pe,(f) =

<
£ lip gup (w(f) € lip sup £(x) for all fe Cy(X) .

The set of all summations on X over T we denote by 2¥(X, T).
7 (X, TY becomes a vector space by S, +S,: = ( pv% + f"%)teT ,

i -
where §; = ( ﬁ"t)tsTand d.S= (e, (wt)teT , where S = ( 0Vt)teT .

We like to introduce "natural" convergence structures in (X, T)
in such & way that the subsets of convergence preserving resp. permanent
resp. convergence generating resp. core-contracting summetions on X
over T become closed. We shall see that convergence structures of the
desired kind will not be topological. If we don’t restrict ourselves to
the linear subspace 7”ter(x, T) of terminal uniformly bounded aummations
on X over T , the desired convergence structures are group convergence
structures indeed and they are of éﬂ'— class but they fail to be compa-
tible with scalar multiplication (Theorem 1.2.). A summation S =
= ( (wt)taT on X over T is called terminal uniformly bounded iff
there is @ compact set K€ T such that {fpv, /l; t€ T NK} 1is bounded.
It seems that in the classical case of matrix summation theory no ana-
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logous investigations were made.

In the last years in other mathematicel topics suitable conver-
gence structuresywhich are not topological, have been also introduced.
E.g. Mikusinski {12] introduced a definition of convergence of sequences
of Mikusinski operators. Urbanik [181] has shown that there is no topo-
logy setisfying the first axiom of countebility such that topologicel
convergence of usual sequences is equivalent with the Mikusinski con-
vergence. E. F. Wagner [19] generalized the convergence of Mikusinski
operators to nets. He shows that this convergence is not a topological
one. In the paper [ 7] was treasted the question when the locally uniform
convergence of continuous functions is a topological one. Another mathe-
matical topic of such kind is the modern theory of calculus in limitat-
ed vector spaces. See e.g. Binz [ 1] and Frohlicher-Bucher [917 .

1. The vector space of summations and closure properties of special

summation types
1.1. Definition. Let (Sg ), ¢ € 2*(X,T) Dbe & net end
se 7™ (X,T) .
1. This net we will call weakly terminal convergent to S iff
a) (S )y e A simple converges in the weak topology 6 (V”f(X),Cb(X))
to S, i.e. M (£f) >m (f) for all feéC. (X) and ell teT.
b) (5o Ve s A converges uniformly at infinity in the weak topology
6(m (X),C (X)) this means for every fe cb(x) end £>0
there exists a compact set Kfa € T such that /(wt(f) - (wt(f)/
<E for all t fo& and a1l 2 &= «,( £ ,f).
2. This net we will call weakly terminal uniformly convergent to S iff
a) from above.
b) (S) . e a converges locally uniformly at infinity in the weak
topology to S , i.e.
there is & compact set K€ T such that for every &£>0 and
every feCp(X) | (p(f) - ((£)/< & holds for all t £K end
all Z = o, ( £ ,f) .
3. This net we will call strongly terminal convergent to S iff
a) from above.
b) (s..) o« & A converges uniformly &t infinity in the strong topolo-
&y (= norm topology) to S .
4. This net we willl call strongly terminal uniformly convergent to S iff
a) from above.
b) (§) e A converges locally uniformly at infinity in the strong

topology.
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1.2. Theorem. In the space 7v(X,T) of &1l summetions on X
over T the following holds for the four types (1l.1l.) of convergence
structures
(1) The convergence structures are of K’—cless, i.e. they fullfill

the following conditions:

8) Uniqueness of limit.

b) Subnets of convergent nets tend to the seme limit.
¢) Urysohn axiom.

(2) The convergence structures (1.1.) are compatible with the additive
structure of 2v (X,T) but not in general with scalar multiplica-
tion.

(3) The convergence structures (1l.1l.) are not compatible with the latti-
ce structure.

(4) The convergence structures (1.1.) are in general not topological.

Proof.

Ad (1):

a) Uniqueness is obvious, because the simple convergence is unique.

b) Is cleer.

c) Assume (S, )y, 77 S .

We must show that there is a subnet of (S, )y,e, Wwhich has no subnet

converging to S .

We only consider the first type of convergence. Because the simple con-

vergence is even topological, we can assume the following:

There is an fec (X) and an £>0 such that for every compact set

KE T there exists a tyg ¢ K such that ()] fwt (£)- (Wt (£)] 2 g for

all o of a confinal subset Ap of 4 .

Let B :={(e ,K) ; K compact subset of T sand & € AK] -

B 1is directed as follows: ( & ,K)<{(& ,X) 1ff c¢c<cland K €K .

As the desired subnet we take (S(ar. K))(« K)€B with S(“ ) =S,

Because of (%) this subnet contains no subnet converging to S .

Ad (2): :

This is straightforward with the help of triengle inequality for the

additive structure.

From the exemple S, =S = (k. §,) v, X=T=N, we can see that

the scalar multiplication is not continuous with respect to the conver-

gence, for (1/n) . S, does not tend to zero.

Ad (3):

For every state space X the weak topology & ( v£(X),C, (X)) eand the

norm topology never coincide. Namely, otherwise the unit ball in (X)

would be strongly compact which is impossible for a state space. There-

fore one has a net ((w e A € (X) which converges to zero weakly
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but not strongly, i.e. |[M N0 . Now we define on X over an arbit-
rary parameter space T the summ:tions St = ( f""o::)ta'r’ S: =
(M) op with v, ¥ O and (u.to : = (»“ for & fixed t, end

(W: £0 otherwise,
Ad (4):
Counterexsmple: X : =T : = {n - 1/m ;neN and meNJ. We take
in X =T the euclidean topology.
We will show that Kelley ‘s theorem on iterated 1limits does not hold
with respect to the convergence of type (4). For this we consider the
following sequences of summa'z;licc)ms: 81,52,...,Sn,.zl.{)50 . For fixed
k € N we take sn(k) = (‘w: )te'l‘ , where (u,g =0 for all
t¢{k=-1/m,ngl}.
And for té{k - 1/,m ; m31] the measure is distributed in the follow-
ing manner:
For n = ljf"'%(k) hes mass 1/2m in the point x = k - l/zm for
xZt.
For n = 2) the point masses are moved by one step to the right, and
8o on.
Then Sn('k)_,sk Z0 for n-»oo, A,
But the iterated net s[k,;j.? : = sn(k) with jeN and n(k) =
k-coordinate of j does nol converge to zero.

1.3. Theorem. The vector space rter(X,T) of all terminal
uniformly bounded summstions on X over T for all convergence strucs
tures always becomes a convergence vector space.

The set Pr(X,T) of ell terminal uniformly bounded convergence
preserving summations on X over T forms in all four convergence
structures a closed linear subspace of rter(x,r) .

The set Per(X,T) of all terminal uniformly bounded permenent
summetions on X over T forms in all four convergence structures a
closed convex subset of Tter(X,T) .

The set Per(X,T) of all terminal uniformly bounded permanent
summations on X over T forms in all four convergence structures a
closed convex subset of rter(X,T) .

The set Gen(X,T) of all terminal uniformly bounded convergence
generating summations on X over T forms for all four convergence
structures a closed linear subspace of Tper(X,T)

Proof.

1) Because of Theorem 1.2. 2% (X,T) is a convergence group for the
four convergence structures. 7, er(x’T) is even a convergence
vector space. For this one has to consider the following estimetion:

A pvg (F) = Ay ()] & 1AL 1Y gy () = o (141 oy (11 A = A )
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for the case Ax"’/'l and S = ( (u,‘ft) , 8= ((wt)
2) It is straightforward to check the linear structure of Pr(X,T)
and Gen(X,T) and the convexity of Per(X,T) and Cor(X,T) .
3) For the closedness we may restrict ourselves to the weakest conver-
gence structure.
Let us cneck for example the cases Pr(X,T) and Cor(X,T) .
Let S, = ( (w:’) & Pr(X,T) and Se€ 7%,.(X,T) and S, ~® S weakly
terminal. We have to show: 1:lim (Wt(f) exists in R for each
f€C,(X) . Let fe&C,(X) .
We get Fw, (£) - f“'tr(f)lél(‘vt(f) P+l @) - A+
I(wto(f) -y «f)]. By b) there exists for every £ >0 a compact
set Kf £ €T such that I(Wt(f) - (wt(f) 1< 5/ and !(“t A(f) -
pmt () | < 8/3 for t,t €T\ g,& ond o —oc We take such an
a . S 1is convergence presernng. Therefore we get a compact set
t £) - Y < €&/, £ t,t’e T~k
'€T such tha l(;v';/+(:()lé 3£or t €,f
Thus (i () - (o294 «(£)] < 3 /3+ &€/4 = for all
t, t'e T\(KfauKe ) . Therefore Sé€Pr(x,T) .
Now let S, = { % )eéor(x ™, S6 7, (X,T) and S, ~»S weakly
terminel. For f € C, (X) weput b := 1}2.111 inf f(x) and a : =
o
=z 1im inf v, (£) : = su (inf (£)) K compact .
=2 s 2% G °

let £€>0 . Then there is a compact set K5 such inf (w, () >

a - &/ . Because of conditlon b) we can assume withoﬁt K1oss of ge-

nerallty l(“'t(f) - (‘vt(f) | < 5/ for all t fK and almost all
. We easily conclude l 1nf (ivt(f) - lfnf (kt(f)l € £/, for

almost all &« .

Now we have 1:mf (\u (£ < tmlf; ("'t(f) + &/, . From S, & Cor(X,T) we
can assume b = 5/ < i¢ni’ (w"t(f) . Therefore we get

b - 6/2.. 1¢nf (lbt(f) éti‘nf&(“’t(f) + 5/2 Za + 6/2 .beg £ .
In a dual manner we get the rest of the proof.

1.4. Theorem. The vector space of all uniformly bounded summations
7,(X%,T) on X over T equipped with the norm [ S|l : = sup ”("’t
S=( l“'t)te r € 7,(X,T) , is a Banach space.
The sets Pr(X,T) A 3 (X,T) , Per(X,T) 7Y (X,T) , Cor(X,Tn 73(X,T)
and Gen(X,T)n Ty (X,T) are closed.
Proof. 2)“’ (X,T) with the norm NSl: = sup ] equals the
Banach space 1%° (T M (X)) . The rest follows 3oE 1. 3
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