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UNIFORM CONTINUITY IN PARACOMPACT SPACES

O.T. ALAS

Sdo Paulo

Let E; and E, be two nondiscrete paracompact Hausdorff spaces, W; and U,
uniformities in E; and E,, respectively, and U, ® U, the product uniformity in
E, x E,. On [0, 1] we consider the usual metric topology (thus there is a unique
uniformity U’ in [0, 1]). We shall study the following question: Under what conditions
every continuous function of E, x E, (with the product topology) into [0, 1]
is a uniformly continuous map of (E; x E,, U; ® U,) into ([0, 1], W)?

1. Preliminaries

Let E be a nondiscrete completely regular Hausdorff space.

Definition. The index of E is the least cardinal number for which there is a family
(with this cardinality) of open subsets of E, whose intersection is not an open set.
(Let us denote by m the index of E.)

Let E;, and E, be two nondiscrete completely regular Hausdorff spaces. For
i =1,2 let U; be a uniformity in E, (i.e. compatible with the topology for E;);
U; ® U, denotes the product uniformity in E; x E,, i.e. the uniformity in E; x E,
for which the set {U; @ U, |U ey, UyelU,}, where Uy ® U, = {((xy, %5),
(i ¥2)) | (i y) €Uy i = 1,2}, is a basis.

Proposition. Suppose m > N, and every locally finite open covering of E has
cardinality less than m. We have:

1) if E is a normal space, then every subset of E of cardinality m has an
accumulation point (in E) and every open covering of E of cardinality m has a
subcovering of cardinality less than m;

2) if E is a normal space, then every closed subset of E which is the inter-
section of at most m open subsets of E has a fundamental system B of open neigh-
borhoods, whose cardinality |$| is less than or equal to m;

3) if m is the pseudoweight at some point x € E, then m is the weight at the
point x;

4) if E is a topological group and m is the pseudoweight at the neutral element
of E, then E is paracompact.
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Proof. By the definition of index, m is a regular cardinal number. Since m > N,
and E is completely regular, every point of E has a fundamental system of neigh-
borhoods, which are open-closed in E. (The closed Gssubsets of E are open.) The
union of less than m closed subsets of E is closed in E.

Assertion 1) follows easily from the above consideration.

Assertions 2) and 3) are proved by using the same technique. We shall prove 3).
Let us denote by pu the first ordinal number of cardinality m and by M the set of all
ordinals less than u. Since m is the pseudoweight at the point x € E, there is a family
(Vi)iem of neighborhoods of x, whose intersection is {x}. (We can and will suppose

that the V; are open-closed in E.) Put W, = V, and W; = NV, for each ie M — {0}.
j<i

The family (W,);.) is a fundamental system of neighborhoods of x. Indeed, let U
be an open-closed neighborhood of x (x has a fundamental system of neighborhoods
of this type). Consider the set {W; — (W;, u U)|ie M — {0}}, where i’ is the ordinal
successor of i. It is a discrete collection of open-closed subsets of E. So there is p e M
such that W, — (W, u U) = 0 for every ie M, i > p. Thus W,, = U. (If it were
te W, and t ¢ U there would be a minimal k € M such that ¢ ¢ V. By the construction
of W,., k is greater than p;.and ¢ belongs to W, and does not belong to W,.; but W
is contained in W;, U U, which is a contradiction.)

Proof of 4). By virtue of assertion 3) the neutral element of E has a fundamental
system B of neighborhoods, with l,‘Bl = m. Since m is greater than N, we can choose
elements of B such that V¥ =V ~!=V for every Ve B. For each Ve B, {Vx | x € E}
is a discrete open covering of E. The paracompactness of E follows from the fact
that U’B{Vx | x € E} is an open basis of the topology on E.

Ve

2. Main results

Let E, and E, be two nondiscrete completely regular Hausdorff spaces and m,
and m, their indices.

Theorem 1. Let W, and U, be uniformities in E, and E,, respectively. If every
continuous function of E, x E, (with the product topology) into [0, 1] is a uniformly
continuous map of (E; x E;, Uy ® W,) into ([0, 1], '), then every locally finite
open covering of E; has cardinality less than m; (i=1, 2).

Proof. We shall prove, for instance, that every locally finite open covering
of E, has cardinality less than m,. It is sufficient to prove that every discrete family
of nonempty open subsets of E; has cardinality less than m,.

On the contrary, let us suppose that there exists a discrete family of nonempty
open subsets of E;, (Wy)r, Whose cardinality |T| is equal to m,. There is a point

d € E, and a family of open neighborhoods of d, (V,),.r, such that ) ¥, is not a neigh-
teT



0. T. ALAS 21

borhood of d. For each te T we fix a point a, € W, and two continuous functions
fi:E, > [0,1] and g, : E; > [0, 1] satisfying the conditions:

1) fr(ar) =1, f(E; - W,) = {0} 5
2) g(d) =1, g(E,-V) ={0}.

The function g defined below is continuous (because the family (W, X V,),r
is discrete in E; x E,):

g:El XEZ-’[Osl]
(x, ¥)1>0 if (x, y) does not belong to U W, x V,

teT

(% y) > flx)gly) if (x,y)eW,xV,, teT.

By the hypothesis, there are U, € i, and U, e U,, such that (x, y)eU, and
(u, v) € U, imply |g(x, u) — g(», v)| < }. But this is not possible, because then U,[d]

would be contained in NV,. ((a, a)e U, and (u, d)e U, imply g(a,, u) 2 3, so
teT
u € V,.) The proof is completed; notice that m, = m,.

Remark 1. Suppose m; = m, = p. If E; and E, are paracompact and every
locally finite open covering of E; (i = 1, 2) has cardinality less than p, then E; X E,
is paracompact and, further, every locally finite open covering of E; x E, has cardin-
ality less than p. So if i, and U, are the universal uniformities in E; and E,, i; ® U,
is the universal uniformity in E; x E,.

The next theorem follows easily.

Theorem 2. Let E be a nondiscrete paracompact space and m the index of E.
The following conditions are equivalent:

1) there is a uniformity W in E such that every continuous function of E x E
(with the product topology) into [0, 1] is a uniformly continuous map of (E x E,
U @ ) into ([0, 1], 2');

2) every locally finite open covering of E has cardinality less than m;

3) there is a uniformity Win E suchthat U ® ... ® U (n times) is the universal
uniformity in the product topological space E", n = 2,3, ...;

4) there is a uniformity W in E such that W @ W is the universal uniformity
in the product topological space E x E.

Hint. If E satisfies the condition 2), then E" is a paracompact space for each
n = 2,3, ... On the other hand, it is well-known that if X is a paracompact space,

the set { UY x Yl a is a locally finite open covering of X} is a basis of the universal
Yea

uniformity in X.

Remark. The implication 2) = 4) is a particular case of Theorem 35 ([7], p. 137).
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For topological groups we have the following theorem ([2]):

Theorem 3. Suppose E is a paracompact topological group. E satisfies the
condition 2 of Theorem 2 if and only if the right uniformity in E is the universal
uniformity in E.

For other results in the same area see, for instance, [3], [5], [7] and [8]. Professor
L. Nachbin also investigated a similar question for metric spaces.
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