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ON RIGIDITY AND GROUPS OF HOMEOMORPHISMS

V. KANNAN and M. RAJAGOPALAN

Madurai

If X is an object of a category, we denote by A(X) the group of all auto-
morphisms of X. Thus for example, if X is a topological space, A(X) is the group
of all homeomorphisms on X. In this paper, we investigate 4(X) for objects in the cat-
egories of topological spaces and apply the results to obtain corresponding theorems
in the categories of lattices, Boolean algebras, semigroups, graphs, and some other
related categories. The groups of homeomorphisms have been investigated by
J.de Groot[7] (see also [1], [5], [8] and [9]), the groups of automorphisms of lattices
by G. Birkhoff [4] (see also [15]) and the groups of automorphisms of Boolean
algebras by M. Katétov [13] and J. de Groot [7] (see also [12], [17]). Here we solve
some open problems on this topic, generalize many known results and give different
proofs for several results. The following are some of the main theorems of this paper:

Theorem 1. Every zero-dimensional Hausdorff space is a subspace of a compact
rigid zero-dimensional Hausdorff space.

The above theorem gives a new proof for ‘the solution of Birkhoff’s prob-
lem 74 [3] and considerably generalizes the results of [12], [14] and [17].

The following theorem supplements the main theorems of J. de Groot [7].
Unlike his proof, which uses the theory of graphs, here we use only the results in to-
pology. J. de Groot’s results on graphs are then deduced as corollaries.

Theorem 2. Let X be any Hausdorff space and G any group. Then there exists
a topological space X* having X as a closed subspace such that A(X*) is isomorphic
to G. Further, X* can be chosen so that:

(i) X* is connected and locally connected.
(ii) Under some mild conditions on X, X and X* have the same cardinality.

We have that X* is sequential if and only if X is. If X is Tychonoff then we can
choose X* to be compact and connected. If X is normal, then X* can be chosen
to be compact, connected, and of the same positive dimension as X.

If o is the category of all partially ordered topological spaces and if X is an
object of &, then the group A(X) is a partially ordered group in a natural way.
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Theorem 3. Given a partially ordered topological space X and a partially
ordered group G, we can find a partially ordered space X* which is an extension
of X such that A(X) and G are isomorphic as partially ordered groups.

Definition. A Hausdorff space X is said to be chaotic if any two distinct point x,
y € X have neighbourhoods U, and U,, respectively, such that no two non-empty
open subspaces of U, and U, are homeomorphic.

Theorem 4. (a) Every Hausdorff k-space is a closed subspace of a chaotic
space of the same cardinality.

(b) There exists a proper class of completely normal connected locally con-
nected chaotic spaces.

After writing this paper, we found that E. S. Berney [2] has announced that the
real line contains a chaotic subspace, answering in the affirmative parts (a) and (b)
of the question in [16]. However, our theorem answers the question completely
and the two proofs are entirely different. We are thankful to E. S. Berney for having
sent us a preprint of his results.

J. de Groot [7] was the first to construct an example of a Hausdorfl space
in which every continuous self-map is either identity or constant. H. Herrlich [10]
used this result to construct pathological reflections. In [11] he poses the following
problem:

Does there exist a proper class of Hausdorff spaces such that any continuous
map between any two of them is either constant or identity?

We answer this question in the affirmative. Our example combines another
pathology also with this. For, we have

Theorem 5. Let J be the category of all topological spaces with continuous
maps as morphisms. Then there exists a full subcategory o of I such that

(i) o is not small.

(it) Every object in o is a connected Hausdorff space with a dispersion set of
two points.

(iii) Every morphism in </ is either constant or identity.

Generalizing a result of G. Birkhoff [4] we show that

Theorem 6. Every lattice is a sublattice of a lattice having a given group
of automorphisms. If the lattice is distributive, then the extension can also be chosen
to be distributive.

We give a proof via topology to the following theorem of J. de Groot [7] and
G. Sabidussi [18].
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Theorem 7. Any group can be realized as the automorphism group of a graph.

J. de Groot has raised the following question in [7]: What can we say about
the cardinality of rigid Boolean algebras? Here we give a complete answer, assuming
the generalized continuum hypothesis.

Theorem 8. Let m be a cardinal. Then there exists a rigid Boolean algebra
of cardinality m if and only if m is uncountable, or m < 2.

This theorem improves a result of [14], which answers a weaker question posed
in [8].

All rigid Boolean algebras constructed hitherto are, to the best of our knowledge,
not g-complete. M. Katétov [13] asked whether there exist g-complete rigid Boolean

algebras. We answer this in the affirmative.

Theorem 9. Any Boolean algebra can be embedded in a rigid o-complete
Boolean algebra.

The proofs will appear elsewkere.
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