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CONTINUOUS MAPPINGS OF EXTENSIONS
OF A TOPOLOGICAL SPACE

V. M. IVANOVA and A. A. IVANOV

Leningrad

1. An extension X’ of a topological space X is said to be a true extension of X
if the system {FX' | F < X} is a basis of closed sets of the space X’ and for any point
x €X' \ X the set {x} is a closed set of X’. Here we shall consider only true compact
extensions of topological spaces. The statements will be formulated in terms of
contiguity relations, the latter being a relation between elements of finite systems
of closed sets of X with the following properties:

C 1: If every element of a system a contains a certain element of a system f§
and a(p) takes place (o holds for the system f) then o(«) takes place.

C2: Ifo(a v p) takes place then either o(«) or a(B) or both take place (x v f =
={AUB|Aeqa Bep}).

C3: If a system « contains the empty set then o(x) does not take place (6()
takes place).

C 4: If the intersection of all elements of a system a is not empty then a(a) takes
place.

If a contiguity relation ¢ holds for every finite subsystem of a system y of closed
sets of X, the system y being finite or infinite, then the system 7y is said to be a
o-contiguity system. One can consider maximal o-contiguity systems and distinguish
among them the disappearing systems, that is the systems with the empty intersection.

Let X be the set of all maximal disappearing g-contiguity systems and we put
F = {y| Fey,yeX} for every closed set F of X. Now denote X U X by ¢X and
consider the topological structure on the set ¢X induced by the closed basis {F u F}.
The topological space X is found to be a true compact extension of the space X and,
moreover, every true compact extension of the space X is equivalent to an extension
oX for a proper contiguity relation ¢ on X. That is why in the theory of true compact
extensions one may consider only such extensions ¢X. At this point we should like
to note [ 1] that for any finite system o of closed sets of X, a(x) takes place iff ) F** +
+ 0. This property defines o-extensions up to the extension equivalence. '

We shall say that a contiguity relation o is weaker than a contiguity relation ¢’
and write ¢ < ¢’ if any ¢'-contiguity system is a o-contiguity system. If f : 6'X — oX
is a natural continuous mapping then ¢ < ¢’. Thus the condition ¢ < ¢’ is a neces-
sary condition for some natural mapping f:6'X — ¢X to exist. Moreover, if oX
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and ¢'X are Hausdorff extensions then this condition is sufficient but in general
it is not so. The subject of our paper is to find conditions for the existence of such
natural mappings.

2. It is possible to establish some sufficient conditions for the existence of
a natural mapping f:6'X — ¢X. But we need some additional notions for this
purpose.

A system Hy, H,, ..., H, of closed sets of X is said to be a g-majorant of a
system Fy, F,, ..., F, if, given any system Fi, Fj, ..., F, of closed sets of X,
o(Fy, ..., Fp Fyy .., Fp) implies o(FY, ..., Fj,, Hy, ..., H,).

We shall say that a contiguity relation ¢’ satisfies the condition C, if
o'(Fy, Fy, ..., F,) and 6(F, Fy, ..., F,) imply the existence of a ¢’-majorant H of the
system Fy, F,, ..., F, such that o(F, H) does not take place.

We shall say that a contiguity relation ¢ satisfies the condition C2., if
&(Fy, Fy, ..., F,) implies the existence of a system H,, H,, ..., H, such that F; = H,,
¢(Hy,H,, ..., H,) and &'(Hy,....,H; ,,F,H;,,....,H,) imply &(F,, ..., F;_,,
F,Fj.y, ..., F,) for any closed set F.

Theorem 1. Let a contiguity relation ¢’ on X satisfy the conditions C,. and C,
and a contiguity relation o satisfy the condition C2.,. Then there exists a natural
continuous mapping f:0'X — oX.

To prove this theorem, we show, at first, some auxiliary statements assuming
that the conditions of Theorem 1 are fulfilled.

Lemma 1.1. Let y" be a maximal ¢’'-contiguity system and F €y’. Then there
exists H €y’ such that o'(H, F) does not take place.

Proof. Let FE&y'. Then there exist F,, F,, ..., F, belonging to 7" such that
o'(F, Fy, ..., F,) does not take place and therefore according to C,. there exists
a ¢’-majorant H of the system Fy, F,, ..., F, such that ¢'(H, F) does not take place.
Since H € y’, Lemma 1.1 is proved.

Lemma 1.2. Let y' be a maximal ¢’-contiguity system,y = {F | o(F, Fy, ..., F;,)
for any Fi, F, ..., F,, belonging to y'}. Then y is the only maximal c-contiguity
system containing y'.

Proof. It is enough to show that y is a o-contiguity system since any o-conti-
guity system containing the system 7’ is within y. For this it is necessary to show that
for any Fi, F3, ..., F,, belonging to y’, o(F, Fy,..., F,), i =1,2,...,n, implies
o(Fys ..., Fpy Fi oot ).

For n =1 this statement is trivial. Assuming the statement to be true for n
let us prove it for n + 1.

Let Fy, F3, ..., Fpyq be closed sets such that o(F;, Fi, ..., F,,) takes place for
any F}, F, ..., Fj, belongingtoy’,i = 1,2, ...,n + 1,and 6(Fy, ..., Foy1, F, ... Fp)
does not take place for some Fi, F5, ..., F,. Then there exists Hy, ..., Hp4 1, Hi, ...
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..., H}, with the properties ensured by the condition CJ.,. In particular, ¢’(Hy, ...
..o Hyyq, Hy, ..., H;) does not take place. Then one of the sets Hy, Hj, ..., Hy4q
does not belong to y’. Let H, be such a set. By Lemma 1.1 there exists Fg € 9’ such
that ¢'(H,, Fo) does not take place and therefore o'(Hy, ..., H,, Fo, H, ..., H,,)
does not take place and due to C.,, o(Fy, ..., F,, Fo, F}, ..., F,,) does not take
place. The contradiction proves Lemma 1.2.

Lemma 1.3. Let y' be a maximal ¢’-contiguity system, y = {F | o(F, F’) for
any F' €y'}. Then y is the only maximal o-contiguity system containing vy'.

Proof. Using Lemma 1.2 it is enough to show that if ¢(F, F’) takes place for
any F’ €y’ and a set F then o(F, Fy, ..., F,,) takes place for F and any F}, F5, ..., F.,
belonging to y’. Suppose that it is not the case, that is, o(F, Fj, ..., F,,) does not take
place for some Fji, F3,..., F, belonging to y'. Then due to C, there exists a
o’-majorant H of the system Fj, F3, ..., F,, such that o(F, H) does not take place.
Since H € y’, the contradiction proves Lemma 1.3.

Now we prove Theorem 1. Let f : 6’X — ¢X with f(x) = x for xe X, f(y') = y
for Y = y and " € 6'X \ X. By Lemma 1.2 the mapping f is defined uniquely and
it is enough to show f to be continuous, that is, to show that for any closed set F,

«of X the set f ~1(F§¥) is a closed set of o’X.

Let 9o €f~Y(F5¥), that is, yo = yo € Fg*. Then F,€7, and by Lemma 1.3
there exists F, € y, such that o(F,, Fy) does not take place. Thus due to CJ.,, there
exist Hy, H, with the properties ensured by this condition. In particular, Fy, < H,,
F, < H,, ¢'(Ho, H,) does not take place. Since F, € yo, F; = H, so H, € y5 and there-
fore H, € 7§, that is, o € H§ *. On the other hand, if a maximal ¢’-contiguity system y’
does not belong to H§* then H, €y’ and by Lemma 1.1. there exists F ey’ such
that o’(H,, F) does not take place. Thus, taking into account the choice of H,,
we see that o(H,, F) does not take place, therefore o(F,, F) does not take place.
It means that for any y; € f ~'(Fg¥) there exists a closed set Hy* of 6’X containing
f~Y(Fg¥) but not containing yg, which again means f ~*(F’*) is closed and Theorem 1
is proved.

3. Consider now another system of conditions for contiguity relations o', o
ensuring not only the existence of a natural continuous mapping f:06'X - ¢X
but also some properties of such a mapping.

Denote the set of all subsets of a set X by PX (PX = {4 | 4 < X}), according
to which we have P2X = {4| A c PX}. Consider a mapping & : PX - P?X
associating with every set A = X some system &#(A4) of subsets of X. We call the
mapping & : PX — P2X majorizing if the following conditions are fulfilled

A;: fF'e o(F)then F c F'.
A,: If F'  F", F' € o(F) then F" € A(F).
As: n F' = F.
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A majorizing & is a o’o-majorizing if o(Fy, F», ..., F,) takes place iff for any
of-majorants Fi, F5, ..., F, of sets F, F,,...,F,, o'(F}, F;, ..., F}) takes place.

We shall say that a ¢’'-majorizing & satisfies the condition Cs# if for any
of-majorant F’ of a set F and any H, '(H, F') implies 6(H, F).

Theorem 2. Let a contiguity relation ¢’ on X satisfy the condition C,. and let
there exist a o'c-majorizing o satisfying the condition Csf. Then there exists
a natural continuous mapping f : ¢’X — oX (onto 0X).

To prove this theorem we show at first some auxiliary statements assuming
that the conditions of Theorem 2 are fulfilled,

Lemma 2.1. Let y' be a maximal o'-contiguity system. If F €y’ then there
exists F' €y’ such that o’(F', F) does not take place.

Proof. The proof is quite analogous to that of Lemma 1.1.

Lemma 2.2. Let y' be a maximal o’-contiguity system and y = {F | o(F, F')
for any F'e€y'}. Then v is the only maximal c-contiguity system containing v'.

Proof. It is sufficient to show that y is a ¢-contiguity system. If o(Fy, F,, ..., F,)
does not take place then o’(H,, H,, ..., H,) does not take place for some </-majorants
of the sets F,, F,, ..., F,. Then at least one of H,, H,, ..., H, does not belong to y’,
for example H,. Now note that by Lemma 2.1 there exists F’ € y’ such that ¢’(H,, F’)
does not take place. Therefore o(F,, F') does not take place and F, €v. Thus F; ey,
i =1,2,...,n, implies o(Fy, F,, ..., F,). This proves Lemma 2.2.

Lemma 2.3. Let y be a maximal disappearing o-contiguity system. Then there
exists a maximal disappearing o’-contiguity system y' such that y’ < y.

Proof. Consider the system /(y) = {F’' | F' € o#(F), F € y} of closed sets of X.
If Fj, F;, ..., F, belong to o/(y) then these sets are the «/-majorants of some
Fy, F,, ..., F, belonging to y and as o(Fy, F,, ..., F,) takes place, ¢'(Fy, F5, ..., Fy)
takes place, too. Thus the system «/(y) is the o’-contiguity system, =/(y) being a
disappearing system due to A;. Let 7’ be a maximal o’-contiguity system containing
(y), F'ev', Fy, F,, ..., F, belong to y and H’, Hy, ..., H, be o/-majorants of sets
F', Fy, ..., F,, respectively. Since Hy, H,, ..., H, belong to «(y), ¢’(F’, Hy, ..., H,)
takes place and all the more ¢’(H', Hy, ..., H,) takes place. It implies o(F’, Fy, ..., F,)
by arbitrary choice of o/-majorants. This shows that F’' €y’ implies F’ € y, which
proves Lemma 2.3.

Now we prove Theorem 2. The mapping f : 6’X — o¢X is defined in the usual
way, f being the mapping of ¢’X onto ¢X by Lemma 2.3. The continuity of this
mapping is proved in the same way as in Theorem 1, the only difference being in
that Cof is used instead of C2.,.

4. If f: 0’X — oX is a natural continuous mapping, F is a closed set of X then
in a general case f(F°*) & F°X even if the conditions of Theorem 2 hold. The fol-
lowing example shows this:
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Let X=AUB, A={(0,y5)|1<y=<2}, B={(x,0)|1 < x < 2}. The sets
A, B are both open and closed subsets of X, the topological structure on B is standard,
the topological structure on A is induced by the basis of closed sets consisting of
finite unions of sets of the form A4, = {(0,y)|1 < y < a} and finite sets. Define
the contiguity relation ¢ on X setting o(F,, F,, ..., F,) to take place iff at least
one of the following conditions is fulfilled

L. NF +0.
i=1

2.F;>A4,i=1,2,...,m, and with i > m the point (1, 0) is a limit point
of NF; in the usual topology.

The majorizing & is defined as follows:

S(F)={F'|F cF} for Fc A, F + 4,

HA(F)={F'|F' n A+ 0} for F < B, (1,0) is the limit point of F;
A(A)={AUB}, B,> {(x,0)|1 <x < a};

sA(F) = {F | F c F'} for F < B, (1, 0) is not the limit point of F.

It is easy to see that the majorizing & is an wo-majorizing (C being satisfied)
but f(A°%) + A°%. '

In connection with the above discussion consider a system of conditions for
contiguity relations ¢’, o (stronger than in 3) namely instead of the condition C.o/
consider the following condition

Co/*: For any &-majorants Fj, F5,..., F, of sets Fy, F,, ..., F, and any
set F, ¢'(F, Fy, ..., F;) implies (F, Fy, ..., F,).

Theorem 3. Let a contiguity relation ¢’ on X satisfy the condition C,. and let
there exist a o'c-majorizing o/ which satisfies the condition Csf*. Then there
exists a natural continuous mapping f:0'X — oX for which f(F°'*) = F°X for
any F c X.

Proof. The existence and continuity of the natural mapping f:0'X — oX
results from Theorem 2. Thus, the only thing we need is to prove the equality
f(F*X) = F°X for any F c X. Let ye F°*, Fey, o(7) be the system consisting
of «/-majorants of the sets belonging to y. Then the system {F} u () is the
o’-contiguity system due to C/* and is a part of a maximal ¢’-contiguity system y’.
But it was noticed in the proof of Lemma 2.3 that y’ < y, F € y’. Therefore y’ € F*'%,
y = f(v'), y e f(F**). Hence F°* < f(F°*). Since the inverse inclusion follows from.
the continuity of f, Theorem 3 is proved.

We shall say that a contiguity relation o satisfies the condition C} if ¢’(F,, F,, ...
..., F,) and &(Fy, ..., Fp,, Fy, ..., F,) imply the existence of a ¢’-majorant H of the
system Fy, F,, ..., F, such that o(Fj, ..., F,,, H) does not take place.

Theorem 4. Let a contiguity relation ¢ on X satisfy the condition C¥. and let
there exist a natural continuous mapping f : 6'X — 6X such that f(F°'*) = F°X
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for any F < X. Then there exists a ¢’c-majorizing o which satisfies the condition
Csf*.

Proof. Put #(F) = {F'|F c F, f~(F*) = F**} for any F< X. It is
easy to show F —» .sal(F) to be majorizing. Let Fy, F5, ..., F, be &/-majorants of sets

n
Fy, Fz, eess Fy. If 0(Fy, F,, ..., F,) takes place, that is ﬂ F¢*X + @, then N F"* o
=1

=) ﬂf Y(F{X) + 0. Thus o'(F;, F5, ..., F}) takes place Now let o'(F}, F3, ..., Fy)

take place for any s/-majorants of sets F,, F,, ..., F,, correspondingly. Consider
a system &(Fy, F5, ..., F,) of o/-majorants of sets Fy, Fs, ..., F,. It is easy to show
by C}. that A(Fy, F,,...,F,) is a o’-contiguity system, thus the intersection of

closures of i 1ts elements in ¢’X is not empty. This intersection is equal to n f(FF™),

therefore ﬂ F{* + @, that is, o(F,, F,, ..., F,) takes place. Thus, & is a ¢’o-major-
izing. *=!
Let F,, F,,...,F, be closed sets of X, H,, Hz, ..., H, their 2/-majorants,

o'(F, Hl, ..., H,) not taking place, that is F** n ( n H{™) = 0. Then Fo¥ n
nf"( {'\ Fi*) = 0 and, finally, as f(F*'*) = F°X, we obtam FXn ( n F"x) 0,
that is, o(F, Fy, ..., F,) does not take place. This proves Co/* and Theorem 4, as well.

Corollary 1. Let a contiguity relation o' on X satisfy the condition C¥.. Then
there exists a natural continuous mapping f : ¢'X — 6X with f(F**) = F°X for
every F < X iff there exists a ¢’'c-majorizing o/ satisfying the condition Csf*.

This statement is simplified in the case of ¢’ = w, that is the contiguity relation
n
under intersection (w(F,, Fs, ..., F,) takes place iff N F; % 0).
i=1

Corollary 2. There exists a natural continuous mapping f:wX — ¢X with
Sf(FX) = F°X for every F c X iff there exists an wo-majorizing o satisfying
the condition CoA*.

This statement gives us a description of the class, say &/*, of natural continuous
images of Wallman extension wX which contains the so-called wa-extensions [2].
Note that for any wa-extension X’ of a space X there exists a natural both closed
and continuous mapping f: wX — X’, while the corresponding natural mapping
for any extension of the class o/* satisfies a weaker condition.
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