Toposym 1

Julian Musielak
On some spaces of functions and distributions

In: (ed.): General Topology and its Relations to Modern Analysis and Algebra, Proceedings of the
symposium held in Prague in September 1961. Academia Publishing House of the Czechoslovak
Academy of Sciences, Prague, 1962. pp. [279]--281.

Persistent URL: http://dml.cz/dmlcz/700904

Terms of use:

© Institute of Mathematics AS CR, 1962

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/700904
http://project.dml.cz

ON SOME SPACES OF FUNCTIONS
AND DISTRIBUTIONS

J. MUSIELAK

Poznan

In [4] L. SCHWARTZ introduced spaces 2, , of functions and 2}, of distributions.
The purpose of this note is to present some properties of spaces Z,, and 2, replacing
spaces £” in Schwartz’s definition by Orlicz spaces #};.") Let M(u) be an even,
continuous, convex, nonnegative function assuming the value 0 only at u = 0,
u™"M(u) > Oasu — 0and u™"' M(u) »oo as u »oo. We define

9y = N{peé :JM(kaP ¢(x)) dx <oo, where k, > 0 depends on ¢} ;
p

here & is the space of all infinitely differentiable functions of n variables, the integral is
taken over the whole n-dimensional space and the product () runs over all systems

p
p=(py - p,,) of nonnegative integers. Defining the topology in 2,, by a countable
system of seminorms

[ DPp]|y = inf{e >0 :jM(s"D" p(x))dx < 1},

9, becomes a B,-space. We denote by 2y, the dual of 9,,, where N(u) is the function
complementary to M(u) in the sense of Young.

The following elementary properties hold:

If ¢ € Dy then ¢(x) > 0 as |x| 5005 if ¢, = 0 in Dy, then @,(x) are uniformly
bounded and ¢,(x) — 0 as |x| > oo uniformly in k. Assuming M,(u) = 0(M,(u)) as
u — 0, we have

Dpy © Dy, and Dy, < Dy,
here & < % means that & is a part of % with a finer topology. Moreover, we have
Zx < Dy. If M(u) and N(u) satisfy the condition (A,): M(2u) < x M(u) with a
k > 0 for all u, then the set & of all infinitely differentiable functions of compact
support is dense in Z,, and in @y, whence 9 is a normal space of distributions, the
space 9, is reflexive and @}, consists exactly of finite sums of (distributional) deriv-
atives of functions belonging to #5.
In the above introduced spaces, the integral transform

K ¢(x) = jk(x, y) o(y)dy

1) For the proofs of results presented here, cf. [1], [2] [3].
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and its adjoint K* defined by K* T(¢) = T(K¢), where T is a distribution, may be
considered. Assume M, M,, N,, N, satisfy the condition (A,) for all v, and x and y
are points of the n-dimensional and m-dimensional space, respectively. Let k(x, y)
be an infinitely differentiable function of x for every y, k(x, y) measurable in the
(n + m)-dimensional space. Finally, let k(x, y) satisfy the following assumptions
(As):
1° D? k(x, y) is a function of x equicontinuous in every bounded set of y,
k,(x) = | DZ k(x, .)|a, is bounded for every p separately,

3° |k,|w, is finite for every p.

Then K and K* are linear compact operators from £y, to 2y, and from 2;,, to
L, respectively, and the ranges of K and K* are linear subspaces of the first category
in @y, resp. £y;,. If, moreover, | D2 k(., y)|w, is bounded in y for every p separately
and the support of k(x, y) is contained ina strip {(x, y) : y € A}, where A is of finite
rneasure in the m-dimensional space, then

K* T(y) = fk(x, y) Te dx

for every Te 2, , the last integral being defined in Schwartz’s sense [5].

Besides spaces 9y, spaces Z,(E) of vector-valued distributions (cf. e. g. [5]) may
be considered, where #(E) = &, (#'; E) is the space of linear continuous operations
from 3%’ to E provided with the topology of uniform convergence on equicontinuous
parts of # ' (here E and 5# are locally convex linear topological Hausdorff spaces and
A is a space of distributions). Of course, Zy (Z5;,) consists of linear operators
adjoint to operators from Z5,(2y,); examples of such operators yield the above
considered transforms K and K*. It is easily seen that taking as E a Banach space and
denoting by Z3[E] the space of all vector-valued functions with values in E, M-
integrable in Bochner’s sense, i. e.

ZylE] = {f : f(x) is strongly measurable and JM(ka(x)“) dx <oo

fora k > 0 dependent on f}

where f = g means that f(x) = g(x) almost everywhere) with the norm

| £y = inf{e>0: {M(s“”f(x)“)dx <1},

o

we have
LHE) E Ti(E).
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