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PROBABILITY MEASURES ON NON-COMMUTATIVE
SEMIGROUPS

S. SCHWARZ

Bratislava

Let S be a compact semigroup, i. e. a compact Hausdorff space with a jointly
continuous binary operation (multiplication) under which it forms a semigroup.
A probability measure on S is a real-valued, non-negative, countably additive,
regular set function u defined on the Borel subsets of S such that y(S) = 1. The total-
ity of all such measures will be denoted by I(S).

Let (S) be the Banach space of real continuous functions on S. Recall the 1—1
correspondence between the measure u € IM(S) and the continuous linear functionals
@ on (S) with the properties f = 0 => &(f) = 0 and &(1) = 1 that is given by the
relation @(f) = [f(x) du(x).

We may (and we shall) consider 2(S) embedded in w(S)* (the first conjugate
space of w(S)) and we regard also S as embedded (in an obvious way) in I(S).

We give o(S)* the weak*-topology (so that p, — u means [f du,(x) = [f dp(x)
for f € w(S)) and define the product uv by means of [f(x) d(uv) (x) = [[f(yz) du(y) -
. dv(z), f € (S). The set IM(S) becomes a compact semigroup.

If for e M(S) C(n) denotes the support of g, it is known that C(uv) = C(p) -
. C(v).

In the last years the structure of IN(S) has been studied by several authors, in
particular by H. H. Bopo6ses [9], J. G. WENDEL [10], E. HEwITT-H. S. ZUCKERMAN
[2], B. M. Kinocc [3], I. GLICKSBERG [7], K. STROMBERG [8]. But these authors consider
only the case of groups and abelian semigroups. The essential novelty of our contri-
bution is that we are going beyond the restriction of commutativity even in the non-
group case (for S). We give here some results, the detailed proofs of which will be
published in the Czechoslovak Mathematical Journal ([6] and [7]).

1. The first problem is to identify the idempotents € M(S).

A subset L of any semigroup T'is called a left ideal of T if TL < Lholds. Right
and two-sided ideals are defined analogously. A semigroup T is called simple (more
precisely simple without zero) if it does not contain a two-sided ideal +T. If T is
a compact simple semigroup it is known that T contains minimal left and right ideals.
In fact T= UR, = UL,, where R,[L;] runs through all (disjoint) minimal right

a B
[left] ideals of T. Also R, n Ly = R,Ly = G415 a closed (compact) group and T'can
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be written as a union of closed (hence compact) topologically isomorphic groups:

T = UUG,,.

a p
Let now be & an idempotent € M(S). B. M. Kiocc [3] proved that C(g) is a closed
(hence compact) simple subsemigroup of S.

In what follows we shall suppose that S contains only a finite number of idempot-
ents though some of the results are valid under more general suppositions or even
without any assumption of this kind.

If ¢ is an idempotent € Y(S) and C(¢) = U U G,, is the group-decomposition of

a=1p=1
C(e), it can be proved that ¢ restricted to G,, is an invariant measure on G, This
implies: If ,u,ﬁ is the normalized Haar measure on G,; (extended in an obvious way to

S) then ¢ = Z Z & Matap, £ Mp Deing positive numbers satisfying the relation Z ¢ =

a=1p=1 a=

r

=1

s r

Conversely, if H =) U G, is any closed simple subsemigroup of S, there exists
a=1p=1

at least one idempotent having H for its support and every idempotent € M(S) with

the support H is of the form Z Z & Mpliap, Where Zf = Z ng=1,&mn, > 0.
a=1g=1

The study of the idempotents € M(S) is 51mp11ﬁed by the fact that the location of
all simple subsemigroups of S can be clarified to some extent and we may restrict
the attention to the “maximal simple subsemigroups of S’ (which in general need not
have an empty intersection). A useful lemma is the following statement: Every closed
subsemigroup of a compact simple semigroup (without zero) is itself simple (see [5]).

2. In some problems (see f. i. [4]) the primitive idempotents € M(S) are of deci-
sive importance. An idempotent f of any semigroup T'is said to be primitive if there
does not exist an idempotent e € T, e * f, such that fe = ef = e holds. The following
results clarify the structure of the set of all primitive idempotents € IM(S).

Denote by N the kernel of S (i. e. the minimal two-sided ideal of S)and by 0N the

kernel of M(S). If N = U U G,; is the group-decomposition of N, then all primitive
a=18=1

idempotents € M(S) are given by the expression Y. Y &npp,s Where &, 1y are non-
a=1p=1

negatwe numbers satisfying Z ¢, = Z r],, = 1.The kernel N is identical with the set of
=1
all prlmmve idempotents € 972(5) Con51der finally the set T of all (s + r)-tuples of
non-negative real numbers (&,, ..., &, n,, ..., 1,) with Z & =Y ny =1 and define
=1 =1

in $'aimultiplication o by
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(Els e Ems o) o (€1 o Enty comy) = (€ o ELmYy o)) -
Then N is isomorphic with <.

3. Another important problem is to identify the maximal groups contained in
MN(S).

Let ¢ = Z Y EMptag (With fixed chosen &, 1,) be an idempotent € M(S) and

a=1p=1

®(¢) the (uniquely determined) maximal group of 9M(S) containing & as its unity
element. Denote C(e¢) = H. There exists always a uniquely determined maximal
simple subsemigroup H' > H of S containing exactly the same idempotents as H.
Construct the double coset decomposition

H =HUHaHUHbHU..., (a,b,...eH)

with disjoint summands. This is possible (see [5]). If H=U U G, H' = U U G,
a=1p=1

a=1p=1
G,p = Gy, there exists also a decomposition of each G4 of the form

Gig = Gop U GopaGoy U GopbGop U ...

(In fact HaH n Gy = G,paG,,.) With these notations the following results hold:
a) If u e &(e), we have C(u) = HaH with a suitably chosen a € H'.

b) There is a unique element p e (e) with C(u) = HaH and p is exactly the
element =Y ) & NpTap, Where T = fl i,
a=1p=1
¢) A class HaH is the support of an element € &(¢) if and only if G,;aG,; is con-
tained in the normalizer G{} of G, in Gy,. (If the last statement holds for one couple
(a, B), then it holds for all couples (d,0), 0 = 1,...,s5;0 = 1, ..., 1.)

d) The group G(e) is algebraically isomorphic to the quotient group G3/G,4-
4. The following limit theorems are consequences of the results stated above:

Consider the sequence {u, p?, p°, ...}. If lim p* exists, it is equal to the unique

idempotent & contained in the closure of {u, u?, p®, ...}. This is the case if and only
if ue = eu = .

A rather algebraic characterisation of the existence of the limit considered is the
fulfilment of the relation H C(u) H = H, where H = C(e).

The next result holds even without the assumption concerning the finiteness of
the number of idempotents € S. Consider the sequence o, = 1/n (u + > + ... + p),
n =1,2,3,... Then lim o, exists always and it is equal to an idempotent o € M(S).

n=oo

If P is the closure of the algebraic semigroup generated by C(p) and J is the minimal
two-sided ideal of P, then we have C(o) = J.
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