Toposym 1

Arthur Harold Stone
Non-separable Borel sets

In: (ed.): General Topology and its Relations to Modern Analysis and Algebra, Proceedings of the
symposium held in Prague in September 1961. Academia Publishing House of the Czechoslovak
Academy of Sciences, Prague, 1962. pp. [341]--342.

Persistent URL: http://dml.cz/dmlcz/700949

Terms of use:

© Institute of Mathematics AS CR, 1962

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/700949
http://project.dml.cz

NON-SEPARABLE BOREL SETS

A. H. STONE

Rochester

All spaces considered are to be metrisable and absolutely Borel. The termino-
logy is as in C. KURATOWSKI, Topologie 1. A Borel isomorphism f between spaces X
and Y is a 1-1 mapping of X onto Y such that both fand f~! take Borel sets into
Borel sets. (This notion is due to G. W. MACKEY.)

The main object is to classify spaces into Borel isomorphism classes, and to
characterize these classes topologically. For separable spaces it is well known that
there are just two types, represented by the space of integers and by the space of all
real (or irrational) numbers, respectively. It is shown that the weight of a space is
invariant under Borel isomorphism, and that the number of Borel isomorphism classes
of spaces of weight ¥, is exactly |«| if o is infinite, and at most 2/*!* ! otherwise.

The proofs require the extension to general spaces of a significant part of the
well-known structure theory of separable Borel sets (i. ., of weight N,). They are
largely classical arguments, supplemented by special devices, mostly depending on
paracompactness, for circumventing appeals to separability. The main steps are as
follows. One first defines, and obtains the basic properties of, the analogues of the
Cantor set and of the space of irrationals for spaces of weight k; when k > N, these
coincide in the product of N, copies of a discrete set of k points; we denote this
product by B(k). Every space of weight k is proved to be Borel isomorphic (in fact,
generalized homeomorphic) to a closed subset of B(k). Next, if a continuous mapping f
of a complete metric space of weight k has image of cardinal > k, f is shown to be a
homeomorphism on some subspace of cardinal k™° which is homeomorphic to some
B(p). From this one can determine the number of Borel subsets of cardinal n of an
arbitrary space of weight k, which leads to the result that weight is invariant under
Borel isomorphism. One can now show that every space of weight k is Borel iso-
morphic to the discrete union of at most k spaces, each of the form B(p) for some
p < k, and the classification mentioned above is a consequence. It is not quite comple-
te; the unsolved problems are typified by the following: Is B(X,) Borel isomorphic to
the discrete union of W, copies of the space B(N,) of irrationals?

Characterizations are obtained only in two extreme cases: the type of a discrete
set, and the type of B(k) for certain values of k. Thus many problems remain. One is
whether every Borel isomorphism is a generalized homeomorphism; the answer is
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shown to be affirmative in some cases (e. g. if one of the spaces is locally
separable).

The theory can be extended to a theory of “absolutely k-analytic sets’, which for
k = N, reduce to the analytic sets, and it is shown that the main cardinality properties
carry over.

Remark. The full text appears in Rozprawy Matematyczne 28 (1962).
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