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FIFTH WINTER SCHOQL (1977)

Uniform spsces with easy behavior with respect to coreflectiona.
by JiF¥{ Vilimovsky

A1l uniform spaces a&re assumed to be separated, R stands for a r
line, H(4) for & hedgehog over a set & (theat is & cone over & uni-
formly @&iscrete space A). All eoreflections are assumed to be non-
trivial, thus all coreflections contain &ll uniformly discrete
spaces. We shall denote by @ the coreflector onto uniformly discrete
spaces, § the coreflector onto proximally d&iscrete spaces, ty onto
topologicelly fine spsces, a onto Alexandrov spsces. The last coref-
lection assigns to each uniform space X the eocersest uniformity
finer then X and containing &l} finite ecozero covers ( see [ F]).
For any space X and eoreﬂectdt F we shall denote X~-F the claés of
all spaces Y such that eny uniformly continuous f£:Y—— X remains
uniformly continuous into FX. It is well known (see [ V]) that X-F
is & coreflective class.

The aim of this note is: to present a construction of spaces
having the property that each coreflector behavea on them either
identically or as d. The obtained results heve some interesting
consequences we want to mention shortly about. The details and proofs
will eppesr elsewhere.

' Definition: Let (kn\ be a sequence of natursl numbers. We define
& space D({kn\l on & set
{(1) snel, 1e1e iy
‘teking \‘Un; neN\ , where :
Uy = 110t 5 ean} o {5 sa ) xon)
for a basis of uniformity¥e.
Setting k_ = m , we denote the corresponding space DN and for

n
k, & 2 we denote the spece D,.
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One can easily see that spaces.D(sknﬁ) are complete, metrisable,
zerodimensional and topologically discrete.

Proposition.l: Let £ be a coreflective subcategory of uniform spaces,
F the corresponding coreflector, \knk & sequence. of naturalbnumbers.
Suppoae D({k \) 4 & , then FD(}k ) hes e discrete proximity.(All
pairs of disjoint sets are proximeslly far).

That meens that taking eny sequence fk {» then etther FD(ik \) =

"= D({k \) or FD({k ) is finer then &§ D({k {) = aD( k, ). Moreover
1f |k, ¢ is bounded, then either FR({k;y) = D({k }) or FD({k.}) is
uniformly discrete. We obtein<the following
Coro t 1: The following properties of a uniform spece X &re
equivalent:

(1) X is D({k | - & for sll sequences by .

(2y X #s D({k 4} -4 for all bounded sequemces {k \ . -
(3) Xis Dy-§

(4) X is D2 -a

Having any coreflective elass &€ in uniform apaces, the obtained
result gives that either & is conteined in D,-&, or €
containes the coreflective hull ecoref(D,) of {D,Y. One mey find
interesting that coref(Dz) is very "large", in fact it containes all
metrisable spsces, what follows from the following easy statement
(ef. [ED):

Foz; M,S metrissble, fiM —» S is uniformly continuous if and only

if fg is uniformly continuous for all g:D2—9M uniformly continu-

ous.

One may go a step further from the Proposition 1 proving:
Progosition 2: Take any coreflector F in uniform spaces, then either
FDy = Dy or FDy =‘SDN or FDy = dDy .

Instead of Dy-we can teke any space D(\km\) for an unbounded

gequence \kn\of natural numbers. Again similar econclusions as for Dp
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corollsry 2:Let € be any coreflective cless in uniform spaces and
let neither Dy nor §Dy be in £. Then & is a subclass of Dy~d.

More interesting results can be obtained if we restrict our=-
selves to coreflective classes closed under subapaces. We recall
that for any eore:rleciive class £ the class Sub( € ) of all sub-
spaces of space= in & forms again a coreflective class ( see[V]).

A similar theorem for the class Her( & ) of apacee being herediterily

in & 3is not velid in general, but fortunately in the case of D2-d

we obtain egein a _coreflec.tion having even a nice description:

Theorem 1: The following properties of a uniform spece X ere

equivalent:

(1) X is hereditarily D,-d

(2) X is hereditarily D({k }) - 4 for &ll bounded{x § .

(3) X is hereditarily D({k}) =& for &1l Kk} .

(4) Xis hereditarily Dy =&

(5) Easch countable uniformly discrete.union of boundedly finite
uniformly discrete families is uniformly discrete.

(6) X is H(w)-a

(7) X is herediterily R-e

(8) For any eountable family {fn\ of uniformly bounded and uniformly
continuous real valued funetions on X with ﬂsupp fnﬁ uniformly
discrete, the function Y'f, 1is unirormly continuous.

(9) For every YC X, £:Y—> R uniformly continuous, g:R—>R
continuous bounded, the function gf is uniformly eomtinuous.

-Spac.ea being here.ditarily: DN-d have again very nice properties
end form & coreflective clasa. These spaces are studied in [FPV] .

We recall st leest some most interesting properties of them:

Taeorem 2: The following properties of & uniform space X are eguivalent

(L) X is hereditarily Dy-d
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(2) X is Hlw) = t,

(3) For every Y&, X, the set U(Y) of all uniformly continuous resal
valued functions is & ring,

(4) For eny sequence f, ¢U(X) such that f eare bounded and the
femily {supp fn\ is uniformly discrete, the sum me is
uniformly continuoua.

(5) U(X) is a ring and for eny Y, X, £€U(Y), there exists an
extension FeU(X) of £.

%e shall denote these two coreflections H(w) - & and H(w) -

respectively.

In order to mgke some conclusions from. the remark after Proposi
tion 1, we must know, whet is Sub(coref(D,)). It is clear that
it is & very large coreflective class containing all metric spsacee.
Under some set theoretic sssumptions, .Sub(coref(Dz)) may be even
the class of &ll uniform spaces. Assuming (sEQ], the nonexiastence
of Mazur'a sequential cardinels, then coref(Dz),. is productive
(aee {H]), hence Sub(c:oref(Dz))‘ contsina sll uniform apaces. Thus
under this assumption we have:

Theorem 3:[SEQ] The class H(w) - & is the largest nontriwvial
hereditery coreflective subcategory of uniform spaces.

Further epplication of our eonstruction msy te the following,
auggeated by Corollary 2: Having any classs (I of uniform spsces
closed under subspaces. If neither D2 nor SDN zre in a , then
whenever H(w)-—tf < 4 , then H(w)-—tf is: the largest coreflectiv
class contained in Q .« For example we can prove the following:
‘Theorem 4: H(w)"tf iz the largest coreflective class contained
in the following classes:

(a) The class of 211 X such that for any subspace Y of X, fe U(Y),
. there 1is an extension FeU(X) of f.
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{b) The class of ell x such that for every t‘ree uniform messure n

on X the support supp( ?u) of the corresponding Radon measure on

the Samvel compectification i of X lies in the completion X of X.

(¢) The class of &ll spsaces with the property thet each bounded

subset of it is precompact.
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